The following notes are a summary of the material learned in Math 741 at
the University of Wisconsin Madison from the fall of 2008. The course was
taught by professor I. M. Isaacs and uses his text Algebra: A Graduate Course
as a reference.

1 Introduction

Definition 1.1. Given a set S # ), we write Sym(S) to be the set of all bijec-
tions mapping S to itself. We call Sym(S) the symmetric group on S. Elements
of Sym(.S) are called sometimes called permutations. If S = {1,2,...n} we write

Sym(S) = S,,.

Definition(Cayley) 1.2. Let G be a set with a binary operation multiplication.
Assume:

L x(yz) = (zy)z
2. de € G such that xe =ex =z forall z € G
3. Vz € G, there exists y € G such that xy =yzr =e¢
Then G is a group where e is the identity of G and y is the inverse of x.

Note that within any group G, the identity e is unique and inverses of par-
ticular elements are unique.

Definition 1.3. A map 6 : G — H where 0 is a bijection is called an isomor-
phism if 6(zy) = 0(x)0(y) for all z,y € G. In this case, we say that G and H
are isomorphic and we write that G = H.

A group isomorphism is a way of saying that, in essence, two groups behave
the same as one another. An example is that we have a planet G where all
people are blue. On another planet H, all people are green. If the people on
both planets behave exactly the same, we wish to say that if one is colorblind,
then the planets are essentially the same. The “ Marty Isaacs the test” is a good
test for determining which properties of a group are preserved by isomorphisms.
If you have a group theoretic property which can be described with the word
the, then this property is most likely preserved by group isomorphisms. A good
example of this is the center of a group, described below.

Definition 1.4. Given G, the center of G, denoted Z(G), is defined as {z €
Glzg = g2Vg € G}.

Using our Marty Isaacs the test, we see that if 6 : G — H is an isomorphism,
then we have that 0(Z(G)) = Z(H).

Theorem(Cayley) 1.1. Every group G is isomorphic to a permutation group.

Proof. See homework assignment 1, problem 3. O



Definition 1.5. An automorphism of a group G is an isomorphism from G to

G.

Lets start with the proof of an easy but helpful lemma.
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Lemma 1.1. The map x — =7 is an automorphism of G if and only if G is

abelian.

Proof. If G is an abelian group, then (zy)~! = y~'z=! = 27 1y~!, and this

taking inverses is an automorphism. To see the converse, assume that taking
inverses is an automorphism. Then (zy)~! = x71y~!. Taking inverses of both
sides yields that zy = (x’lyfl)f1 = yx. Therefore xy = yx and G is abelian.

O

We next define the very important concept of an inner automorphism of a
group.

Definition 1.6. Fix g € G and let 7, : G — G be defined by x — g~ 'zg. The
map 74 is called conjugation by g and is an automorphism of the group G.

One aught to check that conjugation indeed defines an automorphism. We
leave this as an exercise (to be completed here):

We also note that this 7, notation is not really standard, and it is much
more standard to write conjugation by g € G on an element x using exponential
notation, x9. This is not to be confused with the notation of ™, which is to be
interpreted as the element x multiplied by itself n times.

Notationally, we refer to the set of all inner automorphisms of G as Inn(G)
and the full set of all automorphisms of G as Aut(G).

Definition 1.7. If g™ is the identity, n > 0 and n is the smallest integer with
this property, we say that n is the order of g and write n = o(g). If no such
natural number exists, we say that o(g) = cc.

We prove another easy lemma as a warm up, and because the technique is
useful.

Lemma 1.2. If G is a group and |G| < oo, then each element g € G has finite
order.

Proof. Suppose not. Then there exist integers n and m such that g" = g™ as
G is finite. Without loss, assume that n > m. Multiplying both sides of this
equation by ¢~™, we obtain ¢”™g" = g~ ™¢g™, or "™ =g = 1. Yet n > m,
so g"~™ =1, which is a contradiction. O



Definition 1.8. A subset H C G where G is a group is a subgroup if H is a
group with respect to the same multiplication in G.

We now present a few important examples of subgroups.

Examples 1.1. A few (of many):

e For any g € G, the group generated by g is a subgroup, written (g).
Additionally, if X C G is a subset of G (X) is a subgroup.

e If X C G is a subset, we define the centralizer of X to be Cq(X) = {g €
Glgr = zg¥z € X}.

e Maximal subgroups: M C G is a maximal subgroup of G if M < G and
there does not exist a subgroup H C G such that M < H < G.

e The intersections of subgroups is always a subgroup. One important exam-
ple of this is the Frattini subgroup, which is the intersection of all maximal
subgroups of a group G. We denote the Frattini subgroup by ®(G).

e The derived subgroup or commutator subgroup of G, denoted G, is equal
to ({zyz~ly~lz € G,y € G}).

It is often helpful to think of “the group generated by X” as the intersection
of all subgroups which contain the set X. This is a particularly helpful way of
thinking when we get to ring/field theory.

The Frattini subgroup is a very important subgroup of a given group G, and
it will definitely come up later on. We introduce an equivalent way of thinking
about the Frattini subgroup:

Theorem 1.1. Let us (for the time being) call an element u € G useless if
whenever X C G is a subset and (X U {u}) = G, then in fact (X) = G. In
other words, u is useless in G if adjoining it to a subset that doesn’t generate G
still doesn’t generate G. Show that if G is finite, then ®(G) is exactly the set
of useless elements of G.

Proof. See assignment 2, number 3. O

2 Normal Subgroups and Cosets

In the rest of our notes, we will often get a bit sloppy with our notation, writing
H C G to imply that H is actually a subgroup of G, unless otherwise specified.

2.1 Normal Subgroups

Definition 2.1.1. Let H be a subgroup of G. We say that H is characteristic
in Gif o(H) = H for all o € Aut(G).



Definition 2.1.2. If H C G, we say that H is a normal subgroup of G if
o(H) = H for all 0 € Inn(G). We use the notation H < G to denote that H is
a normal subgroup of G.

Additionally, we often extend our exponential notation when talking about
conjugation from elements to subgroups. Therefore if we wish to consider the
image of a subgroup H under conjugation by an element g € G, we write HY to
represent this set.

NOTE: It is a common mistake to assume that if K << H and H < G, we
then have that K << G. This is NOT true. What is true is the following lemma:

Lemma 2.1.1. Let K be characteristic in H and let H <G. Then K < G.

Proof. We wish to show that K7 = K for all ¢ € Inn(G). So fix ¢ € Inn(G) and
let T represent o restricted to H. Note that 7 € Aut(H). As H < G, we have
H? = H. Then since K C H, we find that K C H?, or as we are now only
dealing with quantities in H, this is equivalent to stating that K™ C H™ = H.
Yet 7 € Aut(H) and K is characteristic in H, so K™ = K% = K. Hence
K «G. O

The next lemma is also very important: it states that if we wish to show
that H is a normal subgroup of G, it suffices to show that for all g € G, we
have H9 C H. That is, it is enough to show containment for an arbitrary group
element.

Lemma 2.1.2. Let H C G and suppose that H9 C H for all g € G. Then
H<«G.

Proof. Given any g € G, we have that H9 C H. We must show that H C HY.
We know 1tha‘u H9 C H, so if we conjugate both sides by g~! we have that
H C H9  for all g € G. Applying this result with ¢g—! in place of g, we find
that H C HY9. Thus HY = H for all g € G and therefore H <1 G. O

This is one of those tricky proofs where we have that something is true for
ALL g € G, and therefore we may switch out any element with its inverse (or
think of it as every element is the inverse of something) to obtain our result.

We now concern ourselves with many tests for normal subgroups. To do
this, we make one more elementary definition.

Definition 2.1.3. If X and Y are subsets of a group G, we define their product
XY ={aylz € X,y e Y}.

We are primarily concerned with when we take our subsets X and Y to be
subgroups H and K of a group G. It is important to note that HK need NOT
be a subgroup of G. However, there are a few specific examples of when H K
does form a subgroup. The proofs of these facts is currently omitted.

Examples 2.1.1. If H, K are subgroups of a group G, then HK is also a
subgroup of G when:

e HK = KH. Note that this does NOT mean that H and K commute.

e One of H or K is normal in G.



2.2 Cosets

Definition 2.2.1. Let H C G. Then if we fix g € G, Hg = {hg|h € H} is a
right coset of H in G. Similarly, we may define gH = {gh|h € H} to be a left
coset of H in G.

A good mnemonic for this is to recall that the left or right refers to where
the fixed element is. Throughout the rest of the proofs, we will be concerning
ourselves with right cosets of a subgroup H in G. I believe it is more standard
to deal with left cosets, but there really is no loss in dealing with right cosets.

The next lemma gives us two very important facts about cosets. As Marty
Isaacs likes to say:

Cosets are slippery beasts, and they are known by many names. So
you must be very very careful when dealing with them.

Also, the following lemma will show us that we may partition a group by the
distinct right cosets of a given subgroup.

Lemma 2.2.1. Let H C G.
1. If h € H then Hh = H.
2. If x € Hy then Hx = Hy.
3. If Hun Hv # () then Hu = Hv.

Proof. For 1, we know that Hh C H as H is a subgroup and is therefore
closed under multiplication. To see that H C Hh, let k € H. We will show
that k € Hh. As h € H and H is a group, we have that kh~! € H. Hence
kh='h =k is in Hh.

For 2, we see that since x € Hy we may write x = hy for some h € H.So
Hx = Hhy = Hy by 1.

For 3, let x € HuN Hv as HuN Hv # (). By 2, Hx = Hu. Also by 2,
Hzx = Hv. Therefore transitivity yields that Hu = Hw. O

Definition 2.2.2. Given H C G, we define the indez of H in G as [{Hgl|g € G}|;
i.e., the number of right cosets. We denote the index of H in G by |G : H|.

With this definition in hand, we are ready to prove LaGrange’s Theorem, a
very useful theorem in finite group theory.

Theorem(LaGrange) 2.2.1. If |G| < oo, then |G : H| = |G|/|H]|.

Proof. This follows as GG is the disjoint union of the distinct right cosets of H
in G. O

We may now deduce many helpful Corollaries to LaGrange’s Theorem.

Corollary 2.2.1. Suppose that |G| < oo and let H C K C G be subgroups.
Then |G: H|=|G: K||K : H|.



Proof. By LaGrange’s Theorem, we know that |G : H| = |G|/|H|. Also by
LaGrange, we find that |G : K| = |G|/|K]|, and that |K : H| = |K|/|H]|.
Altogether then, we find that:

Gl K] _ |G|
|G:K||K :H|=1—1—=-— =1|G: H|
[K|[H|  [H|

O

As another corollary of LaGrange’s Theorem, we can now show that in a
finite group, the order of an element divides the order of the group.

Corollary 2.2.2. Assume |G| < oco. Then for any g € G, we have that o(g)
divides |G|.

Proof. Note that |{g)| = o(g), and that (g) forms a subgroup of G. So |{g)|
divides |G| by LaGrange. O

Finally, we prove a lemma which demonstrates the relationship between
normal subgroups and left and right cosets. (Note: one can also show, using
LaGranges theorem, that there is a bijection between the left and right cosets
of a subgroup H in G. This proof is omitted, but the fact may be useful, and
at least lets us know that there is no loss in considering either only left or only
right cosets).

Lemma 2.2.2. Let N C G be a subgroup. TFAE:

1. N«G.
Ng =gN for all g € G.
Every right coset of N in G is a left coset of N in G.
Every left coset of N in G is a right coset of N in G.
(Nz)(Ny) = Nzy for all z,y € G.

A T

The set of right cosets of N in G is closed under multiplication.

Proof. To see that 1 — 2, we note that Ng = gg~*Ng = gN as N < G. That 2
implies 3 (and likewise, that 2 implies 4) is trivial. (I hate the use of that word,
but it is just by definition).

To see that 3 — 2, We pick a coset Ng of N in G. We know that Ng
is also some left coset of N in G. Additionally, g € Ng as 1 € N. As we may
represent the left coset by any one of its members by Lemma 2.2.1, we find that
Ng =gN for all g € G.

That 5 — 6 is again trivial. To see that 2 — 5, we know that Nx = N,
so if we have (Nz)(Ny), we may think of this as N(zN)y = NNzy = Nxy as
N is a subgroup of G and is therefore closed.

Finally, we show that 6 — 1. Let g € G. We wish to show that
N9 = g 'Ng = N. So consider Ng~'Ng, which can only be larger than NY.



Note that Ng~'Ng is a coset by assumption, and as ¢ € Ng, one element of
g 'Ngis g'g=1. Hence N9 C Ng~'Ng C N1 = N, and lemma 2.1.2 yields
the result. O

3 Factor Groups and Homomorphisms

Definition 3.1. If N < G, we write G/N = {Ng|g € G}, pronounced G mod
N, to be a factor group or quotient group.

It is another good exercise to verify that this set of cosets actually does form
a group when N <1 G. We leave space for this straightforward verification:

Definition 3.2. Given groups G and H and a map 0 : G — H, we say that 6
is a homomorphism from G to H if 0(xy) = 0(x)0(y) for all z,y € G.

We here present a very important example.

Example 3.1. Let N < G and define 7 : G — G/N via w(g) = Ng. Then
by lemma 2.2.2, we find that n(xy) = Nay = NzNy = n(z)n(y). There-
fore m defines a homomorphism from G to G/N, which is called the canonical
homomorphism.

We now list a few very important properties of homomorphisms. Another
quick notational note: I will try to designate with a subscript to which group the
identity belongs (i.e. 1g or 1y ) when I think that this point may be confusing.
However, it is often clear from context to which group the identity belongs, or
which identity element I am referring to, so I may not always be rigorous with
this notation. In what follows below, assume 6 : G — H is a homomorphism.

e (1) = 14.
o Oz H) =0(x)" L.
e If X C G is a subgroup, then #(X) C H is a subgroup.

o If Y C H is a subgroup, let X = {g € G|f(g) € Y}. We call X the
preimage of Y, and X C G is a subgroup.

Definition 3.3. Given a homomorphism 6 : G — H, the kernel of 6, denoted
ker(f) = {z € G|0(z) = 1}.

We next prove a very important fact about kernels of homomorphisms.



Lemma 3.1. Let § : G — H be a homomorphism. Then ker(6) < G.

Proof. We first establish that ker(6) is a subgroup of G. As 6(1) = 1, we see
that ker(6) is nonempty and contains the identity. To see that ker(6) is closed,
let x,y € ker(6). Then 6(z) = 1 and 6(y) = 1. Thus 6(x)8(y) = 6(zy) = 1, so
xy € ker(0). Finally, we show that ker(f) is closed under inverses. So let z €
ker(). Then §(x) = 1, and by the properties listed above, 1 = 6(z)~! = 0(z~1),
so 71 € ker(). So ker() is a subgroup of G. To see that ker(f) < G, We wish
to show that if x € ker(f), then g~ 'zg € ker(0) for all z € G. Now 0(g~'zg) =
0(g=1)0(x)0(g) since 6 is a homomorphism. As z € ker(f), this simplifies to
0(g~1)0(g) = 0(g9)~10(g) = 1, which implies that g~txg = 29 € ker(f). Hence
ker(0)9 C ker(0) for all g € G, so lemma 2.1.2 implies that ker(0) < G. O

We now begin stating and proving the many homomorphism theorems or
group theory, which help lead us up to the all important correspondence the-
orem. This first homomorphism theorem tells us that ALL group homomor-
phisms are isomorphic to canonical homomorphisms. Essentially, this tells us
that if one wishes to understand homomorphisms, it suffices to study canonical
homomorphisms.

A word of warning for this proof: Marty Isaacs likes to do function compo-
sition from left to right, which can be very confusing. In the following proof, I
follow that convention.

Theorem 3.1. Let § : G — H be a surjective homomorphism, and let N =
ker(#). Then there exists a unique ¢ : G/N — H such that 7y = 6, and where
 is an isomorphism.

Proof. Given g € G, we must have (g)me = gf. That is to say, we must have
Ngp = gf. So if this result is to hold, we are forced to define ¢ on G/N by
Ngp = gf. (This statement essentially guarantees the uniqueness of ¢). As
“Cosets are slippery beasts”, we must check to see that this map is well defined.
So suppose that No = Ny. We need to know that Nxy = Nyp. By the
way we've defined ¢, this holds if and only if 26 = y6. Yet this follows since
homomorphisms are well defined, so ¢ is a well defined map. To see that ¢ is an
isomorphism, we note that via the properties of cosets, (NzNy)p = (Nzy)p =
(zy)8 = 20y0 = (Nz)p(Ny)p. This establishes that ¢ is a homomorphism.
Finally, we must check that ¢ is both injective and surjective. To see
that ¢ is injective, we check that | ker(p)| = 1. So suppose that Ng € ker(y).
Then (Ng)e = 1, which implies that g¢ = 1. So g € ker(#), which implies
that g € N. So Ng = N and |ker(¢)| = 1, so ¢ is injective. To see that ¢ is
surjective, let h € H. We must show that there exists some element of G/N
which maps to h. Now as h € H and 0 : G — H is surjective, there exists some
g € G such that g6 = h. Yet g8 = (Ng)p, so (Ng)p = h, as desired. O

We state without proof, another useful version of the homomorphism the-
orem. In words, it states that a group, modulo its kernel, is isomorphic to its
image.



Theorem 3.2. If § : G — H is any homomorphism, §(G) C H is a subgroup
and 6 is surjective onto 6(G). Hence G/ ker(6) = 0(G).

NOTE: When working with homomorphisms, it is easy to get carried away
when modding out by groups. It doesn’t make any sense to attempt to mod out
by subgroups which aren’t normal, so don’t do it. Before considering a factor
group, ALWAYS be certain that the group you wish to mod out by is normal.

The next lemma we prove is incredibly useful and we often refer to it simply
as the diamond lemma. I will include a hand sketched picture of what the lemma
proves, which is very useful. If I get around to it, I will alter this document to
include a computerized drawing.

Lemma 3.2. Let H C G and let N 9G. Then HNN < H and NH/N =
H/(HNN)

Proof. Let m : G — G/N be our canonical homomorphism. Let o represent the
restriction of 7 to the subgroup H. Now ¢ : H — G/N, but what is o(H)?
By definition, o(H) = {Nh|h € H}. Using coset notation, this may be thought
of as {Nnhlh € Handn € N} = NH/N. By our previous version of the
homomorphism theorem, H/ker(c) 2 NH/N. To determine ker(o), we search
for elements such that o(z) = 1 where z € H. As o is just restriction of 7 to
the group H, we find that ker(c) = H Nker(r) = HNN. By lemma 3.1, we see
that H NN < H and that NH/N = H/(H N N). O

Here is a space to draw in the result of this proof:

As a corollary, we are able to conclude some results about indices in finite
groups.

Corollary 3.1. Suppose that H C G, N < G, and that |G| < oco. Then
INH:N|=|H:NNnH|and [NH:H|=|N:NNH|.

Proof. We know that |[NH : N| = |[NH|/|N| = |H|/|HNN| = |H : HN N|,
where the finiteness of G is essential in order for the second equality to hold.
For the second part of this result, we know that [NH : NN H|= |NH : N||N :
N N H|. However, we also know that [NH : NN H|=|NH : H||H: NN H|.
We may set these two equations equal to one another, and by the first part of
our result, find that we may cancel out |[NH : N| with |H : N N H|, implying
that [INH : H| = |N: NN H|. O

As these notes are simply meant to be a summary, the next two Corollaries
are stated without proof. They were done in class to familiarize us with the con-
cepts and mechanisms of the homomorphism theorems. They would make good



exercises to prove again. As a hint, notice just how similar the two Corollaries
are; the second is just a generalization of the first.

Corollary 3.2. Inn(G) = G/Z(G).
Proof. Exercise. O

Corollary 3.3. Let N <G. Then Cg(N) <G and G/Cg(N) is isomorphic to
some subgroup of Aut(G).

Proof. Exercise. O

3.1 The Correspondence Theorem

The following is one of the most heavily used theorems from first semester group
theory. Recall that unless otherwise specified, H C G carries with it the notion
that H is a subgroup of G. Additionally, we will again leave room for a picture
to be inserted within these notes following the proof of the Correspondence
Theorem.

Theorem(Correspondence) 3.1.1. Let § : G — H be a surjective homo-
morphism, and let N = ker(d). Let X = {U/N C U C G}. Similarly, let
Y ={V|V C H}. The map that carries X — 6(X) is a bijection from X to Y.
Now suppose X € X and Y = 0(X) € Y. Then:

1. |G: X|=|H:Y|
2. X<aGifand only if Y < H
3. f X<GandY < H then G/X 2 H/Y.

Proof. We first show that the map defined by X — 6(X) is a bijection. To
do this, we will show that the map 6 is invertible. Define ¢ : Y — X by
e(Y)=60"1(Y). (NOTE: We are NOT assuming what we wish to prove, what
is written is simply an unfortunate abuse of notation. By 6~(Y’), we mean the
inverse image of the subgroup Y, which is always defined.) We need to show
that ¢(6(X)) = X for all X € X and that 0(¢(Y)) =Y forall Y € ).

We first show that 8(p(Y)) =Y. One direction of containment is clear:
that 6(¢(Y)) C Y. For the other direction, let y € Y. As 0 is surjective, there
exists some g € G such that 6(g) = y. SO by construction, g € 071(Y) = ¢(Y),
and 0(g9) =y, soy € 0(p(Y)). Hence 0(p(Y)) =Y.

To see that (8(X)) = X, we again show double containment. Again,
one direction is clear: namely, that X C ¢(0(X)). To see the other direction,
let g € p(0(X)), which exists as 6 is surjective. By definition, this means that
0(g) € 0(X). This implies that 0(g) = 6(x) for some z € X. Thus Ng = Nz,
which implies that ¢ € Nx or that ¢ = nx for some n € N. Yet nx € X as
NCXandzxe X,s09¢€ X.

Next, we show that |G : X| = |H : Y|. To do this, we show that
{Xglg € G}| = {Yh|h € H}|. To do this, we show that there is a bijec-
tion between these two sets of cosets. Given a coset Xg, consider §(Xg) =
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0(X)0(g) = YO(g), which is a right coset of Y in H. We show that this map is
a bijection. To see that it is injective, suppose that 8(Xg1) = (X g2). Then we
have that 6(X)60(g1) = 0(X)0(g2), or equivalently, that Y60(g1) = Y6(g2). So
0(g1) € Y0(g2), and we may write 6(g1) = yf(g2). So y = 0(g1)0(g2) !, or that
0(g1g; ) € Y. This implies that g1g; ' € X, and multiplying both sides on the
right by go gives g1 € Xgo. Hence X¢g; = Xgs, as desired. The surjectivity of
this map follows from the surjectivity of 6.

We next show that X <G if and only if H <Y . Suppose first that X <1G.
So let h € H, and we will show that Y =Y. Now h € H implies that h = 6(g)
for some g € G as 6 is surjective. So Y"* = Y%, As Y = §(X), we have that
Yh = 0(g71)0(X)0(g) = 0(9~*Xg) = 0(X) = Y. Now suppose that Y < H.
We need to show that X9 C X for all g € G. So let g € G be arbitrary. Now
0(X9) = 0(g71Xg) = 0(g7HO(X)0(g9) = 0(9)"*Y0(g) = Y. So we find that
both X and X9 map to Y under 6, and by an earlier part of this proof, the
injectivity of # on the sets X and ) implies that X = X9.

Finally, we show that if X <G and Y < H then G/X = H/Y. If & is

the canonical homomorphism from H — H/Y, then we have that G LN
H/Y. So 0w maps G to H/Y. As G mod its kernel is isomorphic to its image,
we find that ker(fr) = X as ker(r) = Y and 071(Y) = X. Therefore the
homomorphism theorem yields the result. O

Here is a picture which demonstrates the result of this important theorem.

Although lengthy, the proof of the correspondence theorem is essentially
what professor Isaacs would call a “follow your nose proof”. How do you show
equality? With double containment of course. How do you show a bijection? By
showing both that the map is both injective and surjective, etc. In retrospect,
the part of this proof which demonstrates that € is a bijection from X to ) is
very reminiscent of the way things are proved using Galois connections.

We now draw a few corollaries of the correspondence theorem and introduce
a few more important topics which use it.

Corollary 3.1.1. Let N C X <« G where N <« G. Then:

G/N

X/NgG/X

Proof. Follows directly from the third part of the correspondence theorem. A
picture also shows the result quite clearly: O

11



Before we draw our next corollary, we introduce the very important notion
of a simple group.

Definition 3.1.1. A group G is a simple group if |G| > 1 and its only normal
subgroups are 1 and G.

Note that just as with prime numbers, where 1 is not considered to be
prime, we do not allow the trivial group to be considered a simple group. We
now proceed with the next corollary.

Corollary 3.1.2. Let M be a maximal normal subgroup of G. Then G/M is
a simple group.

Proof. If we had V < G/M such that 1 <V < G/M, then the correspondence
theorem would imply that there exists a subgroup N such that N < G and
M < N < G, which contradicts the fact that M is maximal normal in G. [

Using the previous corollary, we may now introduce another important ap-
plication of the correspondence theorem: composition series.

Let G = Gy be a finite group, and take G; to be maximal normal in G.
Let S; = G/G;. If the order of G is prime, stop. Otherwise, take G2 to be
maximal normal in Gy, and let Sy = G1/G5. Again, if |G2| = p for p a prime,
stop. Otherwise, let G3 be maximal normal in G5, etc. As G is a finite group,
this process is guaranteed to halt, and the sequence Gg > G; > ... > G, > 1is
called a composition series for G and the factor groups S; are the corresponding
composition factors of G. The ability to perform this process shows that all
finite groups have a composition series. The question of which groups have
composition series is an interesting question, which will be brought up again
later in the semester.

4 Group Actions

Definition 4.1. Let G be a group and let Q be a non-empty set. Assume that
we have a rule which assigns to each element o €  and g € G a new « - g € €.
Assume that a-1 =« for all « € Q and that (a-g)-h=«-gh for all g,h € G.
In this situation, - is an action and we say that G acts on € via -.

We now list many common examples of group actions.
Examples 4.1. Let G be a group and (2 a non-empty set.
o If O =G, define = - g = zg. This is called the regular action.
o If O = G, we cam define the conjugation action as x - g = 29.
o If O is equal to the set of all subsets of G, we may define X - g = X9.

o If Q) is equal to the set of all subsets of G, we may define X - g = Xg.
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According to Marty Isaacs, there are really only three things we ever care
about when considering group actions. The three primary functions of group
actions are to find subgroups, find normal subgroups, and to count things.

Definition 4.2. Let G act on Q. Let o € Q. We write G, = {g € Gla-g = a}.
G, is called the stabilizer of a.

To get more familiar with dealing with group actions, we prove the following
lemma.

Lemma 4.1. G, is a subgroup of G.

Proof. First, we must know that G, is nonempty; which it is as a-1 = « implies
that 1 € G4. To see that G, is closed, note that if g,h € G, we have that
a-gh=(a-g)-h=a-h=a,soghec G, Finally, if g € G,, we show
that g7' € Go. Bt a=a-1=(a-g)-g ' =a-g7 soa-g! =aand
gt eG,. O

The next two examples help us to realize specifically what subgroup of G we
find when we know the action.

Example 4.2. Let G act on itself via conjugation, and let x € G. Then
Gy ={g9 € G|z9 =z} = Cg(x).

Example 4.3. Let G act on its set of subsets via conjugation, and let X C G.
Then Gx = {g € G|X9 = X} = Ng(X), the normalizer of X in G.

Another way to view the normalizer of a subgroup is as the largest subgroup
in which a given subgroup is normal. A subgroup X may not be normal in the
whole group, but there is some subgroup in which it is normal (at least itself),
and this is the normalizer of X in G.

We prove another lemma. By itself, it isn’t very useful, but the proof tech-
nique is valuable. The technique is that if we wish to show that a group is
normal, we can show that its normalizer is equal to the whole group.

Lemma 4.2. Let N < G, and assume that N is abelian. Let H C G, and
assume NH = G. Then (NN H) < G.

Proof. We wish to show that Ng(NNH) = G. We know that N C Ng(NNH)
as N is abelian. But N N H < H by the diamond lemma, so H C Ng(N N
H). Therefore NH, the smallest subgroup containing both N and H must
be contained in Ng(N N H). Yet NH = G, so G C Ng(N N H). Hence
G =Ng(NNH)and thus (NN H)<G. O

We now include another important fact. Let H C G and let Q = {Hz|z €
G}, that is,  is the set of right cosets of H in G, where G acts on ) by right
multiplication. We wish to determine Gg,. Now Gy, = {g € G|Hxg = Hx}.
So if g € Gy, we then have that xg € Hz, which when we multiply on the
left by =, we must have g € 2 'Hx = H*. So Gy, = H*, and in particular,
Gy =H.

Finally, we obtain an important theorem. Recall that we read function
composition from left to right.
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Theorem 4.1. Let G act on 2 and define the map f, : @ — Q by fy(a) = a-g.
Then f, € Sym(Q2) and the map 6 : G — Sym(Q2) defined by g — f; is a
homomorphism.

Proof. To see that 6 is a homomorphism, let g,h € G. We will show that
0(gh) = 0(9)8(h). If o € 2 is arbitrary, we have (a)fgn =a-gh=(a-g)-h=
) fg - h = (a)fgfn As (@) fgn = (a)fgfn, we have that fon = fofn. As
0(gh) = fgn = fofn = 0(9)0(h), we see that € is a homomorphism. To see
that f, € Sym(£2), we need to know that f, is a bijection for all g € G. Yet
Jofg-1 = fgg—1 = J1 = i, the identity on ), so f,-1 is the inverse map of f,.
This implies that f, is a bijective on €, so f, € Sym(€2). O

Whenever a group homomorphism is considered, it is almost always impor-
tant to determine the kernel of that homomorphism. For 6 as defined in theorem
4.1, we see that g € ker(0) if and only if a - g = « for all « € Q; equivalently,
g € ker(0) if and only if g € ﬂ G,. Note that the if N = ker(6), N is com-

(6119
monly referred to as the kernel of the action. If N = 1, we say that the action

is faithful.
We now move on to another important example.

Example 4.4. Let H C G, and let Q = {Hx|z € G}, the set of right cosets of
H in G. Let G act on Q by right multiplication. If « = Hzx, then G, = H”.
Then N, the kernel of the action, is equal to m Gy = ﬂ H?. In this example,

ace zeG
N is called the coreqH.

To wrap our head around the core of H in GG, suppose that M is any other
normal subgroup of G which is contained in H. Then if x € G is arbitrary,
we have that M* = M C H” so M C ﬂ H? = coreg(H). Intuitively, this

z€G
demonstrates that the core of H in G is the largest normal subgroup of G which

is contained in H.

NOTE: Recall that the normalizer of H in G is the largest subgroup of G
which contains H. The core of H in G acts as sort of a dual; it is the largest
normal subgroup of G contained inside H.

The next theorem we prove, although not terribly useful on its own, has as
a corollary a very important theorem, commonly referred to as the n! theorem.

Theorem 4.2. Let H C G, and suppose that |G : H| = n < oco. Then
|G : coreq(H)| divides n!.

Proof. Let Q = {Hz|z € G}. Note that |Q| = n as this is the definition of the
index of H in G. Let 6 : G — Sym(2) via g — f, as defined in theorem 4.1.
This theorem tells us that 6 is a homomorphism, with N = ker(0) = coreq(H).
Then by the homomorphism theorem, we have that G/N = 6(G) C Sym(2).
As |Q| = n, we see that |Sym(Q)| = nl, so |G : coreq(H)| = |G/N| = |6(G)|,
which is a subgroup of a group of size n!. Therefore by LaGrange’s theorem, we
have that |#(G)| divides n!, and therefore so does |G : coreg(H)|. O
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Corollary 4.1. If G is a simple group and H < G and |G : H| =n < oo, then
|G| divides n!.

Proof. Let Q = {Hz|r € G}, and let N = coreg(H). We know that N <G and
as G is simple, we must have that N =1or N =G. As H< G and N C H, we
must have that N = 1 and the action is faithful. By the previous theorem, we
know that |G : N| divides n!, yet as N = 1, we have that |G : N| = |G|. Hence
|G| divides n!. O

The following will be a useful corollary when we wish to prove that a finite
group is not simple.

Corollary 4.2. Let H C G where |G : H| = p for p a prime. Assume |G| < oo
and that p is the smallest prime divisor of |G|. Then H < G.

Proof. We consider |G : coreg(H)|, which we may write as |G : H||H : coreq(H)|,
and which divides p!. As |G : H| = p, we see that |H : coreg(H)| divides (p—1)!.
Therefore all prime factors of |H : coreg(H)| are strictly smaller than p. Yet
this index must divide the order of G, so there cannot be any prime divisors as
p is the smallest prime dividing |G|. Therefore H = coreg(H), and as coreg(H)
is always normal inside G, we have that H < G. O

‘We now continue with a few more definitions.

Definition 4.3. A group G is said to be a p-group if |G| = p® where p is a
prime and e > 0 is an integer.

It is a known fact that if G is a p-group and H C G is a subgroup with index
p, then H <t G. This will follow later as we will find that p-groups are solvable.

Definition 4.4. Suppose that G acts on  and let o € Q. define O, = {a-g|g €
G}. We call O, the orbit of & under G.

When we introduced the notion of the stabilizer, this was all of the elements
of G which kept an element « € Q fixed. The orbit again acts sort of as a dual
to the notion of a stabilizer; it is all the different “places” so to speak that a
particular element may travel to within Q. As we will later see, the orbits of an
action are in many ways similar to cosets within a group.

The first similarity that we notice is that orbits may be named by any one of
their elements. Recall that we had a similar result when speaking about cosets.

Lemma 4.3. Let 3 € O,. Then Og = O,,.

Proof. Let v € Og. Then there exists some g € G such that §-g = v. Yet
B € O, so there exists h € G such that 5 =« -h. Soy=(a-h)-g=a-gh,
and v € O,. To see that O, C Og, let g € G be such that 8 = a - g. If we act
on both sides of this by ¢~ !, we find that 8- ¢ ' =a-g-¢g ' =a-1=a. So
On C Og, as desired. O
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The biggest thing about this result is the same conclusion that we drew
about cosets: the orbits of £ under G partition Q.

The next two topics that we cover when considering group actions are con-
jugacy classes and transitive group actions.

Definition 4.5. If G is a group and {2 = G where the action is conjugation.
Then if x € G, O, = {29)g € G} is called the conjugacy class of z in G, denoted

clg(x).
Definition 4.6. An action is said to be transitive if  is a single orbit.

Theorem 4.3. Assume that G acts on 2, where a € Q and H = G,. Then
there exists a bijection from {Hz|z € G} onto O,.

Proof. Define 8 by Hr = a-x. As “cosets are slippery beasts”, one may assume
that “orbits are slippery beasts, and they go by many names”. Therefore we
first check that 0 is well defined. So if Hz = Hy, we need that §(Hx) = 0(Hy).
So (Hz) = o~z and (Hy) = o - y. We wish to show that -z = o+ y. As
Hzx = Hy, we know that y = ha for some h€ H. Soa-y=a-hx = (a-h)-x.
Yet H = G, by our construction, so a-h = «, and thus a-y = o - z. Hence 0 is
well defined. That 6 is injective, we must see that §(Hz) = 6(Hy) implies that
Hx = Hy. So §(Hx) = §(Hy) implies that oz = « - y. If we act on both sides
of this equality by y~!, we see that a - zy~! = a. This implies that xy~! € H,
and if we multiply on the right by y, we find that x € Hy, so Hx = Hy. Finally,
to see that 0 is surjective, let v € O4. Then v = « - g for some g € G, and we
may therefore find a preimage for v by the coset Hg. O

We now conquer the third reason for studying group actions, which is count-
ing. We gain the following as an immediate corollary to the previous theorem.
This corollary is often referred to as the Fundamental Counting Principle, or
FCP.

Corollary(FCP) 4.3. |O,| = |G : G4l

Corollary 4.4. if |G| < co and 2 = G where the action is conjugation, then
Iclg(z)| = |G : Cg(x)|. Similarly, if H C G, then the number of conjugates of
H in G is equal to |G : Ng(H)].

Proof. When G acts on itself via conjugation, the stabilizer of an element x € G
is Cg(x) and the orbit of = is clg(z). In the case where we consider subgroups
instead of elements, the stabilizer is Ng(H) for a subgroup H of G. O

Here, the second corollary is a direct application of the first.

For the next few proofs, we are only concerned with groups G and sets €2 of
finite size. So until further notice, we assume that |G| < oo and |Q] < co.

We will soon be moving into Sylow theory, where an important topic of study
is that of p-groups. The following yields our second result in that area: that
p-groups have nontrivial centers.
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Theorem 4.4. Suppose that |G| = p® where p is prime. Let N <G, N # 1.
Then N NZ(G) > 1. In particular, Z(G) > 1.

Proof. 1 have a proof written down here, but I have a common sense notion of
why this is true. I will write that here and check it for a flaw. Let G act on N
by conjugation. As N is also a p-group, IV is partitioned by the orbits of this
action. We wish to show that the number of elements n € N such that |O,| =1
is greater than 1, as the elements with orbit size 1 are exactly the elements of
N NZ(G). So suppose that it is not. Note that if |O,| > 1, then it must be
divisible by p. Hence |N|, a p-power, is equal to the sum of the sizes of the
G-orbits, all of which are divisible by p except for 1. This is a contradiction
to the number theoretic fact that if p divides a and p divides b the p divides
a—b. O

We now return our attention to a finite group G acting upon itself via conju-
gation. Say G has k classes, and say the sizes of those classes are ¢y, ...,c,. We
know that all of the ¢; divide the order of G by the FCP. Assume that ¢; = 1,
as we know that |O;1| = 1. We also know that the orbits of an action partition
Q, which here is G, so we know that ¢; + c2 + ... + ¢ = |G|. This equation
is called the class equation if G. From the class equation, we may derive many
facts, including two relatively easy results. Namely, kK = 1 if and only if G is
the trivial group, and k = |G| if and only if G is abelian.

As the final theorem for this section, we prove what Marty Isaacs likes to
call the “Not Burnside Theorem”. The theorem we are about to prove was, for
many years, wrongfully associated with the mathematician Burnside. It was
later squabbled over as to who actually proved the theorem. I don’t know (and
neither does Marty Isaacs) who actually proved the theorem in the end. All we
know is that it wasn’t Burnside!

Theorem 4.5. Let G act on 2 and let N be the number of orbits. Given g € G,

write x(¢9) = {a € Qa - g = a}|. Then N = ﬁ zc:;x(g).
IS

Proof. Consider Zx(g) = {(a,g)la € Q,9 € G,a-g = a}. This sum is

9eG
equivalent to Z |Gol. By the FCP, we know that |O,| = |G|/|Ga|- So we have
a€Q
that: cl )
D 1Gal =3 15 =G>
aeq acQ Ol acQ Ol

If we then break up single sum into a double sum, we find that this is equal

1
to |G| Z Z @ Yet the inner summation is 1, so we find that this equals

orbits O a€O
|G| Z 1, or |G|N. As we began by considering the sum Z x(g), we find
orbits O geG
that Z X(g) = |G|N, and the result follows. O
geG
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As a corollary to the FCP, we gain an important counting result.

Corollary 4.5. Let H, K C G be subgroups of G. Then |HK| = ‘Iggfgi

Proof. Let Q = {Hz|x € G} and let K act on Q by right multiplication. Now

HK = U Hk. As Hk = H - k, we see that HK is in fact the union of the

keK
cosets within @ which contain H in their orbit. By the FCP, we know that

|On| = |K : Kg|, where Ky = {k € K|H -k = H}; that is, Ky = HN K. As
cosets are disjoint and each coset contains exactly |H| many elements, we find
that |[HK| = |H||On| = |H||K : HO K| = (H|K])/(H 0 K]). O

NOTE: I don’t seem to have a great copy of this proof lying around. This
is a little messy and needs to be cleaned up.

5 Sylow Theory

Definition 5.1. Let p be a prime and G be a finite group. Write |G| = p®m
where a > 0, m > 1 and such that p does not divide m. A subgroup S C G is a
Sylow p-subgroup if |S| = p*. We denote the set of Sylow p-subgroups of G by
Syl (G).

I believe it is a common practice for the theorems that follow to number
them. We do not follow this convention; we instead assign letters to the three
important Sylow theorems which imply more about what the theorems actually
say than a number does.

Theorem(Sylow-E) 5.1. Syl,(G) # (. In words: Sylow subgroups exist for
all finite groups G and primes p.

Although simply stated, the proof is slightly difficult to prove. To prove this
fact, we first prove a number theoretic lemma which will help in the proof of this
theorem and will also be quite helpful later on in Galois theory when dealing
with fields of characteristic p for p a prime.

Proof.

Lemma 5.1. Let p be a prime number. Then (p;l”) =m mod p.

Proof. (14 z)» =1+ 2P mod p as each coefficient in the binomial expansion
contains a factor of p in the coefficient. Using this, we find that (1—|—x)p2 =1+2?
mod p, or inductively, that (1 + x)pq = 1+ 2?" mod p. This implies that
(142)P"™ = (1+2P")™ mod p. We now examine the coefficient of zP*. By the
binomial theorem, we have on the left hand side of this equivalence that (p;;”)
is the coefficient. On the right hand side, we have that the coefficient of z?" is

(T) = m. So modulo p, we have that these two things are equivalent. O
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We now proceed with the proof of the Sylow-E theorem.

Let © be the set of all subsets of G with cardinality p®; that is, Q =
{X C G||X]| =p*}. So |9 = (p;:”) = m mod p by our previous lemma. Note
that as p does not divide m by hypothesis, the size of {2 cannot be congruent
to 0 modulo p. Let G act on ) by right multiplication. There must be an orbit
of size not divisible by m as m is not congruent to 0 modulo p. Call this orbit
O. By the FCP, we know that |O| = |G|/|H| where H = Gx for some X € O.
Replacing |G| with p®m, we have that |O| = TTT. Since p does not divide |O],
we must have that p* divides |H|; this shows that |[H| > p®. We now wish to
show that |[H| < p®. So let © € X, where X is such that H = Gx. Recall that
Xh=X for he H. Then zh € X for all h € H. Thus zH C X. Yet the sizes
of cosets are equal, so we must have that |[xH| = |H| < |X| = p® So H is a
subgroup of G with size p?, and therefore Syl,(G) is nonempty. O

Simply knowing the existence of Sylow subgroups allows us to exclude par-
ticular numbers as the orders of simple groups. Consider the following corollary:

Corollary 5.1. Suppose |G| = pq, where p and ¢ are prime, p < q. Then G
cannot be simple.

Proof. Let H C G be a Sylow g-subgroup of G which exists by the Sylow-E
theorem. Then |G : H| = pg/q = p, which is the smallest prime divisor of |G/;
hence 1 < H < G, and G is not simple. O

It is a bit harder, but it is a good exercise to show that if |G| = pgr where
p,q, and r are distinct primes that G cannot be a simple group. It is a great
exercise to determine all numbers up to 1000 which cannot be the orders of
simple groups. Most are straightforward: there are only two which are tricky,
and are listed in Guillermo’s notes.

We next prove a theorem which has as two of its corollaries the Sylow-
C and Sylow-D theorems; the C stands for conjugation and the D stands for
development.

Theorem 5.2. Let S € Syl,(G), and let P C G be a p-subgroup. Then there
exists g € G such that P C §9.

Proof. Let @ = {Sz|z € G} and let P(notice P NOT G) act on Q by right
multiplication. Then [Q| = |G : S| is not divisible by p as S € Syl,(G). So
there must exist a P-orbit O of size not divisible by p, as the sum of multiples
of p is always a multiple of p. However, |O| must divide |P| by the FCP. So
|O| is a power of p as P is a p-group. Hence |O| = 1. So what is O7 It is
some coset of S in G, say Sg, such that for all x € P, we have Sgz = Sg. So
PCGgy =59 0

NOTE: It might be a good idea to look at this proof again. It contains a
LOT of important concepts.

As an immediate corollary, we obtain the Sylow-C theorem, which states
that all members of Syl,(G) are conjugate to one another.
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Corollary(Sylow-C) 5.2. If S, P € Syl (G) then P = 9 for some g € G.

Proof. By the previous theorem, we know that there exists g € G such that P C
S9. Yet this implies equality as the size of the groups is finite and conjugation
is a bijection. O

Corollary(Sylow-D) 5.3. Let P C G be a p-subgroup. Then P is contained
in some Sylow p-subgroup of G.

Proof. Let S € Syl,(G), which exists by the Sylow-E theorem. Then by the
Sylow-C theorem, there exists g € G such that P C S9. Yet SY € Syl,(G) as
conjugation preserves orders. O

We will often be concerned with the number of Sylow p-subgroups a group G
has. We refer to this number as n,(G) = [Syl,(G)|. Note that n,(G) = 1 if and
only if S € Syl (G) is normal in G. In fact, if n,(G) = 1 and S is that Sylow
p-subgroup, it is the Sylow p-subgroup of G and is therefore characteristic in G.

We consider an important example involving n,(G). Let S € Syl,(G) and
let G act on its set of subsets via conjugation. Then n,(G) = |0s| = |G : Gg].
Recall that with this action, Gg = N¢g(5), so it may also be written that
n,(G) = |G : Ng(9)|.

Then next theorem, although not a lettered Sylow theorem, is very heavily
used when proving that groups if a given order cannot be simple, and is often
called the Sylow Counting Theorem.

Theorem (Sylow Counting) 5.3. n,(G) =1 mod p.

Proof. As we did in the proof of the Sylow-E theorem, we first prove a lemma
which will help to prove the Sylow counting theorem.

Lemma 5.2. Let S € Syl,(G). Let P be a p-subgroup of Ng(S). Then P C S.

Proof. Let N = Ng(S). Note that S € Syl (G) and S € N implies that
S € Syl,(N). Then by the Sylow-C theorem, there exists n € N such that
P CS™ Yet S<N,soS™ =5, and therefore P C S. O

With this lemma, we now continue with the proof the the Sylow counting
theorem.

Let S € Syl,(G). Let S act on Syl,(G) by conjugation (the Sylow-C
theorem shows that this is indeed a group action). One orbit of this action is
{S}. Tt suffices to show that all other orbits have sizes which are divisible by p.
Yet all of the orbit sizes must divide the order of the group acting on it, which
is S. So all orbit sizes are p-powers, and we must simply show that they are not
all zero powers of p. To do this, we show that if {T'} is an orbit, then O = {S}.
So suppose {T'} is an orbit. Then T° = T for all s € S. Then T' C N¢(S),
and as T € Sylp(G)7 we see that T is a p-group. So by our lemma, T'C S. Yet
|T| = |S|, and in finite groups, this implies that 7' = S. Thus the only Sylow
p-subgroup with an orbit of size p° is one, and all other orbits have size divisible
by p, and the result holds. O
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Most of this equipment is being set up in order to show that groups of
particular sizes cannot be simple. We do one example here, and leave a slightly
more complicated example as an exercise.

Lemma 5.3. Suppose that |G| = pg?, where p, ¢ are prime and p # q. Then G
is not simple.

Proof. To show that G is not simple, we will show that either n,(G) = 1 or
ng(G) = 1. If p < ¢, then if S € Syl (G), we have that |S| = ¢* and therefore
|G : S| = p, which is the smallest prime divisor of |G|. Hence S < G and G is
not simple. So ¢ < p. Now if S € Syl,(G), we know that n,(G) = |G : Ng(9)]
and therefore n,(G) divides ¢%. So n,(G) € {1,¢,¢*}. Yet n,(G) must also be
congruent to 1 mod p, so either g =1 mod p or ¢2 =1 mod p. As g < p by
the case we are in, we cannot have that n,(G) = ¢ as ¢ = ¢ mod p. So there
are ¢* subgroups of order p. This accounts for ¢*(p — 1) elements of G, each
with order p. So the elements with order not equal to p is at most ¢2. Yet this
implies that if @ € Syl (G), then |Q| = ¢%, and there is no room left for any
other subgroups. Therefore @ is the Sylow g-subgroup of G and is thus normal.
In either case, we find that G has a normal subgroup, and therefore G' cannot
be simple. O

We now leave as an exercise a slightly more difficult version of this proof.

Exercise 5.1. Suppose that |G| = pg® where p # ¢ and both p and ¢ are prime.
Then G has a normal Sylow p or Sylow g-subgroup or |G| = 24.

Proof. Exercise. O

As these types of problems are extremely popular on the qualifying exam,
I leave one more as an example. It would definitely be worth looking up many
more examples.

Exercise 5.2. Any group G with order 616 = 23 -7-11 is not a simple group.
Proof. Exercise. O
The next notion we introduce is what is known as the Frattini argument.

Theorem 5.4. Let N < G, where N is finite, and let P € Syl,(N). Then
G = Ng(P)N.

Proof. Let g € G. Then P9 C N9 = N as N<G. So P? C N and as |P9| = |P|,
we see that P9 € Syl,(N). By the Sylow-C theorem, we know that there exists
some n € N such that (P9)™ C P. This implies that P9" = P. So gn € Ng(P).
This implies that g € Ng(P)n~!, and as n=! € N as n € N, we have that for
all g € G, we may write it in this form. O

We now prove a very general theorem. The more useful application of the
theorem will be a particular case, which will follow immediately as a corollary.
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Theorem 5.5. Let G be a finite group, and let ®(G) C N, where N < G.
Assume that N/®(G) has a normal Sylow p-subgroup. Then N has a normal
Sylow p-subgroup.

Proof. By assumption, the factor group N/®(G) has a normal Sylow p-subgroup,
say U/®(G) € Syl, (N/®(G)). In fact, as U/®(G) is the Sylow p-subgroup of
N/®(G), it is actually characteristic in N/®(G). As N < G, we know that
N/®(G) <« G/®(G), and as U/®(G) is characteristic in a normal subgroup of
G/®(G), we see that U/®(G)<1G/P(G). Then by the Correspondence Theorem,
U<Q@G.

Let P € Syl,(U). We claim that P®(G) = U. Let |U| = p®m, where
m is not divisible by p. As P € Syl (U), we see that |U : P| = m, and as
U/®(G) € Syl,(N/®(G)), we know that [U/®(G)| is a p-power. As indices are
preserved by homomorphisms, we have that |U : ®(G)| is a p-power. Therefore
the order of their product is the product of their orders, which is |U|, and the
claim is proved.

Now, we see that the Frattini argument applies, and we have that N (P)U =
G. As U = P®(G), we see that G = Ng(P)P®(G) = Ng(P)®(G). Yet ©(G)
is in some sense, the set of useless group elements (see 1.1). So G = Ng(P),
and thus P < G. If P <G, we certainly have that P << N, as desired.

O

The special case that we are interested in is when N = ®(G). In this case,
there are really no hypotheses except that G be a finite group.

Corollary 5.4. If G is a finite group, then all Sylow p-subgroups of ®(G) are
normal.

6 Nilpotent Groups

At this point and time in the course, start studying things like nilpotent, solv-
able, and supersolvable groups. All of these different ideas came about as weak-
enings of the property of a group being abelian. It turns out, in group theory,
that being abelian is quite boring: we can classify everything. So in a sense, it
is often too strong to require that a group be abelian. However, we can weaken
our assumptions a little, and have our groups be “not quite abelian”, we can
get some interesting behavior.

Definition 6.1. Let G be a group, and suppose we have a collection of sub-
groups N; <G where 1 = Ng C Ny C Ny C ... C N, = G. Then we say that
the N; form a normal series for the group G. We say that this series is a central
series in G if Nf'l cZ (%) for 1 <i<r.

ni—

Definition 6.2. A group G is said to be nilpotent if it has a central series.

It may be worth noting that we mean for there to be no repeated subgroups
in a normal or central series. It is often therefore assumed within the definition
that for all V;, N; where i # j, we have that IV; # Nj.
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As in the discussion above, a group being nilpotent is a weaker assumption
than a group being abelian. Therefore all abelian groups are automatically
nilpotent. For an example of groups which are nilpotent but not necessarily
abelian, we turn to p-groups.

Theorem 6.1. Every finite p-group is nilpotent.

Proof. If G is a p-group, let Zy =1, and let Z; = Z(G). We then construct Z
such that Z»/Z; = Z (G/Z1), and as p-groups have non-trivial centers, we see
that Zo > Z;. We then continue in this manner, allowing Z;11/Z; = Z(G/Z;).
Note that this process will halt finitely as G is a finite group. This series is
known as the upper central series of G. O

We next prove one of our most useful theorems when dealing with nilpotent
series. This theorem is often quoted with the tagline: “normalizers grow ”, and
according with our previous example, it is not uncommon to hear: “In p-groups,
normalizers grow ”.

Theorem 6.2. Let GG be a finite group. TFAE:
1. G is nilpotent.
2. If H < G, then Ng(H) > H.
3. Maximal subgroups of G are normal.
4. All Sylow subgroups of G are normal.
5. f NG and N < G, then Z(G/N) > 1

Proof. As we did in the previous section, we prove two lemmas prior to proving
the theorem in order to ease the proof of the theorem.

Lemma 6.1. If N <G and P € Syl,(G) with P <G, then NP/N is a normal
Sylow p-subgroup of G/N.

Proof. As P C NP, we know that |G : NP| is p’ (we use this notation to
mean not divisible by p). By the correspondence theorem, we then find that
|G/N : NP/N| is p’. Also by the correspondence theorem, as NP <1 G since
both N and P are normal in G, we know that NP/N < G/N. To see that
|[INP/N| is a power of p, we compute:

[N||P]
[NNP] |P|
NP/N|=|NP:N|=|NP|/IN| = =

which this last quantity is a p-power as P € Syl,(G) and NN P C P. Hence

NP/N <G/N and NP/N € Syl,(G/N) as NP/N has p-power order and index
relatively prime to p. O
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The proof of the previous lemma is one which follows almost immediately
from the correct picture. I leave a gap in order to draw that picture in:

The next lemma we will use is very similar to the result that p-groups have
nontrivial centers: as p-groups are nilpotent groups, the next lemma actually
states that nilpotent groups have nontrivial centers.

Lemma 6.2. Let G have all Sylow subgroups for all primes normal. Assume
that G is nontrivial. Then Z(G) > 1.

Proof. Choose a prime p such that p divides |G|. Also choose P € Sylp(G). As
p divides |G|, we see that P is not the trivial group. Write Z = Z(P). Note
that Z is also not the trivial group as p-groups have nontrivial centers. We will
show that Z C Z(G). To do this, we will show that C¢(Z) = G. So assume
for the sake of contradiction that Cg(Z) < G, and let ¢ be a prime dividing
|G : Cg(Z)]. Since Z = Z(P), we know that P C Cg(Z), so ¢ # p. Let
Q € Syl,(G). Q < G by hypothesis, and Z < G as Z is characteristic inside P
which is normal in G. Also, @QNZ = 1 as the elements in Z all have p-power order
and the elements in @ all have g-power order. Then by a homework assignment
(and it is not difficult to prove) @ and Z commute (result known as disjoint
normal subgroups commute) and thus @ C Cg(Z). Yet this implies that g does
not divide |G : Cg(Z)| as @ € Syl (G), which is a contradiction. Therefore
there does not exist a prime ¢ dividing the index, and |G : Cg(Z)| = 1, and
Z CZ(Q). O

We finally return to the proof of our main theorem on nilpotent groups.
We begin with 1 — 2. So assume that G is nilpotent, and let H < G. As G
is nilpotent, we have that there exists a central series for G, that is, normal
subgroups N; with the property that 1 = Ny € N; C ... € N, = G, and
such that N;41/N; C Z(G/N;) for all 1 <4 < r. As H < G, we see that
N, is not contained in H, but Ny = 1 certainly is contained in H. Fix i
such that N; € H but N;31 ¢ H. We know that N;41/N; C Z(G/N;). As
anything in the center of a group is in the normalizer of any subgroup, we
have that N;y1/N; € Ng/n,(H/N;). Also, the normalizer of a subgroup is
always greater than or equal to itself so H/N; C Ng/n, (H/N;). Therefore as
H/NiaNi—i-l/Ni - NG/NL(H/NZ)7 we have that HNz'—i—l/Ni - NG/NL(H/N’L)a
and thus by the correspondence theorem, HN; 41 C Ng(H). Yet N1 € H, so
HNiJrl > H, and HNZ'+1 - NG(H)

That 2 — 3 is obvious. To see that 3 — 4, let P € Syl (G). We will
show that P <1 G. So assume to the contrary that Ng(P) < G and let M < G
be maximal such that Ng(P) € M. Now M <G by 3, and as P C Ng(P) C M
we have that M € Syl,(M). Thus the Frattini argument applies, and we see
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that G = Ng(P)M. Yet Ng(P) C M, so we see that G = M, which is a
contradiction to M being maximal in G. Hence Ng(P) = G and P < G.

To see that 4 — 5, we assume that all Sylow p-subgroups are normal
and show that if N <G and N < G then Z(G/N) > 1. To do this, we use our
lemmas. N <1 G by assumption, and if P is any Sylow p-subgroup of G for any
prime p, we know that NP/N is a normal Sylow p-subgroup of G/N by lemma
1. Then lemma 2 tells us that as G/N is a group with all Sylow p- subgroups
for all primes p normal, and G is nontrivial as N < G, we see that Z(G/N) > 1
by lemma 2.

To complete our proof, we show that 5 — 1. We assume by the case we
are in that G > 1. So G has a nontrivial center by 5, and we construct the upper
central series for G by letting Zy = 1 and Z; = Z(G). If Z(G) # G, we continue,
using 5 to conclude that our centers are “growing” (this is essentially the same
proof that p-groups have nontrivial centers and are therefore nilpotent.)

O

We do not prove, but rather note the useful fact that subgroups and factor
groups of nilpotent groups are nilpotent (Isaacs’ book has a proof, or else it may
be done as an exercise).

We end the section on nilpotent groups with a slight digression towards
elementary abelian groups.

Definition 6.3. A p-group G is said to be elementary abelian if it is abelian
and 2P =1 for all z € G.

An example of an elementary abelian p-group is Us, the group of integers
relatively prime to 8. We did not use elementary abelian groups much through-
out the semester, but I think it is a good exercise to be able to come up with
examples of things.

We do one proof regarding elementary abelian groups. It uses a very common
and helpful proof technique: if you wish to show that a factor group is abelian,
you show that the commutator is contained in the kernel.

Corollary 6.1. If G is a p-group, then G/®(G) is elementary abelian.

Proof. We must show that G/®(G) is a p-group (which follows as G is a p-
group), that G/®(G) is abelian, and that 2P = 1 for all x € G/®(G). To
see that G/®(G) is abelian, we show that G’ C ®(G). It suffices to show that
G’ C M for all M maximal in G. As G is a p-group, it is nilpotent, and therefore
if M is maximal in G, M is also normal in G. By the maximality of M, we
then find that G/M has no subgroups, and must be of order p. As all prime
ordered groups are cyclic and therefore abelian, we find that G’ C M. Yet M
was an arbitrary maximal subgroup of G, so G’ C ®(G). Finally, we show that
any element of G/®(G) raised to the p power is the identity. As all elements of
G/®(G) are cosets of ®(G) in G, they have the form ®(G)z for some = € G.
We want to show that (®(G)z)? = ®(G), or that 2P € ®(G) for all z € G. Tt
therefore suffices to show that 2P € M for all M maximal in G. Let y be the
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image of x mod M. We know that |G : M| = p, so if y € G/M, then yP = 1,
which implies that 2 € M. O

7 Solvable Groups

Our next main topic is a different class of nonablelian groups which, in many
ways, have “nice” abelian-like properties.

Definition 7.1. A group G is solvable if there exist subgroups N; << G such
that 1 = Ng C N7 C ... C N, = G where N;;1/N; is abelian for all 1 < ¢ <.

Note that being solvable is a weaker condition than being nilpotent; that is,
nilpotent groups are automatically solvable groups, as are abelian groups. We
therefore search for examples of groups which are solvable but not nilpotent.

Recall for a given group G its derived subgroup G’ = ({[z,y] = zyz~ty 1 |Vz,y €
G}). As an exercise on homework assignment 4 problem 4, we showed that given
H C G, wehad G' C H if and only if H <G and G/H is abelian. We denote by
G the nth commutator subgroup; the commutator of the commutator of the
commutator, etc. We call the collection of G the derived series for a group
G. The derived series of a group is closely tied in with the property of a group

being solvable.

Lemma 7.1. Given a group G, G is solvable if and only if G(™ = 1 for some
n € N.

Proof. First, fix n smallest such that G = 1. Then 1 = G C G»~D C
... C G° = @G forms a normal series for G as each G is in fact characteristic
in G (it is the ith commutator subgroup of G). Additionally, we know that any
group modulo its commutator subgroup is abelian, and therefore each of the
factor groups G0~ /G0 is abelian.

For the other direction, suppose that G is solvable, and let 1 = Ny C
Ny C ... € G, = G is a normal series for G such that N;/N;_; is abelian.
Then for each N;, we see that (V;) € N;,_;. So G’ C N,_1, and in general,
G®) C N,_j,. In particular, this implies that G(") C Ny = 1, as desired. O

Definition 7.2. If G is solvable, then the derived length of G is the minimum
n € N such that G = 1. We denote this by dl(G).

We note two things: first, G is abelian if and only if di(G) = 1, and if G is
a simple group, then G is solvable if and only if G is abelian.

NOTE: G’ # {zyz~ly |,y € G}. Tt is equal to the group generated by
these elements; that is, ([z, y]|z,y € G). It CAN include elements which are not
of the form xyz—'y~!, although I do not have an example of this. As homework,
I should really come up with one.

We again note that subgroups and factor groups of solvable groups are solv-
able. We actually have a stronger result also when dealing with solvable groups,
which we prove as a lemma. Note that the stronger part of the following lemma
is NOT true for nilpotent groups.
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Lemma 7.2. Let G be a group.

1. If G is solvable and H C G, then H is solvable.

2. If 8 : G — H is a surjective homomorphism and G is solvable, then H is
solvable.

3. Let N < G. Assume that N is solvable and G/N is solvable. Then G is
solvable.

Proof. For 1, we note that if H C G, then H™) C G("™ for all m € N. Yet G
is solvable, so G =1 for some n. Hence H™ =1, and H is solvable.

As G is actually characteristic for G, note that §(G(™) = H™ as
homomorphisms preserve group theoretic properties. Therefore if G =1, we
have that (1) = 8(G™) = H"™, and therefore H is solvable.

For 3, let w be the canonical homomorphism from G — G/N. We know
that G/N is solvable, so say r is such that (G/N)(") = 1. Then (7(G))") =1,
and hence 7(G()) = 1. So G{") C N. Yet N is solvable by assumption, so there
exists s such that N = 1. Hence (G(M)(®) = 1. Yet (G)®) = G+ 50 G
is solvable. O

We note (although it is in my notes officially as a corollary) that when dealing
with solvable groups, say G has 1 = Ny < N1 <... <N, = G with factor groups
abelian. Then it is enough for each NV; to simply be normal within N;,;. It is
not actually necessary for each N; << G. The result follows by induction and by
part 3 of the previous theorem.

Theorem 7.1. Let G be a finite solvable group.

1. Let N be minimal normal in G. Then N is an elementary abelian p-group
for some prime p.

2. Let M be maximal in G. Then |G : M| is a prime power order.

Proof. Since N C G and G is solvable, we know that G*) = 1 for some integer
k. As subgroups of solvable groups are solvable, we know that N(™) = 1 for
some m. Hence N’ < N. But N’ is characteristic in N and N <G, so N' =1,
and N is therefore abelian. Choose x € N with order p for some prime p. Let
S={te Nt =1}. Asz € 5, we see that |S| > 1. As N is abelian, we claim
that S is a subgroup of N. First of all, it contains inverses as the inverse of any
element has the same order, and it is closed as if s,t € S, then (st)P = sPt? = 1,
where the distribution of the p-power uses our abelian assumption. However,
from our definition we see that S is characteristic in N (it is the set of elements
x € N such that 2P = 1), and therefore S < G. Yet N is minimal normal, so
we must have S = N, and thus N is elementary abelian. To see that N is a
p-group, note that by Cauchy’s theorem, if ¢ is a prime dividing | N|, then there
must exist an element of order ¢q. Yet all elements in N have order p, so such
an element cannot exist. Hence N is a p-group.
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For part (b), let K = coreg (M), recalling that the core of M in G is the
largest normal subgroup of G contained in M. Now K < G as K C M < G and
as factor groups of solvable groups are solvable, G/K is a nontrivial solvable
group. So GG/K has a nontrivial minimal normal subgroup, say X/K. Now
K C X C G and X <G by the correspondence theorem. So X ¢ M as X > K
and K = coreg(H) by construction. Yet X M is a subgroup of G as X <G, and
XM > M as X ¢ M. So by the maximality of M, we must have XM = G.
Applying part (a), we see that X/K is a p-group. Yet by the diamond lemma,
|G|/IM| =|G: M| =|X:XNM|. Yet | X : XN M|isa p-power as X is a
p-group, and the result holds. O

Perhaps the most important things about solvable groups are that subgroups
and factor groups of solvable groups are solvable, and that the derived series
works as a normal series for any solvable group.

8 Finite Symetric Groups

For this section, we will be working with Q and Sym(2), where we usually
take Q@ = {1,2,...,n} and in this case, write Sym(Q2) = S,,. Recall then that
|Sn| = nl.

Definition 8.1. An element g € S, is a r-cycle for 1 < r < n if there exist r
distinct elements ag, as, ... a, €  such that a; 5, Qg ENREN a, EN ay and g
fixes all other points in Q. For short, we write g = (a1, ag, ..., ).

If g is an r-cycle, we may also write g = (ag, as, ..., q., a1), so every r-cycle
actually has r names.

Definition 8.2. If z,y € S,,, we say that x and y are disjoint if the sets of
moved points are disjoint.

As a quick example, take (3,5,7)(1,2,4,9) inside S,, where n > 9.

We reference two theorems which we do not prove but are very heavily used.
First, that disjoint cycles commute. Second, that every nonidentity element of
S, can be written as the product of disjoint cycles, which is therefore unique
except up to the ordering of the factors.

It is standard, when writing down a cycle, to omit the fixed points, rather
than writing them as single cycles.

It is very hard to explain precisely how multiplying cycles works, but I will
include an example, from which the experienced reader can figure out how to
multiply cycles.

Example 8.1. (2,1,3,5)(4,6,9) - (1,7,3)(6,4,10) = (2,7,3,5)(6,9, 10)

We also introduce a bit of notation in the definition of a cycle structure.
As in example, in Sg, the element (2,4)(3,1,5) has cycle structure 11213%; we
write the cycle size taken to the power of the number of those cycles in the
decomposition.
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We now do a very important example in S5, where we count all of the group
elements according to their cycle structure and order. Here, the order of the
element is the LCM of the cycle sizes.

Structure | How Many | Order

1° 1 1

132! () =10 2

[ O2=1] 2

Example 8.2. 1231 (g) — 20 3
2131 (5)2=20 6

1141 (3)31=30 4

5! 4! =24 5

One can check that the number of elements adds up to 120, the size of Ss.
As an example, we explain the counting argument for the cycle 1'4'. There
are (i) elements that we can put into the four cycle; however, we still have
options for the order of the 4-cycle. As there is no “first” element of a cycle, fix
a starting place. There are 3! ways to order the remaining three elements, and
then the cycle is determined. Another way to view this is as 4! ways to order
the cycle, and then we must divide out by the number of names each cycle has,

so 3! = 4l/4.

If any of these counting arguments seem difficult or took a bit of thought,
it is a great exercise to make this sort of a table for Sg. I did for a home-
work assignment, and it was a good experience in getting my hands dirty. Not
to mention that it gets slightly more complicated to count in Sg due the the
particular permutation with cycle structure 2. I leave this as an exercise.

We next consider what it looks like to conjugate cycles; that is, what is
(a1, a2,...0,.)97 We define it to be (a1 - g, a2 - ¢,... - g). We exhibit an
example of conjugation below.

Example 8.3. (1,2)(3,4,5)(123) = (2,3)(1,4,5)

Notice that in the example our original cycle structure is preserved under
the conjugation action. What is most important about conjugation is that it
always preserves cycle structures. Conversely, any two elements with the same
cycle structure are conjugate.

We now move on to a new topic which is important within symmetric groups.

Definition 8.3. A transposition is S, is a two-cycle.

Note that any r-cycle can be written as a product of (r — 1) transpositions,
so any cycle can be represented via transpositions.
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Definition 8.4. An element g of S, is even if it can be written as a product
of an even number of transpositions. We say that g is odd if it is the product
of an odd number of transpositions.

It is a theorem, and a very important one, that no element of S, is both
even and odd. We will prove this fact, but we may gloss over some details.

Theorem 8.1. No element of S,, is both even and odd.

Proof. Assume to the contrary that this is false, and write an element g as
tity...tr = $182...5; where the ¢; and s; are transpositions, such that & is odd
and [ is even. We then get that t1ts ... ¢, = 1, where m = k+I[, and the t; are all
transpositions. Note that this follows as transpositions are their own inverses.
We do this with the smallest possible m. We note a clever trick; that if ¢ and
s are transpositions, we have that st = tst. This follows as ts® = tt~1st = st.
As conjugation preserves cycle structures, this allows us to rearrange the order
of multiplication within a product of transpositions without altering the result
OR the number of transpositions.

We claim that all of the t; are different. This follows as if, say, t; = t;
for some j, we may essentially move ¢; next to ¢; by replacing ¢;_1t; by tjtéj_l
from our observation above. Yet this lowers the number of transpositions by
two, and we assumed that m was minimal and odd, which is a contradiction.
This may be a little unclear, so I leave space for a drawing to clarify:

It is without loss to assume that t; = (1,2). Say that ¢; = (1,a;) for
1 < i < k and tpy; is not of this form. Assume that we select k as large as
possible with this property. That is, of all possible ways to write t1ts ... tn,,
select one which has a 1 in the first component for as long as possible. Note
that this means that after tj, the number 1 no longer appears in any of the
transpositions; this follows as if there were a 1 in any transposition after ¢, we
could move this transposition to the left of ¢, using the previous conjugation
trick, and this would contradict our maximal selection of k. Also note that as
t1 = (1,2), we know that ¢5 through ¢; do not include the number 2 as m is
minimal. So within ¢1t5...%;, 1 is mapped to 2 in t;, and then ¢5 through t;
leave one there. From tj4; through ¢,,, 2 may be mapped somewhere, but as
k is maximal such that ¢; through ¢, mention 1, and tx41 through ¢,, do not
mention one, 2 never makes it back to one.

I'm afraid that this reads a terrible mess, so I leave room for another small
picture. My notes and memory of the lecture are far clearer than this explana-
tion.
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We move on to another important property of S,,; the subgroup A,,, the set
of even permutations; we obtain that A, is a group by thinking of the identity
as an even permutation. Note further that |4, | = %|Sn| = %n!.

We include now what initially seems like a strange definition. However, it is
quite useful when showing that particular groups are not simple.

Definition 8.5. We say that ¢ € G acts oddly if 7, € Sym(Q2) is an odd
permutation.

Another way to think of an element acting oddly is that the map taking g
to the permutation which is “dotting” by the element is an odd permutation.
So if G acts on Q and the element of Sym(Q2) which is defined by g — « - g for
all a € Q2 is odd, then g acts oddly on €.

Lemma 8.1. Let G act on 2 where both GG and €2 are finite, and assume that
there exists g € G which acts oddly on . Then 3N < G such that |G : N| = 2.
Proof. Let 6 be our odd action. We have homomorphisms G 9, Sym(2) =
{1, -1}, which maps a function in Sym(f2) to 1 of the function is even and -1
if the function is odd. Then the composition of the maps 6 and sgn is a map
from G — {1,—1}, which is surjective; namely, g maps to —1, and 1 maps to 1.
Therefore if N is the kernel of this map, then |G : N| = 2. O

Corollary 8.1. Let |G| = 2m where m is odd. Then there exists a normal
subgroup N such that |N| = m.

Proof. Let x € G be an element of order 2, and let G act on itself by right
multiplication. We claim that x acts oddly on G. To prove this, we show
that the cycle structure of the permutation induced by z is all two cycles. To
see that the elements of the permutation are at most two cycles, note that as
o(xz) = 2, we know that the second power of the permutation induced by x is
the identity, so we have only transpositions and fixed points as possibilities in
the cycle structure of the permutation induced by x. Yet g # 1, so gx # ¢
for any g € G, so we cannot have any fixed points. Therefore the permutation
induced by x is exactly m transpositions. As m is odd, this implies that the
permutation induced by z is odd, and the previous lemma implies that there
exists N <1 G such that |G : N| =2, so |[N| = m. O

The biggest consequence of this Corollary is that if the order of any group
G is 2m for m an odd number (greater than one), then G cannot be the order
of a simple group.

The next large theorem finally renders our first good example of nonabelian
simple groups; the alternating groups for As and larger. The proof is a bit
involved, and essentially follows by induction once we show that As is a simple
group. Therefore the first very important part of the proof deals with showing
that As is a simple group.

Theorem 8.2. Let n > 5. Then A, is a simple group.
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Proof. We begin by counting the cycle structures within A5 in order to get a
better understanding of this very important group.

Structure | How Many | Order
1 1 1
1122 15 2
123 20 3
5! 24 5

Although I did not here include the binomials which lead to computing the
number of permutations with a given cycle structure, the counting arguments
can be found in table 8.2. So suppose that 1 < N <G, where G = A;. We wish
to show that N = As. So suppose that 3 divides |[N|. Then N contains a Sylow
3-subgroup of G. Since N <1 G, N contains all Sylow 3-subgroups of G as all
Sylow 3-subgroups are conjugate by the Sylow-C theorem. So |N| > 21, and by
LaGrange’s theorem, we see that |N| € {30,60}.

Now suppose instead that 5 divides | N|. Then by an analogous argument,
N contains all elements of order 5 and hence |N| > 25. Therefore we again find
by LaGrange that |[N| € {30,60}. Yet if |[N| = 30, it is divisible by both 3 and
5, therefore containing all elements of order three AND all elements of order
5. Hence |N| > 20 4+ 24 + 1 = 45, which is a contradiction. So if either 3 or 5
divides |N|, we must have that |[N| =60 and N = G = As.

We may therefore assume that either [N| =4 or |[N| = 2. If |[N| = 4,
then we have that N is a Sylow 2-subgroup of G. But N <1 G, so N contains
all elements of order 2, which implies that |N| > 15, which is clearly a con-
tradiction. We therefore assume that |[N| = 2. It is no loss to assume that
N ={1,(1,2)(3,4)}. We show that N is not normal in G. To do this, note that
(1,2,5) € G, yet (1,2)(3,4)1:5) = (2,5)(3,4), which is not the identity nor is
it (1,2)(3,4). This contradicts that N < G, so |N| # 2. Therefore N = G, and
we have that As is a simple 5.

We proceed by induction, so assume that n > 5. Let H be a point
stabilizer in A,. Then H = A,,_;. By our inductive hypothesis, this means
that H is simple. Then if 1 < N < A,, then NN H < H by the diamond
lemma, so we either have that NN H =1 or NNH = H. We first suppose that
NNH=H. Then HC N so |N| > |H|, so we have either N = H or N = A,
by LaGrange. If N = A,, we are done, so suppose that N = H. We note that
all point stabilizers are conjugate; this follows as GY, = Gn.4. So as H C N and
N < A, we have that H9 C N9 = N for all ¢ € G (again, we are sometimes
referring to G as A,,). So N not only contains H, but in fact all point stabilizers
in A,. So every permutation that fixes one point lies in IV. Since every product
of 2 transpositions fixes a point (n ; 5), every such product is in N. Yet every
permutation can be written as a product of products of 2 transpositions (they
are all even), so N = A,,.

This leaves us in the case where N N H is trivial. Thus, the intersection
of N with every point stabilizer is trivial via a similar conjugacy argument to
that in the previous paragraph. In other words, no nonidentity element of N

32



fixes a point. So choose z € N such that z # 1, and we may assume without
loss that x : 1 — 2 and z : 3 — 4. (If 3 maps to 1, rename 4 = 3). So
z=(1,2,...,3,4,...), and consider z(+56) = (1,2,...,3,5,...), which lies in
N as N is normal. Now let y = 12456 Of course, y € N since z=* € N
and z*56) ¢ N, and y : 2 — 2 implies that y = 1. Yet z is clearly not
equal to (%% as  : 3 — 4 and z(*56 : 3 — 5. This is a contradiction, so
NNH#1. O

As examples of how to apply the previous theorem, we do two examples.
Corollary 8.1. If |G| = 120 then G is not simple.

Proof. As |G| =120 = 23 - 3 -5, we know that n5 € {1,2,4,8,3,6,12,24}. Yet
ns =1 mod 5, so ns € {1,6}. If we wish for G to be simple, we assume that
ns; = 6. So let H = Ng(P), where P € Syl;(G). So |G : H| = 6 by our
previous conclusion. Let G act via right multiplication on Q = {Hz|z € G}.
Now 0 : G — Sym(Q) via the “dotting” map and € is a homomorphism. As
|Q] = 6, we see that Sym(Q2) = Sg, so § may be thought of as a map from
G to Sg. As no element of g acts oddly, we in fact have 8 : G — Ag. Yet
ker(f) = coreq(H) C H < G. As G is assumed to be simple, we must have
that ker(d) = 1. So 6(G), the image of G under 6, is actually isomorphic to
G, and 0(G) C Ag. Yet |G| = |0(G)| = 120, and |Ag| = 6!/3 = 360. Hence
|A¢ : 6(G)| = 3. However, the n! theorem implies then that |Ag| divides 3!,
which is clearly a contradiction. O

Corollary 8.2. Let n > 5. Then the only normal subgroups of S,, are 1, A4,,
and S,,.

Proof. Let N <.S,. Assume that N # 1 and N # S,,. We show that N = A,,.
By the diamond lemma, NN A, < A,, so either NNA, =A,or NNA, =1as
A, is simple. If NN A4, = A,, then A, C N. As|S, : 4,| = 2, we must have
either A,, = N or N = 5,,. As N # S, by assumption, we have A,, = N. So
assume that N N A,, = 1. Then as |4,| = in!, we can only have that |[N| = 2.
So N = {1,z} for some z € S,. WLOG, assume that z maps 1 to 2. Then
29 C N for all g € S,,. Yet (33 maps 1 to 3, which happens neither in z nor
for 1. So 2(23) ¢ N, which contradicts that N <1 S,,. O

9 Direct Products

The next main topic we discuss is that of direct products. We first distinguish
between external and internal direct products, and end with the fundamental
theorem of finite abelian groups. Note that we are now allowing groups to be
infinite unless otherwise specified.

NOTE: Professor Isaacs uses a direct product notation in class which is a
product symbol with a dot inside the product symbol to denote “internal direct
product”. I cannot for the life of me figure out how to make that symbol in
LaTeX. I therefore just write out the phrase “internal direct product” or insert
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clauses like, “where this product is direct”. The notation is really clumsy and
for that I apologize.

Definition 9.1. Suppose that Gy, Ga, ... G, are groups, and let P = {(z1, 22, . ..

G;}. We can make P into a group by defining (z1,z2,...,2,) - (Y1,¥2,- .. Yr) =
(z1y1, T2Yy2, . . ., Tryr). When we do this, we say that P is the external direct
product of the groups G;, and we write P = Gy X Go X ... X G,.

Notationally, we may wish to refer to the subgroups of this direct prod-
uct which are isomorphic to the original groups G;. We write G; C P =
{(1,1,...,\3}//,1,...,1)‘33EG,’}.

pos. 1

Note that every element of Z?VZ commutes with every element of é’vj if i # 5.
Additionally, each @ < P since every group is normal within itself, so @ ; C
Np(G;) and all other G; commute with G; so they certainly normalize G;;
hence é‘vj C Np(a;) for all i # j. So P = G1 X G3 X ... X GG, is contained in

the normalizer of E’;
Definition 9.2. Given a group G, assume N; << G for 1 < i < r. Suppose

T
that G = H N;. Also, assume that every element g € G is uniquely of the form
i=1
g=ty...t. witht; € N;. Then G is the internal direct product of the subgroups
N;.

We sometimes wish to write explicitly that we are considering an internal
direct product. We signify this by placing a dot over the times symbol, like
so: x. We state without proof one lemma relating external and internal direct
products.

Lemma 9.1. If P is the external direct product P = G1 x G2 X ... x G, then
P is the internal direct product of the subgroups G;.

A theorem we will state with proof is the following;:

Theorem 9.1. If GG is the internal direct product of subgroups N; for 1 <i <r,
then G is isomorphic to the external direct product of the IV;.

Proof. As we have done with other proofs, we first prove a useful lemma.

Lemma 9.2. Assume that G is the internal direct product of the N; for 1 <
1 <r. Then N; ﬂHNj =1.
i#£]

Proof. Let g € N; N HNJ" Then we may write g = t1t5.. ., where t; = g and

i
tj=1forall j #1i,as g€ N;. Also, as g € HNj, we may write g = s182...5,
J#i
where s, € N, for all k and s; = 1. By the “directness” of the product, we have
that sp =t for all k,so g =t; =s; = 1. O
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We draw as a corollary the following important fact.

Corollary 9.1. If G is the internal direct product of N; for 1 < i < 7 then
N; N N; =1 for i # j and so the elements of IV; commute with the elements of
N;.

We now proceed with the proof of the theorem.

We wish to exhibit an isomorphism 6 from the external direct product of
the N; to G. Let 8(ny,na2,...,n.) = ning...n,, which is in G. Note that 6
is surjective as G is the internal direct product of the N;. Also, 6 is injective
by the uniqueness assumption of the internal direct product. So we must show
that @ is in fact a homomorphism. So:

O((z1, 22, ., 20) - (Y1, 92, - - -, Yr)) = O(T1Y1, T2y2, - - -, ToYr) = T1Y1T2Y2 - - - Ty

Yet x1y122Y2 - . . TpYr = T1T2 ... ToY1Y2 - - - Yy as each y; commutes with all
x; such that ¢ # j. This is 6(z1,z2,...,2)0(Y1, Y2, ..., Yr), SO We see that 6 is
a homomorphism.

O

Before getting to the fundamental theorem of finite abelian groups, we prove
a few more useful results involving direct product.

Theorem 9.2. Suppose that G = H N; where each N; is normal in G. Then G

i=1
is actually the internal direct product of the N; if Ny Ny ... N N Ngyq is always
trivial for all 1 < k& < r. Note that it is NOT enough for the N; to intersect
trivially pairwise.

Proof. We must show that if z1zs...2, = Y192 ...y, then x; = y; for all 3.
So assume that it is false, and choose k minimal such that xp # yx. Then
T1%g ... T = Y1Y2 - - . Yk, SO moving things around yields:

-1 _ -1 -1 -1
LY = Tp 1Tp_o---T7 Y1Y2...Yk—-1

where the result, xkygl lies in Ni as zg,yr € Ni. However, due to the right
hand side of the equation above, the result is also in Ning ... Nx_1. By our
hypothesis, we see that we must then have that xy, =1, and hence zj, = ys.
Yet this is a contradiction to the fact that k is our minimal criminal, so we must
have x, =y for all 1 <i <r. O

Corollary 9.2. Let G be finite and nilpotent and let p1, po, . .. p, be the distinct
prime divisors of |G|. Let P; be the unique element of the set of Sylow p;-
subgroups. Then G is the internal direct product of the P;.

Proof. As G is nilpotent, we have that each P; < G. Let H = H P,. His a

i=1
subgroup of G as each P; << G. Since P; C H for all i, it follows that p; does
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not divide |G : H| for any i. So |G : H| = 1 and thus H = G. We must next

k—1 k-1
look at (H P; | N P;. Now the order of H P; involves only the primes p; for

i=1 i=1
1 < i < k-1, and |Px| involves only the prime pi, which is by assumption
distinct from each p; where 1 < i < k — 1. Hence the orders of these subgroups
are coprime, and the only element of their intersection is thus the identity. [

We have as our next lemma, a sort of converse to the previous corollary. As
a result of the next lemma, we can conclude that nilpotent groups are exactly
the groups constructed as the external direct product of p-groups.

Lemma 9.3. Let G be an external direct product @7 X Q2 X ... X @, where
each @; is a p-group for some prime p. Then G is nilpotent.

Proof. As G is the external direct product of the Q;, we know that G is actually
equal to the internal direct product of the @;, and that each of the Q; < G by
lemma 9.1. Also, we know that Q; = @;, so each @Q; is nilpotent. From our
homework, we know that F(G), the Fitting subgroup, is the (unique) largest

nilpotent subgroup of any group G. Thus G = H@ C F(G), so G = F(G).
i=1
Yet F(G) is nilpotent, so G must also be nilpotent. O

We now get to the apex of this section: the Fundamental Theorem of Finite
Abelian Groups.

Theorem 9.3. Let G be finite and abelian. Then there exist cyclic p-subgroups
C; such that G is equal to the internal direct product of the C;.

Proof. The proof of this theorem is rather involved, so as we have done before,
we first prove a few lemmas before finishing the proof of the theorem.

T
Lemma 9.4. Suppose that G = H N;, where this product is direct, and that

=1
m;

N; = HMU’ where this product is direct. Then G = [] M;;, where this
j=1
product is direct.

Note that if we assume the result of the lemma, we are well on our way to
having the proof of our theorem. That is, G being abelian implies that G is

n
nilpotent, so we may write G = H P; where the P; are Sylow. So it suffices to
i=1
show that an abelian p-group is a direct product of cyclic subgroups. To obtain
this result, we need another lemma.

Lemma 9.5. Let P be a finite abelian p-group. Let C C P be cyclic of
maximum possible order. Then P = C x B for some subgroup B C P, where
this product is direct.
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Proof. Since we may take B = 1 and C = P, we may assume that C < P
and we choose x € P\ C of smallest possible order. Since x # 1, we see that
o(zP) < o(x) and therefore z? € C. If aP generates C, then |{x)| = p|C|, which
contradicts our choice of C. Thus zP is a nongenerator of the cyclic group p-
group C'. It follows that xP is a pth power in C, so we may write 2P = yP for
some y € C. Now zy~! ¢ C and (zy~!)P = 2P(y?)~! = 1. By the choice of z,
we have that o(x) < o(xy~1) = p, so o(z) = p.

Now let X = (z), and we use overbars to denote the canonical homo-
morphism from G — G/X; that is, G/X = G. Since |X| = p, we have that
CN X =1, and our bar maps C to C in a 1-1 fashion. Thus C is cyclic with
order equal to |C|. If G has a cyclic subgroup (g) with order larger than C,
then:

{9)] = o(g) = o(g) = {g)| > |C| = |C|

and this contradicts our choice of C. It therefore follows that C is a cyclic
subgroup of G with maximal possible order. Since |G| < |G|, we may work
via induction on |G| and conclude that C is a direct factor of G. Since every
subgroup of G has the form B for some X C B C G, we have find a B such
that X C B and where G = CxB. Thus G = CB = BC (as the bar map is
a homomorphism) and hence CB = G. Also, C N B = 1 by the directness of
the product so CN B C X. Yet CNB C CNX =1, and this proves that the
product G = C' x B is actually a direct product. O

Although slightly wishy washy, this proof, shows that abelian p-groups may
always be expressed as a direct product. Combined with the first lemma we
stated in this proof, we know that we are allowed to piece together direct prod-

ucts of direct products, and this finishes the proof.
O

10 X groups

The section we are beginning is Marty Isaacs’ way of introducing modules to one
who is not familiar with modules. This section is not particularly important to
the rest of group theory, but is an interesting introduction to ring and module
theory. Throughout this section, although I will try to be precise, if I ever type
just simple or just subgroup, I most likely mean X-simple or X-subgroup. It
is sloppy notation not to include it, yet sometimes Isaacs gets lazy and I've
forgotten to correct it.

Suppose that X is any set (yes, X can be the empty set) and that G is a
group. Suppose that for all x € X, we have a map G — G via g — g*. We
want this to be a group homomorphism. If this is the case, then we say that G
is an X-group. If H C G is a subgroup, then it is an X-subgroup if for every
he H,h* € H for all z € X.

It is, in fact, an important case when X = (0. In this case, we may think of
the action as being vacuous, and in this case, any conclusion we draw is simple
a result in group theory. That is, any old group is an X-group when X is
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the empty set. Another important example is when X is the group itself and
the action is conjugation. Then all X-subgroups are normal subgroups of the
original group.

Definition 10.1. An X-group G is X-simple if it is not the identity and the
only X-normal subgroups are 1 and G.

Note that this definition seems a little tricky at first. First of all, a group
could have a proper normal subgroup which does not form an X-subgroup and
still be X-simple. Likewise, it could have many X-subgroups so long as then are
not normal. Don’t worry too much about it. This section isn’t very important.
However, we will be doing the Jordan-Holder theorem in terms of X-groups, so
it cannot be entirely ignored.

Definition 10.2. An X-isomorphism, say 0, from G — H satisfies 0(¢g*) =
0(g)* where 6 is a bijection. Similarly, 8 : G — H is an X-homomorphism if
0(g") = 0(g)".

Note that all correspondence theorems still hold when dealing with X-
groups. We simply repeat each proof checking all along that € is an X-homomorphism,
etc. One can therefore conclude, for example, that if 6 is an X-homomorphism,
then ker(6) is an X-normal subgroup.

In this section, and when we move on to rings, we no longer assume that all
of the groups that we are dealing with are finite. We will, however, be searching
for some sorts of conditions which make the rings “not too badly infinite 7.
With that in mind, we introduce another familiar notion for X-groups.

Definition 10.3. Given an X-group G, let 1 = Ng <N <<No ... <A N, =G
where N; are X-subgroups and N;;1/N; is X-simple for 0 < i < r. Then the
N; form an X-composition series for G.

We note that if G is an infinite group, having an X-composition is one such
finiteness condition which states that the group is not too badly infinite.

We now prove our first main theorem about X-groups, in order to become
familiar with them. This is also quite an important result which is useful for
Jordan-Holder like problems.

Theorem 10.1. Let G be an X-group and suppose that GG has an X-composition
series. Let M <1G be an X-subgroup. Then there exists an X-composition series
for G that runs through M.

Proof. Let 1 = Ny << N7 < ... < N, = G be a composition series for G, and
consider § be the seriesl = M NNy C MNN, C...C MNN, = M =
MNy € MN, C ... C MN, = G. Look at two consecutive terms of S; say
MNN; CMN;y1. Let U = N;(M N N;y1). This is a very diamond lemma type
argument, so I will again leave a blank space for a picture.
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Since M <G, we have that M N N;;1 << N;;1. Thus we have by the diamond
lemma that U < N;41. Likewise, M N N; < N;;1 as it is the intersection of
two normal subgroups of G. By the way the N; are nested, we then find that
MNN; AMNN;11. Since N;11/N; is X-simple, there are only two possibilities
for U; either U = N;y1 or U = N;.

If U = N,;, then MNN; = M N N,;11. (In this case, we delete one of the two
groups within §). If U — N, 11, we then have:

MNNiy1 ., U Nipa
MnNN, ~ MnN, N

which is X-simple by hypothesis.

In either case, we find that when we consider two consecutive terms of S
of the form M N N; and M N N; 41 our composition series remains in tact. So
now suppose that we examine two consecutive terms of S of the form M N; and
M N;;1. We again leave a space for a picture, which is useful:

First, we see that MN; < M N;; since both M, N;y; C Ng(MN;). So
let V.= MN; N N;y1. Now V < N;41 as it is the intersection of X-normal
subgroups. Again by the X-simplicity of the factor groups, we have that either
V = N; or V = N,;;;. Via an identical argument to the intersection case, we
find that MA/IIV N = %, and either we have that the factor group is trivial or
simple. By deléting all trivial factor groups, we obtain an X-composition series
which contains M = M N N, as one of its terms. O

We now state and prove the all important Jordan-Hélder theorem.

Theorem(Jordan-Hoélder) 10.2. Let 1 = N_ <9 N; <... < N, = G and
1=My<M; <...<dMs; = G be X-composition series for some X-group G.
Then r = s and the X-groups N;/N;_; and M;/M;_; are X-isomorphic in some
order.

Proof. We choose to induct on r. If r = 0, then G = 1(the only composition
series of length one are trivial; they otherwise have at least two, G and 1.)
and if G = 1 we must have s = 1. We may therefore assume that » > 0 and
that r < s. If N._; = M,_1, the inductive hypothesis applies in the groups
N,_1 = M,_1 and the following composition series (we shall call them Ry and
So, respectively). Hence r—1 = s—1 and therefore » = s. Also by our inductive
hypothesis then Ry = Sy. But the factors of R, the composition series including
the factors of the N; are all those of Ry along with G/N,._;. While the factors of
S, the composition series including factors of M; are all those factors of Sy along
with G/M,_;. Therefore by assumption we must have (G/N,_1) = (G/M,_1),
and we are finished.
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We therefore assume that N,_1 # My 1. Then we must have that
N,_1Ms;_1 = G as both of the factor groups G/N,_; and G/M,_; are X-
simple and N,_1M,_1 <G. Say D = N,._1 N Ms_;. Note that D <t G by the
diamond lemma. Let T be a composition series for D, and note that such a
series exists as D <{G, G has a composition series, and by the previous theorem.
We may gain a new composition series for N,._; by appending the factor group
N,_1/D to the composition series T. In order to ensure that this actually is an
X-composition series, we must know that N,_;/D is X-simple, which is true
again by the diamond lemma. Similarly, we may gain a new composition series
for Ms_1 in a similar fashion, by appending M,_1/D to T. We shall call these
new composition series T, and T, respectively. Now our inductive hypothesis
applied to Ry and T'. tells us that Ry = T, so the length of T,. = r—1. Likewise,
the length of Ts = 1 + the length of T' = length of T, = r — 1. We again use
the inductive hypothesis to conclude that Ts = Sp; we may therefore conclude
that s — 1 = r — 1 and therefore that s = r . Let c¢f denote the multi-set of
composition factors. Then we have that:

cf(R) = cf(Ro) U{G/Nr_1}

= Cf Tr) U{G/Nr_l}
= cf(T U{G/Ms_l}U{G/NT_l}

= cf(S0) U{G/Ms_1}

(
(
f(T) U{Nr—1/D} U{G/Ny_1}
(T)
(
(5)

= of

Although this finishes the proof, it is a good exercise to write next to each
equality why it holds. I will do that when I print a copy of these notes. Also, I
have many pictures drawn in my notes that aid tremendously in the clarity of
this proof, so I will again leave a space for these pictures to be inserted. O

Having established that the length of a composition series is well defined, we
introduce a bit of notation. For an X-group G having an X-composition series,
we write [(G) to denote the composition length.

NOTE: If we assume that N < G, where G is an X-group and N is a
normal X-subgroup, and we assume further that G has an X-composition series,
we then find that I(G) = (V) 4+ I(G/N). This is analogous to the fact that
|G| = |N| - |G/N] for finite groups.
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10.1 Partially Ordered Sets

As we transition into ring theory, we will be in search of a few more finite-
ness conditions to inflict upon our rings. Although there is plenty to keep one
interested in finite groups, finite rings are fairly boring. This is essentially be-
cause a ring has such a forced structure to begin with, forcing the ring to be
finite eliminates a lot of interesting behavior. Once we are in ring theory, we
most often assume that our rings are infinite, but inflict some sort of “Not too
badly infinite” condition upon them. This section will lead us to discover these
finiteness conditions, only we introduce them in a far more general context.

In this context, we will be considering partially ordered sets, (sometimes
cutely referred to as posets). Along with these posets, we have a binary relation
< for which we may sometimes write x < y for =,y € P, where P is of course
our poset.

We inflict upon the less than relation three necessary axioms:

1. x <z for all x € P (reflexive)
2. If x <y and y < z then z < z (transitive)
3. If x <y and y < z then = y (antisymmetric)

If we also have (4), that if whenever z,y € P we have either z < y or y < z,
then we call our poset P a totally ordered set.

We can think of many examples of posets which are totally ordered, like
the integers, real numbers, or the alphabet ordered lexicographically. For an
example of a poset which is NOT totally ordered, and one poset we will be very
interested in, we turn to the set of all subsets of a group (or any arbitrary set
for that matter).

Definition 10.1.1. An ascending chain in a poset P is a list of elements x; € P
subscripted by the natural numbers and such that z1 < zo < .... Similarly, a
descending chain in P is such that x1 > zo >

Definition 10.1.2. The ascending chain condition, denoted ACC, on P states
that if x1 < zo < ... is an ascending chain, then there exists a natural number
r such that x, = x, for all s > r. Similarly, we may define the descending chain
condition, or DCC.

We give a familiar example to explore these new definitions.

Example 10.1.1. If P = {1/n|n € N}, and we consider the natural order, then
P does not satisfy the DCC but P does satisfy the ACC.

As Marty Isaacs likes to point out, these two conditions seem very similar
considering that their definitions are like mirrors. However, it is quite interesting
to discover that one cannot draw mirrored conclusions about rings which satisfy
the ACC and the DCC. Rings which satisfy the ACC often turn out to have
very different properties than rings which satisfy the DCC. I hope to include an
example of this in future notes or at least point out when a similar or analogous
result does not hold for the other condition.
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Definition 10.1.3. A poset P satisfies the mazimal condition if every non-
empty subset X of P has a maximal element. Similarly, a poset P satisfies the
minimal condition if every non-empty subset X of P has a minimal element.

Although we introduce these new definitions, the next theorem we proves
deems them unnecessary as new definitions.

Theorem 10.1.1. Let P be a poset. Then P satisfies the ACC if and only if
P satisfies the maximal condition. Similarly, P satisfies the DCC if and only if
it satisfies the minimal condition.

Proof. Assume that P satisfies the ACC. Let X be a non-empty subset of P.
Assume that X has no maximal element. Let 27 € X. Choose x5 € X such
that 1 < z3. Now choose x3 € X such that zo < z3, and so on. This
is an ascending chain, which has no maximal element as X does not satisfy
the maximal condition. This contradicts the ACC, so we must have that X
satisfies the maximal condition. Now suppose that P satisfies the maximal
condition. Let z; < xg < ... be an ascending chain. Let X = {x;|i > 1}. X is
certainly non-empty. Let m € X be a maximal element, say m = z,. for some
r. Let s > r. Then m = z, < x4 so s = m since x, is not bigger than m. So
xs = m = x,. Essentially, what this says is that every ascending chain forms
a non-empty subset of the poset, and therefore eventually stabilizes. The proof
for the equivalence of the DCC to the minimal condition is equivalent. O

Although these two definitions have now been shown to be the same, it is
nice to know that when we know one thing, we automatically have the other.
We find in proofs that it is often easier to prove that something has the ACC,
but more powerful to assume the maximal condition. Examples of this will
follow in our work with rings.

Finally, we work towards ring theory.

Definition 10.1.4. Let M be an abelian X-group. We say that M is noetherian
if the poset of X-subgroups of M satisfies the ACC. Similarly, an abelian X-
group M is artinian if the posets satisfy the DCC.

As the concepts of noetherian and artinian rings will be quite important in
our study of ring theory, we discover some more facts about these rings in the
more general context of X-groups. We begin this discovery with a little lemma.

Lemma 10.1.1. Let M be an abelian X-group and N C M an X-subgroup.
Then M is noetherian if and only if both N and M /N are noetherian.

Proof. First, assume that M is noetherian. Then N is noetherian as any as-
cending chain in N is an ascending chain in M. Likewise, M /N is noetherian
by the correspondence theorem.

Now assume that both N and M/N are noetherian. Let U3y C U C ...
be an ascending chain of X-subgroups in M. Then UyN N C U, NN C ...
is an ascending chain in N, and therefore there exists r such that U, N N =
Us N N for all s > r. Similarly, (U1 N)/N C (UsN)/N C ... is an ascending
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chain in M/N. Therefore there exists ¢ such that (U;N)/N = (UsN)/N for all
s > t. Let m = max{r,t}. Then if s > m, we have that U,, "N = U;s " M
and (U,N)/N = (UsN)/N. Hence U;N = U,,N. As s > m, we know that
U,, CU. Yet U; C NU; = NU,,. Therefore Dedekind’s lemma applies, and
we have that Us = U,,(NNUs) = U (NNU,) = Up. O

A few notes on the above proof: first, Dedekind’s lemma is a useful lemma
which we proved on a homework assignment. I will state it formally below, and
leave its proof as an exercise. Also, it is worth mentioning that an analogous
statement to that of the previous lemma is also true for abelian X-groups which
are artinian. Here is the formal statement of Dedekind’s lemma:

Lemma(Dedekind) 10.1.2. Let U, V, and W be subgroups of a group G, and
assume that U C W. Then WNUV =UW NYV).

Proof. Exercise. O

Theorem 10.1.2. Let M be an abelian X-group. Then M has an X-composition
series if and only if M is both noetherian and artinian.

Proof. First, assume that M has a composition series. We induct on [(M), the
composition length, to show both artinian and noetherian. If /(M) = 0, then
M is the trivial group, so M is both noetherian and artinian trivially.

Now assume that /(M) > 0. Let N be penultimate (next to last) in
the X-composition series for M. Then M/N is X-simple, so it is both artinian
and noetherian (its poset of X-subgroups is finite: it is a set of size 2). But
I(N)=1(M) —1 so our induction hypothesis applies and we see that N is both
noetherian and artinian. Now our previous lemma applies, and we see that as
N and M/N are both noetherian and artinian, and therefore M is noetherian
and artinian as well.

For the converse, assume that M is both noetherian and artinian. Let
X = {U C M|U has a composition series}. Note that X’ # as the trivial group
has a composition series. By the maximal condition, there exists N € X such
that N is maximal with this property. We wish to show that N = M. To
see this, we suppose that it is not true, and let Y = {V C M|N < V}. Our
hypothesis ensures that M € ), so we know that ) is not empty. By the minimal
condition, we see that ) has a minimal element, say K. By the minimality of
K, K/N is X-simple. Yet then K > N and K has an X-composition series,
which contradicts the maximality of N. Therefore ) must be empty, and we
have that N = M. O

The preceding proof is an excellent example of how one uses the maxi-
mal/minimal condition. It is quite canonical, in that sense. The next proof we
do will demonstrate a claim that I made earlier; the claim that being noetherian
and artinian are quite different notions. Although for lemma 10.1.1 we did find
an analogous result for abelian X-groups which are artinian, no such analogous
result holds for the next theorem.
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Theorem 10.1.3. Let M be an abelian X-group. Then M is noetherian if and
only if every subgroup of M is finitely generated.

Proof. Assume that all X-subgroups of M are finitely generated. We wish to
show that M is noetherian. Let Ny € Ny C ... be an ascending chain in

(oo}
M. Let N = U N;. Normally, N would not be a subgroup of M, but as

i=1
the N; are nested, it follows that N C M is an X-subgroup. Therefore N is
finitely generated. Let F' represent the finite set of generators for N. Then
(F) = N. Given t € F, there exists i; such that N;, such that t € N;,. Let
m = max{i|t € F'}. Then for all ¢t € F', we have that ¢t € N,,. Yet this implies
that N C N,,. Thus N = N,,, and for all s > m, we find that N, = N,,.
Now assume that M is noetherian, andlet X = {U C M|U is finitely generated}.
Note that X # () as the trivial subgroup is finitely generated. So let V € X
be maximal with this property. We want that V' = M. So suppose not. Then
there exists m € M \ V. Yet if we now consider W = (V,m), we see that W
is finitely generated, and yet W > V. This is a contradiction, so we must have
that V = M, as desired. O

11 Rings
We finally move from X-groups into ring theory.

Definition 11.1. Let R be an additive abelian group with multiplication such
that:

1. (re)t =r(st) for all r,s,t € R

2. (r+s)t=rt+stforalrs,teRr

3. t(r+s)=tr+tsforalrsteR

4. 1 € R; that is, R has a multiplicative identity. We say 1 is the unity of R.
Then R is a ring.

We note that some textbooks do not require (4), that a ring have unity, in
which case many different behaviors occur. We now present many examples of
rings:

Example 11.1. We take addition and multiplication to be standard, unless
otherwise noted.

e 7, the ring of integers.
e The integers modulo n form a ring, and we denote it Z/nZ.

e An object which will be of future interest in second semester, polynomial
rings. If F is a field, F[X], the collection of polynomials with coefficients
in FF.
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e The ring of n X n matrices.

e For a less standard example, the ring of all real-valued functions of a single
variable under pointwise addition and multiplication.

Definition 11.2. A right R-module is an abelian additive group M together
with an “action” of the ring R on M such that if m € M and r € R, then
mr € M.

With modules, there are a few axioms that we may assume:
1. For m € M and r, s € R, we have ((m)r)s = m(rs).

2. For m € M and r, s € R, we have m(r + s) = mr + ms.
3. For m,n € M and r € R, we have (m + n)r = mr + nr.
4. m1l =m for all m € M.

We note that although properties two and three look similar, (3) says that
action by r € R is an endomorphism of M, so M is an R-group. Property two
simply states that modules uphold the distributive property.

We also note that given a right R-module M, we may naively try to make
it a left R-module by defining rm = mr. Yet this only actually works if our
multiplication is commutative, so we should not be fooled.

Let M be a right R-module. Then N C M is a submodule if N is an additive
subgroup of M and for n € N and for all » € R, we have that nr € N.

We continue with our definitions.

Definition 11.3. Suppose that U,V are right R-modules and ¢ : U — V is
an additive homomorphism. Then ¢ is an R-module homomorphism if (ur)e =
(up)r for all w € U and r € R. For left R-modules (undefined, but defined
analogously) the condition is such that ¢(ur) = p(u)r.

We here introduce a bit of tricky notation. Let R be a ring. Denote by
R*®* = R as an additive group. That is R*® is the ring in question, but here we
are thinking of it only as a group instead of the ring. Another way to view this
is that R*® is the ring R written as a module. Similarly, although essentially
unused, we write ®*R to denote the ring R thought of as a left R-module.

We will momentarily introduce the notion of an ideal of a ring R, but we note
here that the submodules of R*® are the right ideals of R, and the submodules
of *R are the left ideals of R.

Definition 11.4. Iis an ideal of R if it is both a right ideal and a left ideal.

One example of ideals of R are as follows. Let a € R. Then aR is a right
ideal of R and Ra is a left ideal of R.

It is a little tricky, when we discussed cosets, we had right and left referring
to where the fixed element was. In ring theory, it is a whole new world, so we
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have left and right referring to where the multiplication by the ring element is
taking place.

Not to be confused with a R-module homomorphism, we now introduce the
notion of a ring homomorphism.

Definition 11.5. If R, S are rings and § : R — S is such that 0(z + y) =
0(z)+0(y) and O(zy) = 0(x)0(y) for all x,y € R, then 0 is a ring homomorphism.

We also require with the above definition that 6(1) = 1, which again, other
textbooks do not always require.

Just as with group homomorphisms, we are interested in the kernel of ring
homomorphisms, and what information they give us about the ring. Here,
ker(8) = {r € R|f(r) = 0}. The information that we gain about the ring is that
ker(#) is an ideal.

If I C R is an ideal, then we define R/I to be the set {I + z|x € R}. Then
R/I is an additive group, and multiplication on R/I is defined by (I+x)(I+y) =
I+ zy. The additive identity of R/I = I, so I is the zero of the factor ring, and
I+ 1 is the 1 of the factor ring.

We comment on a few things before narrowing our focus. First of all, as with
groups where you cannot mod out by arbitrary subgroups, a similar restriction
holds with rings. One cannot mod out by a right ideal or a left ideal, only
by an ideal (one which is both left and right). Furthermore, this notation is
reminiscent of coset notation, and cosets were slippery beasts with many names.
So you must check that this definition is well defined. This computation is
straightforward, and is left as an exercise.

11.1 Simple Right Modules

We now shift our focus to studying rings from the point of view of their simple
right modules.

Definition 11.1.1. Let R be a ring and M be a right R-module. If m € M,
the annialator of m, written ann(m), is equal to the set {r € R|mr = 0}, and
ann(M) = {r € R|Mr = 0}.

We now prove our first lemma to do with rings.
Lemma 11.1.1. Let M be a right R-module, and let m € M.
1. The map 6 : r — mr is a module homomorphism from R® into M.
2. ker(f) = ann(m) is a right ideal.
3. R*/ann(m) = mR.

Proof. To see that 6 is a module homomorphism, we check that it distributes
additively and that (rs)0 = (rf)s. To see that O(r + s) = 0(r) + 6(s), we
see that (r +s) = m(r +s) = mr + ms = 6(r) + 6(s), where the third
equality holds by axiom two for modules. To see that (rs)f = (r0)s, we see that
(rs)0 = m(rs) = (mr)s by axiom (1) for modules, and this is (r6)s.
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For (2), we compute ker(#), which is by definition {r € R®*|mr = 0},
which is ann(m) by definition. As 6 is a module homomorphism, we see that
ker(0) is a submodule of R® and is therefore a right ideal of R.

We know by one of our homomorphism theorems that and ring mod its
kernel is isomorphic to the image, so R*/ker(d) = 0(R*). Yet 0(R®*) = mR® =
mR. O

We now introduce the concepts of artinian and noetherian to rings.

Definition 11.1.2. We say that a ring R is right artinian if the module R*® is
artinian, i.e., the set of right ideals of R satisfies the DCC.

We note that in order for an ideal of R to be proper, it cannot contain the
identity; that is, if I C R is an ideal and 1 € I, then I = R. Clearly, if I = R
then 1 € R. Likewise, if 1 € I then we must have that 1r € I for all » € R, so
RCI

In group theory, we discovered that if G is a group and M is a maximal
normal subgroup, then G/M was a simple group. With rings, we find that if
I is a maximal ideal of R, then R*/I is a simple right R-module. This follows
simply by the correspondence theorem for rings.

Lemma 11.1.2. Let S be a simple right R-module. Then, up to isomorphism,
S = R*/I, where I is a maximal right ideal.

Proof. Recall from the previous lemma, that given a ring R and a right R-
module M, the map 6 : R®* — M via r — mr is a module homomorphism,
where the kernel of 0 is ann(m), and such that R®/ann(m) = mR. So we select
s € S such that s # 0, and consider the map 6 : R®* — S via r +— sr. Then
R*®/ann(s) & sR, where sR C S as S is a right R-module and is therefore closed
under right multiplication by R. Now as sR is a right R-module contained
in S and S is simple, we must either have sR = 0 or sR = S. Yet sR # 0
as s1 = s € sR, and s # 0 by selection. Hence sR = S, and we find that
R*/ann(s) = S. Thus ann(s) is a maximal right ideal by the correspondence
theorem. O

We now introduce Zorn’s lemma, which we use more heavily second semester,
but which is often helpful in ring theory. For the purpose of this definition, we
return to the more general context of posets.

Zorn’s Lemma. Let P be a partially ordered set. Assume that for every totally
ordered subset X' C P, there exists an element b € P such that x < b for all
xz € X. Then P has a maximal element.

As drawing analogies to group theory helps me tremendously, I make one
more before stating and proving the next lemma. Inside a group G, if we took
any subgroup H of G, we knew that we could find a maximal subgroup M of
G which contained H. In the context in which we used this fact, I believe our
groups were always finite, in which case this fact was elementary. As with rings
we are mostly concerned with infinite objects, we now prove essentially the same
fact, only we need to apply Zorn’s lemma to obtain the result.
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Lemma 11.1.3. Let A be a proper right ideal of R. Then there exists a
maximal right ideal M of R such that M contains A.

Proof. Let P = {U C R|U is a proper right ideal and A C U}. Note that P #
0 as A € P. Let X C P be totally ordered and nonempty; we may make the
hypothesis that X be nonempty without loss as if X' is empty our statement is
vacuously true. Let Bv = |JX. Normally, unions of right ideals need not be
right ideals; however, B is a right ideal as the elements of X are nested. Note
that X C B for all X € X and A C B. As all elements of X’ are proper right
ideals, 1 ¢ X for all X € X and therefore 1 ¢ | JX = B. Hence B is a proper
right ideal containing A, so B € P and B is maximal for the elements of X'. We
may therefore apply Zorn’s lemma and deduce that P has a maximal element,
and the result holds. O

The above proof is a very standard application of Zorn’s lemma and is quite
a good canonical example of how to apply it.

We previously introduced the notion of the annialator of an element, ann(m).
We additionally introduced ann(M) = {r € R|Mr = 0}. Another convenient
way to view ann(M) is as the intersection of all of the annialators of the indi-
vidual elements; that is, ann(M) = ({ann(m)|m € M}. It is a convenient fact
that ann(M) is an ideal of R, not just a right ideal.

11.2 The Jacobson Radical

The final concept we present for the semester is that of the Jacobson Radical.
It expands the theory of rings from the point of view of simple modules, and is
in many ways analogous to the Frattini subgroup from group theory. I perhaps
need to work a few examples with the Jacobson radical as this was the last
section of the course and we were essentially never tested with this material.

Definition 11.2.1. We denote by J(R) the Jacobson radical, where J(R) =
N{ann(9)|S is a simple right R — module}.

We note that J(R) is an ideal, and that J(R/J(R)) = 0.
We now introduce a different way to think about the Jacobson radical.

Lemma 11.2.1. J(R) = (\{M C R|M is a maximal right ideal of R}.

Proof. Let j € J(R). We show that j € M for all maximal right ideals M of
R. As M is a maximal right ideal of R, we know that R®/M is a simple right
R-module. As j € J(R), we know that (R*/M)j = 0. In particular, we have
that (M +1)j =0, s0 (M +1)j = M, since M is the zero of the module R*/M.
Yet (M+1)j=M+j,s0 M+j=M,s0j€ M.

To show the other containment, let ¢t € ({{M C R} as M runs over all
maximal right ideals of R. Let S be a simple right R-module. We wish to show
that St = 0. Now let s € S. We wish to show that st = 0. If s = 0 we are
finished, so assume that s # 0. Then ann(s) is a maximal right ideal by one
of our previous lemmas (SLOPPY). Yet ¢ is in the intersection of all maximal
right ideals of R so t € ann(s), and we have st = 0 as desired. O
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We may gain as a corollary to this lemma the fact we stated earlier, that
J(R/J(R)) =0.

Corollary 11.2.1. J(R/J(R)) =0

Proof. By the correspondence theorem, we know that all maximal ideals of
R/J(R) are of the form M/J(R), where M is a maximal right ideal of R. Thus
J(R/J(R)) = {M/J(R)|Mis a maximal right ideal of R} = 0. O

Although this was not done in class, I feel as if a picture is helpful for the
preceding Corollary, so I leave room for one:

We now continue with a few more trixy definitions. Although not immedi-
ately clear as to what their applications are, we find that these definitions are
computationally more convenient than others.

Definition 11.2.2. An element r € R is said to be right reqular if there exists
s € R such that rs = 1.

NOTE: Being right regular does NOT imply that an element has a multi-
plicative inverse. This is because we do NOT know that our multiplication is
commutative, and it could be the case that sr # 1. I am attempting to find an
example of this, without much luck.

Definition 11.2.3. An element r € R is right quasiregular if (1 — r) is right
regular; i.e. there exists s € R such that (1—7)s = 1. We often abbreviate right
quasiregular by rqr.

Here is the theorem which helps make this definitions applicable.
Theorem 11.2.1. Let j € J(R). Then j is rqr.

Proof. Consider (1—j)R, which is a right ideal of R. If j is rqr, then (1—j)R =
R, so suppose that (1—j)R < R for contradiction. Then there exists a maximal
right ideal M of R such that (1—j)R C M. Also,j € J(R)C M and 1—j € M.
Soj+(1—j)=1¢€ M. Yet this contradicts the fact that M is maximal in R,
so we must have (1 — j)R = R, and hence j is rqr. O

Theorem 11.2.2. Let I C R be a right ideal, and assume that all elements of
I are rqr. Then I C J(R).

Proof. 1t suffices to show that I C M for all maximal right ideals M of R. So
fix M a maximal right ideal, and assume that I ¢ M. Then as I + M is a right
ideal of R, we must have that I + M = R and hence we have elements i € I and
m € M such that i +m =1, or (1 —4) = m. Yet i is rqr, so there exists r € R
such that (1 —¢)r = 1. So mr =1, but mr € M as M is a right ideal. Yet this
implies that 1 € M, and M is not maximal, which is a contradiction. O
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Definition 11.2.4. An element = € R is said to be nilpotent if ™ = 0 for some
n > 0.

We note quickly that if x is nilpotent in R then x is both right and left
quasi-regular.

We wish to make clear now, with a technical theorem, that we have not been
at a loss defining the Jacobson radical in terms of right ideals.

Theorem 11.2.3. J(R) = J;(R), where J;(R) is the left Jacobson radical.

Proof. We wish to show that J;(R) C J(R). Ji(R) is an ideal and therefore
Ji(R) is a two sided ideal. It suffices to show that elements of J;(R) are rqr.
Let u € Ji(R). We know that U is Iqr, so there exists an element x € R
such that (1 —u) = 1. Let y = 1 —x. Then z = 1 — y, and we have that
z(l—u)=(1-y)(1—u) =1. So —u—y+uy = 0, which means that y = yu—u.
Now u € Ji(R) and yu € Ji(R) as Ji(R) is a left ideal. So yu € J;(R) and
y € Ji(R) so y is Iqr. So there exists z € R such that z(1—y) = 1. Asz =1—y,
we have that zx = 1. Then zz(1 —u) = 1 —u, which implies that z = 1 —u since
(1 —wu) = 1. Since z(1 — y) = 1, we have that (1 — u)x = 1. Thus u is rqr. A
symmetric argument shows that J(R) C J;(R), which completes the proof. O

As corollaries, we discover, via identical proofs, that if € J(R) then z is
lgr and that if I C R is a left ideal with all lqr elements, then I C J(R).

Definition 11.2.5. Let A C R be an additive subgroup. Then A is nil if every
element of A is nilpotent.

As another immediate corollary, we may conclude that if A C R is nil, then
A C J(R).

Definition 11.2.6. Let A, B C R be additive subgroups. We then define AB
to be the set of finite sums of products ab where a € A and b € B.

Note that this definition is necessary as we are now inside rings, where we
have two operations, and the subgroups we are dealing with are most likely
infinite. Keeping this definition in mind, we introduce another definition.

Definition 11.2.7. Let A C R be an additive subgroup. Then A is nilpotent
if A" =0 for some n € N.

Theorem 11.2.4. Assume that R is right artinian. Then J(R) is nilpotent.

Proof. Consider the sequence J(R), J(R)?, J(R)3,.... Note that this sequence
forms a descending chain of left ideals, so as R is artinian there exists some
n € N such that J(R)"” = J(R)™ for all m > n. Let N = J(R)", and we wish
to show that NV = 0. So assume for the sake of contradiction that it is not. Let
K = {K|KN # 0}, and note that K is not empty as N € K. Let K be minimal
in . Then KN # 0 and KNN = KN # 0. So KN € K. But KN C K as
K is a right ideal, so KN = K by the minimality of K. Let x € K such that
xN # 0. SoxtNN = zN # 0. Yet N C K and N = K. But z € K, so
xr = x for some r € N. So & — xr = 0, which implies that 2(1 — ) = 0, which
implies that (1 —r)y =1, so 0 = (1 — r)y = x, which is a contradiction. [
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We may draw as an immediate corollary to the previous theorem that in a
right artinian ring, every nil one sided ideal is nilpotent.

Definition 11.2.8. As element e € R is idempotent if €2 = e.
As we will see, idempotent elements are quite important in rings.

Lemma 11.2.2. Let I be a minimal right ideal in R, and assume that I2 # 0.
Then I = eR for some idempotent e € R.

Proof. Since I? # 0 we know that there exists o € I such that x # 0. Note
that /I is a right ideal, and I C I. As I is minimal, we therefore have that
xl = 1. So x = xe for some e € I. So ze = xe?, and we have that ze — ze? = 0,
or z(e —e?) =0. But e —e? € I, s0 e — e € (I Nann(x)). Yet I Nann(z) is
a right ideal contained in I, and it cannot be equal to I as xI # 0. Therefore
INnann(x) =0 and e — €? is equal to zero. Hence €? = e, and e is idempotent.
Now e € I and eR C I. We again use the minimality of I to conclude that eR
is either 0 or I. If eR = 0, then e = 0, and x = xe is zero, which is contrary to
our selection of x,e. Thus eR = I, as desired. O

We note that if e € R is idempotent, then so is (1 —e). This is true as
(1—e)(1—e) =1—2e+e? which is 1 —2e+e = 1 —e. This fact will be useful
when proving the next lemma.

Lemma(Peirce Decomposition) 11.2.3. Let e € R be idempotent and eR C
U where U is a right ideal. Then U = eR+V where V is a right ideal.

Proof. Let V. = (1 —e)U. Then (1 — e)u = u — eu where u € U and eu € U
as e € U and u € U; hence V C U. We wish to show that U = eR + V;
in fact, we only need to show that U C eR+ V. So let u € U. Write u as
(e+(1—e))u=-eu+(l—e)u. Now eu € eR and (1 —e)u € V. To see that this
product is direct, we must show that eRNV = 0. Let x € eRNV. We want
to show that x = 0. Since x € eR, we have that x = er for some r € R. Yet
e?=esox=er=cecer=ecx. Also,z €V soz=(1-e)u for some u € U. So
r=er=e(l—eu=(e—eu=0. O

‘We now move on to our last topic of the semester; Wedderburn-Artin theory.

11.3 Wedderburn-Artin Theory

Definition 11.3.1. We say that a ring R is a Wedderburn ring if R is artinian
and J(R) =0.

Theorem 11.3.1. Let R be a Wedderburn ring. Then every right ideal of R is
a direct sum of finitely many minimal right ideals.

Proof. Assume to the contrary that the statement is false, and let U be a right
ideal minimal such that it is not the direct sum of finitely many right ideals
(we know that such an ideal exists as R is artinian). We know that U is not
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zero as the zero ideal trivially satisfies our properties. As R is artinian, let I
be a minimal right ideal contained in U (recall that minimal implies not the
zero ideal). We know that I? # 0, or else I C J(R) = 0, yet I # 0. So then
I = eR where e is idempotent by one of our previous theorems. So we have
that eR C U. By Peirce, we may write U = eR+V where V is a right ideal. As
eR # 0, we know that V' < U, and the minimality of U implies that V' may be
written as a finite direct sum of minimal right ideals, say n of them. But then
U is the direct sum of n + 1 minimal right ideals, which is a contradiction. [

From this theorem we may now draw a few important corollaries.

Corollary 11.3.1. Let R be a Wedderburn ring. Then R is a direct sum of
finitely many minimal right ideals.

Corollary 11.3.2. Let R be a Wedderburn ring. Then R is right noetherian.
Proof. Write R® as a direct sum, which we may do as all minimal right ideals

of R are simple submodules; say R® = Z.Ii' As stated, each I; is a simple
i=1

T
submodule. Now 0 C I; C 1 +I; C ... C Z o], = R® is a composition series
i=1

for R®. O

Lemma 11.3.1. Let I be a minimal right ideal of R and let S be any simple
right R-module. If ST # 0 then S 2 I as right R modules.

Proof. Let s € S be such that sI # 0. We saw previously that we have a module

homomorphism 6 : I — sl via x — sx, where the image of I is nonzero. Hence
ker(#) < I. Yet ker(f) is a right ideal of I, so ker(f) = 0. So I = sI C S. Yet
sI # 0 and S is a simple module, so we must have that sI = S. O

Corollary 11.3.3. Let R be a Wedderburn ring. Then there exist only finitely
many isomorphism types of simple right R-modules.

T

Proof. As R is a Wedderburn ring, we may write R®* = Z.Ii where I; are

i=1
minimal right ideals. Let S be a simple right R-module. We claim that S = I,
for some 1 <t < r. We know that SR # 0, so SI; # 0 for some ¢t. Then by the
previous lemma, S 22 I;. O

We now prove just one of the Wedderburn-Artin Theorems.
Theorem 11.3.2. Let R be a Wedderburn ring and let .S; for 1 <i < m be a
representative set for the simple right R-modules. Then R = Z oU; where the

i=1
U; are minimal ideals of R. Also, S;U; = 0 if i # j and S;U; # 0.
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Proof. Write R®* = Z o/, exactly as before, where each I; is a minimal right

t=1

ideal. Now define U; = > {It|I; = S;}. Clearly, U; is a right ideal. Note that
S;U; = 0if 4 # j. To see why this holds, let I; be one of the summands of Uj.
Then by definition, I; = S; 22 S;. Therefore by the contrapositive of our lemma,
S;I; = 0. This S;U; = 0. We wish to show that U; is an ideal, not just a right
sided one. It is enough to show that I,U; C U; for all ¢t. If so, then RU; C U;
and this implies that U; is a left ideal, hence an ideal. If I; 2 S;, then I, = S;
where j # i, and we know that S;U; = 0 C U;. So now assume that I, = S;.
Then by the definition of U;, we have Iy C U;. Thus I,U; C I; C U;. Thus U; is
an ideal as wanted.

It remains to be show that the U; are minimal. To begin, we know that
U; # 0. So let V < U; where V is an ideal. We want to show that V' = 0.
Let I, be a summand of U; with I; € V. Note that I, NV is a right ideal, and
(I;NV) < I;. Then by the minimality of I;, we see that I;NV = 0. Now I,V C I,
as I; is a right ideal. Yet I,V C V as V is a left ideal. So ;V C I, NV =0,
so ItV = 0. But I; £ §;, and this S;V = 0. Also, S;V C S;U; = 01if i # j.
So V annialates ALL simple right R-modules. Thus V' C J(R) =0 as R is a
Wedderburn ring. Thus V' = 0 and U; is minimal.

Finally, we claim that S;U; # 0. Otherwise, we would have that S;U; = 0
and S;U; = 0 if j # 4. But this would imply that U; C J(R) = 0, which is a
contradiction. O

We now suppose that we are dealing with a Wedderburn ring R, and we

m
write R as in the previous theorem, as R = Z olU;. Write 1l =e1 +ex+ ...,
i=1
where e; € U;. We note that U;U; = 0 whenever ¢ # j just as in the previous
m

theorem. Hence e; = ¢;-1 = ¢; Z ej = e;e; (all the e;e; terms are 0 when ¢ # j
j=1

). So e; is always idempotent. Similarly, U; = 1U;1 = (e; +ea+...+ep,)Us(e1 +

es+...+en) =e;Ue; as again, all of the other cross terms are zero. So e; is a

unity element in U;, and R is therefore isomorphic to an external direct sum of

rings.

Finally, we claim that the U; are simple rings. To see this, let V' < U, be an
ideal of U;. Then V is an ideal of R. But then V must be 0 by the minimality
of the Uz

It is a theorem, which we did not prove, that every artinian simple ring is
actually something much stronger, it is isomorphic to a division ring.

This concludes the first semester of algebra notes.
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