
1. Let (Ω,F , P ) be a probability space and D be a sub-σ-algebra of F . An (H,H)-valued
random variable X is independent of D if and only if P ({X ∈ Γ} ∩ D) = P{X ∈
Γ}P (D) for all Γ ∈ H and D ∈ D. Prove that if X is independent of D, then

E[f(X)|D] = E[f(X)],

for all f satisfying E[|f(X)|] <∞.

2. Let (Ω,F , P ) be a probability space and D be a sub-σ-algebra of F . Let (Hi,Hi), i =
1, 2, be measurable spaces, and suppose that X is an H1-valued random variable and Y
is an H2-valued random variable define on (Ω,F , P ). Suppose that X is independent of
D and Y is D-measurable. Let µX denote the distribution of X. Let ψ : H1×H2 → R

be bounded and H1×H2-measurable, and define ϕ(y) =
∫
H1
ψ(x, y)µX(dx). Show that

E[ψ(X, Y )|D] = ϕ(Y ).

3. Let {Ft} be a filtration. τ is an {Ft}-stopping time if {τ ≤ t} ∈ Ft for all t ≥ 0, and
the “information” available at the random time τ is Fτ = {A ∈ F : A ∩ {τ ≤ t} ∈
Ft, t ≥ 0}.

(a) Show that τ is Fτ -measurable.

(b) Suppose P{τ = a} > 0. Show that for an integrable random variable Z

E[Z|Fτ ]I{τ=a} = E[Z|Ft]I{τ=a}.

(c) Let τ be a discrete stopping time with range {t1, t2, . . .}. Show that

E[Z|Fτ ] =
∞∑
k=1

E[Z|Ftk ]I{τ=tk} .

4. Let 0 ≤ τ1 ≤ τ2 ≤ · · · be {Ft}-stopping times, and for k = 1, 2, . . ., let ξk be Fτk-
measurable. Define

X(t) =
∞∑
k=1

ξkI[τk,τk+1)(t).

Show that X is {Ft}-adapted.

5. Let ξ be a Poisson process with mean measure ν ×m, compatible with {Ft}. Let Z
be cadlag with values in L2(ν) and adapted to {Ft}, and define

X(t) =

∫
U×[0,t]

Z(u, s−)ξ̃(du× ds).

Let f ∈ C2(R). Represent f(X(t)) − f(X(0)) as an integral involving ξ. (In other
words, apply Itô’s formula to f(X(t)) and express the result interms of ξ.)

6. Let Y be cadlag and suppose Tt(Y ) <∞ for all t > 0. Describe [Y ]t.
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7. Let d = 1 and

Af(x) =
1

2
a(x)f ′′(x) + b(x)f ′(x).

Assume that a(x) > 0 for each x and that 1/a(x) is locally bounded. If X̃ is a solution
of the martingale problem for A, then

M(t) = X̃(t)−
∫ t

0

b(X̃(s))ds

is a local martingale. Show that

W̃ (t) =

∫ t

0

1√
a(X̃(s))

dM(s)

is a standard Brownian motion.

8. The generator for a process with independent increments can be written as

1

2
σ2f ′′(x) + bf ′(x) +

∫ ∞
−∞

(f(x+ u)− f(x)− I{|u|≤1}uf
′(x))ν(du),

where ν satisfies
∫∞
−∞ u

2 ∧ 1ν(du) <∞. Show how to represent the process in terms of
a standard Brownian motion W and a Poisson random measure ξ on (−∞,∞)× [0,∞)
with mean measure ν ×m.

9. For i = 1, . . . ,m, let Xi be a solution of the martingale problem for Ai. Suppose
that X1, . . . , Xm are independent. Show that X = (X1, . . . , Xm) is a solution of the
martingale problem for

{(
m∏
i=1

fi,

(
m∏
i=1

fi

)
m∑
k=1

Akfk
fk

) : fk ∈ D(Ak)}.

10. Let Y in E be a solution of the martingale problem for A, and for β : E → [0,∞), let
X satisfy

X(t) = Y

(∫ t

0

β(X(s))ds

)
.

Show that X is a solution of the martingale problem for βA.

11. Let λ : Rd → [0,∞) be measurable, and let µ(x, dz) be a transition function on Rd.
There exists γ : Rd × [0, 1]→ R

d such that∫ 1

0

f(x+ γ(x, u))du =

∫
Rd

f(z)µ(x, dz).

Let ξ be a Poisson random measure on [0,∞) × [0, 1] × [0,∞) with Lebesgue mean
measure. Show that

X(t) = X(0) +

∫
[0,∞)×[0,1]×[0,t]

I[0,λ(X(s−))](v)γ(X(s−), u)ξ(dv × du× ds)
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is a stochastic differential equation corresponding to A given by

Af(x) = λ(x)

∫
Rd

(f(z)− f(x))µ(x, dz).

12. Suppose X has values in D and satisfies

X(t) = X(0)+

∫ t

0

σ(X(s))dW (s)+

∫ t

0

b(X(s))ds+

∫ t

0

α(X(s))dW0◦λ(s)+

∫ t

0

η(X(s))dλ(s)

where λ is nondecreasing and increases only when X(t) ∈ ∂D and W0 is a standard
Brownian motion independent of W . (If n(x) is the inward normal vector at x ∈ ∂D,
then we require η(x) · n(x) > 0 and n(x)Tα(x) = 0.) Derive the martingale problem
satisfied by X.

13. Show that I[1+ 1
n
,∞) → I[1,∞) in DR[0,∞) but that (I[1+ 1

n
,∞), I[1,∞)) does not converge

in DR2 [0,∞). (It does converge in DR[0,∞)×DR[0,∞).)

14. For each of the following mappings, verify the stated continuity properties. (E, r) is a
complete, separable metric space; DE[0,∞) is the space of cadlag E-valued functions
with the Skorohod topology; CF denotes the set of continuity points of a mapping F .

(a) πt : DE[0,∞)→ E is defined by πt(x) = x(t). Then

Cπt = {x ∈ DE[0,∞) : x(t) = x(t−)}

(b) Gt : DR[0,∞)→ R is defined by Gt(x) = sups≤t x(s). Then

CGt = {x ∈ DR[0,∞) : lim
s→t−

Gs(x) = Gt(x)} ⊃ {x ∈ DR[0,∞) : x(t) = x(t−)}

(c) G : DR[0,∞)→ DR[0,∞) is defined by G(x)(t) = Gt(x). Then G is continous.

(d) Ht : DE[0,∞)→ R is defined by Ht(x) = sups≤t r(x(s), x(s−)). Then

CHt = {x ∈ DE[0,∞) : lim
s→t−

Hs(x) = Ht(x)} ⊃ {x ∈ DE[0,∞) : x(t) = x(t−)}

(e) H : DE[0,∞)→ DR[0,∞) is defined by H(x)(t) = Ht(x). Then H is continuous.

(f) τc : DR[0,∞) → [0,∞) is defined by τc(x) = inf{t : x(t) > c}, and τ−c :
DR[0,∞)→ [0,∞) is defined by τ−c (x) = inf{t : x(t) ≥ c or x(t−) ≥ c}. Then

Gτc = Gτ−c
= {x : τc(x) = τ−c (x)}.

Note that τ−c (x) ≤ τc(x) and that xn → x implies

τ−c (x) ≤ lim inf
n→∞

τ−c (xn) ≤ lim sup
n→∞

τc(xn) ≤ τc(x).
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15. Suppose

X(t) = X(0) +

∫ t

0

σ(X(s))dW (s) +

∫ t

0

b(X(s))ds

where σ and b are bounded. Estimate

E[(X(t+ h)−X(t))2|FXt ].

16. Let Y be a semimartingale, and define

Yn(t) = Y (
k

n
)

k

n
≤ t <

k + 1

n
.

Show that {Yn} is a good sequence.

17. Let ξ be a Poisson random measure on U × [0,∞) with mean measure ν ×m, and let
Un ⊂ Un+1 ⊂ U with U = ∪nUn. Define

ξn(ϕ, t) =

∫
Un

ϕ(u)ξ(du× ds) ϕ ∈ L1(ν)

and

ξ̃n(ϕ, t) =

∫
Un

ϕ(u)ξ̃(du× ds).

Show that {ξn} is uniformly tight for H = L1(ν) and that {ξ̃n} is uniformly tight for
H = L2(ν).

18. Prove the conditioned martingale lemma.

19. Let N be a unit Poisson process and let

Wn(t) =
1√
n

∫ nt

0

(−1)N(s)ds

Show that there exist martingales Mn such that Wn = Mn + Vn and Vn → 0, but
Tt(Vn) → ∞. Apply the martingale central limit theorem to show that Wn ⇒ W
where W is standard Brownian motion.

20. Let Wn be as in Problem 19. Let σ have a bounded, continuous derivative, and let

Xn(t) =

∫ t

0

σ(Xn(s))dWn(s).

Show thatXn ⇒ X for someX and identify the stochastic differential equation satisfied
by X. Hint: Write

Xn(t) =

∫ t

0

σ(Xn(s−))dMn(s) +

∫ t

0

σ(Xn(s−))dVn(s). (1)

Integrate the second term on the right of (1) by parts, and show that the sequence of
equations that results, does satisfies the conditions of the SDE convergence theorem.
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Central limit theorem for Markov chains. (Problems 21-28.) Let ξ0, ξ1, . . . be an
irreducible Markov chain on a finite state space {1, ..., d}, let P = ((pij)) denote its transition
matrix, and let π be its stationary distribution. For any function h on the state space, let
πh denote

∑
i πih(i).

21. Show that

f(ξn)−
n−1∑
k=0

(Pf(ξk)− f(ξk))

is a martingale.

22. Show that for any function h, there exists a solution to the equation Pg = h − πh,
that is, to the system ∑

j

pijg(j)− g(i) = h(i)− πh.

23. The ergodic theorem for Markov chains states that

lim
n→∞

1

n

n∑
k=1

h(ξk) = πh.

Use the martingale central limit theorem to prove convergence in distribution for

Wn(t) =
1√
n

[nt]∑
k=1

(h(ξk)− πh) .

24. Use the martingale central limit theorem to prove the analogue of Problem 23 for a
continuous time finite Markov chain {ξ(t), t ≥ 0}. In particular, use the multidimen-
sional theorem to prove convergence for the vector-valued process Un = (U1

n, . . . , U
d
n)

defined by

Uk
n(t) =

1√
n

∫ nt

0

(I{ξ(s)=k} − πk)ds

25. Explore extensions of Problems 23 and 24 to infinite state spaces.

Limit theorems for stochastic differential equations driven by Markov chains

26. Show that Wn defined in Problem 23 and Un defined in Problem 24 are not “good”
sequences of semimartingales. (The easiest approach is probably to show that the
conclusion is not valid.)

27. Show that Wn and Un can be written as Mn + Zn where {Mn} is a “good” sequence
and Zn ⇒ 0.
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28. (Random evolutions) Let ξ be as in Problem 24, and let Xn satisfy

Ẋn(t) =
√
nF (Xn(s), ξ(ns)).

Suppose
∑

i F (x, i)πi = 0. Write Xn as a stochastic differential equations driven by
Un, give conditions under which Xn converges in distribution to a limit X, and identify
the limit.
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