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Abstract We propose a generalized polynomial chaos based stochastic Galerkin methods
for scalar hyperbolic balance laws with random geometric source terms or random initial
data. This method is well-balanced (WB), in the sense that it captures the stochastic steady
state solution with high order accuracy. The framework of the stochastic WB schemes is
presented in details, along with several numerical examples to illustrate their accuracy and
effectiveness. The goal of this paper is to show that the stochastic WB scheme yields a more
accurate numerical solution at steady state than the non-WB ones.
Keywords Uncertainty quantification · Hyperbolic balance laws · Well-balanced schemes ·
Generalized polynomial chaos · Stochastic Galerkin

1 Introduction
Hyperbolic systems with geometric source terms arise in various applications, for example,
shallow water with bottom tomography, nozzle flows, etc. In these applications, the source
terms may have low regularity or concentrations, which often cause numerical difficulties
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to obtain accurate steady state solutions c.f., [13]. The steady state solutions computed by
the standard shock capturing schemes may show notable discrepancy with the true steady
state solutions. It is understood that this is due to the inevitable numerical viscosity in the
shock capturing schemes. To circumvent the difficulty, well-balanced (WB) schemes were
developed to capture the steady state solutions either exactly or with at least second order
accuracy. Since its first introduction in [14], WB schemes have been under extensive studies,
see for examples, [2–4,8,12–16,22,24,25] and references therein.
In practice, uncertainty is ubiquitous and often has non-negligible effects on the simulation results. For example, in shallow-water equations the bottom topography is almost always
uncertain [1,7,17]. Uncertainty can also enter the system via initial and boundary conditions.
Propagation of uncertainty for these systems has been studied, c.f., [9,18], in conjunction
with the standard shock capturing schemes. In [18], a stochastic collocation method based
on deterministic WB schemes for the shallow water equations, combined with a multi-level
Monte-Carlo method, was used to quantify the uncertainty due to the random bottom topography. Though stochastic Galerkin approaches of hyperbolic conservation laws with random
inputs were investigated, c.f., [5,20,23], the development of stochastic Galerkin methods in
the context of WB schemes has been, to our best knowledge, non-existent.
In this paper, we present a set of stochastic WB methods for scalar hyperbolic conservation laws with random inputs. More specifically, we employ generalized polynomial chaos
(gPC) approach expansion [27], combined with stochastic Galerkin (SG) method, in the random space. While the gPC–SG approach has been adopted for a large variety of stochastic
problems, this paper represents the first attempt to construct stochastic WB (sWB) schemes.
The sWB methods are built upon the idea of the deterministic WB method, via the so-called
interface methods [15], and are illustrated by two prototype problems with different types
of nonlinearity. We will show that the carefully constructed gPC-Galerkin method is WB, in
the sense that it becomes a gPC-Galerkin approximation for the steady state equation with
at least second order accuracy on a relatively coarse mesh.
While this paper is the first step toward developing stochastic WB Galerkin schemes for
nonlinear hyperbolic systems of balance laws, its generalization to nonlinear systems still
face the major challenge of the loss of global hyperbolicity [6]. Extra efforts, for example
by using the entropy variables, are needed to handle this difficulty. This will be a subject of
future study.
The paper is organized as follows. In Sect. 2, we discuss some preliminary materials about
the deterministic WB schemes. In Sect. 3, we shall give a formal definition of stochastic WB
schemes, and then present the details of the stochastic WB schemes for the two example
equations and study their WB properties. Finally in Sect. 4, we provide several numerical
examples to illustrate the effectiveness of the sWB methods.

2 Preliminaries
To illustrate the idea of the well-balanced (WB) schemes, let us consider a scalar conservation
law with a particular for source term, which serves a model problem for many well-balanced
schemes [3]
∂t u + ∂x f (u) = −b (x)q(u),
(2.1)
where b(x) represents the bottom topography and q(u) is typically related with the drag
force. The steady state equation is given by
∂x f (u) + b (x)q(u) = 0,

(2.2)
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or, if the solution is smooth,
f  (u)∂x u + b (x)q(u) = 0.


Let

u

D(u) =
0

f  (u)
ds,
q(u)

(2.3)

(2.4)

then (2.3) can be integrated to give the following algebraic expression
D(u(z)) + b(x) = constant.

(2.5)

Hereafter we will call (2.2) the steady state equation, and (2.5) the steady state condition.
Due to the first order numerical viscosity used in shock capturing methods, a standard
discretization (split or unsplit) over (2.1) fails to preserve the steady state solution (2.5)
accurately at the cell average. Rather, a first order numerical discretization error contributes to
the numerical discrepancy, especially when the source terms lack regularity [14]. A numerical
scheme is called well-balanced (WB) if it can preserve the steady state condition (2.5) either
exactly, or formally with at least second order accuracy. Such kind of WB schemes have been
well developed for the deterministic problems, see, for examples, [3,4,8,12–16,24,25].

2.1 A Deterministic WB Scheme
To illustrate the idea behind WB schemes, we now briefly review a straightforward deterministic WB scheme proposed in [15]. For smooth solutions, it preserves the steady state
condition (2.5) formally with at least second order accuracy at the cell interfaces. In this
scheme one uses only the solution at the interfaces, which are readily available in the associated upwinding numerical flux (e.g., Godunov or Roe type) for the source term. Subsequently,
one can also obtain a formally high order approximation of (2.5) for the cell averages.
Here we adopt the finite volume framework. For spatial discretization, we choose the
spatial grids x j+1/2 , j = 1, . . . , N x , with a uniform mesh size x = x j+1/2 − x j−1/2 . The
discrete time level t n are also uniformly spaced with a time step t = t n+1 − t n , where n is
the temporal index. The cell average in [x j+1/2 , x j−1/2 ] at time t n is
 x j+1/2
1
u nj =
u(x, t n )d x.
x x j−1/2
The numerical scheme proposed in [15] for (2.1) takes the following form,
∂t u j +

b j+1/2 − b j−1/2 q j+1/2 + q j−1/2
f j+1/2 − f j−1/2
=−
,
x
x
2

(2.6)

where q j+1/2 = q(u j+1/2 ), b j+1/2 = b(x j+1/2 ), and f j+1/2 is the numerical flux of f (u)
at the cell interface x j+1/2 . Different definitions of the flux yield different shock capturing
methods. For example, in the well known Godunov [11] or Roe [21] method, f j+1/2 =
f (u j+1/2 ), where u j+1/2 is the solution of the Riemann or the approximate Riemann problem
for u t + f (u)x = 0 with initial data u j for x < 0 and u j+1 for x > 0. In (2.6), the right-handside is expressed at the cell interfaces. Hereafter we will refer this scheme to the interface
method. Obviously, it provides a second order discretization of the source term on the righthand-side. The temporal discretization is by the standard forward Euler method. For steady
state solutions, the order of the temporal discretization is not important. Nevertheless, one
can use higher-order ODE solvers if higher order accuracy is desired for transient problems.
A theoretical study of this method is given in [19].
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If D(u) is monotone, the following interface method for (2.1) is more accurate,
∂t u j +

b j+1/2 − b j−1/2 f j+1/2 − f j−1/2
f j+1/2 − f j−1/2
=−
x
x
D j+1/2 − D j−1/2

(2.7)

Clearly, the discretization of the source term is second order.
For the steady state solution, one drops the time derivative in (2.7) and obtains
f j+1/2 − f j−1/2
b j+1/2 − b j−1/2 f j+1/2 − f j−1/2
= 0.
+
x
x
D j+1/2 − D j−1/2

(2.8)

D j+1/2 − D j−1/2 + b j+1/2 − b j−1/2 = 0,

(2.9)

This leads to
and subsequently,
D j+1/2 + b j+1/2 ≡ constant,

for all j .

(2.10)

Therefore, the correct steady state condition (2.5) is preserved exactly at the cell interface
x j+1/2 .
On the other hand, a natural way to discretize (2.1) uses the cell average of u j in the source
term. This is the more conventional method and will be termed as cell-average method,
∂t u j +

f j+1/2 − f j−1/2
b j+1/2 − b j−1/2
=−
q(u j ) .
x
x

(2.11)

Unlike the aforementioned interface method, this method is not WB [15].

3 Stochastic Well-Balanced Schemes
We now extend the deterministic WB schemes into stochastic setting to take into account
uncertainty in the underlying problems. To this end, we consider the same problem (2.1)
subject to a random source term:
∂t u + ∂x f (u) = −b (x, z)q(u),

(3.1)

where z ∈ Iz ⊆ Rd , d ≥ 1, is a set of random variables with probability density function ρ(z).
These random variables are used to parameterize the uncertainty in the bottom topography
function b. (Parameterization of random processes may be a non-trivial task, especially for
non-Gaussian processes. This is, however, a topic out of the scope of the current paper. For
interested readers, we refer to [26] and the references therein.) We now extend the concept
of deterministic WB scheme to stochastic setting.
Definition 3.1 (stochastic WB). Let S be a numerical scheme for (3.1), which results in
a solution v(z) ∈ Vz , where Vz is a finite dimensional linear function space. A numerical
scheme S is called strongly well-balanced if it preserves the steady state condition (2.5)
either exactly or formally with at least second order accuracy (in physical space) for almost
every z ∈ Iz ; it is weakly well-balanced if its steady-state solution v(z) satisfies the weak
form (in the sense of Galerkin) of Eq. (2.2) formally with at least second order accuracy (in
physical space).
Even though this definition is expressed in the context of (3.1), it can be readily applied
to other proper systems. It is obvious that the strong WB is difficult to achieve, as it almost
requires the analytical solution of (3.1) over the entire random space Iz . On the other hand,
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the weak WB is easier to achieve. Notice that here the weak form is imposed on the steadystate Eq. (2.2), instead of (2.5). This is because during the derivation of (2.5), q(u) is divided
on both sides of (2.2). Such an operation (division) can only be applied in the strong sense,
i.e., for almost every z in Iz . Hence, imposing weak form is natural on (2.2) but not on (2.5).
Even for the deterministic WB schemes, whenever the solutions are discontinuous, one only
has (2.2) instead of (2.5). Clearly (2.5) implies (2.2) but not vice versa if the solution is not
smooth.
Hereafter we will only discuss the weak stochastic well-balanced schemes and refer them
to as stochastic well-balanced (sWB) schemes. In the following sections we shall derive sWB
schemes using the generalized polynomial chaos (gPC) expansion, as examples, for two
nonlinear fluxes: f (u) = u 2 /2 (the inviscid Burgers’ equation) and f (u) = u 4 /4.

3.1 The gPC Approximation and Stochastic Galerkin
We now briefly review the gPC method [10,27] and its Galerkin formulation for general
stochastic differential equations with random inputs:
∂t u = L(t, x, u, z; b(x, z)),

(3.2)

d ≥ 1
where proper initial and boundary conditions are assumed. Again z ∈ Iz ⊆
parameterizes the random inputs and b(x, z) represents the bottom topography with a random
imput.
In the most common gPC setting, one seeks a numerical solution in term of d-variate
orthogonal polynomials of degree N ≥ 1. That is, the linear space Vz in Definition 3.1 is set
to be PdN , the space of d-variate orthogonal polynomials of degree up to N ≥ 1. For fixed x
and t, we seek an approximation,
Rd ,

u(x, t, z) ≈ u N (x, t, z) =

M


û m (t, x)m (z),

(3.3)

m=1

where û m is the m-th expansion coefficient for 1 ≤ m ≤ M with


d+N
,
M = dim PdN =
d
and {m } ⊂ PdN are orthonormal polynomials satisfying

 
1 ≤ i, j ≤ M = dim PdN .
i (z) j (z)ρ(z) dz = δi j ,

(3.4)

(3.5)

Here ρ(z) is the probability density function of z and δi j the Kronecker delta function. Note
that when the random dimension d > 1, an ordering scheme for multiple index is required to
express (3.3) using the single index m. Typically, the graded lexicographic order is used, see,
for example, Sect. 5.2 of [26]. Based on the associated random distribution ρ, a corresponding
orthogonal polynomial basis can be chosen to achieve faster convergence [27].
Using the same gPC expansion, the random input b(x, z) can also be approximated as
b(x, z) ≈ b N (x, z) =

M


b̂m (x)m (z).

(3.6)

m=1

Note that since b(x, z) is a given input process, the expansion is constructed prior to the computation of the governing equation. The construction of this approximation can be obtained
in a variety of ways, e.g., interpolation, discrete projection, etc. (see [26] for an overview).
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In the gPC-Galerkin formulation, once an appropriate basis is selected, the gPC approximation u N (3.3) is then inserted into the governing Eq. (3.2) and a Galerkin projection is
applied to ensure the residue error is orthogonal to PdN . This results in, for each m = 1, . . . , M,
E [∂t u N m (z)] = E [L(t, x, u, z)m (z)] .

(3.7)

Here E[·] stands for the expectation operator. For continuous distribution, it is an integral
over Iz with respect to the probability density function ρ(z). This then results in a system
M , for which one
of deterministic equations for the gPC expansion coefficients {û m (t, x)}m=1
can apply proper spatial and temporal discretizations to solve. In the following sections, we
shall derive sWB schemes, based on this gPC-Galerkin formulation, for two representative
nonlinear fluxes.

3.2 A Stochastic WB Scheme for the Burgers’ Equation
We first consider the Burgers’ equation with a source term:
 2
u
∂t u + ∂ x
= −b (x, z)u.
2
Its steady state equation is


∂x

u2
2



+ b (x, z)u = 0,

(3.8)

(3.9)

If u = 0 and is smooth, this gives
u(x, z) + b(x, z) = u b ,

(3.10)

where an operation (dividing both sides by u) has been carried out for all z. Therefore, this
latter formulation can not be treated in a weak form.
To derive the sWB scheme, we first apply the interface method (2.6)–(3.8). We follow the
tradition by using subscript j to denote the solution at the jth node in the physical space.
Upon using the first-order upwind scheme in both the flux and the source term, we obtain
∂t u j +

u 2j − u 2j−1
2x

=−

b j − b j−1 u j + u j−1
,
x
2

(3.11)

where to simplify the notation we have assumed u > 0 for all x, t (the method is of course
not restricted by this assumption). We now perform the gPC approximation in the random
space Iz and conduct the stochastic Galerkin projection, as in (3.7), and obtain

u 2N , j − u 2N j−1
b N , j − b N , j−1 u N , j + u N , j−1
∂
E
u N, j +
m (z) .
m (z) = −E
∂t
2x
x
2
(3.12)
Obviously, u N , j and b N , j stand for the N th degree gPC expansion of u and b, respectively,
at the jth node in the physical space. By substituting the gPC expansion (3.3) and (3.6) into
(3.12) and letting
û = (û 1 , . . . , û M )T ,
b̂ = (b̂1 , . . . , b̂ M )T ,
(3.13)
be the coefficient vectors, one obtains the following gPC-Galerkin scheme
∂t û j +

A j û j − A j−1 û j−1
(B j − B j−1 )(û j + û j−1 )
=−
,
2x
2x

(3.14)
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where A j = A(û j ) = (amn, j )1≤m,n≤M and B j = B(b̂ j ) = (bmn, j )1≤m,n≤M are both M × M
symmetric matrices with entries
M

 
amn, j = E u N , j (z)m (z)n (z) =
û k, j ekmn ,
k=1

bmn, j

M

 
b̂k, j ekmn ,
= E b j (z)m (z)n (z) =

(3.15)

k=1

where ekmn = E[k m n ]. For the temporal discretization, any standard method can be
employed. Here the forward Euler method is used, as we are interested in the steady state
behavior.
Note that the upwind stencil in (3.11) is based on the assumption that u > 0. Likewise, the
upwind stencil in (3.12) is chosen under the assumption that u N > 0. Under this assumption,
the matrix A is symmetric and positive definition, see for example [28].
Remark 3.1 The scheme (3.14) is a nonconventional upwind scheme for
∂t û + ∂x (Aû) = −B (x)û,

(3.16)

as the upwinding is not applied to the characteristic variables but rather the primitive variables
component-wise. Obviously, this is not the optimal upwind scheme. Yet one can still show
its (linear) stability. Let us consider the following linear hyperbolic system
∂t U + C∂x U = 0,

U ∈ RM ,

where C is an M × M symmetric and positive definite constant matrix that admits diagonalization T −1 C T =  = diag(λ1 , . . . , λ M ). Here  is a diagonal matrix with positive entries
and T is orthogonal. Let us apply the component-wise upwinding scheme and obtain
U n+1
− U nj
j
t

+C

U nj − U nj−1
x

= 0.

(3.17)

Let V = T −1 U , then V solves a diagonalized hyperbolic system with characteristic speeds
given by the diagonal entries of , and V is given by the conventional upwind scheme
n
V jn+1 = (I − t)V jn + tV j−1

that is stable under the standard CFL condition max1≤i≤M λi t/x ≤ 1. This implies that
T −1 U 2 = U 2 will be bounded by the initial data since T is orthogonal.

3.2.1 The WB Property
To establish the well-balance property, we consider the steady state of the gPC Galerkin
scheme (3.14):
A j û j − A j−1 û j−1
(B j − B j−1 )(û j + û j−1 )
=−
.
(3.18)
2x
2x
On the other hand, let us consider the steady-state governing Eq. (3.9). Its gPC Galerkin
approximation is, for each m = 1, . . . , M,

u 2N
E
m = −E [(b N )x u N m ] .
(3.19)
2
x
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Upon using the gPC expansion (3.3) and (3.6) and the vector notation for the expansion
coefficients (3.13), we obtain
∂
(3.20)
(Au) + B (x)u = 0,
∂x
where the entries of the matrices A(x) = (amn ) and B(x) = (bmn ) are given in (3.15).
It is obvious that the scheme (3.18), which is the steady state of the scheme (3.14), is a
second-order approximation to the continuous version of the gPC steady-state system (3.20).
Consequently, by Definition 3.1, the numerical scheme (3.14) is sWB.
For comparison, the gPC scheme derived via cell-averaging (2.11) takes the following
form,
A j û j − A j−1 û j−1
(B j+1/2 − B j−1/2 )
∂t û j +
û j ,
(3.21)
=−
2x
2x
where the matrices A and B are defined in (3.15). This cell-averaged system is not well
balanced, similar to its deterministic counterpart (2.11).

3.3 A Stochastic WB Scheme for f (u) = u4 /4
We now consider a hyperbolic system with a nonlinear flux f (u) = u 4 /2. That is, we consider

∂t u + ∂ x

u4
4



= −b (x, z)u,

(3.22)

whose steady state solution satisfies

∂x

u4
4



+ b (x, z)u = 0.

(3.23)

If u = 0, its strong solution satisfies
u 3 (x, z)
+ b(x, z) = u b ,
3

∀z.

(3.24)

Again, for notational simplicity let us consider the case of u > 0. A corresponding wellbalanced scheme, using first order upwind scheme in both the flux and the source term,
is
u 4j − u 4j−1
b j − b j−1 u j + u j−1
∂t u j +
=−
.
(3.25)
4x
x
2
By applying the gPC approximations (3.3) and (3.6) and conducting the Galerkin projection, we obtain, for each m = 1, . . . , M,


(u N , j )4 − (u N , j−1 )4
m (z)
E ∂t u N , j +
(3.26)
4x


b N , j − b N , j−1 u N , j + u N , j−1
= −E
(3.27)
m (z) ,
x
2
or, in the matrix-vector form using (3.13),
∂t û j +

(B j − B j−1 )(û j + û j−1 )
S j û j − S j−1 û j−1
=−
,
4x
2x

(3.28)
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Fig. 1 Burgers’ equation with continuous bottom (4.3). Comparison of the mean of u obtained by the 4-th
order gPC–SG based on the cell average method (top) and the interface method (bottom) at the steady state.
Circles numerical solutions; dashed lines exact solution

where S j = S(û j ) = (smn, j ) is a (M × M) matrix with entries


smn, j = E u 3N , j m n ,
1 ≤ m, n ≤ M.

3.3.1 The WB Property
For the well-balanced property, we consider the steady state of the scheme (3.28),
S j û j − S j−1 û j−1
(B j − B j−1 )(û j + û j−1 )
=−
.
4x
2x

(3.29)

On the other hand, the steady-state governing Eq. (3.23) leads to the following gPC
Galerkin system
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Fig. 2 Burgers’ equation with continuous bottom (4.3). Comparison of the standard deviation of u obtained
by the 4-th order gPC–SG based on the cell average method (top) and the interface method (bottom) at the
steady state. Circles numerical solutions; dashed lines exact solution

1  
∂x Sû + B (x)û = 0,
4

(3.30)

where the matrix S = (smn )1≤m,n≤M has entries


smn = E u 3N (z)m (z)n (z) ,

(3.31)

and B is defined in (3.15).
It is then obvious that the steady-state scheme (3.29) is a second-order approximation to
the continuous gPC steady state Eq. (3.30). Therefore, the scheme (3.28) is sWB.
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Fig. 3 Burgers’ equation with continuous bottom (4.3). Error convergence (top) in mean (solid lines) and
standard deviation (dashed lines), with respect to gPC order for t = 0.025/8 (circles x = 0.1; squares
x = 0.05; crosses x = 0.025); Error convergence (bottom) in mean (circles) and standard deviation
(crosses) obtained by 4-th order gPC–SG method with x = 0.1, 0.05, 0.025, t = 0.025/8, where the
dashline is the reference line with slope 1

4 Numerical Examples
In this section, we present several numerical examples to demonstrate the effectiveness of
the sWB methods. Two error metrics are used: the errors in mean and in standard deviation
with l 1 norm in the spatial domain,
emean = E[u h ] − E[u]

l1 ,

estd = σu h − σu

l1 ,

(4.1)

where u h , u are the numerical solution and the reference solution, respectively. The reference
mean and standard deviation, if not available in analytical form, are typically computed by
high-order stochastic collocation methods, using either tensor Gauss quadrature or sparse
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Fig. 4 Burgers’ equation with multi-dimensional bottom function given by (4.5) with σ = 1, d = 3. Comparison of the mean of u obtained by the 4-th order gPC–SG based on the cell average method (top) and the
interface method (bottom) at the steady state. Circles numerical solutions; dashed lines exact solution

grids quadrature with sufficiently large number of points. We present mostly the cases of
univariate random inputs and only a few cases of multi-dimensional random inputs. This
makes a thorough examination of the errors straightforward. Applying gPC Galerkin methods
to multi-dimensional random inputs represents a rather trivial extension from one-dimension,
and has been demonstrated by numerous examples in the literature. We do caution that in
high dimensions the computational cost grows fast (curse-of-dimensionality).

4.1 The Burgers’ Equation
We first use the Burgers’ Eq. (3.8) with the following initial and boundary condition:
u(x, 0) = 0 for x > 0 ,

u(0, t) = 2 for t > 0 .

(4.2)

123

Author's personal copy
1210

J Sci Comput (2016) 67:1198–1218
0.25

0.2

0.15

0.1

0.05

0
0

2

4

6

8

10

0

2

4

6

8

10

0.25

0.2

0.15

0.1

0.05

0

Fig. 5 Burgers’ equation with multi-dimensional bottom function given by (4.5) with σ = 1, d = 3. Comparison of the standard deviation of u obtained by the 4-th order gPC–SG based on the cell average method
(top) and the interface method (bottom) with at the steady state. Circles numerical solutions; dashed lines
exact solution

For a continuous bottom function, b(x, z) is chosen as

(2 + z) cos(π x),
4.5 ≤ x ≤ 5.5;
b(x, z) =
0,
otherwise.
For a discontinuous bottom function, b(x, z) is chosen as

0.1(2 + z) cos(π x),
5 ≤ x ≤ 6;
b(x, z) =
0,
otherwise.

(4.3)

(4.4)

In all examples, z is a random variable uniformly distributed in [−1, 1].
The spatial discretization is conducted using 100 uniform grid points, and the time step
is set to be t = 0.025/8. For the continuous bottom case, the steady state condition is
u = 2 − b, from which the exact mean and standard deviation can be computed. The
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Fig. 6 Burgers’ equation with multi-dimensional bottom function given by (4.5) with σ = 1, d = 3. Error
convergence (top) in mean (solid lines) and standard deviation (dashed lines), with respect to gPC order
for t = 0.025/8 (circles x = 0.1; squares x = 0.05; crosses x = 0.025); Error convergence
(bottom) in mean (circles) and standard deviation (crosses) obtained by 4th order gPC–SG method with
x = 0.1, 0.05, 0.025, t = 0.025/8, where the dashline is the reference line with slope 1

numerical results are obtained by the fourth-order (N = 4) gPC Galerkin methods, using
both the interface scheme (3.14), which is sWB, and the cell-average scheme (3.21), which
is not sWB. The comparisons are shown in Figs. 1 and 2, for the mean and the standard
deviation, respectively. The difference is notable—the interface scheme (3.14) is sWB and
able to capture the steady state satisfactorily; the cell-average scheme (3.21) is not sWB and
leads to large error behind the bump in the bottom.
The errors based on the interface method at the steady state with respect to increasing
gPC order are plotted in Fig. 3, at various levels of grid resolutions, x = 0.1 (circles),
x = 0.05 (squares), and x = 0.025 (crosses). The fast exponential convergence with
respect to the order of gPC expansion can be observed. The errors quickly saturate at modest
gPC orders and the saturation levels become smaller with finer x, indicating that the spatial
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Fig. 7 Burgers’ equation with discontinuous bottom (4.4). Comparison of the mean of u obtained by the 5-th
order gPC–SG based on the cell average method (top) and the interface method (bottom) at the steady state.
Circles numerical solutions; dashed lines exact solution

discretization errors are dominant at this stage. In addition, first order convergence in space
is clearly observed in l 1 norm for the interface method based on 4-th order gPC–SG method
shown in Fig. 3.
We now consider a multi-dimensional random input case, where the bottom function is a
random field in the following form,


d 1
2 + σ i=1
cos(2πi x)z i ) cos(π x),
4.5 ≤ x ≤ 5.5;
iπ
b(x, z) =
(4.5)
0,
otherwise.
The formulation for the bump resembles the form of the well known Karhunen-Loeve
expansion, widely used for modeling random fields. For benchmarking purpose, we set
σ = 1, d = 3. The mean and standard deviation of the solution are shown in Figs. 4
and 5, where we observe good agreement between the interface scheme based on the 4th
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Fig. 8 Burgers’ equation with discontinuous bottom (4.4). Comparison of the standard deviation of u obtained
by the 5-th order gPC–SG based on the cell average method (top) and the interface method (bottom) with at
the steady state. Circles numerical solutions; dashed lines exact solution

order gPC-Galerkin method (which is sWB) using 100 uniform grid points and the time
step t = 0.025/8, and the reference solutions obtained over 8d tensor Legendre-Gauss
quadrature points. In addition, large error is clearly observed for the cell-average scheme
(which is not sWB).
The errors based on the interface method at the steady state with respect to increasing
gPC order are plotted in Fig. 6, at various levels of grid resolutions, x = 0.1 (circles),
x = 0.05 (squares), and x = 0.025 (crosses). The fast exponential convergence with
respect to the order of gPC expansion can be observed. The errors quickly saturate at modest
gPC orders and the saturation levels become smaller with finer x, indicating that the spatial
discretization errors are dominant at this stage. In addition, first order convergence in space
is clearly observed in l 1 norm for the interface method based on 4th order gPC–SG method
shown in Fig. 6.
The results of the discontinuous bottom case (4.4) are presented in Fig. 7, for the comparison of the mean solution, and in Fig. 8, for the comparison of the standard deviation. Again
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Fig. 9 Burgers’ equation with discontinuous bottom (4.4). Error convergence (top) in mean (solid lines) and
standard deviation (dashed lines), with respect to gPC order for t = 0.025/8 (circles x = 0.1; squares
x = 0.05; crosses x = 0.025); Error convergence (bottom) in mean (circles) and standard deviation
(crosses) obtained by 5-th order gPC–SG method with x = 0.1, 0.05, 0.025, t = 0.025/16, where the
dashline is the reference line with slope 1

the gPC scheme using interface method (3.14) possesses the sWB property and gives much
more accurate results than those obtained by the cell-average scheme (3.21), which is not
sWB.
The errors based on the interface method at the steady state with respect to increasing
gPC order are plotted in Fig. 9, at various levels of grid resolutions, x = 0.1 (circles),
x = 0.05 (squares), and x = 0.025 (crosses). The time step is t = 0.025/16. The fast
exponential convergence with respect to the order of gPC expansion can be observed. The
errors quickly saturate at modest gPC orders and the saturation levels become smaller with
finer x, indicating that the spatial discretization error is dominant at this stage. In addition,
first order convergence in space is clearly observed in l 1 norm for the interface method based
on 5-th order gPC–SG method shown in Fig. 9.
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f (u) = u 4 /4 with continuous bottom (4.3). Comparison of the mean (top) and standard deviation

Fig. 10
(bottom) of u obtained by the 4-th gPC–SG method based on the interface method (circles) and the reference
solution (dashed lines) at the steady state

4.2 The Example with f (u) = u4 /4
We now consider the case of f (u) = u 4 /4, which is discussed in Sect. 3.3. The same
continuous bottom function (4.3) as in the previous section is used here. The initial and
boundary conditions are
u(x, 0) = 0, for x > 0;

1

u(0, t) = 6 3 , for t > 0.

(4.6)

We use 100 uniformly distributed grid points in space and time step t = 0.025/64. For
the continuous bottom, the exact steady state is available, u = (3(2 − b))1/3 . The numerical
results obtained by the fourth order (N = 4) interface gPC scheme (3.28), which is sWB,
are plotted in Fig. 10. Good agreement can be observed between the gPC–SG solutions and
the reference solutions. The numerical errors are plotted in Fig. 11, at various levels of grid
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Fig. 11 f (u) = u 4 /4 with continuous bottom (4.3). Error convergence (top) in mean (solid lines) and
standard deviation (dashed lines), with respect to gPC order for t = 0.025/8 (circles x = 0.1; squares
x = 0.05; crosses x = 0.025); Error convergence (bottom) in mean (circles) and standard deviation
(crosses) obtained by 4-th order gPC–SG method with x = 0.1, 0.05, 0.025, t = 0.025/64, where the
dashline is the reference line with slope 1

resolutions, x = 0.1 (circles), x = 0.05 (squares), and x = 0.025 (crosses). The time
step is t = 0.025/64. The fast exponential convergence with respect to the order of the
gPC expansion can be observed. The errors quickly saturate at modest gPC orders, and the
saturation levels become smaller with finer x. First order convergence is clearly observed
in l 1 norm for interface method based on 4-th order gPC–SG method shown in Fig. 11.

5 Summary
In this paper, we proposed a class of stochastic well-balanced (sWB) schemes for scalar
hyperbolic conservation laws with random source terms. The new schemes are extensions of
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the deterministic WB schemes. They employ the generalized polynomial chaos (gPC) expansion, combined with the stochastic Galerkin projection. We showed that the new schemes are
WB in the stochastic setting and demonstrated numerically that they perform better than the
not well-balanced ones.
It is worthwhile to remark on the use of stochastic Galerkin and stochastic collocation
methods. The gPC Galerkin schemes developed here can enforce the sWB in the entire
random space in a weak form, regardless of the order of the gPC approximation. A stochastic
collocation method can naturally enforce WB property at the collocation nodes, provided
a deterministic WB scheme is employed. It can not, however, guarantee the stochastic WB
property at any other locations of the random space. In fact, at lower expansion orders, it
can almost surely destroy the WB property away from the collocation nodes because of
the approximation errors in the random space. (On the other hand, if one is only interested
in the solution statistics, e.g., mean, variance, etc. then stochastic collocation is easier to
implement and may be preferred in practice.) This paper serves as the first attempt to develop
WB schemes in stochastic Galerkin setting, and we intend to study more for nonlinear systems
of hyperbolic balance laws, and higher order numerical fluxes, in the future.
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