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2 MICHAEL CHRIST AND ALEXANDER KISELEV1. Introdu
tion and ba
kgroundThe basi
 obje
t of study is a time-independent S
hr�odinger operator on the real line(1) H = � d2dx2 + V (x):Standing hypotheses throughout these notes (ex
ept for the dis
ussion of a few examplesin x1) are that V is real-valued and that Rjx�yj<1 jV (y)j dy ! 0 as jxj ! 1, althoughTheorem 22 
an be formulated more generally. Then H is self-adjoint on L2(R). Consideredinstead as an operator on L2[0;1) with (say) Diri
hlet or Neumann boundary 
onditions,it is likewise self-adjoint.A quantum-me
hani
al interpretation is that the free Hamiltonian H0 = �d2=dx2 de-s
ribes the behavior of a free ele
tron, while H0+V des
ribes one ele
tron intera
ting withan external ele
tri
al �eld, des
ribed by the potential V . One 
an sometimes think of Vas representing some disorder. We will be interested in the 
ase of small disorder, whereV ! 0 at 1 in some sense.If V is suÆ
iently small, then the spe
trum of H0 + V should resemble that of H0. Oneof the goals of the theory surveyed in these notes is to justify this expe
tation for 
ertain
lasses of potentials. In parti
ular, reasonably pre
ise and sharp 
onditions will be givenfor the persisten
e of absolutely 
ontinuous spe
trum under perturbations.To any self-adjoint operator H on a Hilbert spa
e H and any ve
tor ' 2 H is asso
iateda spe
tral measure �', satisfying(2) hf(H)'; 'i= ZRf(�) d�'(�)for any Borel measurable, bounded fun
tion f .Any �nite measure � de
omposes as �s + �a
 where the summands are respe
tivelysingular with respe
t to, and mutually absolutely 
ontinuous with respe
t to, Lebesguemeasure. The singular 
omponent de
omposes further as �pp+�s
 where the last summand
ontains no atoms, while �pp is a 
ountable linear 
ombination of Dira
 masses. H is saidto have (some) absolutely 
ontinuous spe
trum if there exists ' 6= 0 su
h that (�')a
 6= 0,and to have purely absolutely 
ontinuous spe
trum if �' = (�')a
 for every '. We oftenabbreviate \absolutely 
ontinuous" as \a
". Similarly one speaks of pure point and purelys
 spe
trum. Ha
 denotes the maximal subspa
e of H on whi
h H has purely absolutely
ontinuous spe
trum.The point spe
trum is di
tated by the eigenfun
tions, that is, the L2 solutions of Hu =Eu. By a generalized eigenfun
tion2 of H = H0 + V we mean a solution u of Hu � Eu forsome E 2 R. A generalized eigenfun
tion has at most exponential growth if V is uniformlyin L1lo
; the spe
trum is related to those with at most polynomial growth. More pre
iselinks between growth rates and the a
 spe
trum will be dis
ussed in x3.Suppose that a Borel measure � on R is absolutely 
ontinuous with respe
t to Lebesguemeasure. By an essential support of � is meant a Borel set S su
h that �(RnS) = 0, and�(E) > 0 whenever E � S has positive Lebesgue measure.To �' is asso
iated its Borel transform(3) M�'(z) = h(H � z)�1'; 'i = ZR(�� z)�1 d�'(�):2This term is often used in with a more spe
i�
 meaning, but in these notes will always mean any solutionof the eigenfun
tion equation, with no growth restri
tion.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 3Sin
e �' is a �nite measure, M(z) is well-de�ned whenever Re (z) > 0. Its imaginary partis(4) Im (M�'(E + i")) = ZR "(�� E)2+ "2 d�'(�):Let � be any lo
ally �nite positive measure. De�ne(5) D��(x) = lim sup"!0 �(x� "; x+ ")(2")� :By di�erentiation theory, in order to prove that a �nite measure � has a nonzero absolutely
ontinuous 
omponent, it suÆ
es to prove that D1�(x) > 0 for all x in some set havingpositive Lebesgue measure. If lim sup"!0+ Im (M�)(E + i") > 0, then D1�(E) > 0.A brief tour of some basi
 
lasses of potentials, and the spe
tral properties of the asso-
iated S
hr�odinger operators:� The free Hamiltonian H0 = �d2=dx2 has purely a
 spe
trum.� If V (x) ! +1 as jxj ! 1 then the spe
trum 
onsists of a dis
rete sequen
e ofeigenvalues tending to +1.� If V 2 L1(R) then H0+V has only point spe
trum (aka bound states) in R�, with0 as its only possible a

umulation point. In R+ the spe
trum is purely absolutely
ontinuous, and an essential support is R+ itself. If xV (x) 2 L1 then there are only�nitely many bound states.� (Wigner-von Neumann potential) There exists a potential with asymptoti
 behaviorV (x) � 
 sin(2x)=x whi
h has an eigenvalue at E = +1, embedded in the 
ontinuousspe
trum.� In Rn for3 n > 1, if V (x) = O(jxj�r) for some r > 1, then there are no positiveeigenvalues [26, 53, 1℄. Moreover, by the theorem of Agmon-Kato-Kuroda [43℄,�s
 = ;, and an essential support of �a
 is R+.� If V is periodi
 in R then the spe
trum is purely absolutely 
ontinuous, and 
onsistsof a 
ountable sequen
e of intervals [aj ; bj℄ with bj � aj+1 and aj ; bj ! +1.� The Almost Mathieu operators h a
t on `2 byhu(n) = u(n� 1) + u(n+ 1) + v(n)u(n);(6) v(n) = � 
os(��n+ �)(7) where �; �; � are parameters. They exhibit all manner of spe
tra, in
luding purelyabsolutely 
ontinuous, dense pure point, and purely singular 
ontinuous, dependingon the magnitude of � and Diophantine properties of �.� ([42℄, [30℄) Let h � 0 be 
ontinuous and 
ompa
tly supported, but not� 0. Considerpotentials with large gaps:(8) V (x) =Xn anh(x� xn)where xn ! +1, and an ! 0. If xn=xn+1 ! 0 suÆ
iently rapidly then thespe
trum is purely absolutely 
ontinuous if a 2 `2, and is purely singular otherwise.� Consider instead a family of potentials(9) V!(x) = 1Xn=�1 an(!)h(x� n)3With rare ex
eptions, we dis
uss only operators on R1; this is one ex
eption.



4 MICHAEL CHRIST AND ALEXANDER KISELEVwhere a 2 `1, and ! 2 
, a probability spa
e. Suppose that R h = 0, and thatan = bnrn(!) where bn 2 R and frng are independent, identi
ally distributedrandom variables, whose distributions are bounded and absolutely 
ontinuous withrespe
t to Lebesgue measure. If bn � b, a nonzero 
onstant, then for almost every!, the spe
trum of H0 + V! 
onsists entirely of (a dense in R+ set of) eigenvalues;there is no 
ontinuous spe
trum. The same holds more generally, if bn � n�r andr � 1=2.� In the pre
eding example, if instead fbng 2 `2, then for almost every !, the spe
trumis purely absolutely 
ontinuous.� For any r < 1, there exist potentials satisfying V (x) = O(jxj�r) for whi
h the setof all eigenvalues is dense in R+ [38℄,[55℄.When V 2 L1, there is no point spe
trum embedded in the 
ontinuous spe
trum. Whenfor instan
e V = O(jxj�r) and r < 1, it remained an open question until around 1996whether there was ne
essarily any 
ontinuous spe
trum. The �rst progress, for r > 3=4,was due to Kiselev [28℄; a series of papers, 
ulminating in [9℄ and Remling [44℄, establishedexisten
e of a
 spe
trum for all r > 1=2. The situation is highly unstable, in the sense thatfor r < 1 there is sometimes dense point spe
trum embedded in the 
ontinuous spe
trum.Deift and Killip obtained a de�nitive result, in some respe
ts, by quite a di�erent method[19℄.Theorem 1 (Deift and Killip). If V 2 L1 + L2(R) then H0 + V has nonempty absolutely
ontinuous spe
trum; moreover, an essential support equals (0;1).These notes des
ribe a further development of the method of [9℄, whi
h requires slightlystronger hypotheses on V , but yields additional information. In parti
ular, this additionalinformation 
an be used to study the asso
iated S
hr�odinger group exp(itH).2. Two (sample) prin
ipal resultsThe main purpose of the work outlined in these notes is to better understand S
hr�odingeroperators with rather slowly de
aying potentials by(1) Analyzing the behavior of the asso
iated generalized eigenfun
tions.(2) Applying the resulting estimates to analyze the evolution group exp(itH).(3) Extending the dis
ussion to wider 
lasses of potentials.In the 
ourse of doing so, we will also(4) Extend the range of the mu
h-used WKB approximation, establishing a theory inwhi
h WKB asymptoti
s hold for parametrized families of fun
tions, almost surelybut not uniformly with respe
t to the parameter.(5) Develop general ma
hinery 
on
erning multilinear integral operators, and maximalversions thereof.We now formulate two sample theorems, in order to indi
ate more 
on
retely where weare heading.Theorem 2. [10℄ Let V 2 L1 + Lp(R) for some 1 < p < 2. Then an essential supportfor the absolute spe
trum of H = ��2x + V is R+. For almost every � 2 R there exists ageneralized eigenfun
tion satisfying(10) u(x; �)� ei�(x;�) ! 0 as x! +1;



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 5where4 �(x; �) = �x� (2�)�1 R x0 V .du=dx has 
orresponding asymptoti
s i� � ei�(x;�).La
k of smoothness of the potential is not the issue here; assuming that �kV=�kx 2Lp + L1 for all k would not 
hange the 
on
lusions, nor would it make the theorem anyeasier to prove.5 Indeed, the examples (9) are smooth in this sense. This is as one mightexpe
t, from the un
ertainty prin
iple; spe
tral properties of H at energies in any �xed
ompa
t subinterval of R should not depend strongly on behavior of the potential on s
ales. 1. The situation is quite di�erent if V satis�es symbol-type hypotheses, ensuring thatsu

essive derivatives of V de
ay su

essively more rapidly [24℄.This theorem 
aptures a 
ertain tradeo�: it has weaker hypotheses than V 2 L1, buto�ers a (ne
essarily) weaker 
on
lusion. The improvement from hypothesizing merely thatV 2 Lp, rather than power de
ay V = O(jxj�r), has the physi
al interpretation that longgaps in whi
h the potential vanishes identi
ally do not a�e
t the a
 spe
trum (so long asV is suÆ
iently small; gaps are the essential feature of the examples of Pearson des
ribedabove).Our se
ond sample result 
on
erns long-time asymptoti
s for the asso
iated evolutioneitH . For de�nitions of wave and s
attering operators see x12.Theorem 3. [14℄ Let H = H0 + V on L2(R+) with Diri
hlet boundary 
ondition at theorigin. Suppose that V 2 Lp + L1 for some 1 < p < 2. Suppose further that(11) limx!+1 Z x0 V (y) dy exists:Then for ea
h f 2 L2(R+), the wave operators 
� exist in L2 norm as t ! �1. Moreover,
� are bije
tive isometries from H = L2(R+) to Ha
.For the physi
al interpretation, see x12.Moreover, the s
attering operator (
+)�1 Æ
� 
an be identi�ed as a \Fourier multiplier"operator, whi
h 
an be expli
itly des
ribed in terms of the asymptoti
s of the phase �(x; �).See Theorem 27. 3. A 
riterion for a
 spe
trumHow 
an one get a grip on the spe
tral measure for a selfadjoint operator H? A 
riterionof Weyl 
hara
terizes points E of the essential6 spe
trum by the existen
e of sequen
es ofunit ve
tors 'n tending weakly to zero, for whi
h k(H � E)'nkH ! 0. For S
hr�odingeroperators (in any dimension, satisfying mild hypotheses not stated here), an extension bySimon of a theorem of S
h'nol [47℄ states that the spe
trum, as a set7, 
oin
ides withthe 
losure of the set of energies for whi
h there is a polynomially bounded8 generalizedeigenfun
tion; see also [54℄, page 501.Several devi
es are potentially available for studying the a
 spe
trum:4A perhaps more familiar form for the exponent is i R x0 p�2 � V (y) dy. If V 2 L2, this is equivalent toi�(x;�).5Throughout these notes, the 
lass Lp+L1 
an be repla
ed by the Birman-Solomjak spa
e `p(L1), whi
his the Bana
h spa
e of all fun
tions satisfying Pn(R n+1n jV j)p <1.6The essential spe
trum is the spe
trum minus all isolated eigenvalues of �nite multipli
ity.7More pre
isely, for almost every energy with respe
t to any �xed �', there exists a polynomially boundedgeneralized eigenfun
tion.8Subexponential growth suÆ
es.



6 MICHAEL CHRIST AND ALEXANDER KISELEV(1) (Perhaps the best-known strategy for this IPAM workshop audien
e.) Analyze theasso
iated group eitH (eitpH being problemati
 be
ause H need not be positive),and re
over �' by Fourier inversion from the formula heitH'; 'i = R eit� d�'(�).(2) Estimate resolvents (H��2)�1, and apply Stone's formula via the Weylm-fun
tion.(3) Apply the subordina
y theory developed by Gilbert and Pearson.(4) Apply a 
riterion [15℄ relating the spe
tral measure to the growth properties ofapproximate eigenfun
tions. See Proposition 4 and Corollary 5, below.We next dis
uss these 
riteria in slightly greater detail. While the time-dependent �rststrategy has been enormously su

essful in other aspe
ts of spe
tral theory, it does notappear promising here. One seeks to re
over the absolutely 
ontinuous 
omponent of somemeasure, whi
h may have also have a singular 
omponent, from the asymptoti
s of itsFourier transform, a daunting prospe
t.The Weyl m-fun
tion is m(�) = u+� 0(0)=u+� (0); it equals �xx;yG�2(x; y) evaluated at (0; 0)where G� is Green's fun
tion, that is, the kernel asso
iated to (H � �)�1. A formula ofStone reads(12) ��1 Im (m(E + i")) dE ! d�(E) as "! 0+in the sense of weak limits, where � is a positive measure on R su
h that H is unitarilyequivalent to multipli
ation by E on9 L2(R; �).m 
an be related to other quantities, spe
i�
ally to the re
ipro
als a; b of transmissionand re
e
tion 
oeÆ
ients (for the de�nitions see (34) below), by(13) m(�2) = i�a(�)� b(�)a(�) + b(�) :From this, it follows that(14) Im (m(�)) � 4��1ja(�)j�2:In this way, upper bounds for a lead to lower bounds for Im (m), then
e to the presen
e ofabsolutely 
ontinuous spe
trum by (12) plus a limiting argument. Later we will dis
uss indetail upper bounds for a and for related quantities.A generalized eigenfun
tion u(x) with energy E, for a one-dimensional S
hr�odinger op-erator, is said to be subordinate at +1 if(15) limy!+1 R y0 ju(x)j2 dxR y0 jv(x)j2dx = 0for any linearly independent generalized eigenfun
tion v with the same energy. Subordina
yat �1 is de�ned analogously. Then [22℄ the singular spe
trum is supported on the set ofall E for whi
h there exists a generalized eigenfun
tion that is subordinate at both +1and �1, and the absolutely 
ontinuous spe
trum on the set of all E for whi
h there existsno su
h generalized eigenfun
tion.A 
onsequen
e of the subordina
y theory is [58℄ that if V is uniformly in L1lo
, and ifall generalized eigenfun
tions are globally bounded on R for all E in some set �, thenthere is a
 spe
trum everywhere on �, and no singular spe
trum. See also [52℄ for a proofand dis
ussion, in
luding further referen
es to the general subordina
y theory. For furtherdevelopment see [25℄.This 
onsequen
e of subordina
y theory is all that is required to dedu
e spe
tral im-pli
ations from properties of generalized eigenfun
tions whi
h will be established in these9Fun
tions in L2(R;�) taking values in an appropriate auxiliary Hilbert spa
e.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 7notes. However, before pro
eeding to that analysis, we dis
uss here an alternative ap-proa
h, whi
h may o�er potential advantages for other problems, in parti
ular, for higherdimensions. This may turn out to be of some importan
e, be
ause the subordina
y theoryand m-fun
tion approa
hes are spe
ial to dimension one. (Note that the spa
e of all gener-alized eigenfun
tions with given energy is two-dimensional for R1, but in�nite-dimensionalin higher dimensions.)This new 
riterion relies on a notion of approximate eigenfun
tions.Proposition 4. [15℄ For any spe
tral measure �' asso
iated to a self-adjoint operator Hon a Hilbert spa
e H, any E 2 R, and any " > 0,(16) Im M�'(E + i") � 
0"�1 sup jh';  ij2where the supremum is taken over all  2 H satisfying(17) k k = 1 and k(H �E) k � ":Thus in order to prove that the absolutely 
ontinuous 
omponent of �' 
harges a set S,it suÆ
es to show that for almost every E 2 S there exists a sequen
e  j 2 H su
h thatk(H �E) jk=k jk ! 0 and(18) jh';  jij2k jk � k(H � E) jk � 
 > 0;uniformly as j ! 1. Indeed, normalizing to make ea
h  j a unit ve
tor and setting"j = k(H � E) jk, we dedu
e that lim sup"!0 Im M(E + i") is stri
tly positive. Hen
eD1�'(E) is likewise stri
tly positive, by the standard majorization of the maximal Poissonintegral by the Hardy-Littlewood maximal fun
tion.Proposition 4 is quite easy to prove. By the spe
tral theorem, we may assume thatH is multipli
ation by the 
oordinate � on L2(R+; d�) for some positive measure �; thend�' = j'j2d�. Now(19) j Z ' d�(�)j2� � Z j'(�)j2 "(��E)2 + "2d�(�)�� Z j (�)j2(��E)2 + "2" d�(�)�� j Im M�'(E + i")j"�1(k(H � E) k2+ "2k k2);from whi
h the 
on
lusion follows by invoking the 
onditions k k = 1 and k(H�E) k � ".�Amore 
on
rete 
riterion for the existen
e of absolutely 
ontinuous spe
trum is as follows.Corollary 5. Suppose that V 2 L1lo
(R), uniformly on unit intervals. Let S � R andsuppose that for ea
h E 2 S, there exists a generalized eigenfun
tion uE of H0+V satisfyingthe growth restri
tion(20) lim infR!1 R�1 Zjxj�R juE(x)j2 dx <1:Then for any 
ompa
t subset S0 � S of positive Lebesgue measure, there exists ' su
h that�'(S0) > 0.In parti
ular, (20) is satis�ed if uE 2 L1.This 
riterion may seem paradoxi
al, for it asserts in parti
ular that the existen
e for ea
hE in some interval of a genuine eigenfun
tion (that is, a solution uE 2 L2(R) of (H�E)uE =



8 MICHAEL CHRIST AND ALEXANDER KISELEV0) implies a
 spe
trum; the paradox is that genuine eigenfun
tions 
orrespond not to a
spe
trum, but to point spe
trum. However, su
h a situation is impossible; eigenfun
tions
an o

ur only for a 
ountable set of values of E. A key point here is that approximateeigenfun
tions satisfying the relevant growth bound are required to exist for a set of Ehaving positive Lebesgue measure.In order to dedu
e the Corollary from Proposition 4, one must produ
e a sequen
e ofapproximate eigenfun
tions. This is done by multiplying generalized eigenfun
tions bysequen
es of 
uto� fun
tions. Fix h 2 C20(R), with h � 1 in a neighborhood of the origin.Set u(R)E (x) = h(x=R)u(x). Then(21) (H0 + V � E)(u(R)E ) � �R�2h00(x=R)uE(x)� 2R�1h0(x=R)u0E(x):Fix any nonnegative ' supported in a suÆ
iently small interval near 0 but in [0;1); thenit is easy to see that jhuE ; 'ij = jhu(R)E ; 'ij 6= 0 for all E 2 S 0 for whi
h juE(0)=u0E(0)jis suÆ
iently large; other E may be handled similarly by a di�erent 
hoi
e of '. One-dimensional ellipti
 regularity theory applied to the equation Hu = Eu, in 
onjun
tionwith (20), reveals that u0E likewise satis�es (20). From (21), we then dedu
e that k(H �E)u(R)E k � ku(R)E k = O(R�1=2) �O(R1=2), so the 
riterion (18) holds. �This 
orollary is rather general. The 
riterion (20) applies in Eu
lidean spa
e of anydimension. It likewise applies to �L + V on any Lie group, where L is a self-adjoint left-invariant (subellipti
, not ne
essarily ellipti
) sub-Lapla
ian and V 2 L1, with fjxj � Rgrepla
ed by the ball of radius R, with �xed 
enter, with respe
t to the Carnot-Caratheodorymetri
 asso
iated to L.4. Expansions for generalized eigenfun
tionsTo begin to analyze the generalized eigenfun
tions, suppose that V 2 L1. The equation�u00 � �2u + V u = 0 may be written formally as u = (�2x + �2)�1V u, modulo adding anelement of the nullspa
e of �2x + �2. One of several inverse operators is(22) (�2x + �2)�1g(x) = (2i�)�1 Zy>x �ei�(x�y) � e�i�(x�y)�g(y) dy :Seeking a solution asymptoti
 to ei�x as x! +1, we arrive at the integral equation(23) u(x) = ei�x + (2i�)�1 Z 1x �ei�(x�y) � e�i�(x�y)�V (y)u(y) dy:If V 2 L1 then the usual 
ontra
tion mapping argument yields for every � 6= 0 the existen
eof a solution satisfying u�(x)� ei�x ! 0 as x! +1.Alternatively, one 
an iterate the equation, at least formally, to arrive at(24) u(x) = ei�x + (2i�)�1 Z 1x �ei�(x�y) � e�i�(x�y)�V (y)ei�y dy+ (2i�)�2 ZZx�y1�y2 �ei�(x�y1) � e�i�(x�y1)�V (y1)� �ei�(y1�y2) � e�i�(y1�y2)�V (y2)u(y2) dy1 dy2 :



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 9The �rst line has no unknown u. The terms involving V are s
alar multiples ofe�i�x Z 1x ei2�yV (y) dy(25) ei�x Z 1x V (y) dy(26)(25) is e�i�x
Vx(�2�), where Vx(y) = V (y) ��[x;1)(y). At this point we re
all one formu-lation of the theorem of Carleson on almost everywhere 
onvergen
e of Fourier series andintegrals: If f 2 L2 then R s�1 ei��f̂(�) d� 
onverges as s ! +1, for almost every �; as afun
tion of (�; s), the inde�nite integral belongs to the spa
e L2�L1s . If V 2 L2 then byPlan
herel's theorem we may write V = f̂ , so (25) is bounded in s for almost every �.Even for �xed s, say s = +1, one merely has square integrability in �, rather thanlo
ally uniform bounds. This la
k of uniformity is related to the possible presen
e of densepoint spe
trum. The 
onne
tion with Fourier integrals is an indi
ation of the natural roleplayed by L2 in the analysis of the generalized eigenfun
tions.(26) behaves quite di�erently; if V =2 L1 then it may have no reasonable interpretation.One 
ould rearrange matters to repla
e the interval of integration by [0; x℄, so that itwould be �nite for �xed x. But we seek L1(dx) estimates (or at least the L2 analoguesR R0 juj2 dx � CR needed to apply Corollary 5, and no su
h estimates would hold uniformlyin x.If this iteration pro
ess is 
arried out to in�nite order, one obtains a power series expan-sion for u(x; �) in terms of V . A sample quadrati
 term is(27) ei�x ZZx�y1�y2 e�i2�y1ei2�y2V (y1)V (y2) dy1 dy2;and then higher-order terms. Ea
h term de�nes a fun
tion of (x; �) by applying a multilinearoperator to m 
opies of V , m = 1; 2; 3; : : : . One 
an hope that this last sample term is notmu
h worse behaved than the expression ei�xV̂ (2�)V̂ (�2�) obtained by integrating over ally1; y2 2 R. On the other hand, in�nitely many terms arise whi
h share the defe
t of (26).We thus fa
e three diÆ
ulties: (i) justifying the hope just expressed, (ii) summing boundsoverm = 1; 2; 3; : : : , and (iii) dealing with summands that fail to satisfy the bounds soughtfor the sum itself.This last diÆ
ulty is familiar; individual terms of the Ma
laurin series for the boundedfun
tion exp(ix) are unbounded. We will see in x7 how the power series expansion for u�
an be reorganized by grouping 
ertain terms together, so that no obviously unboundedterms remain. In fa
t, this grouping pro
ess amounts to nothing more than summation ofthe Ma
laurin series for the imaginary exponential fun
tion.5. WKB approximationSuppose temporarily that V satis�es symbol-type hypotheses:(28) j�kxV (x)j � Ckjxj�Æ�k�for some Æ; � > 0, for all k, for large x. We seek now a formal asymptoti
 approximation toa generalized eigenfun
tion u�(x) for H = H0 + V , as x! +1, for �xed � 6= 0. Set(29) u�(x) � ei (x);



10 MICHAEL CHRIST AND ALEXANDER KISELEVexpand  �P1n=0  n, and set  0 = �x. We seek a solution of symbol type, with ea
h  k+1de
aying more rapidly than  k.  is to satisfy(30) ( 0)2 � i 00 = �2 � V:Thus (�+ 01)2� i 001 � �2�V . Dropping the terms  001 and ( 01)2 be
ause we expe
t themto de
ay more rapidly than  01 itself, we �nd that(31)  01 = �(2�)�1V:Thus  01 = O(jxj�Æ), while  001 = O(jxj�Æ��) and ( 01)2 = O(jxj�2Æ). This pro
edure may berepeated to obtain  0n for every n, satisfying symbol-type estimates with gain of jxj�min(�;Æ)at ea
h iteration.In the 
ase where V does not satisfy symbol-type estimates, we will seek generalizedeigenfun
tions of the formu�(x) = ei�(x;�) + o(1) as x! +1; with(32) �(x; �) = �x� (2�)�1 Z x0 V (y) dy :(33)The lower limit of integration may equally well be 
hosen di�erently.Observe two things. Firstly, the WKB phase shift �(2�)�1 R x V is in general unbounded,if V =2 L1. Se
ondly, we may try to measure the quality of an approximate solution ~u bythe remainder �~u00+V ~u��2~u. For ~u = exp(i�x), this remainder has modulus jV (x)j. For~u = exp(i�(x; �)), it has modulus j
1V 2(x)+
2V 0(x)j for 
ertain 
onstants 
j depending on�. The term V 2 is on the average smaller than V . However, V 0 is in general only de�ned inthe sense of distributions, and in general de
ays no more rapidly than V itself, even with aliberal measure of its size, for instan
e in a Sobolev spa
e Hslo
 with s = �1. Nonethelessour main results show that for V 2 L1 + Lp, 1 < p < 2, without any di�erentiabilityhypothesis, the approximation (32), (33) is a

urate for Lebesgue-almost every �.See [3, 32, 62℄ for original papers on the WKB approximation.6. Transmission and refle
tion 
oeffi
ientsSuppose temporarily that V has 
ompa
t support. Fix � 2 R. There exists a uniquegeneralized eigenfun
tion u+� that is � exp(i�x) for x near +1. Near �1,(34) u+� � a(�)ei�x+ b(�)e�i�xfor 
ertain 
oeÆ
ients a; b. The quantitites(35) t(�) = 1=a(�); r(�) = b(�)=a(�):are 
alled respe
tively the transmission and re
e
tion 
oeÆ
ients. Their interpretationis that an in
oming wave ei�x from �1 intera
ts with the potential and splits into are
e
ted wave r(�)e�i�x plus a transmitted wave t(�)ei�x. For our purposes, a; b are morefundamental than t; r.The 
onstan
y of the Wronskian of u+; u+ 
an be equivalently rephrased as10(36) ja(�)j2 = jb(�)j2+ 1 for all � 2 R:10In the time-dependent pi
ture, this translates to an in�nitesimal form of 
onservation of energy; itsays that the energy of the in
oming wave equals the 
ombined energies of the transmitted and re
e
tedwaves. In the time-independent framework under dis
ussion here, it 
an be interpreted as a 
onservation ofprobability densities.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 11Temporarily allowing � to be 
omplex, we �nd that E = �2 is an eigenvalue if � 2 iRwithnegative imaginary part, and a(�) = 0. A small 
omputation shows that jaj+ jbj, and hen
ejaj alone, 
ontrol the magnitude of the ve
tor (u+(x); du+(x)=dx) for x to the left of thesupport of V .For 
ompa
tly supported V 2 L2, the following remarkable tra
e identity11 [4, 20℄ holds:(37) ZRlog ja(�)j�2d�+ 2�3 Xk j�kj3 = �8 ZRV 2 dxwhere f�kg is the 
olle
tion of all eigenvalues of ��2x+V .12 This set is ne
essarily �nite, andea
h �k is negative. An outline of a simple, dire
t proof may be found in [19℄; it involves adeformation of the 
ontour of integration into the upper half spa
e in the 
omplex plane.13The se
ond term on the right arises from any poles 
oming from zeros of a, while the �rstarises in the limit as the 
ontour is pushed to in�nity.This has the following 
onsequen
e. Let � � Rnf0g be a 
ompa
t interval. Denote byu�(x) the unique generalized eigenfun
tions with (u�(0); u0�(0)) equal either to (1; 0), or to(0; 1). Then if V 2 L2[0; x℄,(38) Z� log(1 + ju�(x)j) d�� C + C Z[0;x℄ V 2;where C < 1 depends only on �. In parti
ular, if V 2 L2(R), then the left-hand side isbounded, uniformly in x. This bound may seem extraordinarily weak; u is only logarith-mi
ally integrable in �. But no more 
an be expe
ted. If one thinks of V as Pj Vj withea
h Vj supported in [j; j + 1℄, then the map sending (u(j); u0(j)) to (u(j + 1); u0(j + 1))is multipli
ation by a 
ertain matrix whose entries depend on Vj ; these matri
es are multi-plied together in sequen
e to yield the asymptoti
 behavior as x! +1; taking a logarithm
onverts this ba
k to an additive pro
ess.(38) does not seem suÆ
ient for a dire
t appli
ation of the approximate eigenfun
tion
riterion of Proposition 4, but suÆ
es for analysis of the Weyl m-fun
tion, in 
onjun
tionwith a limiting argument. This is how Deift and Killip [19℄ proved the existen
e of a
spe
trum for potentials in L2. Adding an L1 perturbation is harmless, either by fun
tionalanalysis (a relative tra
e 
lass perturbation does not 
hange the a
 spe
trum), or be
ausethe generalized eigenfun
tions forH0+V1 
an be used to 
onstru
t the asso
iated resolvents,when
e the generalized eigenfun
tions forH0+V1+V2 
an be analyzed by solving an integralequation u = �(H0 � V1 + �2)�1V2u modulo an element of the nullspa
e of H0 � V1 + �2as above; this always works if V2 2 L1 and H0+ V1 has (for the set of energies in question)bounded generalized eigenfun
tions.11This identity is related to the inverse s
attering theory for the Korteweg-de Vries equation; the right-hand side is one of the basi
 quantities invariant under the KdV 
ow. Dropping the �rst term on the left,one obtains a fundamental bound of Lieb-Thirring type for the negative eigenvalues.12The exponent 3 is not a typographi
al error.13a(�) is an entire fun
tion. Sin
e a(��) � a(�) for � 2 R, log jaj may be repla
ed by log(a) in theintegral. The integral equation (23) 
an be used to obtain an asymptoti
 expansion for a as j�j ! 1 inthe upper half plane. a(�) = 0 if and only if �2 is an eigenvalue of H0 + V ; deforming the 
ontour, takingzeros into a

ount, and invoking an identity whi
h amounts to Plan
herel's theorem to 
ontrol the integralover the limiting 
ontour yields the identity. (It is a bit strange that the series arising from the integralequation (23) works here, sin
e many individual terms of that series fail to satisfy the 
on
lusion desired forthe sum.)



12 MICHAEL CHRIST AND ALEXANDER KISELEV7. Redu
tion and expansionIn this se
tion we write the generalized eigenfun
tion equation �u00 + V u = �2u as a�rst-order system, in a way that in
orporates the WKB approximation. We then iteratethe resulting equation in a fashion parallel to that of x4, to obtain a modi�ed power seriesexpansion for the nonlinear operator mapping V to u+(x; �) where u+ is, formally14, theunique generalized eigenfun
tion asymptoti
 to exp(i�(x; �)) as x! +1.y = �uu0� satis�es(39) y0 = � 0 1V � �2 0 � y :Writing � = �(x; �) = �x� (2�)�1 R x0 V , we substitute(40) y = � ei� e�i�i�ei� �i�e�i��w :Thus boundedness of w (as a fun
tion of x for given �) is equivalent to boundedness ofboth u and u0. And if w ! �10� as x ! +1 then u� exp(i�)! 0. The new unknown wsatis�es(41) w0 = i2�  0 �V (x)e�2i�x+ i� R x0 V (t)dtV (x)e2i�x� i� R x0 V (t)dt 0 !w:w is dire
tly linked to 
ertain re
e
tion/transmission 
oeÆ
ients. De�ne a(x; �); b(x; �)by(42) �u(x)u0(x)� = � a(x; �)ei�x+ b(x; �)e�i�xi�a(x; �)ei�x� i�b(x; �)e�i�x�Then(43) �a(x; �)b(x; �)� =  e�i(2�)�1 R x0 V 00 ei(2�)�1 R x0 V!w :In parti
ular, the two 
omponents of w(x) = �w1w2� have the same magnitudes as a; b,respe
tively. The 
onservation identity jaj2 � 1 + jbj2 thus is equivalent to(44) jw1(x)j2 � 1 + jw2(x)j2 :Introdu
e(45) (Tf)(�) = ZRe2i�x�i��1 R x0 V (t)dtf(x) dx;de�ned initially on integrable fun
tions of 
ompa
t support. We also introdu
e multilinearoperators(46) Tn(f1; : : : ; fn)(x; �) = � i2��n Z 1x Z 1t1 � � �Z 1tn�1 nYj=1 he(�1)n�j2�(tj;�)fj(tj) dtji :14Sin
e existen
e is not yet proved.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 13Iterating system (41) starting from the ve
tor (1; 0) we obtain a formal \Taylor series"expansion for the putative generalized eigenfun
tion u+(x; �) with the desired asymptoti
exp(i�) as x! +1:u+(x; �) = ei�x� i2� R x0 V (t)dt 1Xn=0(�1)nT2n(V; : : :; V )(x; �)+ e�i�x+ i2� R x0 V (t)dt 1Xn=1(�1)nT2n�1(V; : : : ; V )(x; �)(47)We have set T0(V )(x; �)� 1. This is not exa
tly a Taylor series, sin
e V still appears in anonlinear fashion in the exponents.In a sense, our approa
h is a part of the program of Calder�on [5℄ and of Coifman andMeyer [16, 17℄ of analyzing nonlinear operators (in the present 
ase, mapping V to the 
ol-le
tion of all generalized eigenfun
tions) via power series expansions in terms of multilinearoperators. 8. Maximal operatorsWe seek to analyze multilinear operators (46). If we simplify by dis
ounting the WKBphase 
orre
tion for the present, these are built up out of a well-understood operator, theFourier transform, by two pro
esses. Firstly, integration over R is repla
ed by integrationover the nested family of sets (�1; x℄, and a supremum estimate in x is sought. Se
ondly,multilinear operators are generated by iterated integrals over su
h sets. In this se
tion wedevelop a robust, though 
rude, method for analyzing the �rst of these two pro
esses. Thetheory to be developed here depends heavily on the order stru
ture of R, as of 
ourse doesthe de�nition of the multilinear operators (54).Denote by �E the 
hara
teristi
 fun
tion of a set E, and by kTk the operator norm ofT : Lp(R) 7! Lq(R). To any operator T de�ned on Lp(R) 
an be asso
iated a maximaloperator(48) T �f(x) = sups jT (f � �(�1;s℄)(x)j:Theorem 6. [11, 10℄ Let 1 � p; q � 1, and suppose that T : Lp(R) 7! Lq(R) is a boundedlinear operator. Then T � is likewise bounded from Lp(R) to Lq(R), provided that p < q.Moreover, kT �k is bounded by an absolute 
onstant, depending only on p; q, times kTk.More generally, there is an analogue for any linear operator from Lp(Y ) to Lq(X), forarbitrary measure spa
es, provided that the sets (�1; s℄ are repla
ed by an arbitrary nestedfamily of sets Yn � Y (that is, Yn � Yn+1).Suppose that T is represented as an integral operator Tf(x) = RRK(x; y)f(y) dy.Corollary 7. If p < q and if T is bounded from Lp to Lq then(49) ~Tf(x) = Zy<xK(x; y)f(y) dyis likewise bounded from Lp to Lq.The hypothesis p < q is in general ne
essary, ex
ept in the trivial 
ases p = 1 or q =1,even in the 
orollary. Consider for example the Hilbert transform, for whi
h K(x; y) =(x� y)�1; the asso
iated operator with kernel (x� y)�1�y<x is unbounded on all Lp.These results apply as well to fun
tions taking values in Bana
h spa
es. Tao [59℄ pointedout its appli
ability to Stri
hartz-type estimates (see Se
tion 13 below). This generalization



14 MICHAEL CHRIST AND ALEXANDER KISELEVof has been applied by Smith and Sogge [56℄ to the obsta
le problem, and has also beenapplied by Takaoka and Tzvetkov, by Colliander and Kenig, and perhaps by others tononlinear evolution equations.Outline of proof. Let 1 � p < 1 and let 0 6= f 2 Lp(R) be �xed. Constru
t a 
olle
tionfEmj g of intervals, indexed by m 2 f0; 1; 2; : : :g and 1 � j � 2m, satisfying� For ea
h m, fEmj : 1 � j � 2mg is a partition of R into disjoint intervals.� Emj lies to the left of Emj+1 for all m; j.� Ea
h Emj = Em+12j�1 [Em+12j .� REmj jf jp = 2�m RRjf jp for all m; j.Let �mj denote the 
hara
teristi
 fun
tion of Emj , and set fmj = f ��mj . For any s 2 R, theinterval (�1; s℄ 
an be partitioned, modulo a set on whi
h f vanishes almost everywhere,as [�Em�j� for some sequen
es su
h that m1 < m2 < m3 � � � , and ea
h Em�j� lies to the leftof Em�+1j�+1 . Thus(50) T �f(x) � 1Xm=0 sup1�j�2m jT (fmj )(x)j � GT;rf(x)where the last quantity is de�ned by(51) GT;rf(x) =Xm �Xj jT (fmj )(x)jr�1=rfor any positive exponent r. Choosing r = q, we havekGfkq �Xm � Z Xj jT (fmj )jq�1=q � kTkXm �Xj kfmj kqp�1=q� kTkXm �2m2�mq=pkfkqp�1=q = CkTk � kfkpwhere C < 1 by the hypothesis q > p. To justify the �nal inequality we have used thebound kfmj kp � 2�m=pkfkp �The following two theorems, dating roughly from the 1930's, are immediate 
orollaries.Theorem 8. Let 1 � p < 2. For any f 2 Lp(R1),limy!1 Z y0 e�i�xf(x) dxexists for almost every �. Moreoversupy �� Z y0 e�i�xf(x) dx�� 2 Lq(R; d�); where q = p=(p� 1) :Theorem 9. [35℄ Let 1 � p < 2. For any15 orthonormal family f�ng of fun
tions in L2of any measure spa
e, and for any sequen
e 
n 2 `p, the series Pn 
n�n(x) 
onverges foralmost every x.15The version stated in [63℄, Theorem (10.1) of 
hapter XIII, is a re�nement by Paley of Menshov'soriginal theorem. It, like the original, requires uniform boundedness of f�ng. It applies to the same 
lass of
oeÆ
ients 
, but uses a di�erent s
ale of fun
tion spa
es and thus its 
on
lusion involves boundedness ofan asso
iated maximal operator in a di�erent norm than we obtain.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 15The �rst result was obtained in various versions in separate papers by Menshov, Paley,and Zygmund. The former result 
ontinues to hold for p = 2 and then is essentially arestatement of Carleson's almost everywhere 
onvergen
e theorem.16Better known is a 
losely related theorem of Menshov. If Pn j
nj2 log(n) < 1, thenPn 
n�n 
onverges almost everywhere17; in parti
ular, if R jf̂(�)j2 log(2+ j�j) d� <1 then(2�)�1 R N�N eix�f̂(�) d� 
onverges almost everywhere to f(x), as N ! 1. See [63℄, 
hapterXIII.Theorem 9 is due to Menshov [35℄, and is false for p = 2. To �t it into our framework,regard 
 7! Pn �n as a map from Lp(Z) to L2. This map is bounded for all 1 � p �2. Partial summation is integration over (�1; N ℄ for some N ; these sets are nested; soTheorem 6 implies boundedness of the maximal partial sum operator, and hen
e almosteverywhere 
onvergen
e.Our third appli
ation is to the variants arising in our generalized eigenfun
tion analysis.We need a preliminary lemma. We say that V ! 0 in L1lo
 if Rjy�xj<1 jV (y)j dy ! 0 asjxj ! 1. As usual, �(x; �) = �x� (2�)�1 R x0 V .Lemma 10. Suppose that V ! 0 in L1lo
(R). Then for any 
ompa
t subset � of Rnf0g,the mapping(52) f 7! Z 10 f(y)ei�(y;�) dymaps Lp(R) boundedly to Lq(�; d�) for all 1 � p � 2, where q = p0 = p=(p� 1).For L2 this is proved by dualizing, then integrating by parts. Sin
e the L1 7! L1 estimateis trivial, the general 
on
lusion follows by interpolation. By 
ombining Theorem 6 withthe lemma, we dedu
e a variant of the Hausdor�-Young inequality.Corollary 11. For all 1 � p < 2, the sublinear operator(53) f 7! supx2R�� Z x0 ei�(y;�)f(y) dy��maps Lp(R) boundedly to Lp0(�), for every 
ompa
t subset � of Rnf0g.9. Multilinear operators and maximal variantsA multilinear variant of Theorem 6 is as follows. Let Tj : Lp(R; dx) 7! Lq(�; d�) bebounded linear operators with lo
ally integrable distribution kernels Kj(�; x). De�ne(54) M�n(f1; f2; : : : ; fn)(�) = supy�y02R�����Z � � �Zy�x1�x2�����xn�y0 nYi=1 �Ki(�; xi)fi(xi)dxi������ :If the fa
tors in the integrand are all nonnegative, then this is dominated by the 
orrespond-ing integral over [y; y0℄n, thus by a simple produ
t QTj(fj ��[y;y0 ℄). The whole diÆ
ulty forus is that our integrals are os
illatory, and taking absolute values renders them hopelesslydivergent.Theorem 12. [11℄ Suppose that p < q. Then for every n � 1, (f1; : : : ; fn) 7! M�n(f1; : : :fn)maps 
nLp(R) boundedly to Lq=n(�), with operator norm � BnQnj=1 kTjkp;q.16Carleson's proof does not seem to yield the strong type L2 estimate.17Our main results have similar extensions to the 
ase where (log jxj)
f(x) 2 L2 for a 
ertain 
onstant 
.



16 MICHAEL CHRIST AND ALEXANDER KISELEVHere B is a �nite universal 
onstant. The exponent q=n is natural; the produ
t mapping(f1; : : : ; fn) 7! Qj Tj(fj) maps into Lq=n by H�older's inequality, and we don't expe
t theiterated integrals to do better. This result is stated in [11℄ only for q � 2, but thatassumption 
an be eliminated by repla
ing r = 2 by r = q in the de�nition (51) of theauxiliary fun
tional G.Our next variant demonstrates a substantial improvement, in the spe
ial 
ase when allthe fun
tions fi are taken to be the same.Theorem 13. [11℄ Suppose that p < q and that 2 � q. Then for every n � 1 and everyf 2 Lp(R),(55) kM�n(f; f; : : : ; f)kLq=n(�) � BnkTknp;qkfknLppn! :Our appli
ations require a slight generalization, whi
h follows from the same proof.Namely, a fa
tor 1=pn! is still gained, if both the fun
tions fj and the operators Tj aredrawn from sets of 
ardinality � k, independent of n. The 
onstant B then depends onk; p; q, but not on any other quantities. The right-hand side of the 
on
lusion should of
ourse be modi�ed by repla
ing powers of norms by produ
ts.This bound improves that of the pre
eding theorem by the fa
tor 1=pn!. No su
h fa
torarises in Theorem 12; modulo the fa
tor of Bn, the bound stated 
annot be improved. Itis easy to see why there might be some improvement in this \diagonal" 
ase:Zy�t1�����tn�y0YK(�; ti)f(ti)dti � � Z y0y K(�; t)f(t) dt�n = n! :In our appli
ation, however, Ki(�; t) will essentially be exp(�2i�t), with the � signs al-ternating. Then there is no obvious majorization of the left-hand side of the pre
edinginequality by the right.18I believe that the se
ond theorem remains valid without the assumption q � 2, with(n!)�1=2 repla
ed by an appropriate modi�ed power, but have not worked out all the detailsof the proof. The version stated here is easier than the general 
ase, and is pre
isely whatis most relevant for our appli
ations.The fa
tor 1=pn! plays a twofold role in our analysis. Firstly, it is used to dedu
e
onvergen
e of the \Taylor series" (47), for almost every �. Se
ondly, it leads to a boundfor the generalized eigenfun
tions:Proposition 14. Let 1 < p < 2, and let V 2 L1 + Lp(R). Denote by u(x; �) a generalizedeigenfun
tion for H0+V , normalized so that (u(0); u0(0)) equals either (1; 0) or (0; 1). Thenfor any 
ompa
t interval � � Rnf0g,(56) Z� log supx2R(1 + ju(x; �)j) d�<118One 
ould try to explain the fa
tor of pn! by assuming n to be even, and letting the symmetri
 groupSn=2 a
t on the 
oordinates (t1; : : : ; tn) by permuting them in blo
ks of two, grouping t2j�1 with t2j forea
h j. Alternatively, one 
ould argue for a larger denominator n! by 
onsidering the a
tion of Sn=2 � Sn=2de�ned by letting one fa
tor permute ft2j�1g, and the other permute ft2jg. There are two obje
tions,besides the fa
t that these two heuristi
s yield di�erent 
on
lusions. Firstly, neither argument is rigorous,sin
e the region of integration is not a fundamental domain for the a
tion of either group on the full spa
eRn of 
oordinates, and sin
e 
an
ellation plays an essential role here. Se
ondly, the 
on
lusion holds withthe same fa
tor pn!, when K(�; tj)f(tj) is repla
ed by Kj(�; tj)fj(tj), with the kernels Kj and fun
tionsfj drawn from �nite sets; in that more general 
ase the symmetry is broken.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 17This bound has the same general form as the inequality dedu
ed from the tra
e identity(37), ex
ept that the supremum over x is inside the integral. The fa
tor 1=pn! turns outto be exa
tly what we need in order to obtain lo
al integrability of the �rst power of thelogarithm.Nonetheless, it is perhaps worth understanding that our main 
on
lusions, almost sureboundedness and WKB asymptoti
s for generalized eigenfun
tions and presen
e of abso-lutely 
ontinuous spe
trum everywhere in R+, 
ould be dedu
ed instead without the im-proved numeri
al fa
tor, roughly as follows: Fix a 
ompa
t interval �. If V has suÆ
ientlysmall norm in Lp +L1, then the fa
tor of kV kn on the right-hand side more than 
ompen-sates for Bn . Combining this with the pointwise bound of Lemma 15 below (in the weakerform without the fa
tor 1=pn!), one 
an dedu
e 
onvergen
e and uniform boundedness fora subset of � having positive Lebesgue measure; moreover, the measure of the set where
onvergen
e and boundedness are not obtained approa
hes zero as kV k does. Sin
e thenorm of the restri
tion to [x;1) of V tends to zero as x ! +1, the ex
eptional set ofenergies has measure zero.There is one 
aw in this s
heme: the bounds for M�n are in Lq=n, and q=n ! 0, sono triangle inequality is available to sum the in�nite series. This 
an be dealt with in twoways. The �rst way is to apply Chebyshev's inequality to obtain bounds for the distributionfun
tions of M�n, then to show almost everywhere �niteness of the sum by a bare hands
omputation; the fa
tor of 1=pn! is essential here. The se
ond, and preferable, route, whi
h
ould be used without these favorable numeri
al fa
tors, is to exploit stronger pointwiseversions of the above two theorems, whi
h we now dis
uss. We state only the analogue ofTheorem 13.Suppose we are given a 
olle
tion of intervals Emj � R satisfying all the properties listedin x8. We 
all su
h a 
olle
tion of sets a martingale stru
ture. De�ne the fun
tionals~g(f) = 1Xm=0 � 2mXj=1 j Z f � �mj j2�1=2;(57) g(f) = 1Xm=0m� 2mXj=1 j Z f � �mj j2�1=2;(58)These operators depend on fEmj g. They are essentially linear operations, being norms inBana
h spa
es like `1(`2) of a linear operator applied to f . But in our �nal appli
ation,the martingale stru
ture will itself depend on f , so they will be
ome rather nonlinear.Consider integralsMn(f)(y; y0) = Z � � �Zy�t1�t2�����tn�n0 nYk=1 f(tk) dtk(59) M�n(f) = supy;y02RjMn(f)(y; y0)j :(60)Lemma 15. There exists a �nite 
onstant B su
h that for any martingale stru
ture, anyn, and any f 2 L1, jMn(y; y0)j � Bn~g(f)n=pn!(61) jM�n(y; y0)j � Bng(f)n=pn! :(62)



18 MICHAEL CHRIST AND ALEXANDER KISELEVFrom this lemma there follows a stronger form of Theorem 13. Let f 2 Lp(R) be given.Let fEmj g be a martingale stru
ture, 
onstru
ted so as to be 
ompatible with f in thesense that all fmj = f � �mj satisfy kfmj kpp = 2�mkfkpp. Let K(�; x) be the kernel fun
tionasso
iated to a linear operator T . De�ne(63) G(f)(�) = 1Xm=0m� 2mXj=1 jT (fmj )(�)j2�1=2 :Corollary 16. [11℄ There exists a 
onstant B <1 su
h that for any f; T; n; �,(64) M�n(f; : : : ; f)(�)� BnG(f)(�)npn! :For our appli
ation to generalized eigenfun
tions, this 
orollary expresses a sort of 
on-spira
y; heuristi
ally it says that the terms of the \Taylor" series tend to be simultaneouslyall good or simultaneously all bad, in the weak sense that a single fun
tional 
ontrols themall.This implies Theorem 13 byLemma 17. Suppose that p < q and 2 � q. Then there exists C < 1 su
h that for anylinear operator T bounded from Lp to Lq, for any f 2 Lp,(65) kG(f)kq � CkTkp;q � kfkpHere kTkp;q denotes the operator norm. It is essential that G(f) be de�ned via a mar-tingale stru
ture 
ompatible with f , in the sense des
ribed above. This lemma is a simple
onsequen
e of the triangle inequality, as in x8.An immediate appli
ation of the 
orollary and the \Taylor series" representation ofgeneralized eigenfun
tions is the formal estimate(66) supx2Rju(x; �)j � C exp(CG(V )(�)2);obtained by majorizing the sum of the series byP1n=0BnG(V )(�)n=pn!. Here the relevantoperator T has kernel K(�; x) = exp(i�x � i(2�)�1 R x0 V ). From (66) we 
on
lude thatlog supx ju(x; �)j is lo
ally integrable.To 
on
lude this se
tion, we outline the proof of Lemma 15. To majorize Mn(f) (Theanalysis of M�n requires a small additional step, whi
h we omit here.) we �rst repla
e y; y0by �1;+1 respe
tively, and note the re
ursion(67) jMn(f)j � jMn(f11 )j+ �� ZE12 f �� �Mn�1(f11 )+ n�2Xj=2 jMn�j(f11 )j � jMj(f12 )j+ �� ZE11 f �� �Mn�1(f12 ) + jMn(f12 )j :This is obtained by de
omposing the region t1 � � � � � tn of integration into subregions,depending on whi
h subset of the variables tj belong to E11 , and whi
h belong to E12 . Ea
h
ase gives rise to one term in (67).The next step rests on a variant of the binomial identity.Lemma 18. [11℄ There exists 
 2 R+ su
h that the numbers 
k de�ned by(68) �k = k�k=2k�
 for all k � 2



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 19satisfy for every k � 6 the inequalities(69) yk + k�2Xj=2 �j�k�j�k xjyk�j + xk � (x2 + y2)k=2 for all x; y � 0:The ratios �j�k�j=�k behave roughly binomial 
oeÆ
ients �k=2j=2�. The only role of thefa
tor k�
 and assumption k � 6 is to make the proof work. Be
ause the lemma is to beused inside a re
ursive argument, it is essential that the right-hand side of the inequalitybe exa
tly (x2 + y2)1=2, rather than a 
onstant multiple.The proof of Lemma 18 uses Cau
hy-S
hwarz and term-by-term 
omparison with thebinomial series for (x2 + y2)k=2 (taking into a

ount that our series has twi
e as manyterms) in the 
ase where k is even, with appropriate modi�
ations in the odd 
ase.To dedu
e the desired majorization for Mn(f), we 
ombine Lemma 18 with (67), andargue by indu
tion on the generation number m = 1; 2; 3; : : : . Thus Mn(fmj ) 
an be ex-pressed in terms of fMk(fm+1i ) : k < n; i � 2kg. The terms j RE12 f j � Mn�1(f11 ) andj RE11 f j �Mn�1(f12 ) 
annot be handled in this way, essentially be
ause 1+x 
annot be dom-inated by (1 + Cx2)1=2 for small x, so an extra step is required to in
orporate them. See[11℄.A �nal step is needed to handle the supremum over y; y0; it is similar to the argumentfor the linear 
ase, Theorem 6.Lemma 18 is the sour
e of the fa
tor 1=pn!. It is a lemma about nonnegative numbers;the square root does not 
ome about through any orthogonality.In the above dis
ussion we have omitted one aspe
t of the problem. The validity ofWKB-type asymptoti
s is a kind of almost-everywhere 
onvergen
e problem; one wantsexp(�i�(x; �))u(x; �)! 1 as x! +1, for almost every �. The usual strategy for provingsu
h a result is to �rst prove a maximal fun
tion inequality in some Lq norm, then toobserve the (usually obvious) fa
t that the 
onvergen
e holds (usually in a rather strongsense) for some appropriate dense 
lass of fun
tions. The almost everywhere 
onvergen
efollows by 
ombining these.Be
ause we have multilinear operators rather than linear ones, this last step is a bitmore 
ompli
ated. One must 
ompare Tm(V; V; : : : ; V ) with Tm(W;W; : : :;W ) where Whas 
ompa
t support, and V �W has small Lp norm. This is of 
ourse done in part byanalyzing expressions Tm(V; V; : : : ; V;W; : : : ;W ). For details see [10℄.Remark. The method applies to more general multiple integrals with variables whi
h arepartially, rather than linearly, ordered, su
h asZ
K(�; t)K(�; s1)K(�; s2)f0(t)f1(s1)f2(s2) dt ds1 ds2where 
 = f(t; s1; s2) : t � s1 and t < s2g. Su
h expressions, with a bran
hing fa
tor of 2at ea
h level, arose in our analysis [9℄ of the power-de
aying 
ase V = O(jxj�r), be
ausewe used a di�erent expansion for the generalized eigenfun
tions.Remark. If V = O(jxj�r) for some r > 1=2 then the issue of summation of an in�niteseries 
an be avoided altogether; see [9℄.Remark. Our theory admits a limited generalization to higher dimensions.19 Consider abounded linear operator T : Lp(Rn) 7! Lq(Rn), with distribution-kernel K(x; y); we assume19I am grateful to Alan M
Intosh for posing this question during the IPAM OIDE 
onferen
e.



20 MICHAEL CHRIST AND ALEXANDER KISELEVfor simpli
ity that K 2 L1lo
. Write y & z to mean that yj � zj for all 1 � j � n, wherey = (y1; : : : ; yn) and likewise for z. Consider the asso
iated maximal operators(70) T �f(x) = supz2Rn ��� Zy&z K(x; y)f(y) dy��� :Then T � is likewise bounded from Lp to Lq, provided that q > p.In spirit, this generalization bears the same relation to the one-dimensionsal 
ase that theMar
inkiewi
z multiplier theorem, and the strongmaximal fun
tion of Jessen, Mar
inkiewi
z,and Zygmund, bear to their one-dimensional 
ounterparts: it is 
ontrolled by an iteration ofone-dimensional maximal operators. For simpli
ity, 
onsider the representative 
ase n = 2.The operator(71) T �(f)(x) = supz2 ��� Zy2�z2 K(x; y)f(y) dy���is bounded, from Lp to Lq, by the one-dimensional theory; it suÆ
es to view T as anoperator from Lp(R1; B1) toL1(R1; B2) where the Bana
h spa
esBi are respe
tively Lp(R1),Lq(R1). Then T � is merely sublinear, rather than linear, but Theorem 6 applies equallywell to sublinear operators, with the same proof as outlined above. We have(72) T �f(x) � supz1 ��� Zy1�z1 K(x; y)�y2>z2f(y) dy��� ;so that the proof of Theorem 6 redu
es matters to the boundedness of T �. �10. Perturbations of Stark operatorsA single ele
tron in a uniform external ele
tri
al �eld (independent of spa
e and time) ismodeled quantum me
hani
ally by the Stark Hamiltonian H(u) = �u00 � xu, the fa
tor xrepresenting the ele
tri
al potential. We 
onsider perturbations(73) Hq(u) = �u00 � xu+ qu;where q represents some perturbing ele
tri
al potential. Physi
al intuition suggests, andearlier results in the literature 
on�rm, that weaker hypotheses on q suÆ
e to guaranteethe presen
e of absolutely 
ontinuous spe
trum than are needed without the ba
kground�eld; the for
e exerted by the �eld tends to push everything o� to in�nity, making it morediÆ
ult for bound states to exist. The following theorems re�ne various earlier results,whi
h required faster de
ay or more smoothness of the perturbation.For 
onvenien
e we assume always that q is uniformly in L1lo
 as x! �1; mu
h weakerhypotheses would suÆ
e there be
ause the external potential �x is so large.Theorem 19. [13℄ Consider a Stark operator Hq on R1. Assume that the potential q(x)admits a de
omposition q = q1 + q2; where both q1(x2) and x�1q02(x2) belong to (L1 +Lp)(R; dx) for some 1 < p < 2. Assume further that there exists � < 1 su
h that jq2(x)j ��jxj for suÆ
iently large jxj. Then for almost every energy E 2 R there exists a generalizedeigenfun
tion u+(x;E) satisfying Hqu+ = Eu+, with asymptoti
 behavior(74) u+(x;E) = (x� q2(x) +E)�1=4ei�(x;E) (1 + o(1))as x! +1, where�(x;E) = xZ0 hpt � q2(t) + E � q1(t)2px� q2(t) +E i dt



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 21An essential support for the absolutely 
ontinuous spe
trum of Hq is the entire line R.Corollary 20. If q is H�older 
ontinuous of order � > 1=2, or if q(x) = O(jxj�Æ) forsome Æ > 1=4, then R is an essential support for the absolutely 
ontinuous spe
trum ofHq. For almost every E 2 R, all generalized eigenfun
tions satisfy u(x) = O(jxj�1=4) andu0(x) = O(jxj+1=4) as x! +1.The 
orollary is dedu
ed from the theorem by verifying that any fun
tion H�older 
ontin-uous of order > 1=2 
an be de
omposed as a sum of two fun
tions satisfying the hypothesesof Theorem 19. The endpoint 
ase p = 2 of the theorem remains open, but otherwise theresult is rather sharp:Theorem 21. [13℄ There exists a potential q whi
h is O(jxj�1=4) and is also H�older 
on-tinuous of order 1=2, for whi
h the spe
trum of Hq is purely singular.What is a
tually shown is that the spe
trum is almost surely purely singular, for a 
ertainfamily of random potentials satisfying both these restri
tions. The analysis is based 
loselyon a similar result of Kiselev, Last, and Simon [30℄.The method of proof of Theorem 19 is in outline the same as that for perturbations of theva
uum. We 
onvert to a �rst-order system, and diagonalize it modulo small errors. Thenwe reformulate as an integral equation and iterate to obtain an expansion of the generalizedeigenfun
tions in WKB phase-modi�ed power series in q. After making the 
hange ofvariables x 7! px for x� 1, we invoke the multilinear maximal operator ma
hinery.We will not give the relevant formulae in detail. A 
ari
ature for the \linear" term inthe \Taylor" expansion for the generalized eigenfun
tions is(75) Z 1x1=2 ei�s+is3q(s2) ds;the higher-order multilinear operators may be similarly 
ari
atured. Numerous simpli�-
ations have been made to arrive here. From (75) one sees the relevan
e of the hypoth-esis q(x2) 2 Lp(dx). This also indi
ates why hypotheses su
h as H�older 
ontinuity, orx�1q0(x2) 2 Lp, are relevant: integration by parts allows one to exploit the term s3 in theexponent, for large s, to substantial advantage.Theorem 21 is a straightforward adaptation of the analysis by Kiselev, Last, and Simonof ��2x+V!(x), where V! is de�ned by (9). For the Stark 
ase, we modify the perturbing po-tentials, as follows. Fix f 2 C10 ((0; 1)), not identi
ally zero, and let an(!) be independent,identi
ally distributed random variables with uniform distribution in [0; 2�℄: De�ne(76) q!(x) = 1Xn=1n�1=2f(px� n) sin(43x 32 + an(!)) :Then [13℄ for almost every !, the spe
trum of the 
orresponding perturbed Stark operator��2x � x+ q! is purely singular on the whole real line.11. Slowly varying and power-de
aying potentialsThe Fourier transform has the following properties. (i) If �kxf 2 Lp for some 1 � p � 2,then f̂ is almost everywhere �nite. (ii) If f̂ ; ĝ are both almost everywhere �nite, then so is[f + g.We regard the mapping V 7! u(x; �), from the potential to the unique generalizedeigenfun
tion with appropriate asymptoti
s at +1, as a nonlinear variant of the Fouriertransform. Thus it is natural to ask whether basi
 properties of the ordinary Fourier trans-form are shared. The above two properties are of interest in idealized quantum me
hani
s;



22 MICHAEL CHRIST AND ALEXANDER KISELEVfor instan
e, a potential 
ould easily arise as the sum of 
ontributions from di�erent typesof e�e
ts, so we would like to handle sums of potentials. This is potentially troublesome ina nonlinear situation, if di�erent arguments are required for di�erent 
lasses of potentials.Throughout this se
tion, we assume the following 
onditions. Let n � 0 be a non-negative integer, and let p 2 [1; 2) be an exponent. Let V be a measurable, real-valuedfun
tion de�ned on the real line R. We assume20 that V ! 0 in L1lo
 at �1, that is, thatRjy�xj�1 jV j ! 0 as x! �1. Suppose that V admits a de
omposition V = V0+Vn where21V0 2 Lp+L1, Vn is 
ontinuous and tends to zero, and dnVn=dxn 2 Lp +L1, in the sense ofdistributions. Note that under these hypotheses, V 
an tend to zero arbitrarily slowly inL1lo
. We 
ontinue to write H = H0 + V = ��2x + V .A 
lassi
al theorem of Weidmann [61℄ asserts that if V = V0 + V1 with V0 and dV1=dx 2L1(R), and if V1(x) ! 0 as jxj ! 1, then R+ is an essential support of the absolutely
ontinuous spe
trum (moreover, at positive energies, H0+V is unitarily equivalent to H0).For higher derivatives, L1 results were obtained by Behn
ke [2℄ and Stolz [57℄. We extendthis to Lp, p < 2, with a (ne
essarily) weaker form of the 
on
lusion.Theorem 22. [12℄ Under the above hypotheses, for almost every � 2 R, ea
h solutionof the generalized eigenfun
tion equation Hu = �2u is a bounded fun
tion of x 2 R. Anessential support for the absolutely 
ontinuous spe
trum of H is R+.Moreover, suitably generalized WKB asymptoti
s are valid for almost every �; thereexists a solution satisfying u(x; �) = exp(i	(x; �)) + o(1) as x ! +1, where 	 (whi
hdepends in a mu
h more 
ompli
ated way on n; V ) has bounded imaginary part and mayin prin
iple be 
omputed in terms of V by a re
ipe des
ribed below.A result of Mol
hanov, Novitskii and Vainberg [36℄, in the spirit of the work of Deiftand Killip based on tra
e identities, asserts existen
e of absolutely 
ontinuous spe
trum forpotentials satisfying dnV=dxn 2 L2, under the supplementary hypothesis that V 2 Ln+1.For potentials with more rapidly de
aying derivatives, our 
on
lusions 
an be strength-ened. De�ne p0 = p=(p� 1).Theorem 23. [12℄ Suppose that n � 0, 1 � p � 2, 0 < 
, and 
p0 � 1. Let V be ameasurable, real-valued fun
tion de�ned on R. Suppose that V = V0 + Vn where Vn isbounded and 
ontinuous, and both (1 + jxj)
V0 and (1 + jxj)
dnVn=dxn belong to Lp + L1.Then every solution of Hu = Eu is a bounded fun
tion of x 2 R, for all E > 0, ex
ept fora set of values of E having Hausdor� dimension � 1� 
p0.For n = 0 with stronger power de
ay hypotheses V (x) = O(jxj�r) for r > 1=2, this resultis due to Remling [45℄.Again, generalized WKB asymptoti
s hold on the 
omplement of the lower-dimensionalex
eptional set. In the 
ase n = 0, Remling and Krie
herbauer [33, 46℄ have 
onstru
tedexamples demonstrating that WKB asymptoti
s 
an indeed fail to hold on sets of the stateddimension. The question of behavior for the ex
eptional energies is of 
onsiderable interest,�rstly be
ause it determines to what extent these energies 
ontribute to the spe
trum,and in parti
ular whether singular 
ontinuous spe
trum 
an arise, and se
ondly be
ause itis 
onne
ted with asymptoti
 
ompleteness for the asso
iated time-dependent S
hr�odingerevolution; see x12 below.20For the generalization to the 
ase where V need not tend in any sense to zero, but is merely uniformlyin L1lo
, see [12℄.21This in
ludes any potential de
omposable as Pnk=0 Vk where dkVk=dxk 2 (Lp+L1)(R) for ea
h k � 0,and where Pnk=1 Vk ! 0 in L1lo
.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 23To see how to 
ontrol the Hausdor� dimension of the ex
eptional set, let us �rst see howto do so for the Fourier transform itself.Observation 24. If 1 � p � 2, 
 > 0, and (1 + jxj)
f(x) 2 Lp(R) then(77) limx!+1 Z x0 e�i�yf(y) dyexists for all � 2 RnS, where S has Hausdor� dimension � 1� 
p0.For the proof, let B be the Bana
h spa
e 
onsisting of all doubly indexed sequen
esfam;jg for whi
h Pm�0m�Pj jam;j j2�1=2 is �nite. Consider the linear operator mappingf to fRRe�i�yfmj (y) dyg, a fun
tion g(f)(�) taking values in B. The hypothesis jxj
f 2 Lpimplies that f̂ belongs to the Sobolev spa
e of fun
tions possessing 
 derivatives in Lp0 , andas is well known, a simple potential-theoreti
 argument shows that su
h a Sobolev fun
tionis well de�ned outside a set of the desired dimension. The same reasoning, 
oupled with theanalysis outlined in earlier se
tions of these notes, shows that g(f) is (on 
ompa
t subsets ofRnf0g) a B-valued fun
tion in this same Sobolev spa
e. The potential-theoreti
 argumentthen applies as before.This analysis 
an be adapted to the \Taylor series" representation of generalized eigen-fun
tions, by following the arguments outlined for the 
ase 
 = 0 in pre
eding se
tions ofthese notes.The prin
ipal 
hange needed to adapt our ma
hinery to the slowly varying 
ase is asubstantially modi�ed WKB approximation. To analyze the Fourier transform of a fun
-tion possessing some smoothness, one typi
ally integrates by parts; in our formalism, thisintegration by parts is impli
itly in
orporated when the modi�ed WKB approximation isinserted into the analysis of the �rst-order system y0 = � 0 1V � �2 0� y.To begin, we de
ompose22 V = W + ~V via a partition of unity on the Fourier transformside; W is the low-frequen
y part of V in the sense that V̂ (�) � Ŵ (�) in a neighborhoodof � = 0, and Ŵ has 
ompa
t support.In step 2, we seek an approximation exp(i	(x; �)) to a generalized eigenfun
tion u(x; �).Repla
ing V by W and 	0 by an unknown �, the equation (��2x +W � �2) exp(i R �) � 0be
omes the eikonal equation(78) �2 � i�0 +W � �2 � 0 :We solve the re
ursion(79) �k+1 =q�2 �W + i�0kby indu
tion on k, with �0 � �. Derivatives of W up to order k � 1 appear in �k; thisis why we are led to de
ompose V = W + ~V with W 2 C1, and to omit the nonsmoothpart, ~V , in this WKB part of the analysis. Sin
e W ! 0 as jxj ! 1, together with all itsderivatives, there is no diÆ
ulty in 
arrying out this re
ursion for all suÆ
iently large x.The error(80) Ek = �2k � i�0k +W � �222Observe that for the WKB approximation �(x; �) = �x � (2�)�1 R x0 V , repla
ing V by W makes noessential di�eren
e sin
e R x0 ~V ! 0 as x!1.



24 MICHAEL CHRIST AND ALEXANDER KISELEVsatis�es the useful re
ursion(81) Ek+1 = i ddx Ek�k +q�2k �Ek ;so that needed properties of �k; Ek 
an be dedu
ed by indu
tion. Set � = �n where n isthe index in the hypothesis of the theorem, and set(82) 	(x; �) = Z x0 ��n � ~V � En2Re �n�(y; �) dy :Finally, set(83) E(x; �) = �En � ~V :The re
ursions for �k; Ek, along with standard Sobolev embedding estimates, 
an be usedto show that E(x; �) 2 L1+Lp(R; dx), and the same holds for all its derivatives with respe
tto �.In step 3, to solve the �rst-order system y0 = � 0 1V � �2 0� y, we set23(84) y = � ei	 e�i�	i�ei	 �i��e�i�	� z ;	 is not in general real-valued. Under our hypotheses, it 
an be shown to have boundedreal part, whi
h need not tend to a limit as x ! +1 and hen
e is not negligible in theasymptoti
s. The upshot of all these algebrai
 manipulations is a simpli�ed �rst-orderevolution:(85) z0 = � 0 i �E2Re �0 e�i �iE2Re �0 ei 0 � z :where(86)  = 2Re 	:This is like the system in (41), with the potential repla
ed by �iE=2Re �0. The denom-inator Re �0 turns out to be relatively harmless; the main new 
ompli
ation is that the\e�e
tive potential" E=Re � depends strongly, though smoothly, on �. The method applies,after relatively minor modi�
ations.Here is a typi
al result 
on
erning energy-dependent potentials.24 Its proof, rather thanthe result itself, is what is required to 
omplete the proof of Theorem 22.Theorem 25. [10℄ Let J be a 
ompa
t subinterval of Rnf0g. Suppose that p < 2, thatW (x; �) is real-valued, and that �jW (x; �)=��j 2 Lp(R)uniformly in � 2 J for j = 0; 1. Suppose further that the derivatives �jW (x; �)=��j ! 0as jxj ! 1, uniformly in � 2 J, for j = 2; 3. Then for almost every � 2 J; there existlinearly independent, bounded solutions u�(x; �) of�u00 +W (x; �)u = �2u23The presen
e of � in the se
ond row of the 
oeÆ
ient matrix, where one might expe
t to see instead	0, is not a typo.24One 
ould try to eliminate the WKB phase 
orre
tion fa
tor, exp(�i(2�)�1 R x0 V ) in the 
ase n = 0,by in
orporating it into the potential as well, but that would not work be
ause its derivative with respe
tto � is in general unbounded.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 25with WKB asymptoti
 behavior as x! +1.The number of derivatives hypothesized here may not be optimal.The main idea in the proof is quite standard. To estimate for example RRe�i�xV (x; �) dxfor � in some 
ompa
t interval, 
onsider more generally g(�; �) = RRe�i�xV (x; �) dx. If�kV=��k 2 Lp for k = 0; 1, for some 1 � p � 2, then �kg=��k 2 Lp0(d�), uniformly in � inan interval. The Sobolev embedding theorem then 
ontrols the restri
tion of g to � = �.12. Wave operators and s
atteringIf we aspire to at least a 
ari
ature of quantum me
hani
s, we ought to study theS
hr�odinger group exp(itH), and in parti
ular, its long term dynami
s, in
luding s
at-tering. To the IPAM workshop audien
e for whom these notes are intended, the questionof Stri
hartz estimates may leap to mind, but 
aution is required. For the 
lass of potentialsunder dis
ussion, the point spe
trum 
an be nonempty, and indeed dense in R+. Boundstates evolve without dispersion, so no Stri
hartz estimates 
an hold for arbitrary initialdata.A se
ond diÆ
ulty is the distin
tion between short and long range for
es. A s
atteredparti
le 
annot be expe
ted to behave asymptoti
ally like a free parti
le, if the for
es a
tingon it are of suÆ
iently long range, as is the 
ase for a slowly de
aying potential V , evenone of \symbol type" whose derivatives de
ay faster than V itself. This e�e
t is alreadyseen in the phase 
orre
tion in our WKB asymptoti
s: u�(x) � exp(i�x � i(2�)�1 R x0 V ).The 
orre
tion term indi
ates heuristi
ally that parti
les with energy �2 propagate withvelo
ities slightly di�erent from ��.In prin
iple, good 
ontrol over all generalized eigenfun
tions should lead to 
ontrol ofexp(itH), by the spe
tral 
al
ulus. In this se
tion, I explain some preliminary and veryre
ent results in this dire
tion, in whi
h work is still underway.De�nition. The wave operators 
� asso
iated to a perturbed Hamiltonian25 H = H0+Vare(87) 
�f = limt!�1 eitHe�itH0f;where the limit is taken in the strong operator topology, provided it exists.Theorem 26. [14℄ Let H = H0 + V on L2(R+) with Diri
hlet boundary 
ondition at theorigin. Suppose that V 2 Lp + L1 for some 1 < p < 2. Suppose further that(88) limx!+1 Z x0 V (y) dy exists:Then for ea
h f 2 L2(R+), the two limits (87) exist in L2 norm as t ! �1. Moreover,
� are bije
tive isometries between H = L2(R+) and Ha
.Here Ha
 denotes the maximal subspa
e of H on whi
h H has purely absolutely 
ontin-uous spe
trum.V is not assumed to be nonnegative, so the supplementary hypothesis on existen
e ofR10 V is not a restri
tion on the size of V . Heuristi
ally, a hypothesis with this 
avor isneeded for parti
les to have any 
han
e of being asymptoti
ally free.2625Either on H = L2(R), or on H = L2(R+) with a suitable boundary 
ondition at the origin.26For potentials satisfying appropriate symbol-type hypotheses (that is, the �rst one or few derivativesde
ay faster than the potentials themselves), H�ormander [24℄ has 
onstru
ted modi�ed wave operatorswhi
h take into a

ount long-range e�e
ts. We believe that we have obtained a similar generalization ofTheorem 26, but this work is still in a preliminary phase.



26 MICHAEL CHRIST AND ALEXANDER KISELEVAnother way to state the 
on
lusion is this: for ea
h f 2 Ha
 there exist g� 2 H su
hthat(89) keitHf � eitH0g�kL2 ! 0 as t! �1:The mappings f 7! g� thus de�ned are isometri
 bije
tions from Ha
 to H = L2(R+);f = 
�g�. The s
attering operator (
+)�1Æ
� mapping g� to g+ is a unitary isomorphismof L2. Its physi
al interpretation is that any in
oming parti
le that is asymptoti
ally freeat t = �1 will be asymptoti
ally free at t = +1, and (
+)�1 Æ
� des
ribes the transitionfrom pre-intera
tion to post-intera
tion asymptoti
s.To go further, note that as a 
onsequen
e of the theory developed earlier in these notes,we know that under the hypothesis (88), for almost every � 2 R there exists a unique pair(u�; !(�)), where u� is a generalized eigenfun
tion with spe
tral parameter �2 satisfyingthe boundary 
ondition u�(0) = 0, and !(�) 2 R, with asymptoti
 behavioru�(x) = sin(�(x; �))+ o(1) as x! +1(90)where �(x; �) = �x+ !(�) + (2�)�1 Z 1x V :(91)Theorem 27. [14℄ Under the hypotheses of Theorem 26, (
+)�1Æ
� is the unitary \Fouriermultiplier" operator on L2(R+) mapping sin(�x) to e2i!(�) sin(�x) for every � 2 R.There are �ve steps in the analysis.� Identi�
ation of the proje
tion operator fromH toHa
. The operator from L2(R; d�)to L2([0;1)) de�ned formally by(92) S(F )(x) = 
0 Z 10 F (�)u�(x) d�is an isometry onto Ha
. S ÆS� is the orthogonal proje
tion from H onto Ha
. Thusexp(itH) maps R F (�)u� d� to R F (�)eit�2u� d�.� A very easy lemma showing for f 2 Ha
, eitHf ! 0 in L2 norm on any 
ompa
tsubset of R+, as jtj ! 1.� De
ompose eitHf as the sum of two terms. In the main term,(93) ZReit�2F (�)u�(x) d� is repla
ed by ZReit�2F (�) sin(�(x; �)) d�:The di�eren
e is shown to tend to zero in L2([R;1)) as R! 1, uniformly in t 2 R,for a dense subspa
e of Ha
.Namely, we take any 
ompa
t subset � � R on whi
h all our estimates for thegeneralized eigenfun
tions hold uniformly for � 2 �, and 
onsider all F 2 L1supported in �. Essentially27, this works be
ause all our multilinear expressions ofdegree � 1 involve the restri
tion of V to [R;1); the Lp norm of the restri
tion27We have two proofs for this step. One requires a re�nement of our multilinear operator ma
hinery.Namely, it works when any one of the fun
tions on whi
h the multilinear operator a
ts (more generally,suÆ
iently few of them) belong to L2, provided all the others belong to Lp for some p < 2. The alternativeproof uses the theorem of La
ey and Thiele on the boundedness of the bilinear Hilbert transform RR f(x�t)g(x+ t) t�1 dt from L4 
L4 to L2. If jxj"V 2 L1 +L2 for some " > 0, then the bilinear Hilbert transformis not needed.



ONE-DIMENSIONAL SCHR�ODINGER OPERATORS 27tends to zero as R!1. This step requires a bit more than the full strength of themultilinear operator ma
hinery outlined in pre
eding se
tions.28� Another easy step repla
es the phase �x+!(�)+ (2�)�1 R1x V by �x+!(�) in themain term.� The �nal step, evaluation of 
� in terms of the fun
tion !, is routine:(94) 
�� Z 10 F (�) sin(�x) d��= Z 10 F (�)e�i!(�)u�(x) d�:The next issue to 
onsider is that of asymptoti
 
ompleteness.De�nition. 29 H is said to be asymptoti
ally 
omplete if the ranges of the wave operators
� are equal to H
ontinuous = H	Hpp.Of 
ourse, a ne
essary 
ondition for asymptoti
 
ompleteness is that the singular 
ontinuousspe
trum should be empty.The physi
al interpretation is that for an asymptoti
ally 
omplete system, all states aresuperpositions of bound states and s
attering states, the latter being those states whi
hare asymptoti
ally free as t ! �1. For the 
lass of operators H under dis
ussion here,sin
e the range of 
� is equal to Ha
 for either 
hoi
e of sign, asymptoti
 
ompleteness isequivalent to Hs
 = ;. It remains an open question whether this is true.We have obtained analogous results for S
hr�odinger operators on the whole real line in-stead of the half-line, but the statements are slightly more 
ompli
ated and are omittedhere. Another 
ase that 
an be treated by our methods is that of 
ertain Dira
-type oper-ators, whi
h arise in the inverse s
attering method for the nonlinear S
hr�odinger equation.The unperturbed Hamiltonian is now(95) H0y = ��i�x 00 i�x� ywhere y takes values in the spa
e C 2 of 
olumn ve
tors, and �x = d=dx. The perturbedHamiltonian is(96) H = H0 + � 0 V�V 0�where V is 
omplex-valued. We assume that V 2 L1 + Lp(R) for some p < 2.The theory for this equation is 
losely parallel to that for ��2x + V , the main di�eren
ebeing a simpli�
ation: no WKB phase shift term (2�)�1 R x0 V appears in the exponentials.Consequently we are able to prove [14℄ the existen
e of wave operators for arbitrary V 2L1+Lp, without any supplementary hypothesis. Pre
ise statements will not be given here.For 
ertain 
lasses of random V 2 L1+Lp, it is known, by the te
hniques of [31℄,[30℄, thatthe spe
trum is almost surely absolutely 
ontinuous. As a 
orollary we obtain asymptoti

ompleteness for almost every operator in these 
lasses.13. Three variations on a theme of Stri
hartzIn this se
tion we brie
y dis
uss three di�erent ways in whi
h estimates of Stri
hartz typeare relevant to our subje
t matter. The �rst was alluded to earlier: the linear maximal28It works in general, without the supplementary hypothesis on the existen
e of the improper integralR10 V .29B. Simon has informed me that di�erent authors de�ne asymptoti
 
ompleteness di�erently, and thatmany require stronger properties su
h as dis
rete point spe
trum whi
h 
ertainly do not hold, in general,for the 
lass of potentials under dis
ussion in these notes.
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tion theory allows one to dedu
e one Stri
hartz estimate from another, an appli
ation�rst observed by Tao [59℄. For the free Lapla
ian H0, the following three inequalities areall valid for all f 2 L2(R); g 2 L6=5(R1+1):keitH0f(x)kL6x;t � CkfkL2x(97) k Z 1�1 ei(t�t0)H0g(t0) dt0kL6x;t � CkgkL6=5x;t(98) k Z t0 ei(t�t0)H0g(t0) dt0kL6x;t � CkgkL6=5x;t :(99)In the latter two lines, g(t0) denotes a fun
tion of x0 2 R, and ei(t�t0)H0g(t0) is what onegets by applying the indi
ated operator to that fun
tion, and evaluating at x. The �rstinequality implies the se
ond, by dualizing and then 
omposing an operator with its adjoint.The third is of interest, be
ause the quantity whose norm appears on the left-hand sideappears in Duhamel's formula.It is in dedu
ing (99) from (98) that Corollary 7 is useful. Regard fun
tions of (x; t)as being fun
tions of t 2 R, taking values in auxiliary Bana
h spa
es Lp(R; dx). Theleft-hand side of (99), evaluated at t, is obtained by applying the operator Tg(t) =RRexp(i(t � t0)H0)g(t0) dt0 to g times the 
hara
teristi
 fun
tion of [0; t℄. (98) asserts thatT is bounded from the spa
e Lpt (X) of X-valued fun
tions in Lp to Lqt (Y ), where X; Yequal L6=5(R); L6(R), respe
tively, and p = 6=5 < q = 6. Thus Corollary 7, extendedto Bana
h spa
e-valued fun
tions, says that (98) dire
tly implies (99). This extension toBana
h spa
es follows from the same proof as in the s
alar 
ase.A se
ond way to bring Stri
hartz and Fourier restri
tion inequalities into the subje
t isto 
onsider the following physi
ally arti�
ial situation. Consider a one-parameter family ofpotentials(100) Vs(x) = W (x) 
os(sx2)where W is real-valued and �xed. Let Hs = ��2x + Vs.Theorem 28. Suppose that W 2 Lp+L1(R) for some p < 4. Then for almost every s 2 R,an essential support for the absolutely 
ontinuous spe
trum of Hs is R+. For almost everypair (s; �), all generalized eigenfun
tions of Hs with spe
tral parameter �2 are bounded andhave WKB asymptoti
 behavior.The basi
 point here is that the operator f 7! RRexp(�i�x + isx2)f(x) dx maps Lp toLq for all p < 4, with q = q(p) > 4. This 
an be generalized to in
orporate the WKB phase
orre
tion. Otherwise the analysis is essentially the same as in the proof of Theorem 2. Wehave not established the presen
e of a negative power of n! in the analogue of Theorem 13,but as explained in x9, these 
on
lusions 
an be obtained without it.One 
annot expe
t to have the Stri
hartz estimate (97) with the free Lapla
ian repla
edby H = H0 + V for general V 2 L1 + Lp, 1 < p < 2, for two reasons. Firstly30, as alreadypointed out, bound states 
an o

ur, indeed the point spe
trum 
an be dense in R+, andthey destroy any su
h dispersion inequality. Se
ondly, although one 
ould ask for su
h anestimate only for all f 2 Ha
, that is unlikely to hold. The problem is that our estimatesare far from uniform in the spe
tral parameter �, and are very weak; we know only that30\The preferen
e for �rst over �rstly in formal enumerations is one of the harmless pedantries in whi
hthose who like oddities be
ause they are odd are free to indulge, provided that they abstain from 
ensuringthose who do not share the liking." H. W. Fowler [21℄.
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ally integrable in �. The following seems nearly the best that is likelyto be true.Problem 1. Suppose that V 2 L1+Lp. Show that there exists a nonnegative fun
tion w,stri
tly positive almost everywhere, su
h that for any fun
tion f satisfying RRjf(�)j2w(�) d� <1, the fun
tion g(y) = R f(�)u(y; �) d� satis�es exp(itH)g(x) 2 L6x;t.Here u(y; �) denotes a generalized eigenfun
tion with WKB asymptoti
s at y = +1.I believe that su
h a result follows by 
ombining ingredients from our analysis of waveoperators with the usual derivation of the L4�Æ restri
tion theorem in R2; work on this is inprogress. However, at the time of writing of these notes, the proof has not been 
ompleted.14. Open problemsThe following are some of the prin
ipal open problems, for the one-dimensional 
ase,related to the results dis
ussed in these notes.Problem 2. Square integrable potentials. Extend all results from Lp, p < 2, to L2 (andhen
e to L2 + L1, by rather easy supplementary arguments). As is 
lear from the dis
us-sion, this amounts to a nonlinear extension of Carleson's theorem on almost everywhere
onvergen
e of Fourier transforms and series.Carleson showed31 that the map(101) f 7! supy �� Z y�1 eix�f̂(�) d���maps L2(R) to weak32 L2. Sin
e the Fourier transform is an invertible isometry on L2,by setting f = V̂ we dedu
e that V 7! supy �� R y�1 eix�V (�) d��� is bounded. The �rst-orderterm in our expansion33 is this, with the added 
ompli
ation that the phase x� is repla
edby x� � (2x)�1 R �0 V (t) dt.A subproblem34 is to obtain estimates in L1y Lq;1x , where Lq;1 denotes the spa
e weakLq and where for the multilinear term of degree m, q = 2=m; a subsubproblem is to doso with the phase 
orre
tion (2x)�1 R V omitted. For m = 1, this is a 
onsequen
e ofPlan
herel's theorem; for m = 2 it boils down to Plan
herel's theorem plus the weak type(1; 1) boundedness of the Hilbert transform. The �rst nontrivial 
ase is m = 3; this hasre
ently been su

essfully analyzed by Mus
alu, Tao, and Thiele [37℄.The next problem is taken from a list of problems proposed by Simon [51℄.Problem 3. Existen
e of singular 
ontinuous spe
trum. Can there exist singular 
ontin-uous spe
trum, for potentials whi
h are O(jxj�r) for some r > 1=2, or more generally,for potentials in L2? Can the spe
tral measure have singular 
omponents of dimension0 < � < 1?31Subsequently extended to 1 < p < 2 by Hunt, with further re�nements near L1 by Sj�olin, an in
uentialse
ond proof by C. Fe�erman, and re
ently a superb short analysis by La
ey and Thiele.32It a
tually is bounded from L2 to L2, as was shown by Rubio de Fran
ia via a simple appli
ation ofweighted norm inequalities and extrapolation.33One should beware the perils of redu
tionism; we have seen that 
ertain fundamental properties of thegeneralized eigenfun
tions and s
attering 
oeÆ
ients are obs
ured when individual terms of this multilinearexpansion are examined in isolation.34This is of interest, be
ause suitable estimates of this weaker type suÆ
e to imply existen
e of a
spe
trum, as in the work of Deift and Killip.



30 MICHAEL CHRIST AND ALEXANDER KISELEVIf (1 + jxj)
V 2 Lp and 1 � p � 2, then we have shown that WKB asymptoti
s holdfor all energies ex
ept an ex
eptional set of Hausdor� dimension � 1� 
p0 (provided thisquantity is � 0). On the other hand, Remling and Krie
herbauer [33℄ have shown thatWKBasymptoti
s 
an indeed fail for a set of energies of pre
isely this dimension. However, inorder to obtain spe
trum of this dimension, a

ording to an analogue of the 
riterion (20),one needs to 
onstru
t suÆ
iently many generalized eigenfun
tions with appropriate de
ay.Essentially, one needs(102) lim supR!1 R1�� Zjxj�R juE(x)j2 dx <1:Problem 4. Asymptoti
 
ompleteness. Are S
hr�odinger operators with Lp potentials ne
-essarily asymptoti
ally 
omplete?A

ording to the dis
ussion in x12, this is a
tually essentially the same as the pre
edingproblem.Problem 5. Stability of dynami
al systems under time-dependent perturbations. To whatextent do our results extend to more general dynami
al systems?Our asymptoti
 analysis may be viewed as an almost sure stability result for perturba-tions of a (
ompletely integrable) dynami
al system. The unperturbed system has statespa
e C 2 � �, where � � R is any �xed 
ompa
t interval. The time evolution is given by(103) ddt 0�u(t)v(t)�(t)1A = 0� v��2u0 1A ;whi
h is simply a reformulation of the S
hr�odinger equation �u00 = �2u. All orbits areperiodi
, with periods 2�=�. Now 
onsider the perturbed evolution(104) ddt0�uv�1A = 0� v(V (t)� �2)u0 1A :For V 2 L1, ea
h traje
tory of the perturbed system is asymptoti
 to some traje
tory ofthe unperturbed system. For V 2 L1 + Lp, 1 < p < 2, our results imply that for almostevery initial 
ondition at t = 0, the resulting traje
tory is asymptoti
 to some unperturbedtraje
tory (though in a weaker sense, with a 
hange of 
lo
k, whi
h takes into a

ount theWKB phase shift).Preliminary work in this dire
tion is underway.Referen
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