CHAPTER 4

Large deviations for stochastic processes

We focus on stochastic processes with cadlag trajectories. Throughout, (E,r)
will be a complete, separable metric space, Dg[0,00) will be the space of cadlag,
E-valued functions with the Skorohod (J;) topology, and Cg[0, co) will be the space
of continuous, FE-valued functions. Theorems 4.1 and 4.4 in Section 4.1 charac-
terize exponential tightness for these processes. These results are direct analogs of
standard tightness theorems in the weak convergence theory. The effects of changes
of time-scale on large deviation results are discussed in Section 4.2.

Exponential tightness is usually easier to verify if the state space is compact.
Frequently, results can be obtained by first compactifying the state space, verifying
the large deviation principle in the compact space, and then inferring the large
deviations principle in the original space from the result in the compact space.
Section 4.3 gives results supporting this approach.

Restricted to Cg[0,00), the Skorohod topology is just the compact uniform
topology. If the sequence of processes is asymptotically continuous in a strong
enough sense, then we see in Section 4.4 that the large deviation principle in the
Skorohod topology implies the large deviation principle in the compact uniform
topology.

The main exponential tightness results are developed further in Sections 4.5
and 4.6 in the context of martingale problems. Section 4.7 gives the large devia-
tion analog of the fact that tightness in the Skorohod topology plus convergence
of the finite dimensional distributions implies weak convergence of the processes.
Here, exponential tightness plus the large deviation principle for the finite dimen-
sional distributions implies the large deviation principle for the processes. The rate
function is identified as the appropriate supremum of the finite dimensional rate
functions. The results can be viewed as a variation of the projective limit method
(Dawson and Gértner [22], de Acosta [24]) adapted to the Skorohod topology.

4.1. Exponential tightness for processes

We now consider exponential tightness for a sequence of processes {X,} in
Dgl0,00). Let X,, be adapted to a right-continuous, complete filtration {F}*}.
Let S™(T) be the collection of all {F}*}-stopping times bounded by T, and let
S§(T) € S™(T) be the sub-collection of discrete stopping times. Recall that each
7 € S™(T) can be approximated by a decreasing sequence in S (T"). The following
theorem is the analogue for exponential tightness of Ethier and Kurtz [36], Theorem
3.8.6. The weak convergence version of condition (b) is due to Kurtz [71] and the
weak convergence version of condition (c¢) is due to Aldous [2]. For § > 0 and
T > 0, define the modulus of continuity in Dg[0, c0) by

w'(z,6,T) = inf max sup  r(z(s),z(t)),
{ti} 1 steftiote)
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58 4. LDP FOR PROCESS

where the infimum is over {¢;} satisfying
O=to<ti < - <tm1<T<t,

and miny<;<n(t; —t;—1) > 6. See Ethier and Kurtz [36], Section 3.6, for a discussion
of the properties of w’. We define ¢(z,y) = 1 A r(z,y). Note that ¢ is a metric
equivalent to r.

THEOREM 4.1. Let Ty be a dense subset of [0,00). Suppose that for eacht € Ty,
{X,(t)} is exponentially tight. Then the following are equivalent.
a) {X,} is exponentially tight in Dg[0,c0).
b) For each T > 0, there exist f > 0 and random variables v, (5, \,T),
0, A > 0, satisfying

(41) E[enAqB(XW(H‘u)vXn(t))/\(lﬁ(Xn(t),Xn(t—v))|]_-tn] < E[E’Y"’((S’X’T)L}—tn]’
for0<t<T,0<u<d, and 0 <v <tASJ, such that for each \ > 0,
1
(4.2) lim lim sup — log E[e’yn(é,A,T)] =0
0—0 pnooco M
and
1
(4.3) lim lim sup ~ log Elem’ (Xa(0):X(0)] =
- n—oo N

c) Condition (4.3) holds, and for each T > 0, there exists § > 0 such that
for each A >0

Cn(& )\7T) = sup sup E[ sup en)\qB(Xn(‘r—&-u),Xn(‘r))/\q’a(Xn(T),Xn(T—v))]
TESH(T)uls  v<SAT

satisfies

1
(4.4) lim lim sup - log C,, (6, A\, T) = 0.

—0 nooo

d) For eache>0 andT >0

1
(4.5) %im lim sup — log P{w'(X,,,8,T) > €} = —o0.

—0 nooo M
REMARK 4.2. Note that (4.1) is implied by the simpler inequality
(46) E[en)\qﬁ(Xn(twLu),Xn(t)) ‘ftn} < E[ewn(&/\,T) |];~tn]

Puhalskii [97], Theorem 4.4, (see also Puhalskii [100], Theorem 3.2.3) gives a
condition similar to (c¢) that would correspond to taking the supremum over u inside
the expectation in the definition of C, (4, A,T) (a condition that is substantially
more difficult to verify). Under Puhalskii’s condition, it is, in fact, unnecessary to
consider stopping times, that is, the supremum over 7 € S§(7T) can be replaced
by the supremum over 0 < ¢t < T, and C-exponential tightness (Definition 4.12)
follows without additional assumptions. Theorem 4.2 of Puhalskii [97] (Theorem
3.2.1 of [100]) gives the equivalence of (a) and (d).

Note also that the minimum in the exponent can be replaced by the product.
In particular, if 0 < a,b <1 and § > 0, then aPvP < aP ABP < aP/2p0/2,

Before proving Theorem 4.1, we need the following analogue of Ethier and
Kurtz [36], Lemma 3.8.4. We suppress the n to simplify the notation and let
ag = 20-DV0 5o that ¢ (z, ) < ag(¢®(, 2) + ¢ (2, 1)).
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LEMMA 4.3. Fiz > 0. For 6, \,T > 0, define
C(5,\,T)= sup supFE[ sup eAqB(X(T+“)’X(T))q5(X(T)’X(T_”))].
TESY(T) u<s  v<SAT
Let 7 € S(T), and let T be a stopping time with T > 7 a.s. Then
‘3(X(?A(T+5))7X(T))qﬁ(X(T)VX(T*v))]

E[ sup e
v<IAT

< C(36,24a3), T + 20).

PROOF. Let T € S(T+6), and let M. (§) denote the collection of F,-measurable
random variables U satisfying 0 < U < §. Note that 7+ U € S(T + 24). It follows
from Ethier and Kurtz [36] (3.8.23) and the Schwartz and Jensen inequalities, that
for 7€ S(T +6) and U € M,(9)

(@.7) B[ sup M (X(r+0).X(m)a (X(1). X (o))
v<SAT

< \/0(25, 2as\, T + 6)C(35,8a3A, T + 26)
< C(36,8a3M, T + 26) .

(Note that C(d, A\, T') is nondecreasing in all three variables.) For 7 € S(T), observe
that

¢ (X7 A (T +6)), X(1)g" (X (1), X (1 = v))
< apg’(X(r +6), X(1)d" (X (1), X (7 —v))
+agq” (X (1 +6), X (T A (1 +0)d” (X (T A (7 +6)), X(7))
+a%qﬁ(X(T +0), XFA T+ )P XFA(T46)),X(1 —v)).
Observing that U = 7 +0 — 7 A (7 +0) is Fza(r+5)-measurable so that (4.7) can be
applied, Holder’s inequality and (4.7 give

B sup 0 (XEAEH0),X (1)’ (X(7), X ()]

v<IAT
< (C(36,2430, T + 6)C(36, 244, T + 26)2) '/°
< C(36,24a3, T + 20).
0

PROOF. (of Theorem 4.1). (a implies b) Fix 8 > 0. For compact K C
Dg[0,00), define

vk (6,T) = sup sup sup ¢°(z(t+u),2(t) A ¢°(x(t), z(t —v))
2EK 0<t<T 0<u<8,0<v<IAt

and note that lims_o7vx(0,7) = 0. By the assumption of exponential tightness,
for each A > 0, there is a compact K, satisfying

lim sup — logP{X ¢ Ky} < =2\
Then, setting v, (0, A, T) = nA(vrk, (0, T) +Ix,¢K,}), (4.1) is trivially satisfied and
noting that
ElemMixnera}] <14 e™P{X, ¢ K\} — 1,
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we have 1
lim —log E[e" M| = \yg, (6,T)

n—oo N,
and (4.2) follows. A similar argument gives (4.3).

(b implies ¢) Note that if (4.1) holds for 0 < ¢ < T, then the inequality also
holds with ¢ replaced by 7 € Sf(T'), and hence, (4.2) implies (4.4).

(c implies d) We follow the development for weak convergence in Section 3.8
of Ethier and Kurtz [36]; however, the details are actually simpler in the present
setting. Let 0 < € < 1. Suppressing the index n for the moment, let 79 = o9 = 0
and for k =1,2,..., define

T = inf{t > 7p_1 : 1(X(t), X (7-1)) > €},
if 7,1 < 00, and
o =sup{t < 75 : r(X(t), X (1)) V(X (=), X (1)) > €},
if 7, < 00. Set o, = 00 if 7, = co. It follows (see Section 3.8 of Ethier and Kurtz
[36]) that min{r,4+1 — oy : 7% <T +J/2} > 0 implies w'(X,6/2,T) < 2¢, so
(T/8]+2
P{w'(X,6/2,T) > 2} < > Plreyr —ox < 6,7 < T +5/2}.
k=1
Consequently, it is sufficient to show that
1
(4.8) ;im lim sup max — log P{mj41 — o < 6,7, <T +6/2} = —c0.
- n— oo n
Let 7 be any stopping time with 7 < T + /2, and define
T =inf{t > 7:7(X(t),X(7)) > €}
and
7T =sup{t < 7:r(X(#),X(7)) Vr(X({t-),X(1)) > €}
Then for 0 < e <1 and any A > 0,
(4.9)

Plrt — = <6} < e B[ sup €m0 (Kn(r AT+ Xa(r)a? (X (7) Xalr )]
v<IAT

By Lemma 4.3, the right side of (4.9) is bounded by
e 0, (36,24}, T + 36).
By (4.4), it follows that
lim limsup  sup 1 log P{r" — 77 <6} < =A%,
=0 n—oo reS(T+6/2) M
Since A is arbitrary and for 7 = 7, A (T' 4+ 6/2),
P{rpy1 —op < 6,1 <T+6/2} < P{r* —77 <4},

(4.8) follows.
(d implies a) Let tq,ts,... be some ordering of 7y. For each A > 0 and k =
1,2,..., there exists d; > 0 and compact I'y, C E such that

Pl{w' (X, 0, k) > k1) < e

and
P{X,(t) ¢ T} < e ™,
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forn=1,2,.... Let Hl = {z:w'(z,0,k) <k '} and H? = {x : x(t) € I'x}. Let
K be the closure of ﬂz"le,i N H,f Then K is compact and

& . 26771/\
P{Xn ¢ Ko} <2y o™ <m0y
k=1
so limsup,,_, %log P{X, ¢ K)} < -\ O

The next theorem from Schied [106] (see Theorem A.1l in [30]) reduces the
verification of the exponential tightness of {X,,} to that of {f(X,,)} for real-valued
functions f. The weak convergence analogue is in Kurtz [73]. (See Ethier and Kurtz
[36], Theorem 3.9.1. Jakubowski [62] gives simpler conditions on the collection of
functions and a simpler proof.).

THEOREM 4.4. A sequence {X,,} is exponentially tight in Dg|0,00) if and only

if
a) for each T >0 and a > 0, there exists a compact Ko7 C E such that
1
(4.10) limsup —log P(3t < T 5 X, (t) € Ko1) < —a;
n—oo N

b) there exists a family of functions F C C(E) that is closed under addition
and separates points in E such that for each f € F, {f(X,)} is exponen-
tially tight in Dg[0, 00).

REMARK 4.5. We will refer to Condition (a) as the exponential compact con-
tainment condition.

PROOF. Necessity of the two conditions follows from the definition of exponen-
tial tightness and continuity of the mapping x € Dg[0,00) — fox € Dg[0,c0) for
feC(E).

Exponential tightness of {f o X}, for all f € F implies, by Lemma 3.6,
that for f1, fa,... € F {Z,} = {(f1 0 Xy, fo 0 X,,...)} is exponentially tight in
Dgr[0,00) x Dg[0,00) x ---. Since F is closed under addition, exponential tightness
in Dge[0,00) then follows. (See Ethier and Kurtz [36], Problem 3.11.22.) For
compact K C E, let {f/} separate points in K. Then

ax (z,y) = 22%1 A (@) = fE )

is a metric equivalent to r on K. In particular, there exists a nondecreasing function
pr ¢ [0,00) — [0,00) with lim, ¢ px(u) = 0 such that r(x,y) < pr(gr(x,y)),
v,y € K. Let ZX = (fEo X, f& 0 X,,...), and let the metric on R* be given by
Troe (U, 0) = Y00 271 A fuy — vyl

It follows that
{w'(X5,0,T) > e}
C{X,(t) ¢ K, some t <T}yU{X,(t) € K,t <T,px(w'(ZX,6,T)) > ¢},
and the exponential tightness of {ZX} then implies
1 1
lim lim sup — log P{w'(X,,,8,T) > €} < limsup — log P{X,,(t) ¢ K, some t < T}.
n

—0 nooco N n—00

Since K is an arbitrary compact set, (4.10) then implies (4.5). O



62 4. LDP FOR PROCESS

The following localization result may simplify certain arguments, particularly
for Markov processes, where if generators A and Ak satisfy Af(x) = Ax f(x), z €
K, f € D(A) = D(Ak), then solutions of the corresponding martingale problems
should agree in distribution up to the first time they leave K. (See Lemma 4.5.16
of Ethier and Kurtz [36].)

LEMMA 4.6. Suppose {X,,} satisfies the exponential compact containment con-
dition and for a > 0, T > 0, let K, 1 satisfy (4.10). For x € Dgl0,00), let
Tor(xz) = inf{t : z(t) ¢ Kor}. Suppose that for each a > 0, T > 0, and
n=12..., X3T(AT1,7(X>T)) has the same distribution as X, (- A To1(Xn))
and that for each a > 0 and T > 0, {X&T'} satisfies the large deviation principle
with good rate function I%T. Then {X,,} satisfies the large deviation principle with
good rate function given by

I(z) = lim liminf inf I%T(y) = limlimsup sup I%7T
( ) §—0a,T—o0 yc Bs(x) (y) 6—0 ¢ T—o0 yEBs(x) (y)

ProoF. Without loss of generality, we can assume that X, (- A 7, 7(X,))
XOT( A1, 7(X2T)). (See Lemma 5.15 of Ethier and Kurtz [36].) Setting X 7@
X&T for n = e~T | the lemma follows by Lemma 3.14.

ol

4.2. Large deviations under changes of time-scale

Continuous time large deviation problems are frequently approached by discrete
time approximations. The following lemma demonstrates the generality of this
approach (cf. Dupuis and Ellis [35] Lemma 10.3.4).

LEMMA 4.7. For X,, in Dg[0,00) and €, > 0, define Y, (t) = X, ([t/en]€n)-
Then the following hold.

a) If {X,} is exponentially tight, then {Y,} is exponentially tight.
b) Ife, — 0 and {X,} is exponentially tight, then for each f € Cy(Dgl0,00))

1 1
(4.11) lim sup — log E[e™/X")] = lim sup — log E[e™f ()]
n—oo N n—oo N
and
1 1
(4.12) lim inf — log E[e™ (X»)] = lim inf — log E[e™/ ()],
n—oo N n—oo N

and hence, the large deviation principle holds for {X,} if and only if it
holds for {Y,} and if it holds, {X,,} and {Y,} have the same rate function.

PROOF. Clearly, if {X,,} satisfies the exponential compact containment condi-
tion, then so does {Y,,}. By the necessity of part (b) of Theorem 4.1, there exist
Tn(0, A, T) satisfying (4.1). Consequently, {Y;,} will satisfy (4.1) with ~, (5, A\, T)
replaced by

~ 0, 0 < ep
(82, T) = { (26, N, T), 0> €.
Since 7, (8, A, T') clearly satisfies (4.2), exponential tightness for {¥;,} follows.

Part (b) will follow from Lemma 3.13 provided we verify (3.13). But, defining
x¢ by z¢(t) = z([t/e]e), if K C Dg[0,00) is compact, then for the metric given by
(15),

lim sup d(z,z¢) =0,
e—0 €K

and (3.13) follows. (See Lemma 4.8 below.) O
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Lemma 4.7 can be generalized to other time changes. The following property
of the Skorohod topology provides the basis for these extensions.

LEMMA 4.8. Let ( be a cadlag, nonnegative, and nondecreasing function on
[0,00), and let n > 0 and T > 0 satisfy n > sup,< [((t) —t|. Then for § > 2n and
the metric d given by (1.5),

nT+n) _p
52 B +e 7).

PROOF. Fix e > 0. Let 0 =ty < t1 < -+ <tm_1 < T+ n < t,, satisfy

(4.13) d(z,z0¢) <log V(' (z,0, T +n)+

max  sup  7(x(s),2(t)) <w'(x,6,T +n) +e
v st€tio,ts)

For each i, define 7; = inf{¢ : {(t) > ¢;}, and for 0 < ¢ < ¢,,,, let A(t) be the linear
interpolation of the points (¢;,7;). For t > t,,, let X' (t) = 1. Since |t; — ;| < 7,
ﬁ <MN(@#) < ﬁ, and v(A) < log ﬁ. For t VA(t) < T +n,
r(zoCot),z(t)) <w(x,6,T+n)+e,
and it follows that
/T e iggr(m o C(A() Au),x(t Au))du < w'(z,6,T +n) + e+ 2mn.
0 >

Note that 2mn bounds the Lebesgue measure of the set of v for which there exists
a t and a t; satisfying

(4.14) A)Au<t; <tAu or tAu<t; <At)Au
since either of the inequalities in (4.14) implies |u — t;| < 7. Since m < (T'+ 1)/
and € > 0 is arbitrary, (4.13) follows. O

LEMMA 4.9. For each n, let X,, be a process in Dg[0,00), let A,, be a nonneg-
ative, nondecreasing process independent of X,,, and define

Yn(t) = Xn(An(t))
Suppose that for each t >0 and n > 0,

1
(4.15) lim —log P{sup|s — A,(s)| > n} = —0.
n—oo N s<t
a) If {X,} is exponentially tight, then {Y,} is exponentially tight.
b) If {X,} is exponentially tight, then for each f € Cy(Dgl0,0))
1 1
(4.16) lim sup — log E[e™X»)] = lim sup ~ log E[e"/ )]
n—oo N n—oo N
and
1 1
(4.17) lim inf — log E[e™ )] = lim inf = log E[e™/ ()],
n—oo N n—oo N

and hence, the large deviation principle holds for {X,} if and only if it
holds for {Y,} and if it holds, {X,,} and {Y,} have the same rate function.

REMARK 4.10. An obvious question is what happens to {Y,} if A, does not
converge as in 4.15?7 Russell [103] gives a systematic discussion of this question.

PROOF. Lemma 4.8 implies (3.13), and the result follows by Lemma 3.13. O
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4.3. Compactification

The requirement in Theorem 4.1 that {X,,(¢)} be exponentially tight for each
t € 7y and the stronger requirement in Condition (a) of Theorem 4.4 are, of course,
trivially satisfied if E is compact. As in the weak convergence setting, these con-
ditions can sometimes be finessed in the noncompact case by working with some
compactification E of E. The following result gives conditions under which the
large deviation principle in Dz[0,00) can be used to obtain the large deviation
principle in Dg[0, 00). The result also covers situations where the topology on Eis
weaker than the topology on E. For example, E could be the space of probability
measures on a metric space with the weak topology while E is the space of prob-
ability measures on the same metric space having a density with respect to some
fixed reference measure v with the metric on E given by the L;(v)-norm.

THEOREM 4.11. Suppose (E7?) and (E,r) are metric spaces, E C E, B(E) C
B(E), and if {z,} C E converges to z € E under r, then it also converges under
7 (that is, r generates a stronger topology on E than 7). Let {P,} be a sequence
of probability measures on D(E,?) [0,00) such that for each n, P,(Dg,[0,00)) =
1. (We include the metric in the notation for clarity. Note that D ,[0,00) C
D (g,#[0,00), but the two spaces need not be equal.) Let

F = D(E,?) [07 OO) - D(E,r) [0, OO)

Suppose that the large deviation principle for {P,} holds in Dg[0,00) with good
rate function T.

a) If the exponential compact containment condition holds in (E,r), then
f(x) =00, forallx € f, and the large deviation principle holds for {P,}
on Dg [0, 00).

b) Suppose that the topology on E generated by T is the same as the topology
generated by r so

I'={xeDs0,00):3t>053x(t) or 2(t—) € E — E}.

If f(x) = oo for each x € f, then the large deviation principle holds for
{P,} on Dgl0,00) with rate function I given by I(x) = I(z) for x €
Dgl0,00). In particular, the exponential compact containment condition

holds in E.

PROOF. Note that if K is compact in (E,r), then it is also compact in (E,?)
(but not conversely) and the topology on K given by r is the same as the topology
on K given by 7. In particular, Dk ,y[0,00) = Dk #[0,00). If € C D(E,?) [0, 00) is
compact, then Kx = KN Dx,[0,00) is a compact subset of D (g ,[0,00). (Apply
the characterization of Skorohod convergence given in [36], Proposition 3.6.5, and
the equivalence of r and 7 on K.)

Under the conditions of Part (a), for a,n > 0 and e~ < n, let K = K, be a
compact subset of F (under r) satisfying (4.10), and let K be a compact subset of
D5 [0, 00) satisfying

1
lim sup - log P{X,, ¢ K} < —a.

n—oo
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Let Kg = KN D(K7r) [0, 00). Since K% DKN (D(Km) [0, 00))¢,

1
lim sup — log P{X,, ¢ K%}

n—oo N

1 1
< max{lim sup EP{Xn ¢ K}, limsup - log P{X,, & (Dk,r[0,00))}

n—oo

S —a,

where the e-“fattening” is with respect to the metric (1.5) given by r. It follows
that {X,,} is exponentially tight, and Part (a) follows by Lemma 3.12.

For Part (b), suppose that :f(x) = oo for each z € . If A is an open subset of
Dg[0,00), then by the equivalence of the topologies, there exists an open subset A
of Dz[0,00) such that A = AN Dg[0,00). Consequently,

1 1 -~
liminf —log P,(A) = liminf —log P,(AN Dgl0,00))

n—oo N n—oo M

1 .
= liminf —log P, (A)
n—oo N
> - mfAf(x)

z€EA

~

- i)
where the last equality follows from the fact that = € A — A implies 1| (x) = oo.
Similarly, if B is a closed subset of Dg[0,00), then there exists a closed subset B
of D3[0,00) such that B = BN Dg[0,00). Consequently,

1 1 ~
limsup — log P,(B) = limsup —log P,,(B N Dg[0,0))
n—oo N n—oo N

1 ~
= limsup — log P, (B)
< —inf IA(x)
z€B

~

B

and Part (b) follows. O
4.4. Large deviations in the compact uniform topology

DEFINITION 4.12. [C-exponential tightness] A sequence of stochastic processes
{X,} that is exponentially tight in Dg[0,00) is C-exponentially tight if for each
n>0and T >0,

1
(4.18) lim sup - log P(sup r(X,(s), Xn(s—)) > n) = —cc.
n— oo s<T

The weak convergence analogue of this condition is simply that
sup (X, (s), Xn(s=)) =0
s<T

for each T' > 0 which implies that any weak limit point of {X,,} must be continuous.
The definition of C-exponential tightness given here is not the same as that given
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in Puhalskii [98] (Definition 3.2.2 of [100]); however, the following theorem shows
that the two definitions are equivalent.

THEOREM 4.13. An exponentially tight sequence {X,} in Dg[0,00) is C-expo-
nentially tight if and only if each rate function I that gives the large deviation
principle for a subsequence {X,x)}, satisfies I(x) = oo for each x € Dg|0,00)
such that © ¢ Cg|0,00).

PRrROOF. Let A, 7 = {x € Dg[0,00) : sup,p7(x(s),z(s—)) > n} and B, 1 =
{z € Dg[0,00) : sup;qr(x(s),z(s—)) > n}. Then A, 7 is closed and B, 7 is open.
If {X,} is exponentially tight and (4.18) holds, then for any subsequence satisfying
the large deviation principle with a rate function I (see Theorem 3.7), we have

. L. 1
— melg,f,j I(z) < hkrggf m log P(X,, ) € By,1)

1
hi?isolip m log P(Xy k) € Ay 1) = —00.
Therefore, I(z) = oo for each « € B, 1. By the arbitrariness of  and T', I(z) = oo
for every x € Dg[0,00) — Cg[0, 00).
Now, assume that {X,} is exponentially tight but that (4.18) does not hold.
Then there exists a subsequence n(k) such that

IN

o 1
(4.19) hkrggfm log P(X,, ) € Ay 1) > —00,

and by exponential tightness a subsubsequence along which the large deviation
principle holds with a rate function I. It follows that

. .. 1
— IEIEE,T I(z) > hkn_1>1£f o) log P(X () € A1) > —00,
that is, there exists z € A, r C Dg[0,00) — Cg[0, 00) such that I(z) < co. O

With reference to (1.5), for z,y € Dg[0,00), let

) = [ e supata(t) o)

t<u

Then d, is a metric corresponding to the compact uniform topology. Let Sg be
the Borel g-algebra of (Dg[0,00),d). Note that f,(y) = du(z,y) defines a Sg-
measurable function and hence B¥(z) = {y € Dg[0,00) : dy(z,y) < €} and
Bl(z) = {y € Dp[0,00) : dy(z,y) < €} are in Sg. On Cg[0,00), dy, and d are
equivalent metrics, and in the theory of weak convergence, if X,, = X in the
Skorohod topology and X is continuous, then X, = X in the compact uniform
topology in the sense that

Jim E[f(X,)] = E[f(X)]

for every bounded function that is d,-continuous and Sg-measurable. C-exponential
tightness is the large deviation analogue of the limit being continuous in weak con-
vergence.

THEOREM 4.14. Suppose that {P,} is a sequence of probability measures on
Dg[0,00) that is C-exponentially tight and that the large deviation principle holds
with rate function I (in the Skorohod topology). Then the large deviation principle
holds in the compact uniform topology with the same rate function.
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PROOF. The result is an immediate consequence of the contraction principle,
Lemma 3.11. Take S = (Dgl0,0),d), S’ = (Dg[0,00),d,), and F(xz) = 2. Then
F is continuous at each point in Cg[0,00) and by Theorem 4.13, I(z) = oo if
x ¢ Cgl0,00). O

4.5. Exponential tightness for solutions of martingale problems

DEFINITION 4.15. Let A be the generator of a Markov process, and let H;
be the collection of (f,g) € M(E) x M(E) such that for every solution X of the
martingale problem for A,

(4.20) Zsq(t) = S (XM= F(Y(0)= [f5 9(X (s))ds

is a cadlag supermartingale, or, in the discrete time case with X (¢) = Y[t/6]7
(4.21) Z; 4(t) = ef XOI=FXO)=[5/ g(X(s))ds

is a supermartingale.

Of course, H defined in (1.7) is a subset of H;, and, for example, if A gives a
diffusion and L is the second order differential operator such that Af = Lf for f €
D(A), then for f € C? and h = e~/ Le/, (4.20) is a local martingale by Ito’s formula.
Since every nonnegative local martingale is a supermartingale, (f,e~fLel) € H;.
More generally, if fr € D(H), infy inf, fr(z) > —oo, supy sup, Hfr(z) < oo, and
for each z € E, (fr(x), Hfr(x)) — (f(x),h(z)), then (4.20) is a supermartingale.

For n = 1,2,..., let E,, be a metric space and let n, : £, — E be a Borel
measurable mapping into a complete, separable metric space E. Let A,, C B(E,) x
B(E,) and H, = {(f,te™/g) : f € B(E,),(e"),g9) € A,}. Let Hy, be the
collection of (f,g) € M(E,) x M(E,) such that

e (Yo (£)=nf (Ya (0)) =[5 ng(Ya(s))ds
is a supermartingale for every solution Y,, of the martingale problem for A,. Of
course, H,, C Hj .

Similarly, in discrete time, let T}, be a transition operator on B(E,), €, > 0,
and

1
H,=—1loge ™T,e"f, fe B(E,).
ney,
Then Hy , is the collection of (f,g) € B(E,) x B(E,) such that

e (YVa () =nf (Yo (0) =[5/ " ng(Vn (s))ds

is a supermartingale for every Markov chain with time step e, satisfying

E[f (Ya(0)[Ya(0) = y] = T}/ f(y).
In other words,
e IO e (2) < e @) re B,
As above, g =r A1l

DEFINITION 4.16. D C Cy(E) approzimates the metric q if for each compact
K C E and z € K, there exists f, € D such that

lim sup |fn(z) — q(x,2)| = 0.
eK

n—oo T
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We want to give conditions implying exponential tightness for the sequence
X, = nn(Yy). For f € B(E), define

M f = f 00
We assume that X, is cadlag.

COROLLARY 4.17. LetY,, X,, Hy, and H; ,, be as above in either the contin-
uous or discrete time case, and in the discrete time case, assume that €, — 0. Let
F C Cy(E) and S C R. Suppose that

a) {X,} satisfies the exponential compact containment condition.

b) Either F is closed under addition and separates points in E and S = R,
or F' approzimates the metric ¢ and S = (0, 00).

c) For each A € S and f € F, there exists {(fn,gn)} such that (Afn,gn) €
H; o, sup,, || fnll < o0, for each compact K C E,

(4.22) lim sup |fn(z) —nnf(z)|=0
0 penn H(K)
and
(4.23) sup sup gn(z) = Cx(f, K) < 0.
" ozen, ' (K)

Then {X,} is exponentially tight.

REMARK 4.18. In many of the examples mentioned in the Introduction, F, =
E, n, is the identity map, and it suffices to let f,, = f. In others including Examples
1.9 and 1.12, the more general condition is needed.

PROOF. First, assume that F'is closed under addition and separates points in F
and S = R. We consider the continuous-time case. The proof for the discrete-time
case is essentially the same.

Since for A > 0,

E "M (Xn(t49)) = f(Xn (1)) | F7
< E[eM I Xntta) = (Xn(0))| £7] 4 Ele= A Xn (b)) =S (Xn(0))| 77,
by Theorems 4.1 and 4.4, it is enough to show that for each A € R, T' > 0 and n,
there exists 7, (s, A, T), increasing in s and satisfying
Elexp{nAf(Xn(t + 5)) = nAf(Xn () }F] < Elexp{yn(s, A, T)}FY']
for 0 <t < T, such that

1
lim lim sup — log E[e?(*M1)] = 0,
n

5—=0 poeco
For compact K C FE, let T',(K,T) = {X,(t) € K,t < T} = {Y,(¥) €
oY (K),t <T}. If f € F and (Af,,gn) € H, satisfies Condition (c), then

(4.24)  Blln, gegye™ ) —md i () 7
S enck (f.,I()sEv[en)\fn(Yn(t+s))7n>\fn(Yn(t))ffoS ngn (Yn (t+u))du |]_~tn]
< ean(f,K)s'

By assumption, there exists a compact set K = K(A, f,T) C E such that

1
limsup = log P(3t < T, X, (1) & K) < (1 + 2/

n—oo
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Therefore, for t,s > 0,t+ s < T,

E[en/\f(Xn(t+s))—n>\f(Xn,(t)) |]_-tn]

S E[enAf(Xn(t+5))_n>‘f(Xn(t))IF (K,T) ‘]:tn]

+E[emN Xt =m M @) [ e |

< eznm SUP, 1) |nnf(y)ffn(y)|EUFn eﬂ)\fn(Yn(t"rs))_"Afn(Yn(t))|]:t”]

< (K,T)
+e NPT, (K, T 77
S e2n‘)\lsuPyEn,,fl(K) [fr(¥)—nn f(Y)+nCA(f,K)s 4 €2n)\Hf”P{Fn(K7 T)clj:tn}

Taking

(s, M, T) = log{e%lh\supye";l(m [fr(¥)—mn f (W) +nCA(f,K)s + e2n|>\H|fHIFn(K,T)C}7

then

1
lim sup — log B[ (M 1)]
n

n—oo

1
= max{Ca(f, K)s, 21 £]| + lim sup —log P{T (K, T)°}}

n—oo

= C)\(f, K)S

Hence, by Theorems 4.1 and 4.4, the conclusion follows.
Now assume that F' approximates the metric ¢ and S = (0,00). For A € S,
select compact K C E so that

1
limsup —log P(3t < T, X,,(t) € K) < —(14 \).
n—oo M
For each € > 0, there exist N. > 0, {&1,...,&n, } C E, and {ff,..., f§, ) € F such
that ming—1  n q(z,&) < € for all € K, and maxi<i<n, Sup,cx 19(2,&k) —
frz) <e

For y € K, there exists & € {&1,...,&n} such that ¢(y,&;) < e. Then, for
re K,

.....

q(x,y) S q(m7€k) + Q(y7€k) S q(xvgk) +e€ S q($,§k) — q(y,{k) =+ 26,
and
q(z,y) < fi(w) = fily) + 4e.

It follows that

N(e)
enra(@,y) < eldnie Z e Mr (@) —nAfe(y)

k=1
By (4.22) and (4.23), there exist (Afy 1,95, ) € Hin such that for n sufficiently

large

max  sup |f5 . (y) = fr(y)] <€
yEn, H(K)
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and Cx(fg, K) = maxy sup, ¢, -1k |95, (y)| < 00, and hence,

IFn(K,T)e”’\‘I(Xn(t+8),Xn(t))
Ne
< Ip, g™ ) el mndfn (Y (0)
k=1
< Iy, (k) e8IV RO LK)
Ne
Z oMk (Yn (t48)) =n A (Yo (8) = [17° ng, (Yo (r))dr
k=1
Ne
< eBenAtsnViCa(fi,K) Z enkffl,k(Yn(t+s))—nAffl,k(Yn(t))—ftHS ng s (Ya(P)dr
k=1
Therefore
Blem Gt Xa )| 701 < B[Ip (g gy X (89X (1)) 7]

+E[IF (K T)Cenkq(xn(t"’_s)vxn(t))|ftn]
< €6en)\+sn\/kNélC>\(f;,K) +6"AP{F,,(K, T)°| 7).

For § > 0, let €y(d) = inf{e > 0: Vi< Cr(ff, K) < 6 /2}. Note that €y(5) — 0 as

d — 0, and select €(d) such that €(0) < eo(d) + J and \/iv;(f)CA(f;(é)7K) <0712
Finally, define

NG €
'Yn<57 )\, T) — 1Og{€6€(5)n)\+6n\/k:(15)CA(fk<5),K) + enAIFn(K,T)C};
and observe that

1
lim sup — log E[G‘Yn(S%T)]

n—oo N

= max{6e(5)A + 6 Vi P Cr(F£, K), A + lim sup % log P(Tn (K, T))}

= 6e(O)A+ Vi ® O (£ K).

Since the right side goes to zero as § — 0, the conclusion follows by Theorem
4.1. O

The following technical modification of Corollary 4.17 is occasionally useful.
The proof is essentially the same.

COROLLARY 4.19. LetY,, X,, Hy, and H; , be as above in either the contin-
wous or discrete time case, and in the discrete time case, assume that €, — 0. Let
F C Cy(E) and S C R. Let Q be an index set and forn =1,2,... and ¢ € Q, let
K{ be a measurable subset of E,. Suppose that

a) For each q € Q, Upny, (K2) is relatively compact in E.
b) For each a >0 and T > 0, there exists q(a,T) € Q such that

1
(4.25) limsup — log P{3t < T 3 Y, (t) ¢ K1*1} < —q.
n—oo N

(In particular, {X,} satisfies the exponential compact containment condi-
tion.)
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¢) Either F is closed under addition and separates points in E and S = R,
or F' approzimates the metric ¢ and S = (0, 00).

d) For each A € S and f € F, there exists {(fn,gn)} such that (Afn,gn) €
H; o, sup,, || fnll < 00, for each q € Q,

(4.26) lim sup [ f(2) — o f(2)] = 0
N0 pe Ky
and
(4.27) sup sup gn(z) = C\(f, K) < oc.
n zeK]

Then {X,} is exponentially tight.

4.6. Verifying compact containment

The usual approach to verifying a property like the exponential compact con-
tainment condition (Condition (a) of Theorem 4.4 and Corollary 4.17) is with a
Lyapunov function technique.

LEMMA 4.20. Let K be compact and G O K be open. Let A be the generator
for a Markov process, and let Hy be given by Definition 4.15. Let (f,g) € Hy, and
define

B= inf f(x)—sup f(x), y=supg(z)VO.
zeGe €K z€G

Let X be a solution of the martingale problem for A, and suppose that Z¢ 4 defined
in (4.20) is right continuous. Then for T > 0,

(4.28) P{X(0) € K,X(t) ¢ G somet < T} < P{X(0) € K}e P17,

REMARK 4.21. Suppose, as in Corollary 4.17, Y takes valued in Ey, n : By — E,
X =), and (f,g9) € Hy C M(Ey) x M(Eyp). If K C E is compact, G D K is
open and

p= inf fly)— sup f(y), v= sup g(y),
yen~H(G)e yen—1(K) yen~HG)

then for T' > 0,
(4.29) P{X(0) € K,X(t) ¢ G somet <T} < P{X(0) € K}e P17,
PRrROOF. Let
T = I{X(O)EK} inf{t : X(t) ¢ G}
Then, since Zf 4, given in (4.20), is a right continuous supermartingale, by the

optional sampling theorem
P{X(0) € K,X(t) ¢ G some t <T}e’ 77 + P{X(0) ¢ K} EZ 4(t NT)]
L,

and (4.28) follows. O

<
<

The following lemma is an immediate consequence of the previous lemma.

LEMMA 4.22. Let X,, be a solution of the martingale problem for A,,. Let K be
compact, and let G O K be open. Let (fn,9n) € Hi o = {(f,9) : (nf,ng) € Hin},
and assume that the corresponding supermartingale is Tight continuous. Define

B(K,G) = liminf( int fu(x) —sup fn(z)), ~(G)=limsup sup g,(x).
n—oo zeGe zeK

n—oo zeG
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Then
lim sup — logP{X (t) ¢ Gsomet <T}
< max{—f(K,G) + Tv(G),limsup — logP{X (0) ¢ K}}.

n—oo

If F is locally compact, Lemma 4.22 can be applied to open G with compact
closure to verify the exponential compact containment condition.

EXAMPLE 4.23. Suppose in Example 1.5 there exists C' > 0 such that

(4.30) sz () < C(+ [z]?),  |ay(z)] < CA+ |z]?),
and there exists a > 0 such that
2l \? el
(4.31) Cln,a) = sup/ < e“ =Ty (z, dz) < oo.
z€R? J R4 1+ |3’J|

Then for § > 0 satisfying 66 < «, let f,(x) = f(z) = dlog(1 + |z|?) and

Za” )0:0; f (x Za” 2)9; f (x) + Zbi(x)a f(x)

ns log(l+7n B, 2‘2‘2) 20z - z
+ el —1 - ———=)n(z,dz).
fue T fope " )

The derivative terms are uniformly bounded in x and n by a constant depending
on C'in (4.30) and §. The integral term satisfies

n~loz.z4n—2|z|2

ndlog{ 14+ 2—=2=11 121 201 -

/(e (et Ll—%)n(x,dz)
Rd 1+ |z

nd 10g(1+”712””’”"72”‘2) 282
»_Zoatn "2l :
< / (e el — e Fl=? )n(x, dz)
Rd

28x-2 25:5 -z
He? -] — T dz).
+/Rd(e 1+|.13|2)77(x’ Z)

The second term on the right is bounded by 262C(n,46) < oo. Setting ', » = {2 :
|z| > n(1+ |z|)}, the first term on the right is bounded by

l2zezl4n= 1tz §| 2|2
/ 5 14|z |2 LQU(J},GZZ)
{z:]z<n(1+|2))} n(l+ |z[?)

_ _ néd
+/ (1+n azin 2|Z|2> n(x, dz)
{z:]21>n(1+|z])} 1+ |zf?

no
26 4 |7 2 Iz \?
<— 8) + 14— d
< —C(n,60) + /F< +n1+‘x| + = (1+x| n(x,dz)

2
< 20(n.66) + / 0z, dz)
n R

25 1
<2 §) + —=C(n, 46
< —C(n,60) + 5 C(n,49),

where C(n,46) < C(n,6d) < oco.
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It follows that (fy,gn) € Hy, and for any bounded G,

~7(G) < limsup sup gp(z) < 0.

n—oco zeRd
Suppose K = {x : |x| < c}. For 3 > 0, let d satisfy §log(1+d?) = B+ log(1+c?).
Then for
G={z:|z| <d},
the conditions of Lemma 4.22 are satisfied. Consequently, if {X,,(0)} is exponen-
tially tight, the exponential compact containment condition holds for {X,,}.

Furthermore, if (4.31) holds for all & > 0, Conditions (b) and (c) of Corollary
4.17 are easy to check, and hence {X,,} is exponentially tight.

If E is not locally compact, then, with Lemma 3.3 in mind, it may be useful to
work with a sequence of open sets {G}}.

LEMMA 4.24. Let X, be a solution of the martingale problem for A,. Let
K C E be compact, and for k = 1,2,..., let Gy, be open and contained in a finite
union of open balls of radius k=1. Let K be the closure of NpGy. (Note that K
will be complete and totally bounded, hence compact.) Assume that K C K Let
(fen, 9en) € Hin, and assume that the corresponding supermartingale is right
continuous. Define

Bk = Inf fron(z) = sup fon(z), Yen = sup gen(z).
z€GY, €K z€Gy,

If v = supy, ,, Yn < o0 and By n > B+ %log k, then

hmsup log P{X,(t) ¢ K some t <T}

n—oo

< max{—p + ~T,limsup — logP{X 0) ¢ K}}.

n—oo

ProOOF. By Lemma 4.20,
P{X,(0) € K, X, (t) ¢ G} some t <T} < P{X,(0) € K}e "PrntnTVen,

and hence

(4.32) lim sup — log P{X,(t) ¢ K some t <T}

n—oo

< max{hmbupflogz:e Bty Jim sup — logP{X (0) ¢ K}}.

n—oo n—oo

Under the assumptions on v and 3, the right side of (4.32) is bounded by

max{—/3 + T, limsup — logP{X (0) ¢ K}}.

n—oo

4.7. Finite dimensional determination of the process rate function

The following lemma shows that finite dimensional rate functions give lower
bounds for process rate functions.
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LEMMA 4.25. Let {X,,} satisfy the large deviation principle with rate function I.
Let x € Dg[0,00), and let A, denote the set of discontinuities of x. Ifty,... ty, €
A and the large deviation principle holds for {(X,(t1),..., Xn(tm))} with rate
function I, . 4, , then

(4.33) Ix) > Iy, o, (@(t1), .o 2(tm).
Consequently, if for each finite subset {t1,...,t,m} C To, the large deviation
principle holds for {(Xn(t1),..., Xn(tm))} with rate function I, . 4., then
>

(4.34) I(x) sup Iy, o4, (2(t1), .., z(tm)).
{t:}CToNAS

PROOF. For € > 0 and t1,...,t, ¢ A, there exists ¢ > 0 such that

Be (1‘) - {y : (y(t1)7 s 7y(tm)) € Bln((l‘(h), s ,.’L‘(tm)))}
where B! denotes a ball in E™. Consequently, (4.33) follows from (3.3). O

The assumption that t1,...,t, € AS can be dropped in (4.33) if the right
side is replaced by the minimum of I;, ., (y1,...,¥Ym) over the 2™ choices where
y; is x(t;) or x(t;—). This minimum is in fact needed unless other conditions are
introduced. For example, let P{X, = Iji41/n,00)} = 1. Then for x = I1 ),
I(x) =0, but I;(1) = cc.

Our next goal is to estimate I from above in terms of finite dimensional rate
functions. Let y € Dg[0,00). Suppose that 0 < t; < ty < --- satisfies lim; o t; =
00, and define Py by

Py(t) =y(t1), 0<t<ty,
and for t > to,
Py(t) = y(tl), t; <t <tig1.
Note that if we set ((t) = t; for 0 < ¢t < ty and ((¢) = t; for t; < t < tiyq,
i1=2,3,..., then Py(t) =y o ().

LEMMA 4.26. Let 7y be dense in [0,00). Let x € Dgl0,00). For e > 0 and
compact K C Dgl0,00), there exist t1,...,tm € To and € > 0 such that

(435) Be($> ) {y : (y(t1)7 ce ’y(tm)) € B?((‘r(tl)’ ce 7$<tm>))} NnK.

Proor. Without loss of generality, we can assume that there exist compact
I'r C E and a function h(4,T) > 0 defined for T, § > 0 satisfying lims_.o h(5,T) = 0
such that
K={y:ylt) elr,t <T,w'(y,6, T +8) < h(5,T)}.
Let 2n < 4, and let 0 < ¢ < to < --- satisfy t; € Ty, t; — o0, t2 < n, and
tiv1 — t; < n. Select m so that t,, > T + 4. If y is in the set on the right of (4.35),
then by Lemma 4.8,

d(z,y) < d(z,Pz)+ d(Pz, Py)+ d(Py,y)

n(T +mn)
5

+e ) Viog

’ U(T+ 7]) J
d(xz, Px)+ € + (h(6,T) + 5 52

Select € < €/5, T so that e=T < €, and § so that h(5,T) < ¢. Then select 7 so
that d(z, Px) <€, n(T+n)/d <€, and log(6/(0 —2n)) < 3€¢’. Then d(x,y) < € for
all y in the set on the right of (4.35). O

< d(x,Pz)+€ + (W'(y,0, T +n) + §—2n

IN

+e T)yviog
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LEMMA 4.27. Let {X,} be exponentially tight in Dg[0,00), and assume that the
large deviation principle holds with rate function I (otherwise select a subsequence).
Let Ty be dense in [0,00), and suppose that for each finite subset {t1,...,t;m} C o,
the large deviation principle holds for {(X,(t1),..., Xn(tm))} with rate function

L,...t,,- Then either liminf, . +log P{X, € B.(x)} = —oo and (by exponential
tightness)
(4.36) sup Ip, .4, (2(t1), ..., x(ty)) = 00 = I(x)
{t:i}CTo
or
1
(4.37) lim inf - log P{X,, € Be(x)} > —1Ipy .1, (x(t1), ..o, 2(tm))
and
(4.38) I(x) < sup Iy, (z(t1),...,z(tm))

{t:}CTo

PROOF. Lemma 4.26 implies that for each € > 0 and compact set K C Dgl0, 00),
there exists t1,...,t, € 7o and ¢ > 0 such that

1 1
liminf — log P{X,, € Be(z)} V liminf — log P{X,, € K}
n n—oo N

n—oo

= liminf llogP({Xn € Be(z) UK })}

n—oo 1N

> nmmf%mgp{()((tl), X (t) € B (a(ty), .., x(tm))}

n—oo

> =1y ot ($(t1), e 7x(tm))'

Since for each a > 0 there exists a compact K, such that

1
limsup — log P{X,, € K} < —a,
n

n—oo

the lemma follows. (]

Lemmas 4.25 and 4.27 give the following theorem.

THEOREM 4.28. Assume that {X,} is exponentially tight in Dg[0,00) and that
foreach 0 <ty <to < <tpm, {(Xn(t1),...,Xn(tm))} satisfies the large deviation
principle in E™ with rate function I, . 4. . Then {X,} satisfies the large deviation
principle in Dg[0,00) with good rate function

(4.39) I(x)= sup I .. .. (x(t1),...,z(tm)).
{ti}cAg

PROOF. Let I be the rate function corresponding to a subsequence of {X,}
for which the large deviation principle holds. Exponential tightness implies I will
be good. Taking 7o = AS, Lemmas 4.25 and 4.27 imply that I satisfies (4.39),
which in turn implies that there is only one possible rate function and hence the
large deviation principle holds for the full sequence {X,,} with rate function given
by (4.39). O

The following corollary is a consequence of Lemma 3.23.
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COROLLARY 4.29. Suppose that D C Cy(E) is bounded above and isolates
points. (See Definition 3.18.) Assume that {X,} is exponentially tight in Dg[0, 00)
and that for each 0 <t; <...<t,, and f1,...,fm € D

Altrseeestuos frae o ) = lim ~log E[erfr(Xn(t) ot fm (Xn(tm)))]
n—oo N

exists. Then {X,,} satisfies the large deviation principle in Dg|0, 00) with good rate
function

I(z) =sup  sup sup  {fi(z(t)) + -+ fm(2(tn))

m {ty,... .ty }CAS f1,.-, fm €D
7A(t17 s atma f17 cee 7fm)}

If C-exponential tightness holds, then Theorem 4.28 can be simplified. The
next theorem is essentially Puhalskii [97], Theorem 4.5 (Theorem 3.2.8 of [100]).
He only considers R%-valued processes, but his proof extends easily to the metric-
valued case. See also de Acosta [24] for generalizations to projective systems.

THEOREM 4.30. Assume that {X,} is C-exponentially tight in Dg[0,00). Let
To be a dense subset of [0,00), and suppose that for each 0 < t; < ... < &, €
To, {(Xn(t1),..., Xn(tm))} satisfies the large deviation principle in E™ with rate
function I, . . Then {X,} satisfies the large deviation principle in Dg[0,c0)
with good rate function
(4.40) I(z)= sup Ip,,. .4, (x(t1),...,z(tm)).

{t:}CTo

ProoF. By C-exponential tightness, if ¢ Cg|0,00), then I(x) = oo and

(4.40) follows by (4.36). Otherwise, (4.40) follows by (4.34) and (4.38). O
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