The |1-stability of a Hamiltonian-preserving
scheme for the Liouville equation with
discontinuous potentials

Xin Wen ¥ and Shi Jin*?

Abstract

We study the |1-stability of a Hamiltonian-preserving scheme, developed
in [3], for the Liouville equation with a discontinuous potential in one space
dimension. We prove that, for suitable initial data, the scheme is stable in
the I*-norm under a hyperbolic CFL condition. We also provide a counter
example to show that for other initial data, in particular, t he measure-valued
initial data, the numerical solution may become unbounded.

1 Introduction

In [3], we constructed a class of numerical schemes for tti@imensional Liouville
equation in classical mechanics:

ferv ref r VW r,=0; t>0 x;v2RY; (1.1)

wheref (t; x; V) is the density distribution of a classical particle at pogion x, time
t and travelling with velocity v. V(x) is the potential. The main interest is in the
case of a discontinuous potentiaV (x), corresponding to a potential barrier. When
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V is discontinuous, the Liouville equation (1.1) is a linear yperbolic equation with
a measure-valued coe cient. One needs to provide additioh@ondition in order to
select a unique, physically relevant solution across the tweer. The main idea of the
Hamiltonian-preserving schemes developed in [3] was to louinto the numerical
ux the particle behavior at the barrier.

The Liouville equation is a di erent formulation of Newton's second law:

dx _ v dv
dt ' dt
which is a Hamiltonian system with the Hamiltonian

=r 4V, (1.2)

= %jvj2+ V(x): (1.3)

It is known from classical mechanics that the Hamiltonian maains constant across
a potential barrier. By using this mechanism in the numerida ux, the schemes
developed in [3] provide a physically relevant solution tohie underlying problem. It
was proved that the two schemes developed in [3], under a hypelic CFL condition,
are positive, and stable under botd! and I' norms in one space dimension. The
detailed proof of Scheme I, using a nite di erence approachmvolving interpolations
in the phase space, was left out due to the length restrictiaof the publishing journal,
thus is provided in this article.

In Sections 2, we rst present Scheme | developed in [3]. In@®n 3, we prove
the 11-stability of this scheme for suitable initial data. We givea counter example in
Section 4 to show that for more general initial data, in partular the measure-valued
initial data, the numerical solution may become unbounded.

2 A Hamiltonian-preserving scheme
Consider the Liouville equation in one space dimension:
fo+ fy W =0 (2.1)

with a discontinuous potential V (x).
Without loss of generality, we employ an uniform mesh with gd points at

xi+%;i =0; ;N; in the x-direction and j+%;j =0; ;M inthe -direction. The
cells are centered atX;; ;);i =1; ;N;j =1; ;M with x; = %(XH_% + X 1)
and ; = l( jer 1) The mesh size is denoted by x = Xipl  Xi 1 =
TE . We also assume a uniform time stept and the discrete time is glve by
0= t0<t1 < <t_=T. Weintroduce mesh ratios { = —; '= -, , = —,
assumed to be xed. We de ne the cell averages 6f as
z z
1 Xi+% j+%
fij = f(x; ;t)ddx:
X X1 ol
) Iz



The 1-d average quantityfi.; - is de ned as
Z
1 i+ 3%
fivi=oy = — f (Xi+r=; ;t)d :
i3
f1j+1=2 is de ned similarly.
A typical semi-discrete nite di erence method for this equation is

@t + Fegy figy vai;j+% '
ij j i

M2 (-

=0; 2.2
. (22)
where the numerical uxesf;, 1,:f;;,: are de ned by the upwind scheme, an®V;
is some numerical approximation o¥, at x = X;.

Such a discretization su ers from at least two problems:

The above discretization in general does not preserve a ctamg¢ Hamiltonian
= % 2+ V across the discontinuities o¥/. Such a numerical approximation
may lead to unphysical problem or poor numerical resolution

If an explicit time discretization is used, the CFL condition for this scheme
requires the time step to satisfy

max j jj N max; jDVij
X

t

1; (2.3)

Since the potentialV (x) is discontinuous at some points, ma3DV;j = O(1= x),
so the CFL condition (2.3) requires t= O( x ).

In classical mechanics, a particle will either cross a potiad barrier with a chang-
ing momentum, or be re ected, depending on its momentum andnothe strength
of the potential barrier. The Hamiltonian H = % 2+ V should be preserved across
the potential barrier:

2PV =2 PV (2.9

where the superscripts indicate the right and left limits of the quantity at the
potential barrier.

The main ingredient in the Hamiltonian-preserving schemedeveloped in [3],
like the early work for shallow-water equations [5], was touild into the numerical
ux the particle behavior at the barrier. Since the density dstribution f remains
unchanged across the potential barrier, thus

fx™ T)="f(tx ;) (2.5)

at a discontinuous pointx of V(x), where * and are related by the constant
Hamiltonian condition (2.4). This was used in constructingthe numerical ux in

[3].



We now present the rst Hamiltonian-preserving scheme, dald Scheme lin [3].
Assume that the discontinuous points of the potentialV are located at the grid
points. Let the left and right limits of V at point Xj;; -, be\/i: 1 andV,, ., respectively.
2 2
Note that if V is continuous atx; .-, then \/I’;l =V, .. We approximateV by a
2 2
piecewise linear function

+

V..., V'

The ux-splitting, semidiscrete scheme (with time continwus) reads

fo,. fF

i+1

2’]
@y +

+
V.

fiep T sy, (2.6)

1
2

N

X X

where the numerical uxesf;; , 1 are de ned using the upwind discretization. Since
the characteristics of the LIOUVI||e equation may be di erat on the two sides of a
potential discontinuity, the corresponding numerical uxes should also be di erent.
The essential part of the algorithm is to de ne the split numeical uxes f. 1 f " 1

2

E
at each cell interface. (2.5) will be used to de ne these wee
AssumeV is discontinuous atx;.;-,. Consider the case; > 0. Using upwind
schemef . = f;. However,
2

ey = FOGao )= T )
while is obtained from j+ = j from (2.4). Since may not be a grid point, we
have to de ne it approximately. The rst approach is to locate the two cell centers
that bound this velocity, then use a linear interpolation to evaluate the needed
numerical uxat . The case of; < O is treated similarly. The detailed algorithm
to generate the numerical ux is given below.

The algorithm

>0
f|+%;j :fij;
o If \/i+l i:ll
r
P if j> 2 \/|+l \/|:l '
2 2
r
= 2+2 \/:-l \/|+%
if « < 41 for somek
then f|+ 1 - fik + kfi;k+1




P else

i:—l'j = fi+1;k where = j
5
P end
. +
0 |f \/i+%<vi+%
— 2 +
- j+2 V|+% V|+%
if < k+1 for somek
thenfi’;l = A fy+ “fik+1
2
. — +
o if V|+% i+3
+ -
i+ 3 fi+11
o end
;<0
+ —_ .
i+ UEEE
oifVv.,<V"',,
i+ 5 i+3
f
. N
P ifj;j> 2 Vi+% Vi+% ,
r
t = j2+2 V| \/.+1
i+ 3
if T < 41 for somek
thenfi+;,j = fiaxt K ien ket
L
P else
fi+%;j = fik where =
P end
: +
o if \/i+%>vi+%
+ — 2 +
- j+2 V|+% i+%
if * < 41 for somek
thenfi+;_j = X figg 4 “Firt ke
L
0 itV =V,
2 2
— +
fi+%;j T vl
o end



After the spatial discretization is speci ed, one can use gntime discretization
for the time derivative.

In [3] we proved that, when the rst order upwind scheme is uskspatially, and
the forward Euler method is used in time, and the potentiaV has a single jump,
Scheme | is positive and! -contracting under the CFL condition:

2 3

L max gt
tgmaX’X“H z 1 2.7)

\2 v*
Note that the quantity Lx'll’ represents the gradient of potential at its

smoothpoint, which has a nite upper bound. Thus the scheme satis es a hyperbolic
CFL condition.

3 The I!-stability theory of Scheme |

In this section we prove thell-stability of Scheme | (with the rst order numerical

ux and the forward Euler method in time) under a suitable asamption on the

initial data. We consider the simple case wheW (x) is a step function, with a jump
D;D> 0 at X+ 1- Namely

+
Voo Vo
m+ 2 m+ 2

=D; V.. ,=V_,ii<m; V. ,=V'
2 m+3 I*3 m+

> m:
2
: . L P_— P
We consider the typical situation that ; < 2D; v > 2D, so that all
possible particle behaviors are included. We also choosestimesh such that 0 is a
grid point in the -direction.
De ne an index set

q
Dif = f(;i)ixi  Xm; j < 2 2Dg:

Due to velocity change across the potential jump akm+%, D{ represents the

area where particles come from outside of the domamyfxy] [ 1; m]- In order to
implement Scheme | conveniently, we need to choose the cortgiional domain as

Eq=f(;j)ji=1; ;N;j=1; ;MgnD}: (3.1)
Figure 3.1 depictsEy4 and D}
We de ne the I*-norm of a numerical solutionf; to be
- 1 X
jifja= N ifijl

d (i )2Eq

6



with N4 being the number of elements irk .

Given the initial data fi?; (i;)) 2 E4. Denote the numerical solution at timeT
to be f;(i;j ) 2 Eq. To prove the|'-stability, we need to show thatjf “j;  Cjf %;.

Due to the linearity of the scheme, the equation for the errdoetween the analyt-
ical and the numerical solution is the same as the scheme Ifsgo in this section,f;
will denote the error. We assume there is no error at the bouady, thus f{' =0 at
the boundary. If the I*-norm of the error introduced at each time step in incoming
boundary cells is ensured to be(1) part of jf "j;, our following analysis still applies.

Since Vi (x) = 0 except at X = Xm+1=2, Scheme | is given by:

1)if ;> 0;i 6 m+1,

fit=@ 5 Of+ 5 i fiys (3.2)
2)if ;< 0i6m,
B =@ g i 0f + 00 e (3.3)
3)if | > 2D,
frrr]1++11;j =@ 5 )fmegtj x(Grfmk + Grafmuea); (3.4)
aifo< ; ',
frrrl:li;j =@ meg + i Fmeak (3.5)
5)if ; <0,
P = (@0 g0 Dm0 %Gk Fmsan* Groaa Fmst o) (3.6)

q
where0 cx landck+ G+ = 1. In(3.4) k is determined by 7 2b<

q
k+1, IN (8.5) = i, and in (3.6) « 7+2D < 1. We omit the
superscriptn of f;; on the right hand side.
Using the triangle inequality in (3.2)-(3.6), one typicaly gets the following

if "1 i X Sif N 3.7
J Jl N IJJ |JJ! ( . )
9 (i )2Eq

where the coe cients j are positive. One can check that, under the hyperbolic CFL
condition (2.7), j 1 except for possiblyij) 2 DZ [ D, with the de nitions:

q_—
D2 =f(m;j)jo< ;< 2 2D+ g

p
Do = f(m+1;))j; < 224+2D + @

7



m+1

Xl Xm+1/2 N

Figure 3.1 Sketch of the index set®?;D?, ;D

Denote
Mi= max_ j; M= max j:
(ij)2D3 (ii)2Df 4
Our next step is to prove thatM ; M, are bounded independent of the mesh size.
Let us rst examine M.
De ne the set
n p__ q_ ]
§"= j%jp> 2D; % 2D | < for (m;j)2 DZ:

Let the number of elements inS™ be N;". One c(?n check thatN" 2 because
every two elementg ?;j3 2 S™ satisfy J?? 2D j2(2) 2Dj j jo g9
On the other hand, one can easily check from (3.4), fom(j) 2 D2,

m <1+N" 3

so the boundedness d¥l, is proved.
Next we study M,. De ne the set

n q___ o)

sm= o Z+2D  jj< for (m+1;])2 Dyt



Let max = Maxfj 1j;j mjg. Using the CFL condition, == 1. So from (3.6)

X
one can get, forn +1;j) 2 D}, , the estimate for . :
X 1 X
m1j < 1+ Jjod x 1+ — INCE (3.8)

jOZS-m+1 max jOZS-m+l
] I

Since jo, forj°2 Sjm”, are in fact an arithmetic progression with increment
Denote the minimum and maximum element inSjm+1 to be my; m, respectively.

Since m,; m, < 0,0ne hag n,j | m,j- The last summation in (3.8) turns out to
be

X . . . . . .. . 2 2
jjoj — J m1]+J sz J mlj J sz +1 ma ma2 4 max - (39)
jOZSjm+l 2 2
On the other hand, becauseny; m, 2 S™**,
q —-— 09—
2 +2D 2 +2D 2
q —- 9§—
) 2,+2D 2,¥2D+2
q —
) m mt2 h,t2D 44 %
2 2 q —
) % 2,+2D +2 max t2 (3.10)

Combine (3.8)-(3.10), we get

1
(2 max t2 )=3+2

max max

merj < 1+

with (m+1;j) 2 D4,,. Therefore the boundedness d¥l, is proved.
In summary, we have

M1<3 M;<3+2

max

both are bounded independent of mesh size.
DenoteM?=max(0;M; 1);MI=max(0;M, 1). From (3.7),

if i i N +M_f % 'f.r"+M_g % ifni: 3.11
J Ji ) J1 N J uj N J IJJ' ( . )
4 (ij)2p3 4 (ij)2p2

m+1

We now impose an assumption:
Assumption 1



There exists a positive constant, such that

8(1;))2 S, =f(i:])] Xi <Xp.1: 0< j< .0 (3.12)
it holds that
jfijoj Cyjf %y : (3.13)

Remark: When arisen from the semiclassical limit of the linear Schdinger
equation, the Liouville equation is supplied with measurealued initial data [1, 4],
which does not satisfy this assumption. Thus Scheme I, wheirettly applied to this
problem, may have stability problems, as shown in the next ssection. However,
in [2], a decomposition of the initial data was introduced, Wich allows one to solve
the semiclassical limit problem with only bounded initial é&ta. Thus Scheme | is
still suitable by using this decomposition, as shown in [3].

We now establish the following theorem:

Theorem 3.1. Under Assumption 1, the scheme (3.2)-(3.6) it'-stable
jfhjn Cif %

Proof. From (3.11),

8 9 8 9
L. MK X=Xt X =
i 0 g i YN i o (3.14)
9n=0" (ij)203 dn=0" Gjrepd,
It remains to estimate 8 9
X 1< X =
SS= ifii. (3.15)
n=0 " (ij)2D3
and 8 9
X 1< X . ‘:
S; = : it (3.16)

n=0 " (i;j)2Ds

We begin with estimating S,.
De ne the set

S =f(i;j)i Xi>Xp,1;(M+1;))2 D50

8(i;j) 2 S;, due to the zero boundary condition and the upwind nature ofhe

scheme, one has X

fo= o Of Sq; (i5))2 S (3.17)
(P;)2Sr

10



with 20 0.
Notice Di,, S,
0 1
X X1 X . X o
S, @ o oA it ol F (p; 9if gqi;
(m@)2S:  n=0 (i )2DA ., (P;@)2 S

(3.18)

where we have de ned

X1 X )
in0. (p:g2S: (3.19)

F(p;d = oq

n=0 (i;j )2D 11
The next step is to estimate these coe cients. De ne

ij 0 X iin 0
n=0

then (3.19) gives
X X1t X
ijn 0 ij 0.

F(p:0) = pq pq -
(ij)2D%,, n=0 (i )2D% .4

Hence it is useful to evaluate .
i and q = ] due to the upwind ux

Notice gqo is not zero only whenp
i0whenp = iandq= j. Denote

and constant potential. We rst evaluate J;
=1 Mlld =1t From scheme (3.3)
(3.20)

ijo X |Jn 0_ j\n
= (dl) =

ij - ij

=
o
I\Q_|H

n=0

n=0
Since {;j) 2 S andc, &) t so

1
¢ 2D |

We now evaluate gjo whenp >i. >From scheme (3.3),
(3.21)

iin +1;0  — j ijno i+1;jn 0.
Pq 1 Pq + dz !

then a sum ofn from 0 to 1 in (3.21) gives
ijo _— i+1;j0. ; .
pa = pg s ISP

11

(3.22)



We now can evaluate- (p; g) for (p;0) 2 S;.

X
. joO— m+1;00 — m+2;9,0 — — ;g0
F(p,CD J q.0 — q:0 — =

pq pq pq pq 1
(ij)2D#

m+1

Therefore, from (3.18) we get

X X
S F(;Qif g 1 if gl
(p;q)2>8< (P;a)2 Sy
1 J'f.?qj = 1Ngjf %a:
(P;9)2Eqg

Our next step is to estimateS;. De ne the set
S =f(i;j)i Xi <Xp.1;(m;j)2Dg:
Similarly when (i;j ) 2 S, one has

n X ijn 0 O A
(p;a)2S

Dividing set D2, into two parts:
DE'=f(;j)2Daj; .9 DZ=f(j)2DAij< .0
and also de ne the corresponding two parts 0§,
St=f@i;i)2Sj; 9 S=f([j)2Si;< .0

Note that S? is a subset ofS, in (3.12).

Correspondingly,S; is also divided into two parts
8 9 8 9
X1i< X = K1< X =
S = i+ . ifii. = Su+ Sw

n=0 " (ijj)2pZ' ' n=0 " (ij)2D%?

Similar to the previous case, we can get the upper bound of thest term

Su  2Ndjf %

with th . Substituting (3.25) into S, gives
0 1
X Xxrx
Siz @ b A i i
(p@)2s?  n=0 (j;j)2DF?

12

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)



Using Assumption 1,

0 1
X X1 X .
S Caif %1 @ in oA
(Pia)2S? n=00(i;j )2D%? 1
. X1 X X -
= Cijf Y, @ in A (3.28)

n=0 (i )2D%? (p;a)2S?

Now we evaluate (., I8 % when (;j ) 2 D% Write (3.25) as

X
n _— ijn 0g 0 . 2;2.
fi = oq fpg  (5]) 2 Dg= (3.29)
(Pia)2S?
When the initial values are constant 1, including the ghostaells at the boundary,
the numerical solutions at the next time step still remain ushanged, while the

coe cients gg %in (3.29) do not include those corresponding to the ghost ¢®lthus

ijin 0 . 2:2.
o 1; 8(i;j)2 Dg~:
(pig)2S?

Continuing from (3.28),

X 1 X e 0
S12 Cyjf %1 1 w
n=0 (ij )2D&?
it aNajf 7] (3.30)
(Xn+1 X1) g ' '
with 3= W being anO(1) quantity.
Now from (3.26), (3.27) and (3.30),

Si1 (2% 3)Ngjf % (3.31)

Combing (3.14), (3.24) and (3.31),
if “ix jEO%+ M jf %+ MY o+ 2)if %
= [1+ M{ + MY 2+ 3)if %
Cijf %1

whereC 1+ M? 1+ MJ( 2+ 3). Thus Theorem 3.1 is proved. O

13



4 A counter example for instability

There arises another question about whether condition (38} in Assumption 1 is
necessary for thd!-stability. In this subsection we give an counter example vith
shows that if this condition is violated, the solution may beome unbounded inl!
norm.

Here we impose the assumption:

Assumption 2

There exists a positive constant, such that8(i;j) 2 S, in (3.12), it holds that
Cyjf %
x4

it . q>0 (4.1)
with C; independent of the mesh size.

Remark: Assumption 2 reduces to Assumption 1 in the casg= 0.

We rst introduce some notations.

De ne the sets

P—
So =fkj 2D+ « 3z 200 g
Sm=fki9j 28%; st j« i< or k:i+% J

Let Ng be the number of elements ir5,,. We name the elements ir5,, ask;;i =
1;2; ;Ngsuchthatk; <k,<:::<Kk\y;.
De ne an one-to-one map fromS;, to Sr% as
. . . o1
Ts(k)=j st: j2S%: j« i 5 K 2 Sp:
It is clear that 1 ) pf+ i ; i=1:2 N
Let o = min(g;%). We chooseT such that T { < x
i,thusL<m andL<N m 1. Let

1
2

L Xy and T | <

m+
XN+% Xm+

Lo =int( LT )L; (4.2)

where int(x) is the biggest integer equal to or less thaw.
De ne a function G(k) as

G(k)=int( L  %); k2 Sp:

Clearly, G(k;) G(kz) G(kn,)-
SinceL <m, soG(k) <m for k 2 S;,. De ne the following set of index of cells

H=f(@j)i2Sam G(j)<i mg:

Let N, be the number of elements irH. Our next step is to check the condition
under whichNy, > L .

14



Lemma 4.1. Nj, > L ¢ under the mesh size restrictions

- 2D
96 10 4
£1010 9D T
t ot
S T #)°
Proof. According to the de nitions, |
X X X '
Ny, = G(k) = int L k; > L; K N
k2Sm k2 Sm kaSm p
X q 10 D
> Lt 2 2 i(lOSS)ZD
k2s9,
)%IS q E— 1 t
> L ! (2D+i )2 2D g'- tx+?
i=1 "
r #
3L (X _ — 2
> p— | 2D + i 2D + i 2D
20 .,
1 ! — —
= ty
3L T 10 3 2D
Lt X — B P—
= p—2— 3 2D+ 2D + i 2D
20D i=1
1 R —
:—)’L L= 10 3 2D
pil‘ X ’ pstD ‘ 3 x2 2Dd L ! t
> — X X X = + =
200 "= s 1 ST
S L ¢ }pﬁ 8" 200 AL, B
l 20D 3 3 3 T
We impose the following restriction on the mesh sizes
S — 0__
8 20D 2D
p p ¢
1+ (10 3D 1
T 3 12" 10

p

p

10

10

3

3

3

(4.3)

4.4)

(4.5)

2D

)

p__
2D

(4.6)

4.7)

(4.8)



then continue from (4.6),

Lt Ltt
N,> —p-—%X = _pXxX .
""" 12710 12710 t

According to (4.2), Lo < LL ! @ = (LTt)—ll'fU Therefore, in order that Ny, > L o,

one needs to impose the mesh size restriction

1
tt @

t< —p—~——— 4.9
12 101t @ (4-9)
One can rewrite the mesh size restriction (4.7), (4.8) and @) to that on x
which are (4.3)-(4.5).
Now, under the mesh size restriction (4.3)-(4.5), it holdshtat N, > L .

We now prove the following theorem:

Theorem 4.1. 8qg > 0 in Assumption 2,8hg > 0, 9 x<hgo, T >0, 8B > 0,
of "Q; (1;] ) 2 Eq4 satisfying Assumption 2, such that

jflia>Bjf %p:
Proof. We de ne a function Fy in H as
X 1
Fu(i;j)=m G(G)+1+  G(k) if j=ks (ij)2H:
=1
Fu in fact is an one-to-one map fronH to (1;2; ;Ny). Now de ne the set
He = f(5))i@5)) 2 HiFu(iij)  Log:

SinceNy, > L o by Lemma 4.1, the number of elements ikl is L.
We can now introduce the initial valuefijQ satisfying the condition of Theorem
4.1:

f0=co (i5j)2Hy; (4.10)
fP=0; (i;j)2 EqnHy; (4.11)

wherec, > 0 is a constant.

16



We rst check that these initial values satisfy Assumption 2 Since

0
00 Ng _ 2MN _ 20600 X)(meg 1) 5 °
jf Ojl Lo L2 ¢ XT2 q° )(q0 ’
thus Assumption 2 is satis ed if
2 0
2(XN+% X%)( M+% %) §< d < C, ) (4 12)
(T2 & xa° xa’ '

Condition (4.12) is satis ed under the following mesh sizeestriction

C, , T2 ¢

X <
2 o
2n+r X)(mer 1) & !

(4.13)

because we have chosefi< q.

Next we analyze the relation betweeff “j; and jf %;. SinceL<N m 1, the
solution at the boundary cells remains zero for all the timetsps. If we de ne the
sets

Smo = f(i;j)ii=mij 2 Sng;
S = F(ii)iXi <Xme1i 2 Sng;
Sho= f(ii)ixi >X 23] 2 S3;

then at each time step, only solutions at cells belonging t8! or S, are possibly
nonzero. Namely
fi =0 for (i;j)2EqnfS| [ Sho: (4.14)

Since our scheme is positive preserving, and the initial vads (4.10) and (4.11) are
nonnegative, the numerical solutions at each time step aréxays nonnegative. Then
similar to the proof of (3.7), at each time step

1

jf n+1j1 = fijn+1

4 (i )2Eq
—_ l B n
- _d b

(i;j)ézEd « «

1 1 1
= N AR ify + < fi

4 ij)2s), d (i )2s, 9 (i )2Eqnf S, [ Sho

(4.15)
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Note the last term in (4.15) is zero by (4.14).
For scheme (3.2) one sees that among thosg with (i;j) 2 S|, [ S&,, j 61
only when (;j ) 2 ST, so continuing from (4.15) gives

1 X 1 X
Jf n+1j1 - _— mj fr':] + fin: (416)
Ng . ' Ng :
(m;j )2SH (i;j )2EqnSH
We now estimate ., for (m;j) 2 Sf;. From schemes (3.2) and (3.4), fomg;j) 2
Sm, by setting j°= Ts(j), one has

m =1 3t oGy (4.17)

wherecq are the coe cients in (3.4). 0 0
According to the de nitions of Sy, and S, G4 %; ; < 1 2D; jo> " 2D in
(4.17). So (4.17) gives

D .

X"

m > 1+ (4.18)

Then (4.18) together with (4.16) give

. +1. t

it > 6 *Ng m T NG i
(m;j)2sm (i )2Eq

d fro+ if Ny (4.19)

(m;j)2sp

Summing up (4.19) fromn =0to L 1, one gets

P 1 Xt X
t
6 Nu o (miesp

jitja > jf %+ fo (4.20)

Write X

fi = I ofos (i) 2 Sh: (4.21)
(Pa)2Sh,
SinceS™ 2 Sl , substituting (4.21) into (4.20) gives

0 1
X X1t X

|-
Q)

t mjn 0 A f 0
X Pg pa

il > Jf°jl+ép5

Z

4 (pg2sl,  n=0 (mj)2sy

1 X X1 X .

t mjn 0 A Co

“Nyg Pq
(m@)2HL  n=0 (m;j)2sm

@O
[ERN

1P —
T 6
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0 1

. P— ¢ X X Xt
= jf 0J1+ & 2D ;N—d @ g’j\]l’l 0A
(m;j )6Sm (p;j)2HL n=0
0. 1IP— o X1 X X1
itfheg D g @ TRInOA (4.22)

4121 (pk)2H n=0

whereks 2 S, is the quantity such that 9 FI) satisfyingm  G(ks) <i m and
Fu(irks) = Lo. Thus we need to estimate .y, neo o o fOr (m;j) 2 ST,
From scheme (3.2), one has fok(j) 2 H,

kj;n +1;0 _ ot kjn O ~t k LjnoO.

Adding (4.23) fromn=0to L 1 leadsto

X 1 X 1 1
kjL0+ kin 0 _ 1 ot kjn0+ ot k 1;jno0,
pi pj Iox pi Iox pi ’
n=0 n=0 n=0
therefore,
1 1 1
kin0 _ k 1;jn0 kjL O
pj - pi t P
n=0 n=0 Jox
X 1
— k 2;jn0 1 kjL O+ k 1;jL O]
pi o tbopi pi
n=0 Ix
X 1
— pjn 0 1 liL O
pi t pj
n=0 Ix = p+1
X 1 1 K1
— kjn 0 kjL 0.
n=0 I X =p

Applying (4.24) whenk = m, one gets the relation

1 X 1 1 ) ¢ 1

mjn 0 _ mjn 0 mjL 0.

e A S (4.25)
n=0 n=0 I X =p

Fora xed j 2 S, adding (4.25) forp such that (p;j) 2 H gives

X X1 X 1 1 X1

o= GGy - pne t (I m+G(@) ™% (4.26)

(pij)2H n=0 n=0 I X=m 6()+
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According to the de nition of pSm and S, whenj 2 S,, | < %pf. The
CFL condition (2.7) implies that 2D ! < 1,s0 ; { < 1 whenj 2 S,. Dene

j= j t,onehas "-°=(@ et m mIch ! hence,
X 1 X 1
jLO _ | | |
i = @ prtmpier
l=m G(j)+1 I=m G(j)+1
g 1 int(yL) 1 1
- I 1T~ - [N .
= @ Dt iCL= @ Dt jCL<§-
1=1 =1

The proof of the last inequality is in the Appendix. Continung from (4.26) gives

X XKt Xt 1 G(j)
SJ)JHO S G(j) mj}no -
(pij)2H n=0 n=0 Iox
@ ;0- 1 G3).
ot t 9

J X ] x

(4.27)

= 6(j)"

By the de nitions of S, and S¢, forj 2 S,

R —
> (2b+ )2 2D

Q—pi
> 2 2D : (4.28)

i

In order for | { > 2= zT—t , from (4.28),

9 2

| r—
2 2D >
55
) < VRN
(TL.*.]_)Z
55
X< —— ¢
(TL.*.]_)Z .

(4.29)

Under mesh size restriction (4.29),; & > % > % thus
1 1 1

1 . ty\L < (1 —\L < < _—-

i<l pPreg<sg

By using (4.27), one gets

1 .
Pl 10 ¢ 10 20 '

(pij)2H n=0



where in the last inequality we used; § > % under mesh size restriction (4.29).
Next one needs to estimates appeared in (4.22) as the upper bound of the
summation. From the de nition of s in (4.22),

XS
G(k) Lo: (4.31)
=1
On the other hand, for 1 s° N,
0 0 0
>§ G(k t>é 0 t>é q 2 0Ot 0
) < L K+t S <L , @ 2D+s ,L +s
=1 =1 1=1
t X q 0tT
< P W b Droird
=1
Lt Z IDﬁ+( s%+1) S0t o
X 2 X
< gp? - 3 | 2Dd + — t+s
Ly "Pos oy P, AT L
< gpT 2 2D (s°+1) + ——+ st (4.32)
By choosings®= sy! %, (4.32) gives
0 t 1 P— 0t
G(k) < 8 X(ZDL:L %4 S xl o0
=1
t 1 p—
< 8 x(ZDL)“'L SN% S SN th .
o p__! s sp
3 8;(:%[2;11)pTL 2 Yp 7
3 UL
p20D pﬁ |
3 tT Pp—-
. X . 230D 2D
t
_ t P ___ 3 2
8;(2D)%pT - 20 1 P 7"
= 4— |_2 zqo
3 t
[ p p__
P—— 20D 2D tL
2D P—
+ o= D L+ s - (4.33)
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If one imposes the mesh size restrictions

_ - 3 3
gDy’ T ~ tm o Pt
o L2 Zq0< _L2 q°.
3"1 . 4 ’
IO20D Y | 1
—5 D tL< 2L2 9
P __
230D p 2D tL 1 ,
< ZL? 9
T 4
which corresponds to
0 3q - 1 4
T
X< — B Sk (43
t P __
324@2D)s T + 32 1 2D
0 1.
T 1 te
x< —@__, A (4.35)
t 20 Pay ¢
X 4 -3 2D X
0 1.
T T o
t< —t@ —p— A : (4.36)
x 4 2B 2D !
then under (4.34)-(4.36) one has, fog®= sy? 3%,
x’ 3,0
G(k) < 21|_2 <L (4.37)
1=1
Comparing (4.37) with (4.31) gives
0 1 ) pﬁ tl g
s>yl i @2 ° - ALt (4.38)
Now combining with (4.30) and (4.38), (4.22) gives
S 0 1 2o pﬁ tl L ed
el - . 0 2D Co 2 3 5
Jf LJl > Jf Ojl+ W ;N—d@ T A L2 eqo
_ 0 ) pf tl 1 g
.o 2D . L 2
P 10+ 55 NOZO @ > A L (4.39)
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8

2 p 2, Pp P (313 2
I b Lk o
- >>7 120 ¢ T > 1t h

So08B > 0, one can choose mesh size such that

p_ %1 Pw o) e
1+ 2D t@2__° A Lisp
120 * T
or
Op— 01 "7 Poy (Lt sl @
¥ < 1% 2D [ 52 "3 A 2
t=128 ¢ T ’

under which it holds that
jf 5j > B jf %y

Appendix

Lemma A.1l. AssumeO< < % N is a positive integer, then

E 1
@ HN''cy< >
1=0

where K] represents the biggest integer equal to or less than

Proof. Notice that
X\l N | [l
@ M'ley =1

=0

so proof of (A.1) is equivalent to prove

(] 1 X
D e DA e
I=[ N ]

=0

(] 1 ! X
¢l < ol

’ 1
1=0 I=[ N ]
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(4.412)
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(A.2)



Denotek =[N ],then &k 2N <N ) k<N +1 k. Denote | =

(:—)'C\;1=0;1;  ;N, we rst compare the two terms  y and :
« _ N+1 k _N+1 k N N+1 k k.
K1 k 1 k N N k N k™= 7
By comparing « , and .1, one has
k+1 — k+1 k k 1 > k+1 k 1
k 2 k k1 k2 k k2
N+1 (k+1)N+1 (k 1) 2
k+1 k 1 1
(N+1 kK2 1 k 2
> 1. .
k2 1 N k 1 (A-3)
By induction, one can generally prove the following results
1151 1 1 k) < ax11 O | k 1
k|
Thus the inequality (A.2) is proved. O
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