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Abstract

Models for spatial point processes are characterized as the stationary distribu-
tions of spatial birth and death processes. The Markov chain Monte Carlo algorithm
determined by the underlying birth and death process immediately gives a method of
simulation, and the time-invariance method of estimation proposed by Baddeley (2000)
gives a general method for deriving parameter estimates for the models. Typically, in
applications of Markov chain Monte Carlo and time-invariance estimation, one begins
with the model of interest specified in some other way and then constructs a Markov
process having the desired distribution as its stationary distribution; however, specify-
ing the model directly in terms of the Markov process provides an intuitive and flexible
approach to modeling.

In time-invariance estimation, the parameter estimates are obtained by equating to
zero the generator of the Markov process applied to a suitable collection of statistics.
The estimators depend on the choice of the statistics, and the art is to find statistics
that give estimators that are easy to compute and have good statistical properties.
Statistics are given that are useful for spatial point processes including Gibbs and non-
Gibbs models, and a large sample limit theorem is proved for these statistics which
enables one to verify consistency of the estimators for particular classes of models.
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1 Introduction

Statistical models for spatial point processes have been developed and discussed for more
than two decades. Many of the models considered are specified in terms of a density function,
explicitly given up to a normalizing constant. Densities for Gibbs models, for example, are
expressed as exponentials of interaction potentials depending on the locations of point pairs,
triples, etc. (See Daley and Vere-Jones (2003), Example 5.3c.) Models of this type form a rich
class that captures in an intuitive way many of the features observed in spatial point data (e.g.
clustering and repulsion); however, even when these densities are of a relatively simple form,
the models present many practical challenges. For example, the variability of the density may
make the standard rejection method for simulation impractical, and the unknown normalizing
constant may make likelihood based inference difficult and unpredictable.

Ripley (1979) addresses the simulation problem by developing a Markov chain Monte
Carlo algorithm based on identifying a spatial birth and death process whose stationary
distribution gives the desired spatial point process. Baddeley (2000) provides an analogous
solution to the parameter estimation problem with the introduction of his time-invariance
estimators. Like the more familiar Markov chain Monte Carlo methods, Baddeley’s approach
to parameter estimation depends on characterizing the distributions of interest {my} as sta-
tionary distributions of Markov processes, say with generators {Ay}. Since the stationary
distribution anihilates the generator, that is,

/.Agfdﬂ'g =0, f € D(Ag), (1.1)

this characterization gives a large family of unbiased estimating equations that can be used
to derive estimators for the parameter 6.

Markov chain Monte Carlo has become the standard method for simulation of spatial
point processes, and Baddeley’s time-invariance estimation method yields new tractable
estimators as well as providing an alternative approach to the derivation of many well-
known estimators for Gibbs and other point processes. The success of these methods leads
us to consider (1.1) as the primary characterization of a parametric family of models, that is,
we specify a parametric family of generators {Ay} and verify that each generator uniquely
determines a probability distribution 7y satisfying (1.1). The underlying Markov process then
provides a method of simulating samples from 7y, and Baddeley’s method gives parameter
estimates.

We identify a finite configuration of points {z; € S;1 < i < m} in a complete, separable
metric space S (typically R?) with the counting measure n = »_", d,,. The generators Ay
in which we are interested are of the form

Aof () = / (F(n+ 62) — F(m))boln, w)(du) + / (F(n—6.) — F))da(n, wn(du),  (1.2)

where v is a fixed, diffuse measure. Note that the first term models the births in our spatial
birth and death process and the second, which for n = >~ d,, could also be written

m

i=1



models the deaths. Specifiying a model then consists of specifying by and dg.

There are several existing methods of parameter estimation for spatial point processes.
These include maximum likelihood and pseudo-likelihood methods and the Takacs-Fiksel
method. Properties of these estimators and their effectiveness have been investigated by a
number of authors. Diggle, Fiksel, Grabarnik, Ogata, Stoyan and Tanemura (1994) review
these methods applied to pairwise interaction models, a special class of Gibbs models. Jensen
and Mgller (1991) prove consistency of pseudo-likelihood estimators for finite range Markov
point processes. In addition, the asymptotic normality of estimators for pairwise interaction
models has been studied by Jensen (1993) and Jensen and Kiinsch (1994). However, there
seem to be no results available on either the consistency or asymptotic normality of estimators
for other classes of models.

In Section 2, we introduce the generators for two general Markov spatial birth and death
processes and give conditions under which the processes have unique stationary distributions.
These stationary distributions then give models which we will refer to as time-variance models
for spatial point processes. In Section 3, we derive time-invariance estimators for particular
parametric families of time-invariance models, and in Section 4, we discuss consistency, in
particular, verifying consistency for the estimators derived in Section 3.

Extensive simulation and data-analytic studies of these estimators have been carried out
in Li (1999) and will appear in Li (n.d.). The simulations demonstrate the effectiveness of the
estimators. In addition, the modeling and estimation methods are applied to sample data
sets. Data sets exhibiting clustering and repulsion are considered, and simple time-invariance
models are shown to capture the basic propeties of the data. In particular, goodness-of-fit
tests discussed in Diggle (1983) are applied, and the time-invariance models are shown to
provide a reasonable fit.

2 Time-invariance models for spatial point processes

We begin by considering models for random configurations including a finite number of
points. As noted above, we can identify such a configuration z = {x; € S : 1 <i < m} with
a counting measure

m
Ny = Z 59:”
i=1
and we will denote the size or total mass of a configuration by |z| = [n,| = m. Let M

denote the collection of finite counting measures on S. (We will write M g(S) if there is any
ambiguity.) In general, we do not rule out the possibility of points of multiplicity greater
than one; however, the assumption that v in the definition of Ay is diffuse will usually ensure
that 7y is concentrated on configurations without points of multipliciy greater than one.

A configuration without points of multiplicity greater than one will be referred to as
simple, and M ?; cC M g will denote the collection of simple counting measures, that is,
n € MY implies n{z} < 1, for all z € S. We topologize Mg with the weak topology
and note that under appropriate metrics, both M ]’; and M f; are complete separable metric
spaces. (See Appendix A.1.)



By a finite point process, we mean a random variable with values in M g, and by a finite,
simple point process we mean a random variable with values in M f; .

2.1 Conditional and unconditional models

Two types of models are considered in this paper. A model will be referred to as conditional
if the size of the configuration is deterministic. Otherwise, the model is unconditional. The
terminology reflects the fact that we can obtain a conditional model from an unconditional
one by conditioning on the number of points in the configuration. For example, if € is a
Poisson process with intensity measure 1y on S, that is, £ satisfies

A) w(A)*
Kkl

P{£(A) = k} = el A€ B(S), (2.3)
then the conditional model obtained by conditioning on |{| = m has the same distribution
as the configuration {& € S : 1 < i < m} in which the {{} are independent identically
distributed points with distribution vy(-)/v0(S). Note that £ is simple, that is, P{{ €
M/} =1, if vy is diffuse.

More generally, we can define conditional and unconditional Gibbs models in terms of

functions of the form o
X

Ug(:l?) = Z Z ¢§(xj1’ S 7$ji)7 (2'4)

=1 a:jl,...,acjiEav
J1<j2...<ji
where for each 7, 1! is a real-valued, symmetric function on S and may depend on a vector
of parameters . Uy(.) is called a potential function, and ¢ is called the ith-order interaction
potential function. Let vy be a diffuse, finite measure on S, and let 7y € P(MT7) be the dis-
tribution of the corresponding Poisson process. The unconditional Gibbs model determined
by vy and Uy has a distribution my € P(MY) that is absolutely continuous with respect to
the Poisson process distribution my with density function pg given by

mla) = 24e) = g exp{=Uola)} 2.5)

where £(0) is a normalizing constant. The conditional Gibbs model 7j* € P(M?) with size
m is absolutely continuous with respect to the distribution 7 € P(M?Y) corresponding to
m independent points in S with distribution vy(-)/v(S). Its density py satisfies

m

_ dmy
m

dmg

(2) = —— exp{—Up(x)} . (2.6)

pp'(v) ™0

If ¢¢ = 0, for i > 3, the model is the pairwise interaction model that has been developed
and discussed by many authors. (See Ruelle (1969), Preston (1976), Strauss (1975), Lotwick
and Silverman (1981), Baddeley and Lieshout (1995).)



2.2 Unconditional time-invariance models

The fact that a finite spatial point process can be represented as the stationary distribution
of a spatial birth-and-death process has been exploited by a number of authors (for example,
Preston (1977), Ripley (1979), Moller (1989), Geyer and Mgller (1994)). We first consider
birth and death processes with generators of the form

Af) = [ (78 = F)bla o)
+ [ (5= 8.) = St (). 1)
S

for a diffuse measure v on S and nonnegative, measurable b, d defined on S x M g . These
models are a subclass of the spatial birth and death processes considered by Preston (1977).
b(u,n) gives the birth rate for a new point at u if the current configuration is 1, and d(u,n)
gives the death rate for the point at u in the current configuration n. The assumption that
v is diffuse assures that if the process has no multiple points at time zero, then it will never
have multiple points.

The generator A determines a Markov process as a solution of a martingale problem (see
Section A.4). In order to apply standard results on Markov processes we need to be precise
regarding the domain of A. For simplicity, we will assume that there exist positive constants

B,, > sup /b(u,n)u(du) <00, D, > sup /d(u,n)n(du) < 00. (2.8)
[nl=m JS In|=mJ S
Then we can take
DA) ={f¢€ B(Mg) : there exists ¢y such that f(n) =0if || > ¢/}
Note that for f € D(A), Af(n) =0 when |n| > ¢f + 1, so
A< 2[lf] sup (B + D).

m<cs+1
To avoid having an infinite number of jumps in a finite time interval, additional conditions
on b and d must be imposed. Following Preston (1977), we assume that there are positive
constants 9d,,, m > 1, such that

0 <, < inf /Sd(u,n)n(du). (2.9)

In|=m

Preston (1977) compares spatial birth and death processes to the simple Markov birth and
death process with generator

Cg(m) = Bn(g(m +1) = g(m)) + om(g(m — 1) — g(m)) (2.10)

for
g € D(C) = {g : there exists ¢, such that g(m) = 0 for m > ¢,}.

The martingale problem for C' has a unique solution for every initial distribution if and only
if no solution hits infinity in finite time. The following lemma is essentially a special case of
Proposition 5.1 of Preston (1977).



Lemma 2.1 Suppose that no solution of the martingale problem for C' defined in (2.10) hits
infinity in finite time. Then for each initial distribution k € P(Mg), the martingale problem
for (A, k) has a unique solution.

Our interest is in characterizing probability distributions in P (M IJ: ) as stationary distri-
butions of spatial birth and death processes. The following result gives simple conditions
that ensure A has a unique stationary distribution.

Theorem 2.2 Suppose that 6,, > 0, m > 1, and B,, > 0, m > 0, satisfy (2.8) and (2.9),
and that

g .
(a) ;Bl...gm_oo’
. By By
b — < .
(b) mZ=1 5 -0, o0
Then there exists a unique stationary distribution for the spatial birth-and-death process with
generator A, and the stationary distribution is the unique ™ € P(M;:) satisfying

/Afdw —0, feD(A). (2.11)
S

Proof. Condition (a) implies that every solution of the martingale problem for C' is recur-
rent, so by Lemma 2.1, uniqueness holds for the martingale problem for A. Conditions (a)
and (b) together imply that every solution of the martingale problem for C'is positive recur-
rent which, by the coupling argument of Preston (1977), implies that the empty configuration
(n = () is a positive recurrent state for any solution of the martingale problem for A. Tt
follows that there is a unique stationary distribution for A. A generalization of Echeverria’s
theorem (Kurtz and Stockbridge (1998), Theorem 3.1) gives that any m € P(M z’:) satisfying
(2.11) is a stationary distribution. O

2.3 Conditional time-invariance models

For the conditional case, the generator is

Af(n) = / / 0+ 80— 82) — Fm)d(w. pyn(da)blu, pyv(du) neMT,  (212)

for a fixed positive integer m. (Here, M " denotes the counting measures with total mass
m.) Assuming (2.8), A is a bounded operator, and we can take D(A) = B(M,'), the
bounded, measurable functions on M*. Note that each birth occurs simultaneously with
a corresponding death, keeping the population size constant, so there is no state that is
obviously recurrent. The process will, however, be Harris recurrent if b and d are strictly
positive, so under that assumption, uniqueness of the the stationary distribution is assured,
and the stationary distribution will be the unique 7 € M " satisfying (2.11).



3 Time-invariance estimation

Let (M, M) be a measurable space, and let {my(-), # € O} C P(M) be a parametric family
of models. Typically, © is a subset of R¥, for some k, but that is not necessary. Our
problem is to estimate 6 from a single observation drawn from my. Baddeley (2000) proposes
a new, general method for estimating parameters, when the models my can be characterized
as stationary distributions of Markov processes.

3.1 General concept

For each 6 € O, let Ay be the generator of a Markov process with values in M for which 7y
is the unique stationary distribution. Typically, 7y is characterized as the unique element of
P(M) satistying

/M Agfdﬂg =0, fe€ D(.Ag) (31)

The domain D(Ay) is usually taken to be a subset of B(M); however, the definition of 4
frequently extends in a natural way to unbounded f (consider, for example, Ay given by
(1.2)) with (3.1) continuing to hold. Consequently, we let D(Ag) C M (M) be the collection
of f € M(M) such that there exist f,, € D(Ay) converging to f pointwise and satisfying

lim M ‘Agfm - A@f‘dﬂ'@ =0.

m—00

It follows that (3.1) holds for f € D(Ay). A
For a 1-dimensional parameter 6, we choose a function f € NgD(Ay), and estimate 6 by
solving

Ao f(n) =0, (3.2)

where 7 € M is the single observation drawn from 7y. Baddeley calls (3.2) a time-invariance
estimating equation, and the solution of (3.2) a time-invariance estimator for 6. Since (3.1)
holds, (3.2) is an unbiased estimating equation.

In general, for a multidimensional parameter ¢, we choose a collection f;, i =1, 2,---  k,
where f; € ﬂgf)(flg) and k is the dimension of 6. The estimator 6 then satisfies

Aofs(n) =0, i=1,...k (3.3)

We must choose f;, i =1, 2,-- -, k carefully, to avoid inconsistencies among these k£ equations.
If a solution of the system does not exist, Baddeley suggests minimizing

k

S (Aofi(n))?,

i=1

but we do not consider that option here. Note that (3.3) gives a system of unbiased estimating
equations for 6.

The time-invariance estimator depends on the choice of Ay (since there may be many
Markov processes with stationary distribution given by my) and on the choice of the functions



fi,i = 1,... k. For example, a spatial point process can be regarded as the stationary
distribution of a spatial birth-and-death process in various ways. Baddeley (2000) applies
the time-invariance method to a variety of statistical models, including discrete Markov
random fields, spatial point processes, and the “dead leaves” model (see Serra (1984)).

We will require that 4y determine a unique, ergodic Markov process. By ergodicity, we
mean that there exists a unique stationary distribution my for Ay and that the correspond-
ing process Y converges in distribution to my for every intitial distribution. Under this
assumption observations from 7y can, in principle, be simulated by Markov chain Monte

Carlo.

3.2 Applications to spatial point process

For spatial point processes, the relationships between time-invariance and other methods of
estimation (pseudo-likelihood and Takacs-Fiksel) have been discussed by Baddeley (2000)
(see also Li (1999)). Baddeley gives some general discussion on the choice of the functions
fi; however, he does not provide any systematic discussion of the properties of particular
classes of functions. We begin that discussion here.

We consider both unconditional and conditional models, and we begin with a class of
models that has two parameters in the unconditional case and one in the essentially equivalent
conditional case.

3.3 2-parameter families

Let my be the unique stationary distribution of a spatial birth-and-death process whose
generator is given by (1.2) with

bo(u, n) = cb(u,n,a) (3.4)

and dy(u, n) = 1. We assume that b is a positive function, and § = (¢,a) € © C (0, c0) x R.
The corresponding conditional model is determined by the spatial birth-and-death process
whose generator is given by (2.12) with

bo(u, 1) = b(u,n,a) (3.5)
and dg(u, n) = 1 with 6 = a € © C R. Note that we are not claiming that the stationary
distribution for the conditional model with |§| = m can be obtained from the stationary

distribution of the unconditional model, but for an appropriate choice of ¢, the two models
should be qualitatively similar.

Note that there are two parameters for the unconditional model, and one for the condi-
tional model. We will derive time-invariance estimators for both models.

3.3.1 Unconditional model

For the two-parameter unconditional model, a time-invariance estimator of 6 is obtained by
solving Agfi(n) = 0, i = 1, 2, for two suitably selected functions f; and f;. Since G, and



¢t, the time-invariance estimators of a and ¢, will depend on f; and fy, we must carefully
choose appropriate f; and fy. In this study, we take

fi(n) = In| (3.6)
and fy of the form

fa(n) = Z h(z;, x;) (3.7)

[nl(jn] = 1) In\ -1)

for a symmetric function h, h(u,v) = h(v,u). (Here, n = Z'L'l dz,-) The choice of h depends
on the birth rate by.

The choice of f; is quite natural. When E(u,n, a) = 1, my is a spatial Poisson process
with mean measure cv. The time invariance estimator for ¢ obtained using fi(n) = |n| is

= |n|/v(S) which is also the maximum likelihood estimator.

Since f; relates to the overall intensity of the process, fo should capture some feature of
the relationship among the points in the configuration n, and f; of the form (3.7) relates
naturally to pairwise interactions among the points. In addition, these choices of f; and fo
simplify the calculation of Ay fi(n). Setting Ay fi(n) = 0 yields

0 = Agfi(n)

7]

= ¢ / (il + 1) = Db, m, @) (du) + S ((1nl = 1) — [

k=1
= c/sg(u,n, a)v(du) — |n|, (3.8)
giving
C/SIN)(u,n,a)l/(du) = |n|. (3.9)
For f; of the form (3.7) and |n| > 2,

7]

/S (oln = 6) — fomn(dz) = S (ol = 62) — fo()

k=1
[n]
B [nl(nl = D faln) = 2305 b, 20))\
-2 (ol = Dl — 2) ) = Il 2o
B 2|77| 7] o
- T2 - G 3y 2 2 o)
~ 0, (3.10)

where the next to last equality follows from the symmetry of h. Consequently, requiring
Agf2(n) = 0 yields

0 = Ayfaln)
= ¢ / (o1 + 82) — foln))b(u, 1, @) v(du) (3.11)

9



From (3.11), we have

0 = Apfa(n)
In|
C/S % —I—QZh (u,x;) ()| blu,n, a)v(duw)

[n]

~ l(nl+ 1) |n|+1 / Zh w, ;) = | fa(m)b(u, n, a)v(du), (3.12)

and (3.12) yields
Js (0, Al )b, m, @)y (du)
Jb(u,n, a)v(du)
Of course, a solution of (3.13) may not exist or may not be unique.

If a solution a; does exists, then the corresponding estimator for ¢, ¢;, can be obtained
by substituting G, in (3.9) to get

— [nlf2(n) = (3.13)

6 = — . (3.14)

3.3.2 Conditional model

Since there is only one parameter for the conditional model, we need to solve Agf = 0
for a single function f. The generator is given by (2.12) with bs(u, n) = b(u, 1, a) and
dg(u, n) = 1, and taking fs of the form (3.7), for |n| > 1, we have

|n]

0 = Ahl Z/ﬁn%ﬁﬂ Fo(m)b(u, n, a)(du)

In]

— \77| !77\ - Z/ Z i h(u, x;) — h(z;, x;))b(u, 0, a)v(du)

Inl w1, i
:tﬂZ}“)—mwm%@MW

l

Consequently, a; is the solution of (3.13), and the time-invariance estimator for a is the same
regardless of whether we view the data as coming from the conditional or the unconditional
model.

3.4 Examples

Example 3.1 Let
Ul

bo(u, n) = exp{—a Y _ha(u, z;)}, (3.15)

j=1

10



where @ > 0 and 1 > 0. Then the corresponding my gives a pairwise interaction model, a
particular case of a Gibbs model.

The time-invariance estimators of ¢ and a, ¢ and a;, can be obtained by solving (3.13) and
(3.14) for some function h. The solution of (3.13) also gives the time-invariance estimator
of a in the conditional case.

For this model, the time-invariance approach gives the same family of estimators as the
Takacs-Fiksel approach (see Baddeley (2000), Proposition 2). Taking h = 1, that is,

1 5
fa(n) = W =1) | Z Va(wi, ;) ,

the time-invariance estimator is essentially the same as the maximum pseudo-likelihood
estimator. (See Baddeley (2000) and Li (1999) for more details and the results of a simulation
study.) O

Example 3.2 Next we consider a family of models with nearest neighbor interactions. Let

bg(u, 77) =1+ Co ]-{minzj lu—z;|<to} - (316)

for a fixed ty > 0. Because by is required to be non-negative, ¢; and ¢ must satisfy ¢; > 0
and ¢; > —cy. Note that by is bounded by ¢; when —c¢; < ¢ < 0 and by ¢ + ¢ when ¢, > 0.
Since by is bounded and we can take d,, = m, Theorem 2.2 implies that the birth and death
process has a unique stationary distribution.

We assume that ¢, is fixed and known in the following discussion. That is, there are two
parameters in this parametric family. Note that (3.16) can be rewritten as

b@(u7 77) = C(]- +a 1{minzj |u—zj\<to}> (317)

where ¢ = ¢; and @ = ¢ /¢y > —1, so that (3.16) has the form (3.4).
Taking h(u, v) = L{ju—v|<t,}, that is,

1
= T 00 1 1 Ti—x;|<to}>

the estimating equations become linear and are solvable as long as |, s L{min,, ju-e;|<to} v(du) <
v(S). When this inequality holds, the estimates for ¢; and ¢y become

(stﬁll{\u—xikto} v(du) = [n] f2(n) [g Lming, ju—zs<to} V(dU)> il
(S gty () ) (V(S) = [ Limin, oy <t v(d))

Cit =

(3.18)

and

(Inl £201(8) = S5 puaaj<tap vldu) ) I
(s 22 Luauteto V(dU)> (V(9) = Js Lo, o=ty v(du) )

11

(3.19)

Cot =



For the conditional case, the estimator for a = ¢y/cq is

m f2(0) (V(S) = [ Lwin, sty V()
fs Z;i1 1{|u—m\<to}y(du) - mf2 (77) fg ]—{minzj ‘U—Ij|<t0}y(du)’

A

Ay =

(3.20)

where m is the number of points in the configuration.

In this model, ¢y should really be treated as a parameter. Since we have not found a clear
and direct way to estimate ¢y, we have treated ty as a known constant; however, it is simple
to compute estimates for ¢; and ¢, for several choices of t;. Goodness-of-fit tests can then
be used as a tool for selecting a suitable ¢y. For more details see Li (1999). O

Example 3.3 The previous example can be generalized so that the birth rate becomes

min,; [u — ;]

P (3.21)

b(u7 7]) =1+ Co p(
where p is a non-negative function bounded by a constant k. Since b is required to be non-
negative, we assume that ¢; > 0 and ¢; + ¢y k > 0. b is bounded by ¢; if —¢;1/k < ¢o < 0 and
by ¢; + ¢k if ¢ > 0. Again, by Theorem 2.2, there exists a unique stationary distribution
for the spatial birth-and-death process.

As in the previous example, we evaluate the time-invariance estimator under the assump-
tion that ¢y is a known positive constant. Then a suitable value of ¢y can be selected using
goodness-of-fit tests.

In this model, we suggest taking h(u, v) = p* (" |) that is,

B 1 L u =]

J=L,s/n|

where p* is a non-negative function. Setting

il min, . |4 — x;
0= [ 2D =

:/s;ép*(‘u

For the unconditional model, the time-invariance estimators are

(S22l o (2™ =y du) = Inl fo ) Jgp( ™=y (du) ) I
v(S)Ci(n) — Ca(n)

and

Dia [ o 1 = iy

to

b1y = (3.22)

and

(Inl £ mw(S) = [s32, o7 (2h)udu) ) In)

" i 52

12



provided the denominator is not equal to zero. For the conditional case, the time-invariance
estimator of a = cy/cq is

. (mfz(n)V(S) — Js2ih P*(%W’(du)) i (3.24)

(s o (o ) — () fp(" = () ) m

where m is the number of points in the configuration. O

Typically the models considered in Examples 3.2 and 3.3 do not have explicit forms for the
density function. Consequently, it would be difficult to apply classical methods of estimation
to these models; however, the qualitative properties of the models can be readily inferred
from the form of the birth rate, Markov chain Monte Carlo gives a simulation method, and
the parameters can be estimated using the time-invariance approach.

4 Consistency of time-invariance estimators

There are at least two ways to formulate consistency results for these estimators. First, one
could conceive of observing multiple realizations, 7y, ...,n, (say independent), of the same
point process in a fixed region, and then obtaining the estimates by solving

e

1 < .
=3 Agfi(n) =0, i=1,..
n <
7j=1
If the true value of the parameter is 6y, then as n — oo, the left side converges to

/S Aofi(mmag(dn), i=1,.. .k, (4.1)

which, of course, vanishes at § = y. Assuming that 6 is the unique value of # for which (4.1)
vanishes, consistency would follow under appropriate continuity and compactness conditions.

The second approach to consistency, and the one in which we are interested, assumes
that the data comes by observing the point process in a finite subregion of an infinite region.
The consistency question then becomes whether or not the parameter estimates converge to
the correct value as data is collected from larger and larger subregions.

The birth rates specifying Examples 3.2 and 3.3 have a translation invariance property
that will be made precise below, and Example 3.1 does also, provided t(u, v) = th(u — v)
for some function zﬂ Intuitively, at least, the birth and death processes make sense on any
S C R? including S = R?. Consequently, we can consider analogous models on larger and
larger regions. The simulation results given by Li (1999) show increasing accuracy with
increasing size of the region, so consistency, in some sense, is plausible.

In the next subsection, we review (spatial) ergodicity for spatial point processes. These
results imply almost sure convergence for a large class of appropriately normalized statistics
which in turn implies consistency for a variety of time-invariance estimators.
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4.1 FErgodicity for spatial processes

Following Nguyen and Zessin (1979), we review results on the ergodicity of spatial processes
in R%. Let By(R?) be the family of bounded Borel subsets in R?, and v be Lebesgue measure
on R, (We will write du rather than v(du).) Let K be the collection of convex and bounded
subsets of RY, and for G € K, let ro(G) denote the supremum of the radii of spheres contained
in G. Let Z% denote the set of points in R? with integer coordinates. For G € B(RY), let
G + v denote the translate of G by v, that is, G +v = {(z +v) : x € G}.

Let (©2, F, P) be a probability space, and let G = {T}, : u € R?} be a family of F-
measurable, 1-1, measure preserving transformations T, : Q — Q (that is, P(T,'F) = P(E)
for all E € F, v € RY) satisfying Ty, = Ty o Ty, u,v € R4 so T, ! = T, and Ty is the
identity mapping. Let Z denote the o-algebra of (almost surely) G-invariant events, that is

I={EcF:P(EAT,'E)=0,vcR.

7 is trivial if P(E) = 0 or 1 for each F € 7. If 7 is trivial, then G is called ergodic. Note
also that if 7 is trivial (that is, G is ergodic),

E[Z|I] = E[Z] a.s.

for all Z € L'(P).

A spatial process is a family of random variables indexed by By(R?), {X¢ : G € By(R%)},
with Xy = 0. A random variable Y is G-invariant (or just invariant if the context is clear)
if YoT,=Y as., for all u € R%, and a spatial process {Xg : G € By(R?Y)} is G-covariant if

XgiwoT, =X as., YueRL

Y is G-invariant if and only if Y is Z measurable.

Let Fy = [—3, %)d. Order Z¢ lexicographically, that is u = (uy, ..., uq) <v = (v1,...,04)

if uy < vy or if uy = vy and ue < vy or if uy = vy, Uy = vy, and uz < v3, etc. Define
F, =U{Fy+u:u€Zu<0}.

Note that for v € Z¢
Fi +v=U{F+u:uecZ u<v}

and that Fy N Fy =0, so
(Fy UFy+v)— (Fy +v) = Fy+o.

Observing that {Fy + v : v € Z%} is a partition of RY, if {X¢ : G € By(RY)} is covariant,
then

XG = Z (XGH(F+UF0+U) - XGO(F++U)) (42)
u€Z,(Fo+u)NG#D

= Z (X(G—wn(Fyury) © T-w — X(G—wnr, 0 T-y) -
u€Zd, FoN(G—u)#0D

14



A spatial process is additive if Xg,uq, = Xa, + Xa, for G1, Gy € By(R?Y), G1 NGy = 0.
If X¢ is additive and covariant, then (4.2) is just

Xeg = > Xen(Fytu) (4.3)
u€Z? (Fo+u)NG#D

- Z X(G—wnr © T -
u€Z4, Fon(G—u)#0

The following theorem is essentially Theorem 4.10 of Nguyen and Zessin (1979).

Theorem 4.1 Let {Xg, G € By(RY)} be a covariant spatial process. Suppose that there is
a nonnegative, integrable random variable Y such that

|XGUA - XA| S Y a.s. (44)

for each A € By(R?), with A C Fy and each G € K with G C F,. Assume there exists
Z € L'(P) such that
lim Xpavr, — XA =2 as., (4.5)

A—F
A€EBL(RY),ACF4

in the sense that for almost all w € Q2 and € > 0, there is an integer m = m(w, €) such that
| Xaum (W) — Xa(w) — Z(w)] < €, holds for A € By(R?), with [-= mHydnF, c A C Fy.

2 7 2
Let {K;,t > 0} C K satisfy Ky, C Ky,, forty > t1, and lim;_, ro(K;) = 0co. Then

= E[Z|T] a.s. and in L' (4.6)

0

Remark 4.2 Each term on the right of (4.2) is bounded by Y o 7", so

1 Xa| < > Y oT.,.
u€Za FoN(G—u)#0

This inequality implies uniform integrability for { X /v(K) : K € K,v(K) > 1}, so almost
sure convergence in (4.6) implies convergence in L. O

If X is additive, the statement of the result simplifies. (The following is essentially
Corollary 4.20 of Nguyen and Zessin (1979).)

Corollary 4.3 Let {Xg, G € By(R?)} be an additive, covariant spatial process. Suppose
that there is a nonnegative, integrable random variable Y such that

|1 Xe| <Y as.

for each each G € K with G C Fy. Then for {K;} as above

. Xk,
tlgglo ) = E[XRg |Z] a.s. (4.7)
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In particular, if Z is an integrable random variable, then

i ! = a.s. and in L*
kgﬂzlem@mm_Ewm s and in L' (4.8)

For n=3,0,, € M, and u € R?, define

or equivalently, by setting T,n(A) = n(A — u) for A € B(R?). For G € By(R?), let f5 €
M(M,). We will call {fq : G € By(R?)} covariant if fo(n) = fayu(Tun) for all G € By(R?),
n€ M, and u € R%L A set A€ B(M,) is invariant if n € A implies T,,n € A for all u € R%
Let Z(M,) denote the collection (a o-algebra) of invariant sets.

A point process & on R? is stationary if for all choices of Gy, ..., G}, € By(R?), the distri-
bution of (£(Gy + u),. .., (G + u)) does not depend on u, or equivalently, the distribution
of T,,& does not depend on w. If {(G) is integrable, then E[¢(G)] = Av(G), for some A > 0,
and A is called the mean intensity for the point process. We say that £ is ergodic if for each
AeI(M,), P{¢c A} isOor 1.

We can restate Theorem 4.1 for covariant functions of stationary point processes.

Corollary 4.4 Let & be a stationary point process on R%, and let {f¢c € M(M,) : G €
By(RY)} be a covariant family of functions. Define Xq = fa(&) and I to be the completion
of the o-algebra {{¢ € A} : A€ I(M,)}. If (4.4) and (4.5) hold, then (4.6) holds.

In particular, if € has finite mean intensity, then for K; as above

1m5m“:Ewmmﬂ a.s. (4.10)

t—o0 V(Ky)
U
Remark 4.5 The point of Corollary 4.4 is that 7T;, is now defined on M, rather than €.

The corollary follows simply by defining a new probability space (M, B(M,), P:), where
P is the distribution of &. 0

The proof of the next corollary requires the following simple lemma.

Lemma 4.6 Let 0 < p(r) < C < 0o and lim, o, p(r) = 0. Then for {K;} as above,

1

lim —— Kf = 0.
Jim / ol K))du =0

Proof. The lemma follows from the fact that

lim v({ue Ky :d(u, Kf) <r})

=0.
t—o0 V(Kt>
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Corollary 4.7 Let ¢ be a stationary point process on R?, and define €9 by £9(A) = £(ANG).
Let H : R x M, — R satisfy H(u,n) = H(0,T_,n), and suppose that there exists v :
R x M, — [0,00) such that

|H(u,n + 6,) — H(u,n)| <~y(v—u,T_.n),

m C no implies y(u,m1) < y(u,12), and

Bl v oe+ B 30— o) < oo (4.11)
Then for {K;} as above,
lim V (;(t) . H(u, &%) du (4.12)
= lim ! H(u,&)du

t—oo V(Ky) Jk,

=Bl H(u,&™)dulT] + E[/ (H (u, 7270) — H(u, £))dulT]
Fo Py
= E[H(0,8)|Z].
Proof. Setting
Xg = / H(u, %) du
e

for A C F} and G C Fy, we have

| Xoua — Xa| < /G|H(u,gGUA)|du+/A|H(u,§GUA)—H(u,gA)|du

< [H(0,0)|v(G) + /G /G UAv(v—u,T_ui(;UA)é(dv)du
4 / / Ao — 0, T 9 (dv)du

< ®|+/FO/W (v, T_p)T_o&(dv) du+/ /Fov(v—u,T_uf)ﬁ(dv)du

which, by (4.11), gives (4.4). Then the first expression in (4.12) equals the third expression
by Theorem 4.1. Similarly, the second equals the fourth by Corollary 4.3. It remains only
to show that the two limits are the same. But

[ g =a Dl < [ - [ so-uT e

K

and

iy L ot e Tesan) = S | B o

e /K o(d(u, KE))du, (4.13)

IN
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where

plr) =Bl (e et

and B, (0) is the ball of radius r centered at 0. Since, by (4.11) and the dominated covergence
theorem, lim, ., p(r) = 0, the right side of (4.13) goes to zero by Lemma 4.6. O

The proof of the following corollary is similar.

Corollary 4.8 Let ¢ be a stationary point process on R?, and define €9 by £9(A) = £(ANG).
Let H : R x M, — R satisfy H(u,n) = H(0,T_.n), and suppose that there exists vy :
R x M, — [0,00) such that

|H(u777 + 6'0) - H(Uﬂm < 7(” - U,T_u’l']),

m C g implies y(u,n1) < y(u,n2),

Ele(Fy)] + E| / / (0 — 4, T )(d0)E(du)] (4.14)

El /F /F (v —u, Touf)é(dv)E(du)] + E[( /F /F (v = u, Ty €)&(dv)é(du)] < oo,
and for {K;} as above

lim —— /K | / 0= T e ] =0 (4.15)

t—oo U/ Kt

Then

lim —— [ H(u,5)¢(du) (4.16)

H(u, €)¢(du)
— B H(u,5F+UFO>s<du>m+E[/ (HI (1, €7-950) — H(u, £ ))¢ (du)| )

Fy

= E[| H(u,&)&(du)|Z].

Fo
Proof. Setting
Xo= [ HuO(du),
G
for A C F'y and G C Fj, we have
| Xaua — X4l
< Xg+ / |H (u, €99%) = H(u, €9)[¢(du) + / |H (u, €9%) — H(u, £%)|€(du)

< |H(0.0)|£(G / / (0 — u, T £)E(dv)E(du)
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+ /G /A V(v — u, T, £UNE (dv) € (du) + /A /G V(v =, T £5M)E(dv)€ (du)
<IHEOEE) + [ [ 0 - T eanen)
+/FO /F+ y(v—u,T_ug)g(dv)g(duHA /Fov(v—u,T_uf)é“(dv)f(dUL

which, by (4.14), gives (4.4).
The first equality on the right of (4.16) follows from (4.15), and the other equalities follow
by Theorem 4.1 and Corollary 4.3. U

4.2 Relationship between finite and infinite space models

Let S be locally compact, and let v be a Radon measure on S, that is, ¥(K) < oo for each
compact K C S. Let the generator A to be of the form

Af(n) = / (F(n+ 62) — F(m))blu, 1) v(du) + / (F(n—b.) — Fmn(da)  (417)

for f in an appropriate domain D(A). We assume that b is bounded by a constant, although
this assumption could be weakened.
To be precise, assume that D(A) consists of functions of the form

f(ﬁ) =01 (77) exp* fRd g2($)n(d:p)’

where gy : M, — R and g : S — [0,00) are bounded and continuous and there exist
compact sets K1 C Ky C S such that

gi(n) = g1(n™"),  inf gs(x) = €1 >0, suppgs C K. (4.18)

We then have

Af(n) = /K (F(n+6.) — £(m))b(u, m)w(du) + / (91(11— 8,)e — gy ())e™ Ta 901 )

K>

and we see that

[Af(n)| < 2Hngoo/ b(w, n)du + 2||g1||oon (K7 e~ 1ED

Ko

+ 1| o921 / g (2)n(dz)e™ a 2()
Ko

so Af is a bounded function. Note also that D(A) is a subset of C(M,) and is closed under
multiplication (that is, if f1, fo € D(A), fifs € D(A)).

Let K; C Ky C --- be open sets with compact closure in S satisfying U,,K,, = S, and
let A,, be the generator for the birth and death process with the birth rate b on the region
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K,,. Thus,

Anf(n) = / (F(n+6.) — F(m)blu, m) (du)

m

[ (=52~ f@)ntau). (4.19)

We can take D(A,,) to be the collection of functions on M g (K,,) obtained by restricting
the functions in D(A). (This domain is different from the one used in Section 2.2; however,
it is simple to see that a solution of the martingale problem for the operator with one of
the domains will be a solution of the martingale problem for the operator with the other
domain. Consequently, the two formulations determine the same Markov process.)

Let m,, be the stationary distribution for A4,,. By Theorem 2.2, 7, exists and is unique
and satisfies [ A, f dm, =0 for all f € D(A,,).

Lemma 4.9 Ifb is bounded by a constant C' and the mapping n — b(u,n) is continuous for
u, then {my,} is relatively compact and any limit point is a stationary distribution for A.

Proof. Let N, be a point process with distribution 7,,. For A € B,(R?), let f(n) = n(A).
Approximating f by functions in D(A,,), we see that [ A, f dm, = 0. It follows that

PN (A = [ matn) = [ bun(dma(an < Co(a), (420)

and hence

P{N(A) > 1} < E[NTZ(A)] < Cl/t(A) .
We can view N,, as taking values in M, by defining N,,(A) = 0 for all A € B(S) with
AN K, = 0. By Lemma A.2, {N,,} is relatively compact in distribution in the vague
topology; hence, {m,,} consadered as a sequence in P(Mp)} is relatively compact.
Let 1 € P(M,) be a limit point of {7}, and for simplicity, assume 7,, = w. For
f € D(A), let K; and K, be compact sets as in (4.18). Then

(4.21)

[ 148 = Anslam, = [ Gl ) = F)ble () ).

P p

and for m sufficiently large, the right side is zero. The boundedness and continuity assump-
tions on b imply Af € C(M,), and it follows that

/ Afdr = lim A fdm, = 0.

m—00

Consequently, by Theorem 3.1 of Kurtz and Stockbridge (1998),  is a stationary distribution
for A. O
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4.3 Consistency for spatially stationary models

We now take S = R? and v to be Lebesgue measure. We assume that by, 6 € O, is
translation invariant in the sense that bg(u,n) = bp(0,7_,n) = bg(T_.n). Let 6y be the
“true” value of the parameter, and let 7 be a stationary distribution for Ay,. Let N be a
spatial point process with distribution 7. We assume that N is (spatially) stationary and
ergodic. The stationary distribution of Ay, is not necessarily unique, and there may exist
stationary distributions that do not satisfy this assumption. Conditions for the existence of
a spatially ergodic stationary distribution are discussed in Garcia and Kurtz (n.d.).

Let {K,,} be an increasing sequence of convex, open sets with compact closure satisfying
UK = RY Let N, be the restriction of N to the set K,,, that is, N,,,(A) = N(AN K,,),
A € B(R%). The notion of consistency we will consider is as follows: For each m, we obtain
a time-invariance estimator 6,, for the parameter as the solution of a system of equations of
the form

Apn fi(N) =0, i=1,....5, (4.22)

where Ay, has the form (4.19) with b replaced by by. Note that the distribution of N,, will,
in general, not be the stationary distribution for A, ., so the estimating equations (4.22)
are not necessarily unbiased; however, by the results discussed in Section 4.2, they should,
in some sense, be asymptotically unbiased.

We want to show that for a class of functions f, Ajg,,f(N,,), appropriately normalized,
converges to a deterministic funtion of # and that these deterministic functions set equal to
0 give a system of equations having 6, as the unique solution. We then need to show that
the solution of (4.22) converges to the solution of the limiting equations.

First consider fi(n) = |n|. Then, as in (3.8),

Agmfo(Ny) = / bo (s, Now)dt — | Ny
_ / bo(Tu N,V — N(K)

- / (bo(T-uN) — bo(T-oN))du + / bo(T_uN)du — N(Kp).

m

Lemma 4.10 Suppose that by is bounded and that there exists v € L'(RY) such that for
eachn € M, and v € R?,

Do (w, 1) — bo(u, 1+ 0y)| < 7o(u — ). (4.23)
Then
Jim Ao (V) = /Mp(be(n) ~(Eo))(dn). (1.24)
almost surely and in L'.
Remark 4.11 If we set g1(n) = n(Fp), then Ayg1(n fF be(T_,n)du — n(Fp), so the right

side of (4.24) is just [ Aggidm.
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Proof. Let N¢ denote N restricted to G (so N,, = N¥m). Define
Xg = / by (s, NS du,
e
and let by = sup, by(n). Then

|XGUA_XA| S /b@(u,NGUA)dU+/|69(U,NGUA)—b9(U,NA)|dU
G A

IN

@)+ [ [ =) N (@)
< B()V(G) + H’Y@HlN(G)a

and hence for G C Fy, )
| Xaua — Xal < bo + |70l N (Fo),

giving (4.4). In addition,
7 = lim (XFOUA — XA)

A—Fy

= lim bo(w, NFoUNdu + lim | (bg(u, NUY) — by(u, N*))du
A—Fy Fy A—=Fy fa

— / b (u, NFOUF+) dy, + / (bo(u, NTOUEH) — by (u, N¥+))du,
Fy

Fy
where the second integrand is integrable by (4.23). Consequently, Corollary 4.4 and the
ergodicity of N give

lim KL o, Ny ) = E[Z] = lim —— [ by(u, N)du / by () (dn).

— —

Now, for n € M and h : (R%)* — R symmetric and translation invariant, let
1
fh<77> = W Z h(l’l, Ce ,$k>, (425)
( k ) {z1,...,xk }EN
where the sum is over all subsets of k points in the support of 1, and
1
fl?(n)zm Z h<0ax17"'7wk—1)'

k—=1/ {z1,....x_1}€N

As in the case k = 2, the “death term” in the generator applied to f, vanishes, and

v = [ () v

1
T (1) Z h(u, zy, . .. ,xk_1)) bo(T-yNp,)du)
k {xl 7777 $k:—l}ej\[’m

- [ (ﬁ(ﬁzmum - fh<Nm>>)ba<T_uNm>du |

22



Lemma 4.12 Let h : (R*)* — R be bounded, symmetric and translation invariant, that

is, h(z1,...,28) = h(Toy,...,Ts,) for all permutations ¢ = (o1,...,0%) of (1,...,k) and
h(zy 4w, 2, +u) = h(xy, ..., x1) for u € RY and assume that there exists Cy, such that
maxi<;<j<k |ZL‘1 — [L’j| > Ch implz'es h((L‘l, . ,$k) =0. Then

tm o S (w0 = B2 = L [ NN ()]

Zh:Z Z h(yl,...,yl,xl,...,xk,l).

=1 Ly, }ENTO {1, g JEN T+

(Note that the summands in the definition of Zy are zero unless d(x;, Fy) < Ch, i =

1,...k—1)
b)
. 1 (| N
i ( " )Ag,mfhwm) (4.26)
— B{HO,N)(N)] - B[ Hlu NN o)
where -
H(u,n) = Z h(u,z1,...,25_1) H | FP
{z1,...,x_1}EN i=1
Proof. Let .
Xe= Y hlxy,...,zp) = E/GH(U, NE)N(du).

{:El ,,,,, wk}GNG

Since
| H (1, 7+ 6,) — H(u,n)| < 1gpu—vi<cyn(Be, ()" (| Blloe = 1gu—ol<cny T—un(Be, (0))* 2 )|A]l,

we can take v(z,m) = 1{:<cnn(Be, (0)) 7 H|ho, and since [n(K)'r(dny) < oo for each
K € By(RY) and each [, (4.14) is satisfied.

Since
lim XAUFO - XA = Zh a.s., (427)

A—Fy
AEBy(RY),ACF}
Corollary 4.8 gives Part (a). Since

) = 1.7 = () 2t
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for almost every u,

[ i) = (1)

and 1 Elbs(N)
lim / bg(T_ Ny )du = ’ ,
m=o0 | Npu| +1 J, E[N(Fo)]
Part (b) follows from Part (a) and Corollary 4.7. O

Lemma 4.13 Let F,, = [—2, 2]?, and define

gm(n) = Z (L’l, H 1Fm l'z

Then
k-1
Aogm (1 / h(u, o1, o) [ | e, (0)bo(Toun)du (4.28)
Fin L
{z1,1, Tp— 1}CT] i=1
k-1
/ (U, Ty, ... 7xk—1) H 1Fm—{u}<xz)n(du),
Fin fay,y, 1}C7] i=1
and

lim —Aggm( ) = lim L/ Aggmdr = E[H(0, N)bg(N)|—E[ | H(u, N)N(du)] a.s

m—0o0 m m—oo md Mp Fo

Proof. The convergence of the first expression on the right of (4.28) normalized by m¢?

follows by observing that

g /F h(u, 1, ..., xp_1)bg(T_yn)du

AT, TR 1}C77
k—1

/ (U, Ty, ... 7xk—1) H 1Fm (ZEZ)bQ(T—un)du
2 i=1

™ {x1, T 1}C77

converges to zero, is bounded by

md/ \h(w, 1, . .. Tp—1) [bg(T—ym)du,
P

M {x1, T 1}C77

hence uniformly integrable with respect m, and

lim —/F Z h(u, 21, . .., 2p_1)be(T_yN)du = E[H(0, N)bg(N)] a.s
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The second expression in (4.28), normalized by m?, converges to E|[ r H(u, N)N(du)]
by Part (a) of Lemma 4.12. O

Combining the lemmas, we have a theorem that implies consistency for many models
and appropriately selected time-invariance estimators obtained as solutions of systems of
the form

/ bs, (u, Npp)du = | Ny

m

Aém,mfhi(Nm) = 0, i = 2, B

where the h; : (RY)* — R are bounded, symmetric, and translation invariant. We do not give
general conditions for consistency, but a central condition would be that the true parameter
is the unique solution of

Elbg(N)] = E[N(Fp)] (4.29)
E[H;(0,N)by(N)] = E] : Hi(u,N)N(du)], i=2,...,K,
where .
Hi(u,n) = Z hi(u, 21, ..., x5, _1) H Le,4u}-
{z1,0mr, 1} €N j=1

Of course, the true parameter will satisfy (4.29), so the issue is the uniqueness of the solution.

Theorem 4.14 Let h : (RY)* — R be bounded, symmetric and translation invariant, and
assume that there exists Cj, such that maxi<i<j<i |v; — x;| > C) implies h(zy,...,x) = 0,
and let f, be given by (4.25). Let w be a spatially ergodic stationary distribution for Ay, (so
fMp Ag,gdr =0, g € D(Ay,)). Then for K, as above

i 1 = lim ! 0, (U U —
Jim o ([ N = Nal) = i B N = )
= Elbg,(N)] — E[N(F)]

0

and

. 1 | Nl B
rrlLl—rgo V<Km> ( k )Aeo,mfh<Nm) =0.

4.4 Two-parameter example

We apply the results of Section 4.3 to prove consistency of the estimators for a family of

2-parameter models. Let p : R — [0, 00) be a non-negative function bounded by a constant

p, and let

minge, |u — x|
lo

where ¢; > 0, ¢; + cok > 0, and tg > 0. g is assumed known, so 6 = (¢q, ¢a).

bo(u, ) = c1 + c2 p( ), (4.30)

25



We discussed this model in Example 3.3, and obtained the time-invariance estimator for
c1 and ¢y, taking

fi(m) = Inl, fz(n)=(|%) > p*(xlt_on).
2/ {z1,z2}

To simplify notation, let
minge, |u — x|
lo

).

plu,n) = p(

Then the estimator 6™ = (&, &) satisfies

Ag fr(N) = / (c1 + ¢ plu, o)) — [Ny = 0,
Km

1 | / to n(dz),
Ae,mf2(Nm)

2 1 LU— ]
- /Km <|Nm\ 1 N )7 ( i )N (dz) — fz(Nm))) (c1 + ¢ p(u, Nip))du
=0.

and, observing that

Normalizing and passing to the limit, we have

Jim A = [ oguin = [ (e o 0.0) ().

where g1(n) = n(Fp), and

I LR N N e
) /Mp / / " (= nlde)n(du)(dn).

Consequently, if the limiting system is nonsingular, the solutions must converge, and we have
the following theorem.

n(dz)(er + cap(u, n))dur(dn)

Theorem 4.15 Assume that

/Mp /FO /Rd p*(u — x)n(dx),é(u,n)duw(dn)
_/M (0, m)m(dn) / /FO/W

n(dz)dur(dn) # 0.
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Then the true parameter 0y = (2, ¢3) is the unique solution of the system

/M (c1 + 2 5(0,m) — (Fo)ym(dn) = 0

p

/Mp /FO /Rd p*<u t_o I)U(dx)(cl + cop(u, m))dur(dn)
B /Mp /F /R o (S nden(du)e(dn) = 0,

and (&7, ¢5) — (Y, ¢3) almost surely.

A Appendix

A.1 Point configurations and counting measures

Let (S,r5) be a complete, separable metric space, B(.S) be the o-algebra of Borel sets in .S,
and By(S) be the family of all relatively compact sets in B(S). C(S) will denote the space
of bounded continous functions and B(.S) the space of bounded Borel-measurable functions
on S.

A finite configuration in S will be a finite collection of points z = {x; € 5,1 < i < m},
where || = m is the size of the configuration. We do not rule out the possibility that z; = z;
for some 7 # j. The indexing is only for convenience and we identify two configurations that
contain the same points with the same multiplicities. It follows that we can represent any
configuration as an integer-valued measure

where 0,, denotes the measure that places mass one at the point x; € S. M g will denote
the space of finite, integer-valued measures on S which we identify with the space of finite
configurations in S. M, will denote the space of (possibly infinite) integer-valued measures
on S satisfying n(A) < oo for all A € B,(S5)}. A configuration will be called simple if
no point has multiplicity greater than one. The collection of simple configurations can be
identified with

M,={ne M,:n({z}) <1forall x € S},

with M f defined analogously.
A natural metric for the space of finite configurations is given by

) 1 || # ||
d - . m ~ ~ 5
p(l', $) { LA Hlf(fezm Ei:1 7’5(%, x”i) |I’ = |I’
where 3, is the collection of all permutations of {1,...,m}. (Note that the value of d,(x, %)

does not depend on the indexing of x. The metric d,, determines the weak topology on M g,
that is, d,(2", ) — 0 if and only if

/Sfdnxn — /Sfdm«, fed(s).
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Note that under d,, M }’; is a complete separable metric space, but M f; is not complete.
With this last observation in mind, for x, 2 € M f , define
1 1

infi<izjcte) s (@i 25)  inficizicz rs (T, 7))

ds(z,T) = dp(z,T) +

Then, under dy, M f; is complete, but the topology determined by ds, on M f; is still the weak
topology.

A.2 The vague topology

Assume that S is locally compact. (We are primarily interested in S € R%.) Let C/(S) denote
the space of continuous functions vanishing at infinite and C,(.S), the space of continuous
functions with compact support. A sequence {n,} € M, converges in the vague topology if
and only if

/S fdn, — /S fdn, [ eCus).

M, with the vague topology is Polish, that is, there exists a metric d, giving the topology
under which M, is complete and separable. (See Kallenberg (1983).)

Note that if we restrict the vague topology to M g , we do not get the weak topology.
For example, for S = R, dg + 9,, converges to dy in the vague topology but not in the weak

topology.

A.3 Convergence in distribution

Definition A.1 Let N, Ny, N, ... be point processes on S. Then { N} converges in distri-
bution (in the vague topology) to N, written N,, = N, if and only if E[g(N,,)] — E[g(N)]
for every bounded, vaguely continuous function g : My — R. 0

Note that if 7, is the distribution of N,,, then {N,,} converges in distribution to N if
and only if 7, converges weakly to the distribution of N.

Prohorov’s theorem states that a sequence of random variables {X,} in a complete,
separable metric space is relatively compact for convergence in distribution if and only if it
is tight, that is, for each € > 0, there exists a compact subset K, such that

inf P{X, € K.} >1—c¢.
In particular, a sequence of R-valued random varibles is tight if and only if

Tlingo limsup P{|X,| >r} =0. (A1)
Lemma A.2 Let {N,,} be point processes in a locally compact space S considered as random
variables in (M ,d,). Then the following statements are equivalent.
(i) {Ny} is tight.
(i1) {Nw(f)} is tight for each f € C.(S).
(7ii) {N,,(A)} is tight for each A € By(S).

Proof. See Kallenberg (1983), Lemma 4.5. O
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A.4 Markov processes and martingale problems

Let (E,r) be a metric space, M(F) be the collection of all real-valued, Borel measurable
functions on F, and B(E) C M(FE) be the Banach space of bounded functions with || f|| =
sup,cp | f(x)]. In addition, let P(E) be the collection of probability measures on E.

Let A : D(A) C B(E) — B(FE) be a linear operator. An FE-valued stochastic process
Y ={Y(t),t > 0} is a solution of the martingale problem for A if and only if

FO () — / AS(Y (5))ds

is a {F) }-martingale for each f € D(A). (Here, {F)} is the filtration determined by Y,
that is, Y = o(Y(s);s <t).) Y has initial distribution u € P(E) if Y(0) has distribution
. Uniqueness in distribution holds for the martingale problem if any two solutions with the
same initial distribution have the same finite dimensional distributions. If uniqueness holds,
then any solution of the martingale problem is a Markov process, that is,

PY(t+s)el | F)=PY(t+s) el |Y(t)), (A.2)

for all s, >0 and I' € B(E).
Specifying the generator essentially determines the short-time behavior of the process,
since the martingale property implies

E[f(Y(t+ A)F ] = f(Y (1) + Af(Y (1) At.

Uniqueness implies that the short-time behavior determines the global behavior of the pro-
cess.
For example, the generator for a pure-jump, Markov process has the form

Af(2) = Ax) /g (F(y) — f(2) w(a, dy) (A3)

for some nonnegative function A on E and a transition function x on £ x B(FE). If Y(t) = =,
then the probability that the process jumps before time ¢+ At is approximately A(x)At, and
if it jumps, k(z,-) is the distribution of the new value.

7 i8 a stationary distribution for A if and only if there exists a solution of the martingale
problem for A with initial distribution 7 such that

P{Y(t + Sl) c FhY(t—l— 82) € FQ, s ,Y(t -+ Sk) < Fk)}

is independent of ¢ > 0, forall k > 1, 0 < 81 < sy < -+ < spand ['1, [y, -+ Ty € B(E). Of
course, if uniqueness holds there is only one such solution.
If 7 is a stationary distribution for A, the martingale property implies

E[AF(Y(1)] = /EAfdﬂ ~0.

Under mild conditions on the domain (most importantly, that the domain is closed under
multiplication) and the operator (that it satisfies a form of the postive maximum principle),
the converse also holds. The converse is essentially due to Echeverria (1982) for locally convex
E (see Ethier and Kurtz (1986), Theorem 4.9.17). Bhatt and Karandikar (1993) extended
the results to general complete, separable metric spaces, and Kurtz and Stockbridge (1998)
removed continuity assumptions on the range of A.
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