
Poisson Processes

A Poisson process is a model for a series for random observations occurring in time. For example,
the process could model the arrivals of customers in a bank, the arrivals of telephone calls at a
switch, or the counts registered by radiation detection equipment.
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Let N(t) denote the number of observations by time t. In the figure above, N(t) = 6. Note that for
t < s, N(s)−N(t) is the number of observations in the time interval (t, s]. We make the following
assumptions about the model.

0) Observations occur one at a time.

1) Numbers of observations in disjoint time intervals are independent random variables, i.e., if
t0 < t1 < · · · < tm, then N(tk)−N(tk−1), k = 1, . . . ,m are independent random variables.

2) The distribution of N(t + a)−N(t) does not depend on t.

Theorem 1 Under assumptions 0), 1), and 2), there is a constant λ > 0 such that, for t < s,
N(s)−N(t) is Poisson distributed with parameter λ(s− t), that is,

P{N(s)−N(t) = k} =
(λ(s− t))k

k!
e−λ(s−t).

Let Sk be the time of the kth observation. Then

P{Sk ≤ t} = P{N(t) ≥ k} = 1−
k−1∑
i=0

(λt)i

i!
e−λt, t ≥ 0.

Differentiating to obtain the probability density function gives

fSk
(t) =

{
1

(k−1)!
λ(λt)k−1e−λt t ≥ 0

0 t < 0

Theorem 2 Let T1 = S1 and for k > 1, Tk = Sk − Sk−1. Then T1, T2, . . . are independent and
exponentially distributed with parameter λ.



Problems

1. Let N be a Poisson process with parameter λ, and let X1, X2, . . . be a sequence of Bernoulli
trials with parameter p. Assume that the Xk are independent of N , and let

M(t) =
N(t)∑
k=1

Xk.

(a) What is P{M(t) = k|N(t) = n}?
(b) What is the distribution of M(t)?

2. Messages arrive in a telegraph office according to a Poisson process with a mean rate of 4
messages per hour.

(a) What is the probability that no messages arrive between 2:00 PM and 3:30 PM?

(b) If the messages are collected by a messenger each hour on the hour, what is the probability
that the messenger never collects more than 5 messages at a time during an eight hour
shift?

3. Let N(t) be the number of orders received in a telephone order department during the first t
minutes following 1:00 PM. Assume that N is a Poisson process with parameter 3 orders per
minute.

(a) Let Z be the number of orders received between 2:15 PM and 2:30 PM. Express Z in
terms of N .

(b) What is the expectation of Z?

(c) What is P{N(2) = 5, N(3) = 8}?

4. Let N be a Poisson process with parameter λ. For t < s,

(a) What is the covariance of N(t) and N(s)?

(b) Calculate P{N(t) = 4, N(s) = 7}.

5. Let N be a Poisson process with parameter λ, and let Ut denote the time of the first observation
after time t. (In particular, U0 = S1.) Calculate the probability density function for Ut.

6. Let N be a Poisson process with parameter λ.

(a) For t < s, calculate the probability that P{N(t) = 1, N(s) = 1}.
(b) Give an event in terms of S1 and S2 that is equivalent to the event {N(t) = 1, N(s) = 1},

and use the calculation in part (a) to calculate the joint density function for S1 and S2.

7. For k ≥ 1, find the conditional density of S1 given that N(t) = k. (Hint: First calculate
P{S1 ≤ s, N(t) = k} for s ≤ t.)

8. For s ≤ t, calculate P{N(t) = k|S1 = s}.


