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Poisson processes
A Poisson process is a model for a series of random observations occur-

ring in time.

‘ X X X X X X‘X X
| E

Let Y (t) denote the number of observations by time ¢. Note that for
t <s,Y(s)—Y(t) is the number of observations in the time interval
(t,s]. We assume the following:

1) Observations occur one at a time.

2) Numbers of observations in disjoint time intervals are independent
random variables, i.e., if ¢ty < t; < --- < t,,, then Y (t;) — Y (tr_1),
k=1,...,m are independent random variables.

3) The distribution of Y (¢ + a) — Y (¢) does not depend on ¢.
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Characterization of a Poisson process

Theorem 1 Under assumptions 1), 2), and 3), there is a constant
A > 0 such that, for t < s, Y(s) — Y (t) is Poisson distributed with

parameter \(s — t), that is,

s — k
P{Y(s)=Y(t) =k} = we—m—w.

If A =1, then Y is a unit (or rate one) Poisson process. If Y is a unit
Poisson process and Y)(t) = Y (At), then Y) is a Poisson process with
parameter A.

Note that
P{Y)\(t+ At) = Yy(t) > 1|FP} =1 — e x MAE
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Watanabe’s theorem

N is a counting process if N(0) = 0 and N is constant except for jumps
of +1.

Theorem 2 Suppose that N is a counting process, A > 0, and that M
defined by

M(t) = N(t) — At

15 a martingale. Then N s a Poisson process with intensity .
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Conditional intensities for counting processes
Assume N is adapted to {F;}.
A > 0 is the {F;}-conditional intensity if (intuitively)
P{N(t+ At) > N(t)|F:} = \(t)At
or (precisely)
M(t) = N(t) — /t A(s)ds
is an {F;}-local martingale, that is, if TZ is the kth jump time of IV,
EM((t+s) A1) F] = M(t A1)
for all s,t > 0 and all k.
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Time-change representation

Lemma 3 If N has {F;}-intensity \, then there exists a unit Poisson
process (may need to enlarge the sample space) such that

N(t) = Y( /0 A(s)ds)
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Modeling with counting processes

Specify A(t) = (¢, N), where 7 is nonanticipating in the sense that
Martingale problem. Require
t
NGt = [ 2l Nds 0
0
to be a local martingale.

Time-change equation. Require
t
NG = V([ s N)ds) ®)
0

These formulations are equivalent in the sense that the solutions have
the same distribution.
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Systems of counting processes

Lemma 4 ( (1971), (1980) ) Assume N = (Ny,..., Ny,)
18 a vector of counting processes with no common jumps and N\ is the
{Fi}-intensity for Ni. Then there exist independent unit Poisson pro-
cesses Y1, ..., Yy (may need to enlarge the sample space) such that

t
Ni(t) = Yk(/ Ak(s)ds)
0
Specifying nonanticipating intensities A, (t) = (¢, N):

Nult) = Vi / (s, N)ds)
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Representing continuous time Markov chains

If
P{X(t+At)— X)) =UF } =~ (X ()AL, 1€z’

then we can write

t
Ni(t) = Vil | 8i(X(5)ds),
0
where the Y, are independent, unit Poisson processes. Consequently,

X(t) = X(0)+ ) IN(t)
l

= X+ 30 A (s))ds)
I 0
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Poisson random measures

Let v be a o-finite measure on (U,dy), a complete, separable metric
space. Let N (U) denote the collection of counting measures on U.

Definition 5 A Poisson random measure with mean measure v 1S a
random counting measure § (a N'(U)-valued random variable) such that

a) For A € B(U), £(A) has a Poisson distribution with expectation
v(A)

b) E(A) and £(B) are independent if AN B = ().
For f € M(U), f > 0, define

Ve(f) = Elexp{— /f £(du)}] = exp{— /1—e Vvt

(Verify the second equality by approximating f by simple functions.)
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Space-time Poisson random measures

Let € be a Poisson random measure on U x [0, c0) with mean measure
v x ¢ (where ¢ denotes Lebesgue measure).
(A1) = E(A X [0,¢]) is a Poisson process with parameter v(A).

~

(A1) =E(A X [0,t]) —v(A) is a martingale.

Definition 6 £ is {F;}-compatible, if for each A € B(U), £(A,-) is
{Fi}-adapted and for allt,s > 0, E(A X (t,t+ s]) is independent of F;.
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Predictable processes

Definition 7 The o-algebra Py of {F:}-predictable sets in U x [0, 00) X
Q) is the smallest o-algebra containing all sets of the form

Ax (t,t+s| x H
where t,s >0, Ae B(U), H € F;.

A stochastic process Z taking values in M (U) is {F; }-predictable if the
mapping (u,t,w) € U x [0,00) x Q — Z(u,t,w) is Py-measurable.
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Properties of integrals

Lemma 8 If ¢ is {F;}-compatible and Z is {F;}-predictable and satis-
fies

E[/ |Z(u, s)|v(du)ds] < oo, t>0,
U x[0,t]

then fo[O,t] Z(u, 8)&(du x ds) exists almost surely,

M(t) = /Ux[o ) Z(u, s)&(du x ds) —/ Z(u, s)v(du)ds

U x[0,t]

1s a martingale, and

E[/Ux[o,t] Z(u,s)é(du x ds)] = E[/Ux[o,t] Z(u, s)v(du)ds]
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Centered Poisson random measures

If Z is predictable (e.g., left continuous and adapted) and
E[/ | Z (u, s)|*v(du)ds] < oo, t >0,
U x[0,t]

then
M(t) = / Z(u, $)E(du x ds)
U x[0,t]

is a square integrable martingale satisfying
M= [ 2w sPeldux ds)
U x[0,¢]

and

E[M(t)"] = E[[M],] = E| o Z(u, s)*v(du)ds]
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Obtaining counting processes from space-time Pois-
son processes

Let & be a space-time Poisson process on [0, 00) x [0, 00) with Lebesgue
mean measure, that is for Borel A C [0,00) x [0,00), £(A) is Poisson
distributed with mean |A|. (It follows that if A; and A, are disjoint,
then £(A;1) and £(As) are independent.)

Then the solution of
N(t) = &({(u,8) :u<y(s—,N),s <t})
- / Loy (W€ (du x ds)
[0,00)x[0,¢]

has the same distribution as (1) and (2). This representation goes back
at least to ( ) and ( ).

The multidimensional version also works.
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Comparison of stochastic equations

v nonanticipating, Y; independent unit Poisson processes, &, inde-
pendent Poisson random measures with Lebesgue mean measure on
[0,00) % [0, 00).

t
Ni(t) = Yk(/o Yk (s, N)ds) Ny () :/[0 o Lo (s iy (W& (duxds)

Properties

e N and N have the same distribution.
e Equation for N is more intuitive.
o N adapted to
Fr=0((Ax[0,s]):s<t,Ae B([0,00),k=1,2,...}

regardless of choice of 7.
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Couplings

Given intensities v and 7,

~

E[N(t) - M) = E[Y( / +(s, N)ds) — Y( / 5(s, N)ds)|
- | / o (s, N)ds — / (s, N)ds)

or

BING = MO = Bl [ ot 40 = Ly ()€l )]
B (s N) = 5. Wl

IA
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Alternative coupling

Note that using the time-change representation, we can write
NG = il [ 403 A3, M)
#( [ Gl 30 = (6 3) 35, W)
N0 = [ 206N A3, s

Yy / (3, N) — 7(s, N) A7 (s, ))ds)

O®First ®Prev ONext ®Go To ®Go Back @Full Screen ®Close ®Quit 18



Example: Model with two time-scales

XP(t) = XP(0)+ Yi(nAt) — Ya(n / §X7(5)ds)

Xp(t) = X2(0) +nYa(n / 0 XP(8)ds) —n~'Ya(n / BX3(s))ds)

Then
t A
/ X{(s)ds — —t
0 H

and X3 converges to the solution of

xo(t) = )+ —t —/ Bxo(s
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Central limit theorem

Setting V3'(t) = v/a(X5(t) — (1))

' (t) = Vy Ly toz 5) — —= s
V) = W0+ =Tl [ aXisds) - =T [ 53

—h/ﬁ/ot(ozXl - — ds—/ BV (s)ds
- v2”<o>+%f/3< /O&X1<>d>_7y4( /m()) 5)

1l o ~
_%;(Yl(n)\t) Ya(n /MXl )ds)) /5‘/2
LX) - X7 (D)
Jn
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Limiting process

‘/Q(t) = Vs (O) + Wg(a{—)\t W4 / ﬂl’g dS) — ;(Wl(At) WQ()\t))

/m
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Example: Nonlinear Hawkes model Brémand and Mas-
soulié (1996)

Let
2 (s, N) = o / Wt — $)N(ds)

(_Ooat]

Assume [¢(x) — 6()| < alr — y and

a/ |h(s)|ds < 1.
0

¢ a Poisson random measure on [0, 00) X (—o0, c0) with Lebesgue mean
measure.

Nt = [ S (@)€(du x ds)
[0,00) % (,t]
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Recursion
Let NO(r t] = f[O,oo)x(r,t] 1o (u)é(du x ds) and
NED (4] :/[o . ]1[0,7(3—,N(k))](u)§(du x ds)
,00) X (7,

Then N has stationary increments.

N(k—l—l)AN(k)(T, t] - /[;) (o] ’1[0,7(5_7]\[(@)] (U)—1[0,7(8_7N(k—1))} (u) |£(du><d8)
o0) X (7t
and setting E[NFDANE) (r 4] = p®)(t — )

# = b I, N ) — (r, N0 ]
0
< B / 9 (ds) - / h(—s)N*D (ds)|
< apl® /0 |h(s)|ds
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Birth and death processes

Let v € P([0,00)), and let £ be a space-time Poisson random measure
on [0,00) x [0,00) with mean measure v X . Let X be given by

X(t) = &(B{) = &(D(@))

where
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Law of large numbers for Poisson random measures

Lemma 9 Forn =1,2,..., let &, be a Poisson random measure with
mean measure nv X {. Then for A € B([0,00) x [0, 00)) with v x {(A) <
007

n 1, (A) — v x ((A)

Definition 10 A is a lower layer if (y1,u1) € A and yo < y1, us < uy
implies (y2,us) € A.

For a > 0, let L, be the collection of lower layers contained in [0, 00) X

0, a].

Theorem 11 (1970) For each o > 0,
sup [n &, (A) — v x £(A)] — 0.
A€eL,
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A fluid limit

Let
Xo(t) = 1 6u(Balt)) — 1 6u(Da(1))
where
Bu(t) = {(y.u):u< / A(X,(s))ds}
Do) ={mu):y<tius< / X (5))ds)

0,00)x (0,00
For each ¢, B, (t) and D,(t) are predictable.

£,(B,(t)) is a counting process with intensity nA(X,(s)) and

v X U(By(t) — Dy(t)) = /0 AMX(8))v(t — s,00)ds
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Theorem 12 Let 7% = inf{t : fo ))ds > a}. Then

sup | X, (t) — /0 AX(s))v(t — s,00)ds| — 0

t<tY

and if X\ is Lipschitz, for each T > 0, sup;<p | X, (t) — x(t)| — 0 where
x 18 the unique solution of

x(t) = /0 Az (s))v(t — s,00)ds

Wang (1975, 1977); Kurtz (1983); Foley (1986); Solomon (1987); Fricker
and Jaibi (2 )7); Decreusefond and Moyal (2008)
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Gaussian approximation

For each A € B([0,00) x [0, 0)),
gn(A) —nrv X E(A>
vn

where W is space-time Gaussian white noise with E[W (A;)W (As)] =
v x £(A; x As), but the convergence is not uniform over lower layers.

= W(A),
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Convergence of stochastic integrals

For ¢ € Ly(v), define

Wa(p,7) o (y)n(dy x du)

1
a \/ﬁ [0,00)%[0,r]
and observe that for {¢;} C Lo(v)

(Wn(9017 ')7 SRR W?”L(QOTM )) = (W(Qplv ')7 SRR W(mea ))
Assume that &, is {F;'}-compatible.

Theorem 13 Suppose Z,, is a cadlag, Lo(v)-valued, {F]'}-adapted pro-
cess and that for each {¢r} C Lo(v),

(Zm Wn(§01, ')7 SR Wn(QOm, )) = (Z7 W(Spla ')7 SRR W(Spma ))
in Dr,)xrm[0,00). Then

/ Zn(y, u—)W,(dy x du) = Z(y,u—)W(dy x du).
UX[O,'] UX[Oa']
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Proof. See [Kurtz and Protter (1990), O

The result also holds for R?-valued Z,,, and under additional conditions,
for function-valued Z,,.
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Central limit theorem for X,

Taking Z,(y,u—) = 1p,)(y,u) — 1p, 1 (y,u) and uy >> [ Ma(s))ds
Wal(Bu(t)) — Wa(Dalt)) = /[ o Zaly ) Wady

converges to

/[0 ’m)x[o’uo](lmt)(y, ) — 1pg (y, w))W(dy x du) = W(B(t)) — W(D(t))

and more generally, the finite dimensional distributions converge.
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Limiting Gaussian process
Verifying tightness and setting V, () = v/a(X,(t) — z(t)).
Va(t) = Wa(Bu(t)) — Wn(Dn(t))
I [ OOG6) ~ A)olt = 5, 00)ds

converges to the solution of
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Some related work
Kurtz (1980) treats infinite systems of time-change equations.

[Kurtz and Protter (1996) treats infinite systems of Poisson embedding
equations.

Stochastic equations for spatial birth and birth and death processes are
discussed in Massoulic (1998); Garcia and Kurtz (2000, 2008).
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Abstract

Counting processes, stochastic equations, and asymptotics for stochastic models

Many stochastic models can be represented as solutions of stochastic equations for which Poisson processes
or Poisson random measures are the primary inputs. A variety of examples will be given illustrating these
equations and how they can be used to study limit theorems for stochastic models.
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