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AN EFFICIENT TIME-SPLITTING METHOD
FOR THE EHRENFEST DYNAMICS*
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Abstract. The Ehrenfest dynamics, representing a quantum-classical mean-field type cou-
pling, is a widely used approximation in quantum molecular dynamics. In this paper, we propose a
time-splitting method for an Ehrenfest dynamics, in the form of a nonlinearly coupled Schrédinger—
Liouville system. We prove that our splitting scheme is stable uniformly with respect to the semi-
classical parameter and, moreover, that it preserves a discrete semiclassical limit. Thus one can
accurately compute physical observables using time steps induced only by the classical Liouville
equation, i.e., independent of the small semiclassical parameter—in addition to classical mesh sizes
for the Liouville equation. Numerical examples illustrate the validity of our meshing strategy.
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1. Introduction. Ab initio methods have played a fundamental role in the nu-
merical simulation of large quantum systems, in particular in quantum molecular
dynamics. Different from classical approaches based on predefined potentials, the
underlying idea of ab initio molecular dynamics is to compute the forces acting on
the nuclei as a feedback of the electronic structures. This procedure is also known
as the “on-the-fly” calculation in the chemistry literature (for detailed reviews, see,
e.g., [4, 23, 22, 28]). One of the most widely used of these methods is the so-called
Ehrenfest dynamics, a mean-field treatment named in honor of Paul Ehrenfest, who
was among the first to address the problem of how to derive classical dynamics from
the underlying quantum mechanical equations [10]. His idea is to separate the whole
system into two parts: a fast varying, quantum mechanical part (for, say, electrons)
and a slowly varying part (for the much heavier nuclei) in which one can pass to
the (semi-)classical limit. In quantum chemistry, this is usually possible by taking
advantage of the large mass difference between electrons and nuclei.

Typically, the Ehrenfest molecular dynamics refers to a Schrodinger equation,
coupled with a classical Newtonian flow; cf. [6, 9, 24, 26, 3, 28]. The simplest such
model reads

Zh@ﬂﬂ = _%Aw"/} + Vv (Z‘, y(t)) '(/}7 ¢(0a JI) = win(x)a
(L) §H) = (), y(0) =y,

1(t) = =VyVe(y(®), 1(0) = no.
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Here, we denote by 0 < h <« 1 a dimensionless rescaled Planck’s constant, and by
Y = (z,t) with x € R?, ¢t € R, the wave function of the fast, quantum mechanical
degrees of freedom, which is assumed to be normalized such that ||1(-, )|z = 1 for
all t > 0. In addition, the slow degrees of freedom are described, for any time ¢t € R,
by their classical position y(t) € R™ and momentum 7n(t) € R". We thereby allow for
n € N and d € N to be not necessarily equal, depending on the physical application.
Finally, for a given coupling potential V' = V(z,y) € R, the force describing the
back-reaction of the quantum part onto the slow degrees of freedom is given by the
gradient in y € R™ of the so-called Ehrenfest potential

Ve(y,t) = /Rd V (z,y) [, ) da.

Clearly, one obtains a version of Newton’s second law for y(¢) by eliminating the
momentum variable 7(t) and writing

§(t) = =V, Ve(y(?)),

instead of the first order Hamiltonian system above.

Regarding the derivation of Ehrenfest dynamics, the majority of literature avail-
able today invokes WKB asymptotics for the slow degrees of freedom, leading to a
Hamilton—Jacobi equation which suffers from the appearance of caustics; see, e.g.,
[6, 24]. To circumvent this problem and derive a semiclassical limit which is valid
globally in time, a, by now classical, tool is the Wigner transform [29]. The latter
gives rise to a Liouville equation for the associated semiclassical phase-space measure
(or Wigner measure) which “unfolds the caustics”; see [11, 19, 21, 25]. In the context
of Ehrenfest dynamics, such an analysis was carried out in [15]. There, the authors
start from a system of time-dependent, self-consistent field equations, motivated by
[5, 16, 17, 20], and derive (among other things) the following mixed quantum-classical
system:

z’hatw:—%zAmwhHh(x,t)wh, Y0, 2) = Yl (2),

at;u'h + U vylu’h + Fh (yvt) : Vn/ih = 07 /u’h(oaxa 77) = Min(yan)'
Here, pu"(-,-,t) € M*(R; x R}) denotes the phase-space probability density for the

(1.2)

slowly varying degrees of freedom at time t, F" = —V, Vg, i.e., the force obtained
from the Ehrenfest potential, and
(1.3) " (2,t) = /R2 V (z,y) " (y. 0, 1) dy diy.

We call this system the Schrodinger—Liouville-Ehrenfest (SLE) system and from now
on represent the dependence on the small semiclassical parameter h > 0 by super-
scripts. Note that the dependence of " on h stems purely from the forcing through
the Ehrenfest potential appearing in the Liouville equation. The latter is an Eule-
rian description of the classical Hamiltonian flow. In particular, one formally obtains
(1.1), from (1.2), in the case where p corresponds to a single particle distribution
concentrated on the classical trajectories (y(t),n(t)), i.e.,

p(t,y,m) = 6(y —y(t),n —n(t)).

Such Wigner measures can be obtained as the classical limit of a particular type of
wave functions, called semiclassical wave packets, or coherent states; see [19].
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Given the dispersive nature of Schrodinger’s equation, the main numerical diffi-
culty for h < 1 is that one needs to resolve oscillations of frequency of order O(1/h)
in both time and space, as they are present in the solution 1"; see [14] for a broad
review of this problem. Naively, this requires one to use time steps of order At = o(h)
as well as a spatial grid with Az = o(h). However, it was proved in [1], using a Wigner
measure analysis, that for a single linear Schrédinger equation, a time-splitting spec-
tral method can still correctly capture physical observables, i.e., real-valued quadratic
quantities in 1", even for time steps much larger than h. Thus one only needs to
resolve the high-frequency oscillations spatially, which is a huge numerical advantage.
For nonlinear Schrédinger equations, in general, this is no longer true, as was numer-
ically demonstrated in [2]. The SLE system (1.2) is a nonlinearly coupled system,
and one therefore expects the same type of problem at first glance. Nevertheless, we
shall in the following develop an efficient numerical method for the SLE system which
allows large (compared with h) computational mesh sizes in both y and 7 and a large
time step for both the Schrodinger and the Liouville equations, while still correctly
capturing physical observables. While large meshes in y and 77 do not seem so surpris-
ing, the possibility of large time steps for solving the Schrédinger equation is far from
obvious, due to the nonlinear nature of the SLE system.

Our numerical algorithm is inspired by, but different from, the time-splitting
method used in [15]. Based on a spectral method for the Schrodinger equation and
an upwind scheme for the Liouville part of (1.2), we shall first prove stability for our
algorithm, uniformly in h. Furthermore, by utilizing the Wigner analysis developed
in [15] and adopting it to our particular setting, we shall also prove that physical
observables (which can be characterized by the moments of the Wigner distribution),
are captured correctly even if Ay, An, and At, i.e., the time step for the entire SLE
system, are O(1) and thus independent of h. To this end, we follow the strategy of
[1] and prove that the semidiscretized SLE system, with Ay, An, At fixed, converges
to the correct semiclassical limiting system, as h — 0. In this analysis we shall, for
simplicity, consider = to be continuous, since, as already stated above, Ax — 0, as
h — 0, even for a single linear Schrédinger equation. In summary, our scheme can be
seen to be asymptotic preserving in t, y, and n, which is a well-established numerical
concept for multiscale kinetic equations; cf. [12, 13]. To our knowledge, this is the first
work that proves the existence of a global-in-time h-independent meshing strategy for
physical observables associated to a nonlinear Schrédinger-type system.

In this context, we note that the authors of [7, 8] study a time-splitting scheme
for nonlinear Schrodinger equations with cubic nonlinearity. Using a WKB type rep-
resentation of the solution, they are able to prove a similar asymptotic preserving
property. However, the main drawback of their method is that it is valid only before
the formation of caustics in the Hamilton—Jacobi equation for the WKB phase func-
tion. The system studied in the present paper has a weaker nonlinear structure which
allows the use of Wigner transformation techniques which are valid for all time t.

The rest of this paper is now organized as follows. In section 2 we present the time-
splitting method for the SLE system and briefly discuss some of the inherent numerical
difficulties. The stability, uniformly in A, is then proved in section 2.2 for the fully
discretized system. In section 3, we shall give a brief review of Wigner transformation
methods and the classical limit of the SLE system. The spatial meshing strategy
announced above is then studied in section 4 by deriving the classical limit of a semi-
discrete SLE system. In section 5 we focus on the time-discretization and prove that
our scheme allows for time steps independent of h. Finally, section 6 presents some
numerical examples illustrating our analytical results.
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2. The time-splitting scheme and its basic properties. We shall, from
now on, consider the SLE system (1.2) with the following assumption on the coupling
potential V:

(A1) Vet (RExRY) and V (z,y) >0 V(z,y) € RE x RY,

where C§ denotes the set of twice continuously differentiable functions which vanish
at infinity together with all their derivatives.

Remark 2.1. This is the same assumption as in [15], where it is used to furnish a
rigorous Wigner analysis of the self-consistent field equation. Note that, in particular,
it implies V. € W2 (R‘i X RZ) It is conceivable that the regularity requirement
and the decay at infinity can be lowered at the expense of more technicalities. The
assumption V (z,y) > 0 is in fact not very restrictive for the potentials bounded from
below. It corresponds to a proper choice of the zero point of the potential axis.

We aim for an algorithm which fully utilizes the quantum-classical coupling. Thus,
while it makes sense to use a finer (i.e., smaller than h) spatial discretization in x to
solve the Schrédinger equation, we want to use much larger (than h) meshes in y and
1 when solving the Liouville equation. That this is indeed possible is not obvious,
since the potential Y" (x,t) appearing in the Schrodinger equation is time-dependent
and moreover nonlinearly coupled to the Liouville equation (hence it inherits the
computational error obtained from discretizing in y and 7).

Remark 2.2. In our discussion, we will only consider compactly supported initial
data 9!, i, in order to simulate the SLE system problem based on an infinitely
large spatial domain within a sufficiently large but finite box with periodic boundary
conditions.

2.1. A new time-splitting scheme for the SLE system. In order to describe
our scheme, we henceforth assume that we are given a sufficiently small Az ~ O(h),
used to solve the quantum mechanical part of (1.2), while the larger grid meshes
Ay, An ~ O (1) are applied for the classical part. With this in mind, let

d— — b—
‘K 8 a,M:—a y;j =c+jAy, m = o+ kAn, z; =a+ jAx.

7= Ay’ Apg Az’

The time-splitting spectral scheme can then be described as follows: From time
t=t, =nAt tot =ty,r1 = (n+1)At, with At given, the SLE system is solved in
two steps. First, solve

'hawh——th Pl
(2.1) WO = Ty Se

Oppl = —n - V" — F* (y,t) - V",
from t = t,, to an intermediate time t,. Then, solve

. h __ h h
22) {maip =Th (2, t) ",
Btﬂ' :Ov

with initial data obtained from step 1, to obtain the solution at time t = ¢,,41.

In (2.1), the Schrodinger equation will be discretized in space by a spectral method
and integrated in time exactly using a fast Fourier transform. The Liouville equation
can be solved either by a spectral method or by a finite difference (e.g., upwind)
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scheme in space, and then marching the corresponding ODE system forward in time.
An advantage of our splitting method is that in the second step, Y" (x,t) defined in
(1.3) is indeed independent of time, since obviously u” is. In view of this, the time
integration in (2.2) can also be solved exactly, which yields

For the convenience of our later discussions, we shall now state our numerical
scheme using an upwind spatial discretization of p in more detail: The problem is
solved in one spatial dimension d = n = 1 from time ¢t = ¢,, to time ¢ = ¢, 41 using
the following two steps.

In the first step, we solve

) h?
Zhatwh = _? mﬂ/’ha

d
dt“ﬂc — Mk (Dy“h)jk - F (Dﬁp“h)jk ’

where both D,u" and Dnuh represent the numerical derivatives in our algorithm,
which are treated using a standard conservative (for example, the upwind type) dis-
cretization. To solve the Liouville equation we shall we apply a forward-in-time Euler
scheme for the time-discretization. Explicitly, we thus have

(2.3)

| M2
. 2 ~ .

w;l,* _ i Z efzhwe/2,1/}?,71610.12(333'7a)7 j=0,...,M—1,

(2.4) {=—M/2

hyx h,n
Wi =

Ik At LI — Tk (Dylu’h’n)jk - th’n (Dnﬂhm)jk 5
27l

where wy = 777 and, for the upwind spatial discretization,

h.n h,n h,n
Hijk _/% "Lk 1( I |)“j+1,k Mk

1
h,n _ = RAk — —
Mk (Dyp )jk = = (M + &) Ay + 5 (m

2 Ay ’
1 Mhi@n - th 1
h,n h,n hn h,n J Jk—
BT (Do) = 5 (B [B77]) g 2
1 ,U,h’n - ‘uh,n
= (phm ‘Fh,n ) pk+1 T Pk
* 2 ( J J An

The second step is then given by
iho" = Th (z,t) ",

(2.5) d ,
dtlu’jk

where Y% (z,¢) is the quadrature approximation of T" (x,t). Thus, we explicitly have
(2.6) U = exp (00 (ag) AbRY UL =
where

J-1K-1 J-1K-1

Th* () = V (2,y;) pli AyAn =33 "V (ay;) pli Ay A,
=0 k=0 =0 k=0

which can be viewed as a trapezoidal rule for 1 with compact support; cf. Remark 2.2.
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Remark 2.3. Tt is straightforward to obtain an algorithm second order in time
using the Strang splitting, which is omitted here.

2.2. Comnservation property and stability of the scheme. We shall now
prove the stability of the scheme given by (2.4) and (2.6). To this end, let ¥ =(1¢y, . . .,
Yar—1)T. Let || - ||z2 and || - |2 be the usual L? and ¢2 norm on the interval (a, b)
respectively, i.e.,

b 1/2 b o Mol 1/2
2 — 2
@7) 6l = ( [ 1o dx> Celle = | S5 2 el
a §j=0
Notice that, for any periodic function f, the equality
b g M2
2 2 — 2
(2.8) Ifillz2 = 1£1lee = —; |f (25)]
§=0
holds, where f denotes the trigonometric interpolant of f on {xg,z1,...,2p}, i€,
M1
1 A 27)
_ - iw;(z—a) L 7]
fl(x)—MAZije ! YT T
j=— M

Using this we can prove the following theorem.

THEOREM 2.4. The time-splitting spectral scheme conserves the mass. More pre-
cisely, it holds that

h, h,0
‘EQ ||1/}I n||L2 :”"/}I HL2 forn:1,2,...,

h h
1" e = 9"

where, as before, wlh’" denotes the trigonometric interpolant of y™". In addition,

J-1K-1 J-1K-1
hn _ h,0
Hip = ik -

=0 k=0 =0 k=0

Proof. First note that the last identity for p?,;" is a straightforward consequence
of the fact that the discretized derivatives Dyu and D, are conservative.

It suffices to prove the first identity stated above due to (2.8). Noting our numer-
ical algorithm (2.4), (2.6) and the definition of the norms (2.7), one computes

M-1

1 hyn+1(|2 1~ hont1|? 1«
e e = 2 e =
j=0 j=0

2

exp (—;TZL (x,t4) At) quh,*

N‘E
-
N

M—-1
1 —ihAtw? /2 Thn iw;(z;—a)
=72 € 7y e
j=0

s— M
==

2

—_

hy*
¥;

<
I
=)

~

1 Z eihAt(wZ—w?I)/2¢Z,n1ﬁg,nei(wq—wp)(xj—a)

M
2
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Changing the order of summation, this is equal to

M1 K1 M—1
2 2 -

1 h,n+1|2 1 2 : ihAt(wz—wZ)/Q 2h,n Thon 1 § i(wg—wp)(zj—a)
- Hw e HEQ =— e P q f(/)p’ wq'v - e'\Waq p)\Tj
b—a M — M —

P=—%54q=—73
2
y-1 T |M-
Z Ahn _ Z h,n e~ Wi (zj—a)
jsz j=0
% 1 /M—1M—1
Z thn hn zw](zq—zp)
q 9
j__ p=0 ¢q=0

where the second equality of the above follows from the fact that

M-1 M-1
1 (o — _ 1 97 (0—p) i 0 —p#mM
— i(wg—wp)(z;—a) - i2m(q—p)j/M — » 4P ’ cZ
Tk M;Oe {1, g—p=mMm, "=

Similarly, by changing the order of summation again, we arrive at

1 M1

1 M—-1M-— 1 2
Wh,nHH? _ Z Z naph | Z oiwi(@q—ap)
_ £ q
b—a M
p=0 ¢=0 =4

2 1
A Ty T

] M1

2 2|
j=0

where the following identity has been used:

M
M Z eiwi(zg—p) _ M 6i27r(qp)5/M{ 0, g gi %’ mecZ 0
=4

A M
=3

Remark 2.5. Theorem 2.4 implies that the scheme is stable uniformly in h, pro-
vided the positivity of y under the following CFL condition (cf. [18]):

At At
(2.9) mase el 5+ [0,V Ky <1

3. Classical limit of the SLE system. As a preparatory step to the discussion
of section 4, we will now briefly review the results of [15] concerning the classical limit
(via Wigner transforms) of the SLE system as h — 0.

3.1. Wigner transform and Wigner measure. Let us first recall that h-
scaled Wigner transform associated to any continuously parametrized family f* =
{f"Yo<n<1 € L* (RY) is given by (cf. [11, 19, 21, 25])

W10 = i [ 1 (250 T (v o) 5 ay

By Plancherel’s theorem and a change of variables one easily finds
1

hirh _
" L") 22 o) = o

171 ey -
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The real-valued function w” (z, £) acts as a quantum mechanical analogue for classical
phase-space distributions. However, w”(x,£) % 0 in general.

It has been proved in [19] that if the family of functions f* = {f"}o<n<1 is
uniformly bounded in L?(R%) as h — 0, i.e., if

sup H.thLz < C7
0<h<1
then the set of Wigner functions {w"}g<<1 is uniformly bounded in A’. The latter
is the dual of the Banach space
A(RExRE) = {x € Co (RE x RY) : (Fex) (z,2) € L' (RE; Co(RE)) },

where Cp(R?) denotes the space of continuous functions vanishing at infinity and F¢
denotes the Fourier transform with respect to the velocity &, only. More precisely,
one finds that for any test function y € A(RY x Rg),

1 2
[(w", x)| < WHXIIAIIthILa < const.,

uniformly in h. Thus, up to extraction of subsequences {h, }nen, with h,, — 04 as
n — 0o, there exists a limiting object w® = w € A’'(RZ x Rg) such that

h—0
w" "5 w in A (R x Rg)w — *.

It turns out that the limit is in fact a nonnegative, bounded Borel measure on phase-
space w € MT(RE x RY), called the Wigner measure of f".

3.2. The classical limit of the SLE system. Let 1" and p” be the solution
of the SLE system (1.2) and denote the Wigner function of " (x,t) by

wh (.’t,&t) = wh[?/)h ('7t)] (if,g) .

A straightforward computation shows that the position density associated to " €
L?(R9) can be computed via

o (@, ) == [ (2,1)]

— / " (a6, 1) de,
Rd

where we recall, that due to our normalization,

/deh(x,t) dm:/AZdwh($7§7t)d§dx:1.

Moreover, by taking higher order moments in £ one (formally) finds the current density

§" (z,t) == hIm (wh (z,t) V" (x,t)) = /Rd Ewh (z,€,t) de¢

and the kinetic energy density
h? 2 1
W (0= 5 V0 @0 = [ et (g 0 de,
R4

Remark 3.1. In order to make these computations rigorous, the integrals on the
right-hand side have to be understood in an appropriate sense, since w” ¢ L*(R™ x
RY") in general; see [19] for more details.

After Wigner transforming the Schrodinger equation, one finds that w” (z,&,t)
satisfies the following nonlocal kinetic equation (see, e.g., [19]):
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o' +&- Vypu' + O [Twt =0, w"(0,2,€) = wy, (,6),
where wl, = w"[y?] and

(3.1) !
(O"YMuw") (z, &, )= m /Rd (Th <9: + gz t) —h (x — gz t)> " (x, 2, t)e™* 4 dz

with @" denoting the Fourier transformation of w” w.r.t. the second variable only.

Now, in order to utilize the weak-* compactness properties of the Wigner function,
we shall impose from now on that the initial mass and the initial kinetic energy are
uniformly bounded with respect to h, i.e.,

(A2) sup (p" (z,0) + &" (2,0)) < const.
0<h<1

Remark 3.2. In other words, we assume that
2 h? 2
sup (Wﬁl(iﬁ)’ + = |V¢ﬁl(x)| ) < const.
0<h<1 2

This assumption is easily satisfied by initial data of WKB type, or by semiclassical
wave packets.

It is proved in [15] that these uniform bounds on the initial mass and kinetic
energy are propagated by the SLE system (1.2), which in turn implies that for all
times t € Ry, the wave function 9" (-, 1) is

1. uniformly bounded in L? (R?) as h — 07, i.e.,

h . <
o2, 979l 1

2. h-oscillatory, i.e.,

sup ||hvzwh(at)HL2 < C27
0<h<1 ®

where C7 and C5 are some constants independent of 0 < h < 1.
In particular this implies the existence of a limiting Wigner measure v(-,-,t) €
M* (R x RE), such that for all T > 0

wh [@Dh} h_)—0>+ v in L*=([0,T]; A’ (Ri X Rg)) Wk,

up to the extraction of subsequences. Moreover, on the same time interval, one has
2 h—0
|1/)h(x,t)f iy / v(x, & t)dE in M (Rg) Wk
R

Under our assumption (A1) on V, this can be used to prove that (see [15] for more
details)

F oy, 0) " - / U,V () v, €.8) da dE =: FO (y,1),
R2d

uniformly on compact intervals in y and t.

Similarly, one can pass to the limit A — 0, in the equation for u" to find that
there exists a limiting measure p* = p € M*(R? x R}) which consequently solves (in
the sense of distributions)
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(3.2) Oppr+n - Vyu+ F° (y,t) - Vo = 0.

Moreover, one can prove that

T (2,1) "2 //Rz V(z,y) ply,n,t) dydn =: Y0 (z,1).

In view of the definition (3.1), one also finds that

h h*)0+

o [Y"]w VY0 (2,t) - Vev

and thus the Wigner measure associated to 1" satisfies the following Liouville equation
(in the sense of distributions):

(3.3) O +&-Vuov — VX0 (z,t) - Vev = 0.
In summary, one finds a system of two coupled Liouville equations (3.2)—(3.3) in the
classical limit (we refer to [15] for a rigorous proof and further details).

4. The spatial meshing strategy.

4.1. The semidiscretized SLE system and its energy. The analysis in this
section will focus on the spatial meshing strategy. In order to show that it is possible
to use a grid with Ay, An ~ O(1) and, thus, independent of h, we will consider a
semidiscretized version of the SLE system (1.2) in one spatial dimension d =n =1
where the Liouville is discretized using an upwind scheme:

2
O = =" D T (e 1), (0,2) = v (a),

O +nDyp™ + F" (y,t) Dypl =0, p(0,y,7) = ult (y,m).

(4.1)

Here, Y% (z,t) stands for the trapezoidal quadrature approximation of Y" (z,t), as
before, whereas F" (y,t) includes an exact derivative of the known function V (z,y).
We shall refer to (4.1) as the semidiscretized SLE system (s-SLE) and show that it
yields the “correct” classical limit, i.e., the semidiscretized version of (3.2)—(3.3).

Before doing so, we will need to prove an a priori estimate and the energy asso-
ciated to (4.1). To this end, we define the semidiscrete energy as

J-1K-1

2
Eq(t) ;:A%|a$¢h(x,t)|2dx+/rh (1) [ "] dr+ ) Z kaAyAn

j=0 k=0

Here, and in the following, because of the periodicity of u, we shall use a cyclic index
for pu;, such that pjx = itk = Mj—gk = W) k+K = Hjk—K-

THEOREM 4.1. Under the assumptions (A1) and (A2), the energy E4(t) is bounded
by a constant independent of h for all t > 0.

Proof. We start by showing that the initial energy is bounded. This is easily seen
from

J-1K-1

h2
Ed(0)=/R?|a$¢gq;2dm+/Td (2,0) [vf } dz+ Y (win) j, AyAn,

=0 k=0
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where the first two integrals are clearly bounded by assumptions (Al) and (A2)
and the last term is just a quadrature approximation of f f Win dy dn = 1 and hence
bounded.

Next, we compute the time-derivative of Ey as

4 Ba = (1) + () + (111) + (1Y),

where
h?2 - _
(I) = / 3 (8968157/1}1 : azdjh + a:c'l/)h ' aratwh) d:U,
R
(II) := / Th (z,t) (0" y" + P opp") d,
R

(IT1) := /Ratrg (2, 8) [ da,

J-1K-1 o

(Iv) := Z Z % (3tuh)jk AyAn.

j=0 k=0

First, a straightforward calculation shows (I) + (II) = 0, since

2
1) + (1) = — / % (00" 0™ + OpuV" 0" da + / Th (9 " + P o) da
R R
2 2
= [ o (<ottt} + (ot + 140 ) ot e
R

- /R " (ihd") + (—ihdd") dtde = 0.
For simplicity we will, from now on, denote
Gh(1) = G" (tay) = [ V(o) | ()| o > 0
as well as
Fl(t) = F" (y;,1) = —/RayV(x,yj) || dar.

A key observation is that G" is in fact Lipschitz with a Lipschitz constant L > 0
independent of h, since

|Gl — G| = ‘/R V(@ y501) =V (2,5)] Wh’2dx

2
< [0V @Ol =) [4"* da
for some £ € (y;,y;j4+1). Thus

(Ghar = G <10,V (@) 19" losr = 5] = 19,V ()| Dy =2 LAY,

since H@[JhHLQ = Hwi};HLz = 1, in view of mass conservation established in Theorem
2.4. In addition, we have that th is uniformly bounded, i.e.,

(4.2) e ‘/RayV(x,yj)Wh}zdz <10,V (2, ) e 14|70 = .
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Coming back to (III), we first note
J-1K-1

oY (z,t) = Z Z V (2, y;) (O ) AyAn
=0 k=0
—1K-1
SV (@) [ (Dyn”) , + FF (Dyi) | Ayn

M

I
- o
=
o

o s
=
—

= V(:E?y])nk (Dylu’h)jk AyAnv
7=0 k=0

where the last equality follows from the fact that we have a telescoping series in k
with zero boundary conditions. Recalling (2), (III) can be written as
J-1K-1

=30 G ( PN

7=0 k=0

— = 77k+|77k|
_Z G? ( /1«] lk)An
7=0 k=
J-1K-1

0
Z Z G? " ‘nk (H’?+l,k - /U';‘l,k) An

=0 k=0
—1

(I11)

J-1K J-1K-1

7716 |77k|'qu (G]+1 Gh An—" Z Z |T]k| (G?—l — G?)Anv

=0 7=0 k=0

I
“M

where summation by parts is used in the last equality. In view of the Lipschitz
property above, it is then straightforward to estimate (III) via

J-1K-1
() < LY > |nk| uf AyAn.
§=0 k=0
Similarly, one proves that
J1EL g
(IV) =~ Z ?ijh (Dn“h)jk AyAr
J=0 k=0
J—1K—1

= - Z 5% (M]k M?,Ic—l) Ay

J
JoLK-1 o ph _ |ph
- . 772k2| : | (N?,k+1 _:U'?k) Ay

7=0 k=0
J-1K—-1 2o _ Fh—|— Fh J-1K-1 2 Fh Fh
_ 77k+12 77k 2| /L]kAy+Z Z 771< 1 2| ‘MJkAZ/
j=0 k=0 Jj=0 k=0
J—-1K-1 h h
=> e+ = Ay
; 2 2
j=0 k=0
J-1K-1
An —
i (77’“_ 2) ! 2| J|”J’€Ay’
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where summation by parts is used as before. Combining the coefficients of FJh and
|th|, respectively, this is equal to

J-1K-1 J-1K-1 A’I]
=2 D mF g AyAn+ Y > S8 [F i AyAn
=0 k=0 =0 k=0
J-1K-1 J—1K— 1A
<L |nk| i AyAn + L fu Ay A,
=0 k=0 =0 k=0
In summary, we thus find
d J-1K-1 J—1K-— IA
a2l DO Ikl AyAn + L Z - M 1 Ay A
J=0 k=0 =0 k=0
J-1K-1 J-1K-1 J—1K— 1
M AyAn | 2 hAYAp |7+ Z S0y AyA.
7j=0 k=0 j=0 k:O 7j=0 k=0

Using the fact that
—1K-1

J—1

h

DD wipByhy = C
§j=0 k=0

is a conserved quantity with respect to time, we consequently find the following esti-

mate:

diEd <23 LC2\/Ey(t +—An

S Ed (t) + 2L2C + TCA’I] = Ed (t) + Cl.

By Gronwall’s inequality, this yields
Ey (t) < (Cl + Ed(O)) et — Cq,

which gives the desired bound independent of h. ]

Remark 4.2. Tt is easy to find a sharper bound of the energy by considering times
t < e and t > e, respectively, but the estimate above is sufficient for our purposes.

4.2. The classical limit of the s-SLE system. In this section, we shall per-
form the limit A — 0% of the s-SLE system (4.1). By proving that it converges, as
h — 04, to the semidiscretized version of the coupled Liouville system (3.2)—(3.3), we
infer that it is possible to choose a spatial meshing strategy such that Ay, An ~ O(1).

To this end, we first note that the a priori bounds on the mass and energy obtained
in Theorems 2.4 and 4.1, together with our assumptions on V' > 0, imply that the
solution ¥" of (4.1) is uniformly bounded in L?(R) and h-oscillatory. Thus, there
exists an associated Wigner measure v(,-,-,t) € M* (R, x R¢) and we directly infer
that

F" (y,1) h10>+ —/ OV (z,y) v(t,x,&) du dé =: FO° (y,1)
R2

by the same arguments as in [15] (recall that z,t are taken to be continuous in (4.1)).
In the following we shall use the shorthand notation th (t) and F}(t), respectively, as
given in (2).
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4.3. Convergence of u. Next, we turn to the solution p” within (4.1), which
we recall to be discretized via an upwind scheme. We shall prove the following result
about its limiting behavior as h — 0. In the following, Cy,(R) denotes the space of
continuous and bounded functions on R.

PROPOSITION 4.3. Let pl (t) € Cy, (R;) be a solution of

d
—oHgk () = =mk Dy = F}' (8) Dypiy,
and ;i () € Cp (Ry) be a solution of
d

dtMJk (t) = =k Dypji () — Fjo (t) Dypjin (1),

where j = 0,...,J —1 and k = 0,..., K — 1, such that initially ,u;-‘k (0) = pjx (0).
Then for any given T > 0,

h—04
#;Ik _>—> :u?k = HKjk, as h*)O-‘r in L™ [OvT]a

up to the extraction of subsequences.

Proof. Denote the difference between ,u;?k and its limit by

el (t) = pl (1) — pie(),

which solves the following system of equations:

& et (1) = Dyl — FJ (1) Dyely + B2 (1) Dypsi — FL (1) Dy
= =5 (et D) (e = 1) = 5 (e = el (e — )
- i (£ () + |7 ()]) (i — €fxn)
= 5y O = |F ) (s = )
+ﬁ(Fj )+ |F) ()| = EJ () = |[E} (O)]) (e — 15.-1)
+ ﬁ(F]Q ) = |F) ()| = F () + |F) (O] (g1 — pie) »

subject to initial data e?k (0) = 0, since u?k(O) = 1;%(0). For simplicity we shall write
the system above in vector form, i.e.,

d
(4.3) aEh(lt) =A"@)E" (t) +v" (t), E"(0) = 0.
Here E" (t) and b" (t) are both JK-dimensional vectors, A" (¢) is a continuous JK x
JK matrix-valued function of ¢ € (0,77, and

1 |k~ Pk
Wy () = 3CF9 (04 | (0] = FY ) — | o) 22t

1 ) .
+5(E) () — |F) ()] = E} (8) + | E} (t)|)“ﬂv’“%n“f’“
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for j=1,...,J,and k = 1,..., K. Clearly, |A" (t)|| _ < C, where C'is a constant
independent of h, due to the fact that |th (t)| and |FJQ (t)| are both bounded by some
constants independent of h; see the proof of Theorem 4.1. Classical ODE theory then
implies (see, e.g., [27]), that there is a matrix-valued function S” (¢, s) such that the
solution of (4.3) is given by Duhamel’s principle:

EM (t) = S (t,0) E" (0) + / t S™(t,s)b" (s)ds
0
:/ Sh (t,s)b" (s)ds.
0

Moreover, there exists a bound on the propagator S of the
(4.4) |S" (t,9)]| . < Cs,

where (5 is a constant independent of h.
Next, we recall that F.h (t) = F" (y;,t) is uniformly bounded, by (4.2), and
h‘)0+

Fl ()

j FJ (1) = F° (y;,t), as h — 0,

pointwise (up to the extraction of subsequences). In addition, th (t) is easily seen to
be equicontinuous in time, by the same type of argument as in [15]. Namely, by using
Schrodinger’s equation, one finds

0. F] ()] = ‘/ 0,V (z,y;) (0" " + " Oy") da

’/ 5 0V (2,95) (ihamwh - amz/;hwh) dx

Integrating by parts, it reads

h _ _
O F) (1)] = 35 /Raw 0V (,y;) ") 80" — 8,468, (9, (w,y;) ¢") dae

h _ —
-2 / DuyV (2, ) (D" 0" — Db ) dax
R

< 1100y V (@) o oy 18" 22 100" 120y < C ().,

where the last inequality follows from the h-oscillatory nature of )".
This consequently implies that

bh() Oash—>0+,

locally uniformly in ¢, up to extraction of some subsequence, which in turn yields
convergence of E" (t) itself, as can be seen by considering its mth component, for
m=1,...,JK:

JK

t
|—‘/ Lt )W (s) ds

SC’;»,Z/ ’bﬁ(s)’ds—)O, as h — 04,
0

where we have used (4.4). d
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4.4. Equation for v and the main result. With the convergence theorem of
p" in hand, we can now state the following result, which represents the final step in
our analysis.

PROPOSITION 4.4. Assume (A1) and (A2) and let ©[Y"] be the pseudodifferen-
tial operator defined in (3.1) applied to the trapezoidal quadrature approzimation of
Yh (x,t). Then it holds that

O[T w" (z,€,t) "=5 —8,79 (x,t) Bev (z,€,) in L= ([0,T]; A’ (R, x Re)w) ,
where
J-1K-1
Y5z, t) =Y > V() ppAyAn.
7=0 k=0

The proof of this proposition follows from the same arguments as given in the
proof of Lemma 4.5 in [15], and we therefore omit it here.
We are now in the position to state the main result of this section.

THEOREM 4.5. Let assumptions (A1) and (A2) hold. Then, for any T > 0, the
solution of semidiscretized SLE system (4.1) satisfies, up to extraction of subsequences,

W] "5 v in L0, T); A (R, x Re))ws, il == % in L [0, 7],
where j = 0,...,J =1 and k = 0,...,K — 1. In addition, v and p;; solve the
semidiscretized Liouville system

O + €0y — 0, XY (w,1) Oev = 0,

d
aﬂgk + nkDyM(;k + F]QDn,ugk =0.

Remark 4.6. Numerical experiments show that the same type of behavior is true
not only for mixed spectral-finite difference schemes but also for purely spectral
schemes; see [15]. Our proof, however, only works for the former case due to the
required positivity of the energy.

5. Time-discretization. We finally turn to the time-discretization of our split-
ting scheme (in one dimension d = n = 1) as given by (2.3), (2.5). In this section we
want to show that it is asymptotic preserving in the sense that in the limit h — 04,
it yields the corresponding time-splitting scheme of (3.2)—(3.3), i.e.,

O + £0,v =0,
(5.1) d 0
aHik + Mk (Dyl”b)jk + Fj (Dnﬂ)jk =0,
and
O — 0, XY (z,t) Oev = 0,
(5.2) d

apHar =0

In turn, this shows that At ~ O(1) can be chosen independent of the small pa-
rameter h. To this end, it suffices to show that in our time-spitting method 4" is
h-oscillatory, i.e.,

sup Hh@lwhHLi < C,

0<h<1
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where the constant C' depends only on the final time 7". Then, following the arguments
given in the previous section, one has convergence of the forcing term F Jh as h — 0.
In turn, this yields convergence of our numerical scheme toward the corresponding
scheme of the limiting equation, as stated in (5.1) and (5.2).

We consequently consider the splitting scheme (2.3), (2.5) and recall that in both
splitting steps, the first equation, i.e., the quantum part is solved exactly in time.
A straightforward calculation then shows that Hh@xwhHQLQ is conserved in the first

splitting step (2.3), i.e
% / 12 |0, | do = / Bra VP D" + D, Dy d
=12 [ 00 0uu" + 00 O
=1 [ =0T 0u 4+ 0, Dy =0,

Next, we shall show that H hO, " Hiz

(2.5): Recall that Y% (z,t) is in fact independent of ¢, due to the fact that %u?k =0
in this step. Since

remains bounded during the second splitting step

7 7
D" = —Eazrz (z,t) " — ETS (z,t) B0,
we find

C(lit/h2| x¢h| dm—h2/3mwh8xwh+az1/}hamwhd$

_h / P (2.7) (2, 0) 9 + ) (2,1) 0,07 ) "
- iamw(azr’; (z,8) " + T (2, 1) aquh)dw

= 72h/1m (5‘ng (2, 1) W(’)ﬂ/}h) de

< 20,0} 0.0 07 100"

[PAIKETS P

where

10275 (@, )] o = Z Z (2, y5) ni AyAn|| <10,V (2, y)] o -
j=0 k=0 L

Since H’z/zh =1 is conserved by our scheme, we thus have

Iz

d
& et < Co

where Cy = [|0;V (2, y)|| ,« is some constant independent of h. Hence, in the second
splitting step (2.5) one has

[t < ot

12 + Colst = [[hd"" | L, + CoAt,

where we used the fact that Hh@ﬂ/}hH 12 is conserved during (2.3). In summary, this
yields ’

[0y < [0l + Coto < (W02 + CoT:
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where the right-hand side is some constant independent of i thanks to the assumption
on initial data (A2). This shows that ™" is h-oscillatory for any n € N, with
0 <t, <T, and the result follows from the arguments in the previous section.

Remark 5.1. Note that all estimates above remain valid in the context of a Strang
splitting scheme.

6. Numerical examples. In this final section, we shall report on a few numer-
ical examples, which illustrate the validity of our algorithm and meshing strategy. To
this end, we choose an interaction potential of the form

(z +y)°

V(xvy): 9

and solve the one-dimensional SLE system on the interval € [—m, 7] and y,n €
[—27, 27] with periodic boundary conditions.

Ezample 6.1 (At independent of h). We choose initial conditions for the SLE
system (1.2) as follows:

Uin (@) = exp (=25 (0 +0.2)° ) exp (—“n (2c0sh (5 (x + 0~2>>>)

5h

and

1 1
in (Y1) = { Cx exp (_ 1*1/2) exp <_1—n2) for [y| <1, |n| <1,

0 otherwise.

Here, Cy > 0 is the normalization factor such that [[;, uindy dn=1. Here we use the
time-splitting method with the spectral upwind scheme (i.e., with an upwind scheme
for the Liouville’s equation). For h = 256, 10124, To9g» We fix the stopping time T' = 0.5
and choose Ax = %7 Ay = An = 147”8. For each choice of h, we shall solve the
SLE system first with At independent of h and, second, with At = o (h). To be more
specific, we compare the two cases where At = 0.01 and At = %. It can be observed
from Figure 1 that the macroscopic position and current densities associated to the
solution of Schrodinger’s equation agree well with each other.

In addition, we compare the numerical values of y computed by At = 0.01 and
At = 1% (denoted as pq and po, respectively). As shown in Table 1, the error is

insensitive in h, showing a uniform in h convergence in At.

Ezample 6.2 (numerical error as h decreases). In this example, we choose the
same initial data for p;, as before and

din () = exp (=5 (2 +0.1)*) exp (h) .

Now, we fix At = 0 01, a stopping time T =04, and Ay = An = ﬁ We choose
Az = 2”" for h = 6—4, ﬁlg, %, 5%, 10%’ 5018 respectively. The reference solution is
computed with At = %. From the ¢%-error plotted in Figure 2, one can see that

although the error in the wave function increases as h decreases, the error for the
position density [1)"|? as well as for the macroscopic quantity u does not change
noticeably. This shows that h-independent time steps can be taken to accurately
obtain physical observables, but not the wave function " itself.
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08 06

——Ewm
— — Ao

(a) Position Density (b) Current Density

= — Aizoot

(c) Position Density (d) Current Density

e
—— A0t

(e) Position Density (f) Current Density

Fic. 1. Numerical solutions at T = 0.5 in Example 6.1 computed by the time-splitting method

using different meshing strategies. First row: h = second row: h = third row: h =

1. 1
256 10247 4096

Ezample 6.3 (convergence in time). Finally, to examine the convergence in time

of our scheme, let the initial data be as in the example before. Fix h = 8192, a

stopping time T = 0.4, and a spatial discretization with Az = %, Ay = An =%,

Choose At = %, O—'f, %, %, 50%, 1%%. The reference solution is computed with
At = %. The ¢*-error is plotted in Figure 3, which shows first order accuracy

in time of our scheme. Again, we see that the wave function exhibits errors several
orders of magnitude larger than the physical observable densities.
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TABLE 1
The relative £2-difference (defined as %} for various h.
¢
h 1/256 | 1/1024 | 174096
leazpallez |y 650,03 | 1.69¢-03 | 1.70e-03
[Tee2ll 2
10° e .
o °o ¥ 5
* [yl
o o Iu
; o
107} :
o
—
S o
(]
107 ]
o ¢ 4 ¢ o
* * * * * i
-3 L L
10
107 10 107 107
h
Fic. 2. Example 6.2: £2-errors of the wave functzon PP, position density |"|?, and p for
various h. Fiz At = 0.01. For h = ﬁ7 ﬁls, 2—;6, 513 m, 20148, choose Ax = 216h, respectively.
The reference solution is computed with At = {5 .
0
10 : :
o a
o o 5
1 ° * [yl
1071 E o O B
o
102} 3
S
o *
p -
o) o
109 * 0 3
* o
o
_ *
1074 F ¢ ;
o
1 0_5 1 1
10 107 107 10
At
FIG 3. Ezample 6.3: (%2-errors of the numerical solutions for various At and fized h = ﬁ,
Ax = 16 , Ay = An = 142—"8. It shows first order convergence of the scheme in time. The reference

0.4

solution is computed with At = giao5.
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