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Prologue

Question

What is “information”?

We begin with an analogy:

Which contains more information?
10 minutes of radio static

10 minutes of NPR’s All Things Considered

10 minutes of a pure tone (say, a middle C)

Colloquially: NPR is the clear winner

Information-theoretically: static wins; it is harder to compress
(assuming lossless compression)
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Prologue

A similar mismatch occurs between “information” in effective
randomness and in computability theory.

Setting the context

We consider infinite binary sequences (elements of 2N).

Useful information
We substitute “computability-theoretic strength” for the colloquial
meaning of information.

Randomness
“Random” sequences should look like they were generated by
flipping a coin (1 for heads and 0 for tails).

There is no absolute notion of randomness; instead, we have a
hierarchy of randomness classes.
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Prologue

Within this context, the following patterns have emerged:

Heuristics
1 More random sequences are less useful (i.e., have less

computability-theoretic strength).
2 Less useful sequences are more random (if random at all).

The goal of this talk is to provide evidence for these assertions.

But first: What do we mean by “computability-theoretic strength”?
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Computability-theoretic strength

Definition
A function f : N→ N is computable if there is an algorithm (or
computer program) to compute it.

Similarly for sets of natural numbers, binary sequences, functions
R→ R, . . .

We measure the “computability-theoretic strength” of X ∈ 2N by
asking what can be computed from X.

Question

What does it mean to compute from X?
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Computability-theoretic strength

Imagine that we have X ∈ 2N written on an (infinite) hard drive.

If X is not computable, this hard drive gives our computer (possibly
feeble) additional computational power. (At the very least, there is a
program for X.)

What might we want to do using X?

Compute another sequence Y ∈ 2N. (We say that Y is computable
from, in, or relative to X.)

Compute a function that dominates every computable function.

Compute a function that is not dominated by a computable
function.

. . . .
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The first heuristic

More random sequences are less useful.

Clearly: you can’t compute a function that dominates every
computable function.

What if you had access to a random sequence?

Proposition

The set of sequences that compute a function that dominates every
computable function has measure zero.

Therefore, a sufficiently random sequence does not compute a function
that dominates every computable function.
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The first heuristic

Similarly:

Proposition (Sacks)

If Y ∈ 2N is not computable, then the set of sequences that compute Y
has measure zero.

Therefore, a sufficiently random sequence does not compute Y.

It is safe to say that most computational tasks do not benefit from
having access to a random sequence. But some do. . .

Theorem (Martin)

The set of sequences that compute a function that is not dominated
by any computable function has measure one.

Therefore, a sufficiently random sequence does compute a function not
dominated by any computable function.
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Defining randomness

To make sense of “sufficiently random” and “more random”, we use
notions from Algorithmic Randomness.

Basic Questions

Given a finite binary sequence (a string) σ, how much information
does it contain? I.e., how complex is it?

What does it mean for a sequence X ∈ 2N to be random?

For strings, we use prefix-free (Kolmogorov) complexity [Levin; Chaitin].

Idea
The complexity of a string is the length

of its shortest binary description.

What do we mean by description?
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Examples of strings

In a reasonable “system of descriptions”:

(a)

10100 bits︷ ︸︸ ︷
101010 · · · 10 would have a short description.

(b) The first 10100 bits in the binary expansion of π− e would have a
fairly short description (much shorter than 10100 bits).

In any “system of descriptions”:

(c) The result of flipping a coin 10100 times (heads=1, tails=0) will
almost certainly not have a description much shorter than 10100.

There are not enough short descriptions to go around.
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What is a description?

Question. What sort of descriptions should we use?

Answer.
1 Want to be able to figure out what a description describes.
2 No proper prefix of a description should be a description.

In other words, we want our descriptions to be “decoded” by a
partial computable function with prefix-free domain:

M : 2<N → 2<N

Think ofM as a decompression algorithm.
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Why prefix-free?

If a description could be a proper prefix of another description, then
we need to be told when a description ends.

This is extra information

So, a description of length n could contain more than n bits of
information. Description length can underestimate complexity.

Intuition
In a prefix-free system, descriptions code their own lengths.

Hence, the length of a description is not extra information.
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Decompression functions

LetM : 2<N → 2<N be a partial computable function with prefix-free
domain (a machine).

Definition (Kolmogorov complexity with respect toM)

KM(σ) = min{|τ| : M(τ) = σ}.

Question. But how should we chooseM?

Answer. There is an (essentially) optimal choice. There is a universal
prefix-free machine U that (de-)compresses as well as any otherM
(up to a constant that depends onM).

Prefix-free (Kolmogorov) complexity

K(σ) = KU(σ).
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Martin-Löf randomness

Idea. Random sequences should be incompressible.

Definition

X ∈ 2N is Martin-Löf random (1-random) if
K(X �n) > n−O(1).

Martin-Löf random sequences can also be characterized as being:

Unremarkable: miss all “effective” measure zero sets [Martin-Löf
1966]

Unpredictable: (semi-)effective betting strategies cannot win
against then [Schnorr 1971]

Fact. Almost all sequences are Martin-Löf random.
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Aside: Randomness and differentiability

Classically, a function f : R→ R of bounded variation is differentiable
almost everywhere.

Theorem (Demuth 1975)

X ∈ 2N is Martin-Löf random iff every computable function f : R→ R
of bounded variation is differentiable at X (identifying real numbers
with their binary expansions).

(This has been translated slightly; Demuth was a constructivist.)

Definition
f : R→ R is computable if there is an algorithm that, given any Cauchy
sequence and modulus of convergence for x, produces a Cauchy
sequence and modulus of convergence for f(x).
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Aside: Randomness and differentiability

Nondecreasing functions are a special case of functions of bounded
variation.

Theorem (Brattka, M., Nies)

X ∈ 2N is computably random iff every nondecreasing computable
function f : R→ R is differentiable at X.

Definition (Schnorr 1973)

X ∈ 2N is computably random if no computable betting strategy can
win an unbounded amount of money betting on the bits of X.

Martin-Löf randomness =⇒ computable randomness, but not the
other way around.
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Computable randomness

Computable randomness is less robust than Martin-Löf randomness.

Example (Kjos-Hanssen)

There is a computably random sequence X ∈ 2N such that the even
bits of X compute the odd bits and vice versa.

Example (Bienvenu, M.?)

There is a computably random sequence X ∈ 2N such that for almost
every other sequence Y ∈ 2N, X is not computably random relative to
Y (i.e., if we have Y written on our infinite hard drive).

Both examples severely contrast with basic intuitions about
independence.

Martin-Löf randomness exhibits neither pathology.
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Other randomness notions

There is a hierarchy of randomness notions:

...
⇓

weak 3-randomness
⇓

2-randomness
⇓

weak 2-randomness
⇓

1-randomness (Martin-Löf randomness)
⇓

computable randomness
⇓

Schnorr randomness
⇓

weak 1-randomness (Kurtz randomness)
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What do you get with more randomness?

If X ∈ 2N is. . .
Schnorr random, then it satisfies the law of large numbers.

Martin-Löf random, then its even and odd bits don’t compute
each other.

weakly 2-random, then it doesn’t compute the halting problem.

2-random, then it does compute a function that is not dominated
by any computable function.

weakly 3-random, then it doesn’t compute a function that
dominates all computable functions.

The first heuristic (recap)

We see the first heuristic illustrated: more random sequences tend to
have less computability-theoretic strength.
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The second heuristic

Several results have the following form:
Template

Assume that X ∈ 2N is somewhat random. If X is computability-
theoretically feeble, then it is automatically more random.

Examples

Theorem (Hirschfeldt and M.)

If X ∈ 2N is Martin-Löf random and does not compute a
non-computable computably enumerable set, then X is weakly
2-random.

In fact, this is a characterization of weak 2-randomness.

20 / 30



Randomness enhancement (examples)

Theorem (Nies, Stephan and Terwijn 2005)

If X ∈ 2N is Schnorr random and does not compute a function
dominating all computable functions, then X is Martin-Löf random.

More feebleness gives us a larger boost:

Theorem (Yu)

If X ∈ 2N is Kurtz random and every function X computes is
dominated by a computable function, then X is weakly 2-random.

As we’ve noted: every 2-random computes a function that is not
dominated by a computable function.
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Randomness enhancement (examples)

Theorem (M. and Yu 2008)

If X ∈ 2N is Martin-Löf random and there is a 2-random that
computes X, then X is 2-random.

This example is different: we are not directly placing a limit of what
X computes, but making an assumption about what computes X.

Theorem (M. 2010)

If X ∈ 2N is Martin-Löf random and
(∃∞σ) K(σ) 6 KX(σ) +O(1),

then X is 2-random.

(In fact, this is a characterization of 2-randomness.)

KX(n) is the prefix-free Kolmogorov complexity of σ relative to X (i.e.,
with Xwritten on our infinite hard drive).

The condition says that there are infinitely many strings that X
doesn’t help compress.
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Towards a more general result

We have several results suggesting an inverse relationship
between how random a sequence is and its
computability-theoretic strength.
To formulate a more general result, we need a more refined
notion of what it means for one sequence to be “more random”
than another.

Recall:

Theorem (Levin; Schnorr)

X ∈ 2N is Martin-Löf random iff K(X �n) > n−O(1).

In fact:

Theorem (Chaitin)

X ∈ 2N is Martin-Löf random iff
K(X �n) − n→∞.

So, random sequences have excess complexity.
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Excess complexity and randomness

Idea
Use the amount of excess as a measure of randomness.

Does this work? There’s evidence:

Theorem (M. 2010)

X ∈ 2N is 2-random iff (∃∞n) K(X �n) > n+ K(n) −O(1).

Theorem (M.)

There is a (nondecreasing) function g : N→ N such that X ∈ 2N is
2-random iff

K(X �n) > n+ g(n) −O(1).

We say that g is a “gap” that characterizes 2-randomness.
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Maximal gaps

Definition

The maximal gap for X is gX(n) = minm>n K(X �m) −m.

In other words, gX is the maximal nondecreasing function such that
K(X �n) > n+ gX(n).

Definition (The gap degrees)

Write Y 6g X if gX dominates gY . In other words, if
K(X �n) > n+ gY(n).

We can interpret Y 6g X as saying that X is more random than Y.

Note: this approach only makes sense for Martin-Löf randomness
and above. It says nothing about computable randomness, Schnorr
randomness and Kurtz randomness.
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The gap degrees

Question

Does Y 6g X really mean that X is more random than Y?

Maybe. . .

Corollary

If Y 6g X and Y is 2-random, then X is 2-random.

But it is open whether weak 2-randomness or 3-randomness are
closed upward in the gap degrees.

Theorem
Chaitin’s halting probabilityΩ is below every 2-random.

No other attempt to capture what it means to be “more random” has
this property.
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A general result

Definition (Measuring the compressive strength of X)

Let αX(n) = minm>n K
X(m).

Observation

If αX dominates αY , then Y is better than X at compressing long
strings. In this sense, Y has more computability-theoretic strength.

Theorem

If X is Martin-Löf random, then αX(n) = gX(n) +O(1). In other
words, αX is essentially the maximal gap of X.

(The proof uses tools developed with Liang Yu.)
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A general result

Assuming that X and Y and Martin-Löf random:
Y 6g Xmeans that. . .

X is more random than Y (it has higher initial segment
complexity).

Y has more computability-theoretic strength than X (it is better at
compressing long strings).

Technically:
Higher complexity is the same as less compressive power

If X ∈ 2N is Martin-Löf random, then
minm>n K(X �m) −m = minm>n K

X(m) +O(1).
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Epilogue

Our goal was to explain:
Heuristics

1 More random sequences are less useful (i.e., have less
computability-theoretic strength).

2 Less useful sequences are more random (if random at all).

We gave intuition for the first and examples of both.

Finally, we gave a general result inversely linking
computability-theoretic strength to the amount of randomness.
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Thank You
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Domination

Definition
We say that f : N→ N dominates g : N→ N if

(∃n)(∀m > n) f(m) > g(m).
In other words, f is eventually as large as g.

Domination properties are important in computability theory.

The two we have mentioned have names (that we won’t use; we’re
avoiding jargon).

X ∈ 2N is. . .
high if it computes a function that dominates every computable
function.

hyperimmune-free if every function that it computes is dominated
by a computable function.

Go back


