1. Stochastic equations for Markov processes

Filtrations and the Markov property

Ito equations for diffusion processes

Poisson random measures

Ito equations for Markov processes with jumps
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Filtrations and the Markov property

(Q, F, P) a probability space

Available information is modeled by a sub-o-algebra of F

F; information available at time ¢

{F:} is a filtration. t < s implies F; C F,

A stochastic process X is adapted to {F;} if X (t) is F-measurable for each ¢ > 0.
An FE-valued stochastic process X adapted to {F;} is {F; }-Markov if

E[f(X(t+r)|F] = E[f(X({E+r)|X®)], tr=0, fecB(E)

An R-valued stochastic process M adapted to {F;} is an {F;}-martingale if
E[M(t+r)|F]=M(t), t,r>0

7 is an {F; }-stopping time if for each t > 0, {7 <t} € F;. For a stopping time 7,
Fr={AeF: {r<t}nAeF,t>0}
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Ito integrals

W standard Browian motion (W has independent increments with W (¢ + s) — W (t)
normally distributed with mean zero and variance s.)

W is compatible with a filtration {F;} if W is {F; }-adapted and W (t + s) — W (¢) is
independent of F; for all s,¢ > 0.

If X is R-valued, cadlag and {F;}-adapted, then

/tX(s—)dW(s): lim X () (W(EAti) = W(tAL))

maX(tiJrl 7ti)4>0

exists, and the integral satisfies
/ X(s—)dW (s / X (s)%ds]

The integral extends to all measurable and adapted processes satisfying

t
/ X (s)%ds < oo
0

W is an R™-valued standard Brownian motion it W = (W1, ... . W,,)T for Wy, ..., W,
independent one-dimensional standard Brownian motions.

if the right side is finite.
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Ito equations for diffusion processes
o:R? — M?»™ and b : R — R?
Consider . .
X(t) = X(0) —l—/ o(X(s))dW (s) +/ b(X(s))ds
0 0
where X (0) is independent of the standard Brownian motion W.

Why is X Markov? Suppose W is compatible with {F;}, X is {F;}-adapted, and X
is unique (among {F;}-adapted solutions). Then

t+r t+r
X(t+r)=X(t)+ /t o(X(s))dW(s) + /t b(X(s))ds

and X(t +r) = H(t,r, X(t),W;) where Wy(s) = W(t + s) — W(t). Since W; is
independent of F;,

ELf(X(t+ )| 7] = / FCH (7, X (t), ) oy ()
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Gaussian white noise.

(U,dy) a complete, separable metric space; B(U), the Borel sets

w a (Borel) measure on U

AU)={A e BU): u(A) < oo}

W(A,t)  Mean zero, Gaussian process indexed by A(U) x [0, c0)
EW(A, )W (B,s)] =t A su(AN B),

Wip.t) = J o)W (du b

p(u) = aila,(u)

Wi, t) = 32 aiW (A, 1)

E[W (o1, )W (2, 8)] =t A s [;; o1(w)pa(u)u(du)

Define W (¢, t) for all ¢ € La(pu).
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Definition of integral
X(t)=>",&(t)p; process in Lo(p)

Iy (X, t) = fo[O,t]X(S’u)W( uxds)=>, fo &(s)dW (¢4, 8)

E Z/Ot fi(s)fj(s)ds/l]%%d/i]
_ [ /0 t /U X(s,u)m(du)ds]

The integral extends to adapted processes satisfying

¢
/ /X(s,u)2,u(du)ds<oo a.s.
0o Ju

(Iw(X,1)) / /X s, u p(du)ds

Ellw(X,1)?] =

so that

is a local martingale.
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Poisson random measures

v a o-finite measure on U, (U, dy) a complete, separable metric space.
¢ a Poisson random measure on U x [0, 00) with mean measure v X m.

For A € B(U) x B([0,00)), £(A) has a Poisson distribution with expectation v x m(A)
and £(A) and {(B) are independent if AN B = 0.

¢ is {F;} compatible, if for each A € B(U), £(A4,-) is {F:} adapted and for all ¢, s > 0,
€(A x (t,t + s]) is independent of F;.
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Stochastic integrals for Poisson random measures

X cadlag, L;(v)-valued, {F;}-adapted
We define
I(X,t) = / X(u,s—)&(du x ds)
U x[0,t]

in such a way that
BIECCON < B[ sl ds)
U x10,t]

_ / E[|X (u, 5)[|v(du)ds
U x[0,t]

If the right side is finite, then

E [ /U o Xl ds)} _ /U o PG @y
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Predictable integrands

The integral extends to predictable integrands satisfying
/ | X (u, s)| A lv(du)ds < 0o a.s.
U x[0,t]

so that

ElL(X,t A7) = E [/
U
for any stopping time satisfying
E [/ X (u, )| (du)ds
U x[0,tAT]

If (1) holds for all ¢, then

/ X (u, $)¢(du x ds) — / X (u, s)v(du)ds
U x[0,tAT]

Ux[0,tAT]

X (u, $)&(du x ds)}

X [0,tNAT]

< 00 (1)

is a martingale.

X is predictable if it is the pointwise limit of adapted, left-continuous processes.
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Stochastic integrals for centered Poisson random measures
X cadlag, Ly(v)-valued, {F;}-adapted
We define
If(X,t) = /U s X (u, s—)E(du x ds)

in such a way that £ [Ig(X, t)Q] = Juxioq E[X (u, 5)*v(du)ds if the right side is finite.
Then I¢(X, ) is a square-integrable martingale.

The integral extends to predictable integrands satisfying
/ | X (u, 8)]* A | X (u, s)|v(du)ds < 0o a.s.
U x[0,t]

so that [ g(X ,t A7) is a martingale for any stopping time satisfying

E {/ | X (u, 5)]* A | X (u, s)|v(du)ds| < oo
U x[0,tAT]
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Ito equations for Markov processes with jumps

W Gaussian white noise on Uy X [0, 00) with E[W (A, t)W(B,t)] = n(AnN B)t

& Poisson random measure on U; x [0, 00) with mean measure v;.

Let -
&(A 1) = &A1) — (A
o%(r) = /UQ(x,u)u(du) < 00
/a%(w,u) Ao (x,u)|v(du) < oo, /\ag(x,u)\ A 1vg(du) < oo
and

X(t)=X(0) + /U o (X (s—),u)W(du x ds) +/0 B(X(s—))ds
+ /le[O,t] ar(X(s—),u)é(du x ds)

+ / as(X (s—),u)é(du x ds) .
Uz x[0,t]
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A martingale inequality

Discrete time version: Burkholder (1973).
Continuous time version: Lenglart, Lepingle, and Pratelli (1980).

Easy proof: Ichikawa (1986).
Lemma 1 For 0 < p < 2 there exists a constant C,, such that for any locally square
integrable martingale M with Meyer process (M) and any stopping time T

Elsup |M(s)[”] < C,B[(M)2?]

s<T

(M) is the (essentially unique) predictable process such that M? — (M) is a local
martingale. (A left-continuous, adapted process is predictable.)
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Graham’s uniqueness theorem

Lipschitz condition

¢/w@mo—d%wmmmrwmm—ﬁ@n

-I-\// |l (2, u) — o (y, w) Py (du) + / lao (2, u) — as(y, u)|va(du)
< Mlz —y|
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Estimate

X and X solution of SDE.
E[Sglg X () — X(s)l]

< E[|X(0) — X(0)[] + ClE[(/O ; o(X (s=),u) = o(X (s=), u)Pu(du)ds)?]

SIS

LOE / Ural w) — an (X (5—), u)|Pwn (du)ds)?]

/ U‘O‘2 u) — (X (5-), ) o(du)ds]

/ (X 5=))\ds]

< E[|X(0) X(0)|]+D(\/_+t) [su£>|X(s)—)~((s)|]
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Boundary conditions

X has values in D and satisfies

X(8) = X(0) + /0 (X (s))dW (5) + /O b(X (5))ds + /0 n(X (5))dA(s)

where \ is nondecreasing and increases only when X (t) € 9D.

X has values in D and satisfies
X(t) = X(0) + / o(X (5))dW (s) + / b(X (5))ds + / (X (5=), Cxoys )N (s)

where (i, (o, ... are iid and independent of X (0) and W and N(t) is the number of
times X has hit the boundary by time t.
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2. Martingale problems for Markov processes

Levy and Watanabe characterizations

Ito’s formula and martingales associated with solutions of stochastic equations

Generators and martingale problems for Markov processes

Equivalence between stochastic equations and martingale problems
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Martingale characterizations
Brownian motion (Levy)

W a continuous {F;}-martingale

W(t)> —t  an {F;}-martingale

Then W is a standard Brownian motion compatible with {F;}.

Poisson process (Watanabe)

N a counting process adapted to {F;}
N(t) — Mt an {F; }-martingale

Then N is a Poisson process with parameter A compatible with {F;}
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Diffusion processes

o: R — M»>™ and b : R4 — R?

Consider

By Ito’s formula

FX(0) — FX(0)) - / AF(X(s))ds = / V(X () o (X () AWV (s)

where

Zam )0i0; f(x) + b(x) - V f()
with ((ai;(z))) = a(:l;)a(x)T.
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Martingale problem for A

Assume a;; and b; are locally bounded, and let D(A) = C%(R?). X is a solution of the
martingale problem for A if there exists a filtration {F;} such that X is {F; }-adapted
and

FE ) = 1X(0) = [ A7(x(s)as
is an {F;}-martingale for each f € D(A).

Any solution of the SDE is a solution of the martingale problem.
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General SDE

Let
+ / W (du x ds) + / B(X
U0><[0t
+ / §1(du X dS)
U1><[0t
+ / fg(du X dS)
U2><[0t
Then

f(x /Af

:/U o V(X(s)) o(X(s),u)W(du x ds)
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Form of the generator

= —Zam )0:0; f () + b(x) - V f(x)
" / (f(a + (2, 0)) — F(z) — o (ar,) - V£ (2))on (du)
" / (f(z + (e, u)) — F(z))wa(du)

Let D(A) be a collection of functions for which Af is bounded. Then a solution of
the SDE is a solution of the martingale problem for A.
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The martingale problem for A

X is a solution for the martingale problem for (A, 1), vy € P(E), if PX(0)™! = 1
and there exists a filtration {F;} such that

X)) — FX(0)) - / AF(X(s))ds
is an {F;}-martingale for all f € D(A).

Theorem 2 If any two solutions of the martingale problem for A satisfying PX1(0)™! =
PX,(0)7! also satisfy PX,(t)™' = PXy(t)~! for allt > 0, then the f.d.d. of a solution

X are uniquely determined by PX(0)~1.

If X is a solution of the MGP for A and Y,(t) = X(a + t), then Y, is a solution of
the MGP for A.

Theorem 3 If the conclusion of the above theorem holds, then any solution of the
martingale problem for A is a Markov process.

A is called the generator for the Markov process.
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Weak solutions of SDEs

X is a weak solution of the SDE if there exists a probability space on which are
defined X, W, &, and &; satisfying the SDE and X has the same distribution as X.

Theorem 4 Suppose that the a;; and b; are locally bounded and that for each f €
CZ(R)

sup | |f(z + aa(z,u)) = fz) = aaw,u) - VI (x)[r(du) < oo

z Ju;

and

sup | [f(z + az(z, u) — f(z)[re(du) < oo.
x Us
Let D(A) = C?(R%). Then any solution of the martingale problem for A is a weak
solution of the SDE.
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Nonsingular diffusions
Consider the SDE
X(t)=X(0)+ /t o(X(s))dW (s) + b(X(s))ds
and assume that d = m (that is, o iz square). Let

Zam )0:0; f () + b(x) - V f ().

Assume that o(x) is invertible for each z and that |o(z)!| is locally bounded. If X
is a solution of the martingale problem for A, then

is a local martingale and
t
Wi(t) = / o(X(s))dM(s)
0
is a standard Brownian motion compatible with {ft)} }. It follows that

X(t) = X(0) + /O o (X (s))dW (s) + /0 b(X (s))ds.
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Natural form for the jump terms

Consider the generator for a simple pure jump process
Afte) = 2o) [ (1) = Fla)ute.do)

where A > 0 and p(z,-) is a probability measure. There exists v : R? x [0,1] — R?

such that
/f:p—i—vxudU—/f (z,dz).
Let & be a Poisson random measure on [0,00) x [0,1] x [0,00) with Lebesgue mean
measure. Then
X(t) = X(0) +/ Toax (s () (X(s=), w)€(dv X du x ds)
[0,00) % [0,1] x[0,1]

is a stochastic differential equation corresponding to A. Note that this SDE is of the
form above with U, = [0,00) x [0,1] and ag(x, u,v) = Ijo @y (v)y (2, u) and that

/ lao(x, u,v) — as(y, u,v)|dvdu < |A(x) — \(y)| ~(z, u)du
[0,00)x[0,1]

(0,1]

TAW) /[ D) =Gl
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More general jump terms

X(t)=X(0) + / Tioa(x (s—)u)) (V)V(X (5=), w)&(dv x du x ds)
[0,00)xU x0,t]

where £ is a Poisson random measure with mean measure m X v X m. The generator
is of the form

Af(z) = / A, w)(f (& + () — f(2)v(du).

If € is replaced by E, then

Af(z) = /U/\(xa w)(f (@ +7(z,u) = f(x) =z, u) - Vf(z))v(du).

Note that many different choices of A, 7, and v will produce the same generator.
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Reflecting diffusions
X has values in D and satisfies
t ¢ t
X(8) = X(0) + / (X (s))dW (5) + / b(X (5))ds + / n(X ())dA(s)
0 0 0

where A is nondecreasing and increases only when X (¢) € 9D. By It6’s formula

FOX()—F(X(0)) / AF(X(s))ds— / B(X(s))dA(s) = / V(X (5)To (X (5))dWV ()

0

where
= 2D (000, () +be) V@) BIG) =) V(@)
Either take D(A) = {f € C?(D) : Bf(z) = 0,z € 9D} or formulate a constrained

martingale problem with solution (X, \) by requiring X to take values in D, A to be
nondecreasing and increase only when X € 0D, and

X)) — F(X(0)) - / AF(X(s))ds — / B(X(5))dA(s)

to be an {F;**}-martingale.
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Instantaneous jump conditions
X has values in D and satisfies
t t t
X() = XO) + [ (X)W + [ HX()ds+ [ al¥(s-)rpi)aV ()
0 0 0

where (i, (s, ... are iid and independent of X (0) and W and N(t) is the number of
times X has hit the boundary by time ¢. Then

X)) — F(X(0)) - / Af(X(s))ds - / BJ(X(s—))dN(s)

/Vf X(s))dW (s)

/0 (FX(5—) + (X (5-), Cageyn)

— [ F(X(5=) + (X (5= 0))v(du)) AN (s
where
Zaw )0:0; f(x) + b(x) - V f()

and

Bf(x) = / (f( + (e, u) — f(x))v(du).
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3. Weak convergence for stochastic processes

e General definition of weak convergence

e Prohorov’s theorem

e Skorohod representation theorem

e Skorohod topology

e Conditions for tightness in the Skorohod topology
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Topological proof of convergence

(S, d) metric space
F,:S—R
F,, — F in some sense (e.g., x, — x implies F,(z,) — F(x))

Fo.(xz,)=0

1. Show that {x,} is compact
2. Show that any limit point of {x,} satisfies F'(x) =0
3. Show that the equation F'(x) = 0 has a unique solution

4. Conclude that x,, — xg
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Convergence in distribution

(S,d) complete, separable metric space
X,  S-valued random variable

{Xn} converges in distribution to X ({Px,} converges weakly to Px) if for each
fed(s)
lim E[f(X,)] = E[f(X)].

n—oo

Denote convergence in distribution by X, = X.

Equivalent statements

{X,} converges in distribution to X if and only if
liminf P{X, € A} > P{X € A}, each open A,

or equivalently
limsup P{X,, € B} < P{X € B}, each closed B,

n—oo
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Tightness and Prohorov’s theorem

A sequence {X,} is tight if for each € > 0, there exists a compact set K. C S such
that
sup P{X,, ¢ K.} <e.

Theorem 5 Suppose that {X,} is tight. Then there ezists a subsequence {n(k)}
along which the sequence converges in distribution.
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Skorohod topology on Dg[0, c0)

(E,r) complete, separable metric space
Dg[0,00)  space of cadlag, E-valued functions

xn, — x € Dgl0,00) in the Skorohod (J;) topology if and only if there exist strictly
increasing A, mapping [0, c0) onto [0, c0) such that for each 7' > 0,

lim sup(| A, (f) = t| + r(zn 0 An(t), z(t))) = 0.

=00 LT

The Skorohod topology is metrizable so that Dg[0, 00) is a complete, separable metric
space.

Note that I 1 ) — Ij100) in Dgr[0,00), but (I ;1 o), [1,00)) does not converge in
D]R2 [O, OO)
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Conditions for tightness
S§(T)  collection of discrete {F'}-stopping times  ¢(x,y) = 1 Ar(z,y)

Theorem 6 Suppose that fort € 1y, a dense subset of [0,00), {X,(t)} is tight. Then
the following are equivalent.

a) {X,.} is tight in Dg|0,00).

b) (Kurtz) For T > 0, there exist f > 0 and random variables v,(0,T) such that for
0<t<T,0<u<d,and0<v<tAd
Elq®(Xa(t + u), Xu(1)) A 7 (Xa(t), Xo(t = 0)|F] < Bl (8, T)| 7]

(lsir% limsup E[v,(5,T)] = 0,

and

lim lim sup E[¢”(X,,(6), X,,(0))] = 0. (2)

6—0 pooo

c¢) (Aldous) Condition (2) holds, and for each T > 0, there exists f > 0 such that
Cu6.T) = sup sup E[sup ¢ (Xoulr + u), Xa(r)) A @ (Xo(r), Xa(r — 0))]

T€SH(T) usd  v<IAT

satisfies lims_,o limsup,,_, . C,,(0,7T) = 0.
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N, "2, - 11d7 E[?’h] :07 02 :E[T]?] <00

I
Xn(t) = % ' i
Then ; . )
B+ )~ X, (0270 = PR o 5 10
for u < 9.
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Uniqueness of limit

Theorem 7 If {X,} is tight in Dg[0,00) and
(Xn(t1)7 s 7Xn(tk)) = (X(t1)7 s 7X(tk))
forty, ... t, € Ty, Ty dense in [0,00), then X, = X.

For the example, this condition follows from the central limit theorem.
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Skorohod representation theorem

Theorem 8 Suppose that X,, = X. Then there exists a probability space (2, F, P)
and random variables, X, and X such that . X, has the same distribution as X, X
has the same distribution as X, and X — X as.

Continuous mapping theorem

Corollary 9 Let G(X) : S — E and define Cqg = {x € S : G is continuous at x}.
Suppose X,, = X and that P{X € Cg} = 1. Then G(X,) = G(X).
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Some mappings on Dg[0, o)

Cr, ={x € Dg[0,00) : 2(t) = z(t—)}

Gy : Dr[0,00) — R Gi(x) = sup,<; 2(5)
Cq, = {x € Dg[0,00) : }L‘P_ Gs(z) = Gi(z)} D {x € Dg[0,00) : z(t) = z(t—)}

G : Dg[0,00) — Dg[0, 00), G(z)(t) = Gy(x), is continous

Hy: Dgl0,00) = R Hy(z) = sup,c, 7(x(s), z(s—))
Ch, = {zx € Dg[0,00) : 511)1}1_ Hy(z) = Hi(z)} D {z € Dgl0,00) : z(t) = x(t—)}

H : Dgl0,00) — Dg[0,00), H(x)(t) = Hy(x), is continuous
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Level crossing times

7.« Dg[0, 00) — [0, 00) T.(z) = inf{t : z(t) > ¢}

7. : Dg[0,00) — [0, 00) 7. (x) =inf{t: x(t) > cor z(t—) > ¢}

C

Gr. =G, ={r:7(a) =7, ()

C

Note that 7, (z) < 7.(z) and that z,, — x implies

7. () < liminf 7, (z,) < limsup 7.(z,) < 7.(2)

C
n—oo n—oo
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Localization

Theorem 10 Suppose that for each o > 0, 7% satisfies
P{r®>a} <a™!

and { X, (- A7)} is relatively compact. Then {X,,} is relatively compact.

Compactification of the state space

Theorem 11 Let E C Ey where Ey is compact and the topology on E is the restric-
tion of the topology on Ey. Suppose that for each n, X, is a process with sample paths
in Dgl0,00) and that X, = X in Dg,[0,00). If X has sample paths in Dg[0,00),
then X, = X in Dg[0, 00).
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4. Convergence for Markov processes characterized by stochastic
equations

Martingale central limit theorem

Convergence for stochastic integrals

Convergence for SDEs driven by semimartingales

Diffusion approximations for Markov chains

Limit theorems involving Poisson random measures and Gaussian white noise
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Martingale central limit theorem

Let M, be a martingale such that
lim Esup |M,(s) — M,(s—)|]] =0

n—00 s<t

and
[Mn]t — ct

in probability.
Then M, = /cW.

Vector-valued version: If for each 1 <i <d

lim E[sup |M,(s) — M, (s—)[] =0

n—00 s<t

and for each 1 < i,j <d, , ,
(M, M7]; — cijt,

then M,, = oW, where W is d-dimensional standard Brownian motion and o is a
symmetric d X d-matrix satisfying 02 = ¢ = ((¢;5)).
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Example: Products of random matrices
Let AW, A®  be iid random matrices with E[A®] = 0 and E[JA®|?] < co. Set
Xo=1
1

— ARy (T4 —AW)

(7oL A _ 1
X(k+1) (I+\/ﬁA )X (k) =(I+ 7 NG
)

Xn(t) = X([nd]

and

%\

Then .
X,(t) = X,(0) +/O dM, (s) X, (s—).

M, = M where M is a Brownian motion with
E[M;;(t) M (1)) = E[A;; Ault,
Can we conclude X,, = X satisfying
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Example: Markov chains

Xk+1 = H(Xkafk—f—l) where fl,gg ... are iid
P{Xiy1 € B|Xo,&1,. ., 6} = P{Xky1 € B| X3}
Example:
1

1
\/ﬁ&cﬂ +b(X7)

Xfp = X{ +0(X)) .
Assume F[¢;] =0 and Var(&) = 1.
Define X, (t) = X7, Aut) =10 w,() =L &

X, (t) = X,,(0) +/0 o (X, (s—)dW,(s)

+

/0 b(X(5—))dAn(s)

Can we conclude X,, = X satisfying
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Stochastic integration

Definition: For cadlag processes X, Y,

/tX(s—)dY(s): lm S XYt AE) = Y(EAD)

max |ti+1—ti|—>0

whenever the limit exists in probability.

Sample paths of bounded variation: If Y is a finite variation process, the stochas-
tic integral exists (apply dominated convergence theorem) and

/0 X () = [ X(smor (@)

ay is the signed measure with

ay (0,1 = Y (t) — Y(0)
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Existence for square integrable martingales

If M is a square integrable martingale, then
E[(M(t+s) = M(t))*|F] = E[[M]ess — [M]:|F]

Let X be bounded, cadlag and adapted. Then For partitions {¢;} and {r;}
E[(C X () (M (tipa A t) = Mt At)) = 30 X (1) (M (rapa At) = M(ri A)))7]

= 2| [ (X(ts) - X(e(s) a0
= /(] (X(1(5)) = X(r(5-))Parun(a)

t(s) =t; for s € [t;, ti1) r(s) =r; for s € [ry,ri41)
Let 0. = inf{t : | X (t)| > ¢} and

c X(t t <o,
xe={ Xy 15

Then for

/0 " X(s—)dv(s) — 0 " Xe(sm)dv (s)
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Semimartingales

Definition: A cadlag, {F;}-adapted process Y is an {F;}-semimartingale if:
Y=M+V
M alocal, square integrable {F;}-martingale

V' an {F;}-adapted, finite variation process

Total variation: For a finite variation process

Ti(Z2) —SupZ|Z (tipa ANt)— Z(t; NE)| < 00
{ti}

Quadratic variation: For cadlag semimartingale

Y]p= lim Y (Y(tia At) = Y(t A1)

max |tj4+1—t;|—0

Covariation: For cadlag semimartingales

Y, Z); = lm Y (Yt At) = Y (i AL (Z(tisa At) — Z(t; A L))
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Probability estimates for Sls

Y=M+V
M local square-integrable martingale
%4 finite variation process

Assume | X| < 1.

P{sup | SX(T—)dY(r)| > K}

_g Plo <t} +P{suw | OS X (r—)dM(r)| > K/2}
+P{s;g)| OSX(r—)dV(r)| > K/2)

< P{o<t}+ 16E[7°W )iz(s_)d[M]

< plo <ty + el piry > kp2)
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Good integrator condition

Let 8° be the collection of X =Y &1,
and §; is F,,-measurable. Then

741), Where 73 < .-+ < 7, are stopping times

/X =AY (s) =Y &Y (EATi) = Y(EAT)).
If Y is a semimartingale, then
{/tX(s—)dY(s) X €8 |X] <1}
0
is stochastically bounded.
Y satisfying this stochastic boundedness condition is a good integrator.

Bichteler-Dellacherie: Y is a good integrator if and only if Y is a semimartingale.
(See, for example, Protter (1990), Theorem I11.22.)
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Uniformity conditions
Y, = M,, + A,, a semimartingale adapted to {F;'}
Ti(A,), the total variation of A, on [0, ]

[M,]:, the quadratic variation of M, on [0,?]

Uniform tightness (UT) [JMP]:
MY = U] Z(s-)dY(s) 2 € Spsup |2(5) < 1)
is stochastically bounded.
Uniformly controlled variations (UCV) [KP]: {T}(A,),n = 1,2,...} is stochas-

tically bounded, and there exist stopping times {72} such that P{r® < a} < a7!
and sSup,, E[[Mn]t/\Tﬁ] < 00

A sequence of semimartingales {Y;,} that converges in distribution and satisfies either
UT or UCV will be called good.

O First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit



Basic convergence theorem

Theorem. (Jakubowski, Mémin and Pages; Kurtz & Protter)
(Xn,Yn) {F}-adapted in Dygrmygm [0, 00).

Y, =M, + A, an {F]'}-semimartingale

Assume that {Y,,} satisfies either UT or UCV.

If (X,,Y,) = (X,Y) in Dypmy gm0, 00) with the Skorohod topology.

THEN
(X, Yo, [ Xn(s—)dY,(s)) = (XY, [ X(s—)dY (s))

in DMkm xR™ xRk [0, OO)

If (X,,Y,) — (X,Y) in probability in the Skorohod topology on Dygrm ygm[0, 00)

THEN
(X0, Yo, [ Xo(s—)dY,(s)) — (XY, [ X(s—)dY (s))

in probability in Dygprm ygm ygk [0, 00)

“IN PROBABILITY” CANNOT BE REPLACED BY “A.S.”
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Stochastic differential equations

Suppose
F : Dga[0,00) — Dyyaxm [0, 00)
is nonanticipating in the sense that
F(z,t) = F(2',t)
where x'(s) = x(s A ).
U cadlag, adapted, with values in R¢

Y an R™-valued semimartingale.
Consider

X(t) = U(t) + /0 F(X,s—)dY (s) (3)

(X, 1) is a local solution of (3) if X is adapted to a filtration {F;} such that Y is an
{Fi}-semimartingale, 7 is an {F;}-stopping time, and

XtAT)=U{tANT)+ /W F(X,s—)dY(s), t>0.

Strong local uniqueness holds if for any two local solutions (Xi,71), (X2, 72) with
respect to a common filtration, we have X1(- A 11 A 72) = Xo(- A1 A T2).
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Sequences of SDE’s

X, () = Uy (t) + /t Fo(Xo, 5—)dY(s).

Structure conditions

T1[0,00) = {v : v nondecr. and maps [0, 00) onto [0, 00),v(t + h) — y(t) < h}

C.a F, behaves well under time changes: If {z,} C Dga[0,00), {1} C
T1[0, 00), and {x, o 7,} is relatively compact in Dga[0, 00), then {F,(z,) © v, }
is relatively compact in Dypaxm [0, 00).

C.b F, converges to F: If (z,,y.) — (z,y) in Dgaypm[0,00), then

(T, Yn, Fr(z)) — (2,9, F(x)) in Draygm cpaxm [0, 00).

Note that C.b implies continuity of F', that is, (2, y,) — (z,y) implies (x,,, yn, F(z,)) —
($ﬂ y> F(ﬂf))
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Examples

F(x,t) = f(x(t)), [ continuous
F(x,t) = f( [ h(z(s))ds) f, h continuous

0

F(z,t) = fg h(t — s,s,2(s))ds, h continuous
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Convergence theorem

Theorem 12 Suppose

o (U,, X,,Y,) satisfies

o (UnY,) = (UY)

o {Y,} is good

o {F,}, F satisfy structure conditions
® sup, sup, [|[F(z, )| < oo.

Then {(Upn, Xn, Yn)} is relatively compact and any limit point satisfies

X(1) = Ut) + / R, s)dY (s)

If, in addition, (U,,Y,) — (U,Y) in probability and strong uniqueness holds, then
(Un, X0, Yn) — (U, X,Y) in probability.
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Euler scheme
Let 0 =ty < t; < --- The Euler approximation for
X(t)=U(t) + /tF(X, s—)dY (s)
is given by O
K(trer) = X(t) + Ultir) = Ult) + FX 1) (Y (1) = Y (t)).
Consistency

Let {t}} satisfy max;, |t},, — t}| — 0, and define

Yolt) \ _ ( Y (&) n n
(i )= (i) wsren
Then (Uy,,Y,) = (U,Y) and {Y,} is good.
The Euler scheme corresponding to {t}} satisfies

X,(t) = Up(t) + / t F(X,,5—)dY,(s)

If F satisfies the structure conditions and strong uniqueness holds, then )?n — X in
probability. (In the diffusion case, Maruyama (1955))
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Sequences of Poisson random measures
&, Poisson random measures with mean measures nv X m.
h measurable

For A € B(U) satisfying [, h*(u)v(du) < oo, define

M, (A,t) / )(&n(du x [0,t]) — ntv(du)).
\/_
M, is an orthogonal martingale random measure with

(M (A), My(B)le = 3 [4ep h(w)? &aldu x [0,1])
(M(A), My (B)); = t /A ()

M, converges to Gaussian white noise W with

E[W (A, )W (B, s)] =t A s /A (v

EW (01, )W (02 8)] = £ A 5 / 1 ()2 (u)h(u) v (du)
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Continuous-time Markov chains

X, (t) = X,(0) + % /U o a1 (X (5=), w)én (du x ds)
b el we ()
Assume [, oy (2, u)v(du) = 0. Then
X, (t) = X,(0) + % /U o a1 (X (s=), w)&n(du x ds)
+% /U o a2 (Xn(5—), u)E, (du x ds)

Can we conclude X,, = X satisfying

X(t) = X(0) —i—/U o a1(X(s),u)W(du x ds)

//062 Jv(du)ds ?

OFirst ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 58



Discrete-time Markov chains

Consider | |
X =X+ U<X£7§k+1)% +O(XE, G )

where {(&, ()} is iid in Uy x Us.

4 the distribution of &

v the distribution of (j

Assume [, o(z,ur)p(dur) =0

Define
[nt]
My(Af) = %;mm — u(A)
[nt]
VBA) = Y I(G)
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Stochastic equation driven by random measure

Then X,(t) = X, satisfies

X (t //Uan (), 1) Mo (du x ds)
//U Vi (du x ds)

V(A t) — tr(A) M, (A t) = M(A,t)
M is Gaussian with covariance

E[M(A,)M(B,s)] = t A s(u(AN B) — u(A)u(B)

Can we conclude that X,, = X satisfying

/ /Ul M (du x ds)
/ /U v(du)ds ?
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Good integrator condition

H  aseparable Banach space (H = Ly(v), L1(v), La(p), etc.)
Y(p,t) a semimartingale for each ¢ € H

YO arpr,t) = 22 arY (r, t)

Let S be the collection of cadlag, adapted processes of the form Z(t) = >, | &(t)px,
v € H.

Define

Iy(Z,t) = /U o Z(u,s—)Y (du x ds) = Z/o Ek(s—)dY (o, s).

Basic assumption:

H, ={sup|ly(Z,s)|: Z € S,Slip |Z(s)||lg <1}
s<t

s<t
is stochastically bounded. (Call Y a good H#-semimartingale.)
The integral extends to all cadlag, adapted H-valued processes.
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Convergence for H#-semimartingales

H  a separable Banach space of functions on U
Y, an{FI'}-H#-semimartingale (for each o € H, Y (i, ) is an {F/'}-semimartingale)
{X,} cadlag, H-valued processes

(Xn, Yn) = (X,Y), if

(Xn’ YN(9017 ')7 s 7Yn(90m’ ))
= (XaY((Pla ')7 s 7Y<§0m7 ))

in Dy«rm[0,00) for each choice of ¢y, ..., ¢, € H.
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Convergence for Stochastic Integrals
Let
Hpt = {sup|Iy,(Z,s)| : Z € Sy,sup||Z(s)||n < 1}.
s<t

s<t

Definition: {Y,,} is uniformly tight if U, H,; is stochastically bounded for each t.

Theorem 13 Protter and Kurtz (1996). Assume that {Y,} is uniformly tight. If
(X0, Y,) = (X,Y), then there is a filtration {F;}, such that Y is an {F;}-adapted,
good, H?-semimartingale, X is {F;}-adapted and

(X, Yo Iy, (X)) = (X, Y, Iy (X))
If (X, Yn) — (X, Y) in probability, then (X,, Yn, Iy, (X)) — (X, Y, Iy(X)) in prob-
ability.

Cho (1994) for distribution-valued martingales

Jakubowski (1995) for Hilbert-space-valued semimatingales.
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Sequences of SDE’s

Xo() = Un(t) +/ (X, 5, u)Y, (du x ds).
U x[0,t]

Structure conditions

T1[0,00) = {v : v nondecreasing and maps [0, 00) onto [0, 00),y(t + h) — v(t) < h}

C.a F, behaves well under time changes: If {z,} C Dga[0,00), {7.} C
T1]0,00), and {z,, o v, } is relatively compact in Dga[0, 00), then {F,(x,) o v,}
is relatively compact in Dgal0, 00).

Cb F, converges to F: If (z,,y.) — (z,y) in Dgaypm[0,00), then
(xnvynaFn(xn)) - (%Z/?F(ﬂf)) in DRdXRmXH‘i[Ov OO)

Note that C.b implies continuity of F', that is, (2, y,) — (z,y) implies (x,,, yn, F(z,)) —
(2,9, F(z)).
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SDE convergence theorem

Theorem 14 Suppose that (U,, X,,Y,) satisfies
Xn(t) = Uy(t) +/ Fo(Xn, s—,u)Y,(du x ds),
U x|0,t]

that (Uy,Y,) = (U,Y), and that {Y,,} is uniformly tight. Assume that {F,} and F
satisfy the structure condition and that sup,, sup, || F.(z, )| ge < 0o. Then {(Un, Xy, Yn)}
is relatively compact and any limit point satisfies

X(t)=U(t) —|—/U o F(X,s—,u)Y(du x ds)
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5. Convergence for Markov processes characterized by martingale
problems

Tightness estimates based on generators

Convergence of processes based on convergence of generators

Averaging

e A measure-valued limit
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Compactness conditions based on
compactness of real functions

Compact containment condition: For each 7' > 0 and € > 0, there exists a
compact K C E such that

liminf P{X,(s) e K,s<T}>1—e.

n—oo

Theorem 15 Let D be dense in C(E) in the compact uniform topology. {X,} is
relatively compact (in distribution in Dgl0,00)) iff {X,} satisfies the compact con-
tainment conditions and {f o X,,} is relatively compact for each f € D.

Note that
E[(f(Xu(t +u) — f(Xu(1)))?F]]

E[f*(Xa(t +u)) — f2(Xu(t)| 7]
—2f(Xn(0) E[f (Xn(t +u)) = f(Xn(8))[FF']
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Limits of generators

%(Nb(nt) — Nu(nt),

where Ny, Ny are independent, unit Poisson processes.
For f € C3(R)
flat+ =)+ fla——5)
Auf(z) = n(—25—2 = f(z)) = 3/"(x) + O
Set Af = %f”.

Xn(t) =

(F)

E[(f(Xa(t +u)) = f(Xa(8)*|F7]
= BIf*(Xa(t +u)) — fA(Xa()|F]
—2f(Xn(0) E[f (Xn(t +u)) — f(Xu (1)) F7]
< u([|[An 2+ 20 FIHITARF]) -
It follows that {X,} is relatively compact in Dga|0, c0), or using the fact that

4B[X2(t)] 4t
P X, (s)| > kY < ——2n0) 2
{85?3’ ()l 2k} < — 5 =k

the compact containment condition holds and { X, } is relatively compact in Dg[0, 00).
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Limits of martingales

Lemma 16 For eachn =1,2,..., let M,, and Z, be cadlag stochastic processes and
let M, be a {ﬁ(M”’Z”)}—martingale. Suppose that (M, Z,) = (M,Z). If for each
t >0, {M,(t)} is uniformly integrable, then M is a {ft(M’Z)}—martingale.

Recall that if a sequence of real-valued random variables {t,,} is uniformly integrable

and v, = 1, then E),] — E[¢].

It follows that if X is the limit of a subsequence of {X,,}, then

F(Xa(t)) - / A, f(Xo(s))ds = F(X (1)) - / Af(X(s))ds

0 0

(along the subsequence) and X is a solution of the martingale problem for A.
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Elementary convergence theorem

E compact, F,, n =1,2,... complete, separable metric space.
Mot By — B

Y,, Markov in E, with generator A,, X,, = n,(Y,) cadlag

A C C(E) x C(F) (for simplicity, we write Af = g if (f,g) € A).
D(A) = {/: (f.9) € A}

For each (f,g) € A, there exist f,, € D(A,) such that

sup (| fu(x) — fo nn(x” + |Anfn(x) —gon(z)]) — 0.

.’EEEn

THEN {X,} is relatively compact and any limit point is a solution of the martingale
problem for A.
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Reflecting random walk

E,={0, 7 ... .}
Auf(x) = nA(f(z + %) (@) 4+ M gy (f — %) ~ f())
Let f € C2[0,00). Then
Af(x) = M'(x)+ (%) r>0
AS(O) = VIAP(0) + 570 >+0<jﬁ>

Assume f’(0) = 0, but still have discontinuity at 0.
Let f, = f+ \/iﬁh, fe{feC?0,00): f(0) =0}, h € C3[0,00). Then

Afu(z) = Af'(2) + %Ah”(z) 4 0(%
Afal0) = S7(0) + M(0) + O(—)
Assume that 1/(0) = 5 f”(0). Then, noting that n,(z) = =, x € E,,
sup (|fn(z) = f(2)] + [Anfn(x) — Af(2)]) = 0

CEEn

) x>0

o U
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Averaging

Y stationary with marginal distribution v, ergodic, and independent of W

Yn(t) = Y(ﬁnt)a ﬂn — 00
X,(t) = X(0) + /t o (X (), Yn(s))dW (s) + /t b(X,(s),Yn(s))ds
0 0
Lemma 17 Let {11} be measures on U x [0, 00) satisfying p, (U x [0,t]) = t. Suppose
[ el x [0.8) ~ [ pwntdux 0.2
U U
for each ¢ € C(U) and t > 0, and that v, — x in Dg[0,00). Then
/ h(u, 2,(8)) pn(du x ds) — h(u, z(s))pu(du x ds)
U x|0,t]

U x10,t]

for each h € C(U x E) and t > 0.
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Convergence of averaged generator

Assume that o and b are bounded and continuous. Then for f € C?(R),

f(Xn(t))—f(Xn(O))—/ Af(Xn(S%Yn(S))dSZ/O 7 (Xn(5), Yo () f'(Xn(s))dW (s)

0

Af(e,) = 50, 0) 1" (@) + bla,y) ()

is a martingale, { X, } is relatively compact,

_ !
B

so any limit point of {X,,} is a solution of the martingale problem for

/OtSO(Yn(S))dS /Oﬂntgo(Y(s))ds — t/USO(u>V(du)7

Af(x) = /UAf(a:,u)u(du).

Khas'minskii (1966), Kurtz (1992), Pinsky (1991)
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Coupled system

X,(t) = X(0)+/0 J(Xn(s),Yn(s))dwl(s)—i-/o b(X,(s), Ynu(s))ds

Yo(t) = Y(O)~|—/0 \/ﬁa(Xn(s),Yn(s))dWQ(s)—i-/o nB(X,(s), Yn(s))ds

Consequently, t
FO0) = 106(0) = [ AFCY(5). i (s))ds
and .
oY) =9V (0) = [ nBg(X, (). ¥,(9)ds

1

By(x,y) = 50°(x,9)9"(y) + B(z, y)g'(4)

are martingales.
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Estimates

Suppose that for g € C?(R), Bg(z,y) is bounded, and that, taking g(y) = v?,

Bg(z,y) < K1 — Koy

Then, assuming E[Y(0)?] < oo,

E[Ya(t)") < E[Y(0)?] +/0 (K1 — K>E[Y,(s)"])ds

which implies
K
E[Yn(t)z] < E[Y(O)2]6_K2t + ?1(1 _ €_K2t).
2

The sequence of measures defined by

I (dy x ds) = Y, (s))ds
/RXM‘”(” (dy x ds) / o (Ya(s))

is relatively compact.
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Convergence of the averaged process

If 0 and b are bounded, then {X,} is relatively compact and any limit point of
{(X,, )} must satisfy:

FX(0) — FX(0)) - / AF(X(s),y)T(dy x ds)

Rx[0,t]

is a martingale for each f € C*(R) and
| BolxX(s). 0y x ds) 0
Rx[0,t]

is a martingale for each g € C%(R).

But (4) is continuous and of finite variation. Therefore

Bg(X(s),y)I'(d ds) = Bg(X(s),y)vs(dy)ds = 0.
/Rxw 9(X(s),y)['(dy x ds) /O/R 9(X(8),¥)7s(dy)
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Characterizing -,

For almost every s

/Bg(X(S),y)%(dy) =0, g€ CXR)
R
But, fixing z, and setting B,g(y) = Bg(z,y)

/RBzg(y)ﬂ(dy) =0, geGy(R),

implies 7 is a stationary distribution for the diffusion with generator

1
Brg(y) = 500(0)9" W) + B:(0)g (), 0w(y) = alz,y), Baly) = B, y)
If a,(y) > 0 for all y, then the stationary distribution m, is uniquely determined.
If uniqueness hold for all z, I'(dy x ds) = mx)(dy)ds and X is a solution of the
martingale problem for

Af(x) = / Af (e, y)mal(dy).
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Moran models in population genetics

E  type space
B generator of mutation process
o selection coefficient

Generator with state space £

Afa) = Y Bife) + ﬁ S (4 Solmm) (Fonleln) - f(2)

1<ij#k<n

Me(x|2) = (T1, .oy Tp—1, 2, Tht 1y - - - Tny)

Note that if (Xi,...,X,) is a solution of the martingale problem for A, then for any
permutation o, (X,,,...,X,,) is a solution of the martingale problem for A.
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Conditioned martingale lemma

Lemma 18 Suppose U and V are {F;}-adapted,
t
Ul(t) —/ V(s)ds
0
is an {F;}-martingale, and G, C F;. Then

E[U(1)(G:] - / E[V(s)|G.]ds

is a {G;}-martingale.
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Generator for measure-valued process

PYE)={peP(E):p=7 3" 0u}

For f € B(E™) and u € P"(F)

(m)y — |
(fopt™) = — (n—m+1 S @i, w,).

117 Flm

Symmetry and the conditioned martingale lemma imply

.20 - | (A, 200(s))ds

is a {F7 }-martingale.

Define F(j1) = {f. )
A"F () = (A f, 1)
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Convergence of the generator

If f depends on m variables (m < n)

A"f(@)
= ZBif(x)
. > O o) (fOnele) - £2)
(n ) k=1 1<i#k<m 1<j#k,i<n "

®First ®Prev

ONext ®Go To ®Go Back ®Full Screen ®Close ®Quit 81



Conclusions

e If £ is compact, compact containment condition is immediate (P(FE) is compact).
e A"F is bounded as long as B;f is bounded.
e Limit of uniformly integrable martingales is a martingale

e /" = Z if uniqueness holds for limiting martingale problem.

O First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 82



6. The lecturer’s whims

e Wong-Zakai corrections
e Processes with boundary conditions

e Averaging for stochastic equations
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Not good (evil?) sequences

Markov chains: Let {{;} be an irreducible finite Markov chain with stationary dis-
tribution 7(z), Y g(z)m(x) = 0, and let h satisfy Ph—h = g (Ph(z) = _ p(z,y)h(y)).
Define

1

Vn(t> = = Zg(fk)

B
T

Then V,, = oW, where

{V,.} is not “good” but

[nt]

Vall) = —= S (Ph(g1) — h(&w) + —=(Ph(€uy) — Ph(&)
Vi Ve

= Mn(t) + Zn<t>

where {M,,} is good sequence of martingales and Z, = 0.
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Piecewise linear interpolation of W:

wtt) = () o (e = P (") w2
(Classical Wong-Zakai example.)
W) — W([nt]n-l- 1) B ([nt]n-l- I B (W([nt]n-l- 1) B W([Z—t]))

= Mn(t) + Zn(t>
where {M,,} is good (take the filtration to be F}* = Fnys1) and Z,, = 0.

n

Renewal processes: N(t) = max{k : Zlefi < t}, {&} iid, positive, E[&] = p,
Var(&) = o
N(nt) —nt/u
() = ————.
i = 2

Then V,, = oW, a = o/u®?.
(N(nt) + )i — Sn(ny+1 n SN(nty+1 — nt

py/n py/n
= M,(t) + Z,(t)

Va (t) =
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Not so evil after all

Assume V,,(t) = Y,,(t) + Z,(t) where {Y,,} is good and Z, = 0. In addition, assume
{[ Z,.dZ,}, {[Yn, Zn]}, and {[Z,]} are good.

X,(t) = Xn(())—l-/0 F(X,(s—))dV,(s)
= X0+ [ PO + [ Pz, ()
Integrate by parts using

F(Xa(t)) = F(Xa(0)) +/0 F'(Xn(s=)) F(Xn(s—))dVa(s) + Ra(t)

where R, can be estimated in terms of [V,,] = [Y,] + 2[Ya, Z,] + [Z4)-
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Integration by parts

t

F(Xn(s=))dZ(s)

S—

— F(X, (1)) Za(t) — F(X,(0))Z,(0) - / Zu(s—)dF(Xo(s)) — [F 0 X, Z,),

Q

- / Zu(s—)F'(Xa(s—)) F(Xa(s—))dY(s) - / F (X (5—)) F (X, (5—)) Zo(5—)dZn(s
VF

_/0 Zn(s—)dR,(s) — F,(Xn(s_) (Xn(5=))d([Yn, Znls + [Zn]s) — [Rn, Znl:

0

Theorem 19 Assume that V,, =Y, + Z, where {Y,,} is good, Z, = 0, and {[ Z,dZ,}
is good. If (X, (0),Ys, Z,, [ Z,dZ,, [Yn, Z,)) = (X(0),Y,0,H, K), then {X,,} is rela-
tively compact and any limit point satisfies

X(t) = X(0) + / F(X(s—))dY (s) + / F(X(s—))F(X(s—))d(H(s) — K(s))

Note: For all the examples, H(t) — K(t) = ct for some c.
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Reflecting diffusions

X has values in D and satisfies

X(t) :X(O)+/O 0(X(s))dW(s)+/O b(X(s))ds+/0 (X (s))dA(s)

where A is nondecreasing and increases only when X (t) € 0D. By It6’s formula
FEO) = 1(X(0) = [ Arx(eDds— [ BRI
= [ v e

where
Zam )00, f () + b(x) - Vf(x)  Bf(x) =n(x)- V()

Either take D(A) = {f € C?(D) : Bf(z) = 0,z € 9D} or formulate a constrained
martingale problem with solution (X, A) by requiring X to take values in D, A to be
nondecreasing and increase only when X € 0D, and

FOX()) — F(X(0)) - / AF(X(s))ds — / B (X(s))dA(s)

to be an {F;*}-martingale.
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Instantaneous jump conditions
X has values in D and satisfies
t t t
X() = XO) + [ (X)W + [ HX()ds+ [ al¥(s-)rpi)aV ()
0 0 0

where (i, (s, ... are iid and independent of X (0) and W and N(t) is the number of
times X has hit the boundary by time ¢. Then

X)) — F(X(0)) - / Af(X(s))ds - / BJ(X(s—))dN(s)

/Vf X(s))dW (s)

/0 (FX(5—) + (X (5-), Cageyn)

— [ F(X(5=) + (X (5= 0))v(du)) AN (s
where
Zaw )0:0; f(x) + b(x) - V f()

and

Bf(x) = / (f( + (e, u) — f(x))v(du).
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Approximation of reflecting diffusion

X has values in D and satisfies

X, () = X(0) + /0 o (X ())dW (s) + /0 b(Xo(5))ds + /O L (X, (s=))dN, (5)

n

An(t) = Nu(t)

n

Assume there exists ¢ € C? such that ¢, Ap and Vo - o are bounded on D and
inf,cop n(z) - Vo(x) > € > 0. Then

inf n(e(e + () — pr) A1)

z€0D

< 2]l + 2] Apllt - / Vip(Xo()) 70 (X, (5))dWV (s)

and {\,(t)} is stochastically bouned
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Convergence of time changed sequence

Yu(t) = inf{s : s + A\, (s) > t} < Y(t) + A oy(t) <t 41
)/(\'n(t) = X, 07,(t)

)

n<s>>dvv’o/vn<s>—+_/£ b (5)) ()

+/0 n(Ka(5—))dAn 090 (s)

Check relative compactness and goodness of {(W o v, Yn, An © Va) }-

vy is Lipschitz with Lipschitz constant 1, A\, o+, is finite variation, nondecreasing and
bounded by t + %, M, = W o, is a martingale with [M,]; = 7,(¢).

If o and b are bounded and continuous, then (by the general theorem) {()?n, W o
Vs Yny An © Yn) } s relatively compact and any limit point will satisfy

o~

X®=X®+AOW@WWM@+AMﬂW®@+An@@MW)

where ~(t) + A(t) = t. (Note that v and \ are continuous.)
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Convergence of original sequence

t

A~

(1) = X(0) + / o(R(s)dW o) + | bR (s))dv(s) + / n(X(s))dA(s)

S—

If ~ is constant on [a,b], then for a <t < b, X(t) € D and

X@:X@+/n@@m&

Under appropriate conditions on 7, no such interval can exist with a < b and ~ must
be strictly increasing.

Then (at least along a subsequence) X, = X = X o~~! and setting A = Ao y~1,

X@:X@+A0M@MW@+AMﬂm%+AMMmM@
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Rapidly varying components

e IV a standard Brownian motion in R
e X, (0) independent of W
e ( a stochastic process with state space U, independent of W and X,,(0)

Define (,(t) = ((nt).

xuw:mm+Aawma@@MW@+Amxwmmmm

Define .
M(A8) = [ TGV
and .
VAt = [ 1au(s)as
so that i
Xn(t) = X,(0) + /UX[M o(Xn(s),u) M, (du x ds) + /UX[M b(Xn(s),u)V,(du x ds)
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Convergence of driving processes

Define
me=:4mmmm%>
wmwztﬁwmmw

Assume that

1 t
2 [ etctonds = [ ptuwan
0 U
in probability for each o € C(U).

Observe that
wm%mmwwm=ﬁﬁ@@wmww3
—wl%wmwwm
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Limiting equation

The functional central limit theorem for martingales implies M, (p,t) = M(p,t)
where M is Gaussian with

E[M (g1, )M (2, 5)] = t A5 / 1 () p2(u)v(du)

and

Valort) =t [ plup(an

U
If {(M,,V,)} is good, then X,, = X satisfying

X(t) )+ fo Juol M(du x ds) + fo Ju 0(X (s), w)v(du)ds
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Estimates for averaging problem

Recall ,
Mile.t) = [ o(Goaw (s
If .
Z(t,u) = 3 Gpn(u)
then . _
/UXM Z(s,u) M, (du x ds) = Z/O Ex(s—)dM, (i, s)

and )

E Z(s,u)M,(du x ds))?] = E t 1(8)61(8)0r(Gh(8)) 01 (Ch(8))ds

[(/UX[OJ] (8, u) M )] _/O%:é()é()w(C())w(C()) ]
= F -/0 Z(s,(n(s))zds]

Assume U is locally compact, 1 is strictly positive and vanishes at oo, ||¢||lg =
T
sup |1 (u)e(u)|, and supp E[+ [ mds] < 00.
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