5. Implication Chains. In order to coordinate the action of nodes working for the

same (densely distributed) requirement of type 1 or 2 so that iterated limits will exist, we
will have to force extensions of certain nodes to follow specified paths, so that we can form
implication chains. This will allow us to show that the nodes work together to specify the

same outcome for their axioms. Supposeshmdg are two such nodes. d$fands are
incomparable, then the notionadntrol defined in Section 6 allows us to prevent the node
which is off the true path from declaring too many axioms. So we restrict our attention in

this section to the case wherends are comparable. We try to arrange that, whenever
possible, either botk ands are activated or both ands are validated. (Such attempts
begin onTdME)-1 as the notion of contrdé used to coordinate action taken by the

construction for this requirement at nodes on tideor k < dim@)-1, allowing us to

verify the existence of iterated limits, except for the outermost iteration.) Whenever faced
with a path along which this is not the case, we try to force an extension of paths which
causes one of these two nodes to switch before declaring any new axioms. As we also
want these nodes to act in accordance with the validity of the sentences which generate their
action, we try to construct implication chains between nodes which yield implications either
from Mg to Mg or fromMg to Ms (see Definitions 2.9 and 2.10). These implication chains

are carried down td9, where decisions on action can be made effectively, based on the
truth of the sentences.

We now describe the construction of implication chains in more detailL Hix
[T and assume that’ is the true path for the construction. For &lIn, letL' = | i(L 0).
Suppose that we hagéi s'1 L such that r = ding?)-1, up&”) * upE"), ands’ ands'
are working for the same densely distributed requirement R. Then at mostsdrandt’

will have all of its antiderivatives off lying anngLi forall il [r,n], but we will not be
able to recursively identify if either of these nodes has this property, and if so, which one
has the property. We may then be forced to define infinitely many axioms for R for

derivatives of botis" ands'. Such axioms have value determined by the prediction of the
truth of certain sentences derived from the sentence assigned to R. However, we can only
show that these predictions are correct, and hence that the proper value is specified, when
all antiderivatives of the node lie on the true path. Thus the values produced by derivatives

of s" and derivatives of' may be different, preventing us from computing limits needed to
satisfy R. We must therefore try to coordinate the actions takeh dods'.

The same sentenckl,ysy, will be assigned to both ugf and upgr). The
sentenceMsr andMg'" assigned ta' ands’, respectively, will be obtained by bounding all
quantifiers in the first quantifier block d¥lypsy by numbers wy') and Wtér),
respectively, where wa() < Wt(gr). If the quantifier block is a block of universal
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quantifiers, themMg" will formally imply Mgr, and if it is a block of existential quantifiers,
then Mg will formally imply Mg. Assume the latter, and so, that r is even, for
concreteness.

The coordination problem arises when we rdacuch thatt()" = s', ands' has

finite outcome along" iff s' has infinite outcome alortdg. We briefly describe the attempt
to coordinate action. There are two cases to consider, depending on whétefinite
or infinite outcome alony'.

Case 1: First suppose tha' has finite outcome alonig, and so, thas' has
infinite outcome along’. Recall thas' | s'1 . We will only need to follow this case if

up@E" I up(§r), SO we assume that this latter condition holds. (If this is not the case, then
we will be able to show that there are too few conflicting axioms to prevent the existence of

iterated limits.) The sentencl®kr andMg" assigned tg' ands' are obtained by bounding

the leading unbounded quantifier block (a block of existential quantifiefgl),jgy =
Myp@'y by numbers wy') < vvt(gr), respectively. As" has finite outcome alortd, we are
predicting thaiMg' is false, so do not have a formal implication from the trutdofto the

truth of Mg". But if it were the case that \stf 3 Wt(§r) and as we are predicting th\f' is
true, Mg" would formally implyMsr. We thus try to create an implication between sentences

by replacings’ with a derivatives’ of up&") which extends'. (The process of obtaining

s" will require us to switch certain nodes which are the ends of primary links, or which
caused other implication chains to be created. We may need to iterate this process down to

T9, and nodes of ! which are switched will place elements into sets, so could injure the
truth of the instance dfly on T1. We will be able to check to see if this is the case, and

will show that it will be unnecessary to pass frofto s’ in this situation, as the
construction will resolve conflicts between axioms declared by derivatigsaofl axioms

declared by derivatives of automatically. We will try to provide more intuition as to how
this occurs later.) Suppose that we decide to estferuds’. (In this case, we say thit
requires extensiofor s".) We now look at' such thatt()" =s". If s" has finite outcome
alongt”, we proceed as in Case 2 below (wsthin place ofs" ands' in place ofs"),
where it is assumed thst has infinite outcome alortg. If s' has infinite outcome along
t', then we will have switched the outcome ofaip(thus forcing urf(r) off the true path,

and will have prevented derivativesoffrom defining any axioms which might prevent
the computation of an iterated limit, as we have delayed the declaration of axioms by

. . or
derivatives of .

Case 2: Suppose tha' has infinite outcome alortd. We now have a formal
implication fromMgr which seems to be true, Myg" which seems to be false. (We will not
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allow this to happen for r = 0.) If the immediate successsf afongt" does not require
extension, then we cadl apseudocompletionf s'. We form arr-implication chain
aa' s’ t'ifto try to resolve this discrepancy ohl. This discrepancy is first observed at

"1 = out¢") alongL"". We will then haves™ 1 s"'i 1™ such thas"™* ands"™ are,

respectively, the principal derivatives 8f and s" along ™%, and {%)- = s
Furthermores'™ has finite outcome alortg* ands'™ has infinite outcomé& ™. We now
have the situation for r-1 which we discussed in Case 1 forﬁ’.'llfequires extension for

s then the r-implication chaia',s',t"fifwill be calledamenableand we will either be
able to extend our implications between sentences to level r-1 and build an amenable (r-1)-
implication chain, or will switch paths as described above.

Once we have an (r-1)-implication chain, we repeat this process. There are three
possibilities. Either we eventually switeh thus removingA;r from the current path. Or
we switchs' (this can occur when we try to build a j-implication chain for j even), thus
resolving the conflict by forcing derivatives &f and s' to define axioms with identical

outputs (no axioms are defined ®ywhile we are resolving the conflict), or we reach
and do not allow the construction of a O-implication chain. We show that the action of the

construction o is still in accordance with the potential truth of the sentences described.
The process of defining implication chains requires us to define several notions by

simultaneous induction on i forh T T9. We begin by definingp¥ requires extension
for nk, wherehk = I X(h). (In Case 1 of our intuitive remarksX corresponds t6' and
nktos".) WhenhK requires extension far, then either k = dirm¥)-1 and we will be

beginning an attempt to construct a k-implication chain, or k <rdfjpi( and we will be
attempting to extend a (k+1)-implication chain which has been defined by thbkiiae

reached, to a k-implication chain. Hf requires extension far¥, then we will begin a
process of defining thie-completiorof hk for nk. (The k-completion will correspond to

the nodes” when k = r in Case 1). We may need to switch nodes while constructing a k-
completion, and may thereby discover a new node which requires extension, and so wants
to find a j-completion. In order to resolve potential conflicts about which completion to
pursue, we stipulate that we obtain the j-completion of the new node before continuing with
the process of finding the k-completion of the original node. (We will show that this
process is finitary.) Nodes which are first encountered during the process of finding a k-
completion will not beimplication-free,and so will not be allowed to control the

declaration of axioms. The decision as to whetfgequires extension fox will depend
on the elements in PL(ug{),| (h¥)), a set of ends of primary links alohgh¥) which
restrain upgX), and nodes extending uy) which caused implication chains to be created.
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These are nodes which will have to be switched in order to obtain the k-complditgn of

and in the iterative process of finding a O-implication chain, could place elements into sets
which might destroy the truth of the instarMg: of the sentence whose truth at a given
stage caused us to try to construct the implication chain. (We note that this can only occur
for requirements of type 1.) Should such a destruction occur hthesill not require

extension fonk; we will show that iink really is on the true path for the construction, then

any way of returningi¥ to the true path will cause such a destruction, and that this
destruction will also allow us to correct axioms. HEmeenableimplication chains are

those which give rise to sets PL(af)| (h¥)) for which no such destruction will occur.
There are five conditions which must be satisfied in order for a nocksjtore

extension. Fix nodesnk 1 d“1 hX (the nodes corresponding &, s" andt',
respectively, in Case 1 of our intuitive remarks), ana'{éte the immediate successor of

nk alonghX. Condition (5.1) requires that, if k = r, then for ak ik, the principal

derivatives ofK alongoutj(xk) andd® alongouf(h ky areimplication-free(see Definition

5.7). This will correspond to assuming that all action to find j-completions$ fenyhich

was started befomwto(h k) has been completed, so we are free to try to resolve the current
conflict between sentences. (If k <r, then we must try to build completions even when a
node is not implication-free as part of the process for finding completions for other nodes.)
We also require thaiuto(xk) is pseudotrue; should this condition fall, thérwill not be
allowed to define axioms. Condition (5.2) implies that two nodes disagree about the value
to be assigned to a newly declared axiom, but there is no implication between the
sentences. This corresponds to Case 1 of our intuitive remarks)¥aimd (5.2)
corresponds tg" in Case 1. By (5.2) and Lemma 4.3(i)(a) (Link Analysis), condition
(5.3) will imply that upt¥) I up@®); and the failure of (5.3) will imply that upf) and

up(d") are incomparable, so by (2.6), no derivatives ohf)pgan extend®. In the latter

case, it is impossible to carry out the extension process needed to find a completion. (5.4)
is the condition which determines if any node which must be switched during the iteration
process for finding completions will place elements into the restraint set for the sentence
whose apparent truth caused us to want to act; the condition requires that such nodes do not
exist. This will always be the case for requirements of type 2, so (5.4) only applies to
requirements of type 1. (5.5)(i) is the condition required to start building an r-implication
chain, and condition (5.5)(ii) describes the situation which arises in extending a (k+1)-
implication chain to a k-implication chain.

Definition 5.1: Suppose that& r < n andnki x¥i d“i hkT T¥are given such that

(hky- =d¥, (x) =nk and r = dimgk)-1. We say thatk requires extension far¥ if nk is
the shortest node for which the following conditions hold:
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(5.1) Ifk=r,then for all i r, the principal derivatives af alongouf(xr) andd" along
out(h") are implication-free (see Definition 5.7), ammto(xr) is pseudotrue (see
Definition 5.9).

(5.2) tp(¥) T {1,2}, nke d¥, upd) * upn¥), d* has infinite outcome alortgf, nk is
the principal derivative of upf) alongh¥, andn¥ has finite outcome alongf (so
nKis the initial derivative of upf) alonghk).

(5.3) There is no primar¥-link which restraingi.

(5.4) Ifk =rand tpd“) = 1, then for everp**1 T PL(upn¥),l (h¥), TSE*HCRSEX)
= (see Definition 5.3 for the definition of PL sets).

(5.5) One of the following conditions holds:
0O r=k
(i) There is an amenable (k+1)-implication chéi, !, tift r 3 jE3 k+1f along
| (h%) such thah® = outtk*1), andd® (n¥, resp.) is the principal derivative
of §¥1 (sk*1 resp.) alonghk. (See Definitions 5.4 and 5.2 for the
definitions ofamenableandimplication chain)

We say thah® requires extensioii h¥ requires extension for som&.  n

Implication chains keep track of the implications between sentences for a
requirement. The first and second coordinates of the triple at a given level of the
implication chain determine the nodes which are potentially responsible for defining axioms
for the requirement. The third coordinate keeps track of the conflicting outcomes of the
first and second coordinates. The k-implication chain follows the implications of sentences
from the starting levell’, down toT¥. The conditions mentioned in Definition 5.2 are
described in the motivation at the beginning of the section. In addition, we require the

principal derivatives o6 " alongout(t") ands' alongout(t") to be implication-free for all i
£ r (condition (5.10)). This will correspond to assuming that all action to find j-

completions for B k which was started befomt(t") or out(t") was completed before

that node is reached, so we are free to try to resolve the current conflict between sentences.
If kK <r, then we have already begun building the implication chain, and must continue to
extend it within other implication chains; thus the principal derivative andsX along

ouf(tk) need not be implication-free. (We note that condition (5.6) below allows

T
up(supE’).)
We will also need to describe the situation when the first triple of an implication
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chain can be formed by taking an immediate extension of asiodethe absence of a
requires extension configuration; such'avill be called gpseudocompletion.

Definition 5.2: Fix k£ r £ n. Ak-implication chainis a sequencééjsj,tjﬁ r3 j3 kn
such that:

(5.6) s'° s andupg® ups.
(5.7) tps") T {1,2}, dim(s") = r+1.

(5.8) () s*i sk
() &K=kl tk

(5.9) Ifk <r,then up$¥) =$** and upg®) = sk*L.

(5.10) () Fix t"i s'such thatt()- =s". Then for all i€ r, the principal derivative of
s' alongout(t") is implication-free (see Definition 5.7), andis implication-
free.

(i) For alli£ r, the principal derivative of alongout(t") is implication-free.

(5.11) () sk has infinite outcome alorﬁf.
(i) $X has finite outcome alortd.

(5.12) If k < r, thenaa), &) tifi r3 j3 k+1fis a (k+1)-implication chain alorg*! and
out¢k) 1 tk,

We say that this implication chainangr kT TX (LT [TY], resp.) iftki rk ki L,
resp.).

Suppose that k = r, conditions (5.6), (5.7), (5.8)(i), (5.9), (5.10)(i), and (5.11)(i)
hold, ands' is an initial derivative. In this case, we cglllapseudocompletionfs'’. s'
is apseudocompletioifiit is a pseudocompletion of some nodate.

The process of building a new r-implication chain, or of extending a (k+1)-
implication chain to a k-implication chain, will require us to build completions. We will
define PL sets, which keep track of the antiderivatives of those nodéswvefich will
eventually have to be switched (and might thereby injure restraint sets), should we need to
pull the implication chains down 6" during the process of building completions.
Consider the situation wherein a noderYrequires extension. Thus assume that we have
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nki d®i hkT Tk such thattf¥) = d* andhk requires extension fa. We wish to
construct &K E h¥ such that ug) = upk) = nk*1, By (2.10), this requires taking
extensions oh* with the goal of makingk*! al (k*)-free node. Thus we must eliminate
the links which restrain*1,

LethY=1"hk for all ul [k,n]. We will show later that, in this situation, there is
an h**Ljink which restrainsi** andn¥*1i d“*! = up@d). By Lemma 4.1 (Nesting),
there will be arhk*1-link [mf*1 pk*1] which restraing¥*! and contains alh**1-links
which restraim®*1, andpk*® will be h**1-free. By (2.10), we must eliminate this link in
order to makenk*1 free; this is done as follows. Leti{! pk*l] be derived from the
primaryhi-link [, p/] (we allow j = k+1). By Lemma 3.5 (Nonswitching Extension) and
since all blocks defined in Section 2 are finite, we will be able to find a nonswitching
extensiorfik of h¥ such thatip(fi*) = pl andhi* is an initial derivative ofip*!(i¥) E hi*1,

By Lemma 3.6 (Switching), we can fifif such thatf§¥)- = ¥, 1 (%) E 1 '(7¥) for all i <

j, andh* switchespl. [nf*1,pk*1] will not be al ¥**(h%)-link, and everyl “*Y(H%)-link

which restrains*1 will be properly contained in the intervaitf1,pk*1]. Hence barring

other considerations, we can repeat this process for the Ioln'ﬂééik)-link which
restrainsn*1, and eventually find a new derivatik& of nk*1 on T*. (There may be
additional considerations, but for this paragraph, assume that there are none.) This
procedure will be induced by taking extensions of nodeE amhich will be nonswitching
except when needed to switch one of the above nodes ending aoljt?@(k) will act
according to the validity of its sentence unless k = 0, in which case wekfbtoehave
infinite outcome, and show that this action is in accordance with the validity of the sentence
assigned t&C. If k > 0 and the action ajuto(k") produces an immediate succedsaf

outo(k") such thakX has infinite outcome alodgk(h ), then the process halts since we will
then have switcheok*1, so will have forced*! not to lie alond-**1. Otherwise, we will
have constructed a k-implication chain, dﬁal(h) will require extension, so we can
repeat this processpl is placed in PLg<*1 hk*1) via (5.13) whenever j = k+1, i.e.,
whenever "1 pk*1] is a primaryhk*1-link. Each suctp! will be the last node of a
primaryh**1-link which restraingi**1, The nodes in Pbf*1, h**1) are those which cause
a small element to be placed in a set when we carry out the backtracking process for k = 0,
and may thereby injure the oracle of the computation which has generated the implication
chain. We will check to see, for all nodes in P{'¢,hk*1), whether this action causes an
element to be placed into this oracle. If not, then the implication chains constructed during
this process are calleimenable(see Definition 5.4). The derivative operation will
provide a one-one correspondence betweemt},hk*1) and PLdk,I I<(h )), so it will
suffice to consider only the nodes in PL sets.

There are additional considerations which we need to take into account. Our proof
requires that we follow the backtracking process for a node whenever that node requires
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extension. In the preceding paragrddﬁj,(ﬁ I‘) will have infinite outcome alongjﬂ(ﬁ I‘).

It is thus possible thatjﬂ(ﬁk) will require extension for somg*l. Furthermore, it is
possible that for suchdtl, if d = up@*?), then there is &i(h*)-link which restraing,
but nol ¥*(h%)-link derived from thid J(h%)-link restrainsn*!, so this situation is not
covered by (5.13).

Suppose thaltjﬂ(h") requires extension f@*l. By (5.1) and sincdajﬂ(ﬁ") is
implication-restrained, dingf) > j. In order to make our construction cohere, we must
perform the backtracking process fé?l(ﬁ k) (which entails removingll links aroundy)
before proceeding as in the preceding paragraph for the next link which restfdins
This may require us to switch additional primary links, sé,ftﬂ onT! for t3 j, with nk+1
I out*Y(rt)1 d“*. Also, once we have found a new derivatif¥ of g, we must force
it to have infinite outcome along its immediate extension in order to preclude the existence
of a (j-1)-implication chain along the true path. In either case, we have to switch nodes on
T if t = k+1 or j = k+1, respectively, until we complete the backtracking process for
I jil(ﬁ I‘),i.e., until we reach the primary completion &fl(ﬁ k). For the first case, we put
all nodeg k11 PL(@*1,h*k*1) into PLOK, h**1) via (5.14)(ii), as these nodes have to be
switched in order to backtrack(ﬁk), and call PL§1hk1) acomponentof
PL(nk*1 hk*1). For the second case, we gfit! into PLOKL hk*1) via (5.14)(i).

In the preceding paragraphs, we have tried to motivate the definition of
PL(nk*1, hk*1) by looking ahead to sonf& E outh*1), and seeing which nodéshk+!
need to be switched in order to carry out the backtracking process beginnﬁhg at
However, in the definition of PL sets below, we will want to inductively describe this set
in advance, as we pass froffi! to hk*1, in anticipation of later findin@k and having to
carry out the corresponding backtracking process. When we wanted to place an element
tk*1into PLOK, h**1) through (5.13), it was the case th&it! was the end of a primary
hk*1.link restrainingn*1, so these nodes are readily identified in advance. We will show
that the other case, described in the preceding paragraph and specified in (5.14),
corresponds precisely to a reversal of a backtracking process beginning atdfhode
which requires extension for som&11 nk*1 with nk*1i (d*%)-, and so we can again
identify these nodes in advance d<{¢) will be thed*! of the preceding paragraph.)
Once we complete the backtracking processdi‘éi‘, i.e., once we find a primary
completionkk*1 of d*1 the component corresponding to actiondSt does not place
elementE k1 into PLOK1,h%*L). Thus the node**! in (5.14) (for j = k+1) must
satisfyx 1| Kkk+L,

The backtracking process induced by the process described above, starting at
out’(h¥) and ending abut’k¥). Thus we begin abut®(h¥), and proceed as described
above by taking extensions & which are never j-switching for anjk, until we reach
a nodek® E out’(h¥) which has the properties ofi’(kk). As activated and validated
outcomes are unique aif, there will be a unique way to carry out the backtracking
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process, as long as we decide to follow activated outcomes of nodes when not otherwise
specified. Assume th&k has been defined in this way. For afl k, outj(k") will be

called the-completionof h for nk, and will be defined in Definition 5.6. In the definition

of the PL sets, which we now present, it would be helpful for the reader to think of j as the
k+1 of the preceding remarks. The definition is an inductive definition, proceeding by
induction on n-j and then by induction onHR¢lh(nj).

Definition 5.3; Fixj<nandnil hiT T. We placg!i hiinto PL{,hi) if one of the
following conditions holds:

(5.13) There is ad such thatd i nii ti and pd,t)] is a primaryhi-link.

(5.14) There aren, &, andx) such thamdi nii (@)1 d i x i hi, d requires
extension for and has no j-completion with infinite outcome alahgand either:
M t=@)y;or
() tiT PL(d) X).

If nodes satisfying the hypotheses of (5.14) exist, then we calij?l,)(j() acomponent
of PL(W,h)). n

Lemma 5.1 (PL Analysis Lemma): Fix j£nandnii rii sii hiT T such that
(sl)-=rl. Then:

() PLM,F)i PL@,s)).

i) PLM,sHOPL(,F) T {r]}.

(i) If PL(,SH\PL(,F)) 1 7, then either PLO, sH\PL(W,F)) = {F)} and F! is
the last node of a primas/-link, or s! requires extension.

(iv) If FI has finite outcome alorgj then PL@J,s!) = PL(nl, ).

(v) If rlishi-free and for everg’ andni such that! requires extension far
andmii nil (&)1 d i hi itisthe case that there i&hl hl such that
ki is the j-completion off andki has infinite outcome aloniy!, then
PL(nl,s}) = PL(, h)).

(vi) If X' i hiand PLE),x)) is a component of Ph hl), then PLt!, x)E{r]}

[ PL(Y,N)).

(vii) If PL(F!,h}) is a component of Ph{,h)) and f))-T PL(,h)), then
(h))-T PL(F!,h)) or i) =7,

(viii) If everydj i r)which requires extension has a j-complefior with infinite
outcome along/, then PLG),h)) i PL(,F)EPL(F!,h)E{r}.
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(ix) Givenf’ such that PLi(,h}) is a component of PE{,hi) and PL¢!,h)) is a
component of Plrf, hi), then PLE),h)E{F} I PL(,hi).

Proof: (i): By definition.

(ii),(iii): Any primary si-link which is not a primary!-link hasf! as its last
element. And new components can first appest anly if s! requires extension. Hence
(iii) holds. (ii) now follows from (5.13), (5.14)(i), and induction onHP¢h(n) for
(5.14)(ii).

(iv): If rl has finite outcome alorgy, thenf! is not the last element of a primary
sl-link. By (5.2), ifs! requires extension, théhhas infinite outcome alorsj. (iv) now
follows from (i) and (iii).

(v): AsFlishi-free, it follows from (4.1) that the primahj-links which restrain
nl coincide with the primarg!-links restraining¥. Hence all nodes placed in PL ) via
(5.13) are already in Ph{s/). Suppose that i (d)'1 d' i hiandd requires extension
form1 nl. By the hypothesis of (v), there ikhsuch thatif,ki] is a primaryhi-link
which restrainsi. Astlishi-freeandnii rl, kii rl = (sl). Hence by (5.14), all
elements placed in Phi(h’) via (5.14) are already in Phi(s’), so (v) follows.

(vi): Immediate from (5.14).

(vii): We proceed by induction on Ifj-lh(n)). By definition, if PL¢),hl) is a
component of Plrf,h)), thenn/ 1 Fland thereis &l 1 nl such thas! requires extension
for M. Hence if bi)- enters PL,hj) via (5.13), then the corresponding primary link
[, (hi)] also restrains!. Thus b)) T PL(F!,hi) as desired.

Suppose thahf)- enters PLgl, hi) via (5.14). Then there adt ti | hi such that
ni d = ), ti requires extension for sonmé 1 ni, PL@,h}) is a component of
PL(nl,h}), and eithertf))- =d or ()T PL@,hi). 1fFi] d, then asii nii
PL(d',h}) is a component of PE{,hi), so (vii) follows from (5.14). Il =d), then (vii) is
immediate. Otherwise, asri1 hi, it follows thatd i /1 hi; hence asdi nii d,
PL(F),hi) is a component of Pt{,hj). Now Ih¢))-Ih(d) < Ih(r)-Ih(n) and pl)-1 d', so
by induction, §)-T PL(d,hi). But PLE,hi) is a component of Ph{h/) and
Ih(dh)-Ih(ni) < Ih(r))-Ih(ni), so by induction, eitheh)- =l or (hi)-T PL(r},hj).

(viii): Suppose that! T PL(n!,hl). First assume that (5.13) holds farThen there
isam 1t/ such thatif,t!] is a primaryhl-link restrainingnl. Ifti 1 rJ, thent! is placed
into PL{, 7)) by (5.13). And ift! E 1, thent! is placed into PIf(,hl) by (5.13).

Next assume thdt is placed into PL{,h}) by (5.14), because of the component
PL(d,x) associated with sor E ni which requires extension for somiel ni. 1 d i
rl, then by hypothesis! has a j-completiok! i ! which has infinite outcome alord,
so by the properties af in (5.14),ti1 X i rl. Hence eitheti = rJ, or ti is placed into
PL(,r)) by (5.14). Otherwiserl 1 d. Asmi nii rl, PL@, X) is a component of
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PL(F!,hl), sot! is placed into PLE,h}) by (5.14).
(ixX): Immediate from (vi).n

As mentioned earlier, the process of extending a k-implication chain to a 0-
implication chain may injure the validity of a sentence whose truth we are trying to
preserve. When this happens, we will not act to extend the k-implication chain. Our next
definition allows us to differentiate between the k-implication chains which we want to
extend (theamenableémplication chains), and those which we do not want to extend (the
nonamenablemplication chains). Condition (5.15) applies Whengﬁphas an initial
derivativel s', specifying that in this case, when we first observe the (k+1)-implication
chain along a path ar<tl generated by a node ai, then we have a configuration of
nodes orT¥ which gives rise to eequires extensiosituation, so condition (5.4) will be
applicable. Condition (5.16) imposes a restriction similar to that imposed by (5.4) when
up(§r) does not have an initial derivatives". This restriction requires the ability to
preserve certain computations while the backtracking process is carried out. (Note that at
the beginning level r for an implication chain, it is possible to have an implication chain
which arises without a requires extension situation, if, for exanﬁ:r)lds an initial
derivative.) We will show later that similar restrictions are automatically carried down to
lower levels. A similar restriction needs to apply to separate the pseudocompletions which
potentially give rise to amenable implication chains from those which do not. Thus we also
define amenable pseudocompletions.

Definition 5.4: Suppose that k = r and th&itis a pseudocompletion sf. We say that
§' is anamenable pseudocompletiofis’ if either tp6") * 1, or for everyp'1
PL(s",$"), TSEPCRSE") = .

Now suppose thatal,§l,tifi r3 j 3 kiiis a k-implication chain along, and for
eachji [k,r], fix t'1 tI such thattf)” =si. Letnk be the principal derivative of u§)
alongtk. We say thafial,§!,tifi r3 j* kiiis amenableif one of conditions (5.15) and
(5.16) below holds, and if k = r, thel is the shortest string satisfying (5.6)-(5.11), and
(5.15) or (5.16) fos ¥ andtk.

(5.15) t¥ requires extension fo ands ¥ is the primary k-completion af. (See
Definition 5.6 for the definition of k-completion.)

(5.16) k = r and$' is an amenable pseudocompletiors bf

A nonamenabl@mplication chain is an implication chain which is not amenable.

47



The backtracking process requires us to keep track, along each path, of the nodes
which require extension but have no O-completion along the path, and to find O-
completions for these nodes in reverse order of the order in which we discover that they
require extension. This ordering is defined in Definition 5.8, and depends on the definition
of completions (Definition 5.6). In order to show that backtracking can be carried out, we
require that the final paths througﬂ be admissible (see Definition 5.9). There is a
potential circularity here, which we avoid by requiring these nodes podagimissible.
Preadmissibility ensures that nodes will only be switched when they do not interfere with
the backtracking process; and in the course of finding completions, nodes will be switched
only as required by the backtracking process. Completions are then defined as the nodes
reached when the backtracking process has been completed.

Because of the interdependence of the next five definitions, we will explain some of
the terminology used in the next definition. A nedeill be completion-respecting for
allj £ n, any node alongj(r) which requires extension has a completion aldhg). ris
completion-consistent vilie sequence S if the paths determined hye compatible with
primary completions of all nodes of S, where the nodes in S are those which require
extension but have not yet found primary completions, and the order in which the
completions are to be found is the reverse of the ordering oisSmplication-freeif r is
not a derivative of any node which is captured in the backtracking process, and is
implication-restrainedtherwise. Implication-restrained nodes will not define too many
axioms during the construction, so there is no harm in forcing their outcomes.

The clauses of Definition 5.5 spell out the extensions which allow us to maintain
compatibility with the backtracking process. Condition (5.17)(i) requires that we take
switching extensions of primary 0-completions and pseudocompletioﬁl’s.o,oand
condition (5.17)(ii) requires that nonswitching extensions be taken for all nodes which are
not captured during a backtracking process but are derivatives of captured nodes. Condition
(5.18) covers extensions taken during the backtracking process. Clause (i) requires that we
take (k+1)-switching extensions of nodesTéfwhich are primary completions. This
condition is needed to maintain compatibility with all completions which are forced to be
taken during the construction. Clause (ii) requires us to switch outcomes of primary links
in a minimal way, in order to return a designated node to the true path. Clause (iii)
specifies that no other nodes captured by the backtracking process have switching
extensions. (The reader may want to refer back to the remarks following Definition 5.2 for
intuition.)

Definition 5.5: Fixs 1 T° If Ih(s) > 0, letr =s-, and assume thatis completion-
consistent via some sequence & i < mfiifor some n# 0 (see Definition 5.8), and for
each i < m, fix k(i) such that; 1 TV and n; such thah; requires extension for,. We
say thats is preadmissiblef eithers =a fiors * & fir is admissible (see Definition 5.9),
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and the following conditions hold:

(5.17) (1) If eitherr is a primary O-completion or an amenable pseudocompletionr;, then
has infinite outcome alorgy
(i) If the hypotheses of (i) fail, S & fiandr is implication-restrained (see
Definition 5.7), thers is a nonswitching extension of

(5.18) If St & fithen one of the following conditions holds:
() (a) There are k(m) and, 1 TKM sych that - is completion-consistent via
&: i £mir is a 0-completion df ,,; and
(b) s is a (k(m)+1)-switching extension of
(i) (@) ()(a) fails, and there is a j > k(m-1) and I&™D*(r)-link
[k(mED)+] pk(MED*] restraining upn.,) of shortest length which is
derived from a primary }(r )-link [m,pi] such thatr is the initial
derivative ofup*(r) alongr andup*X(r) is a derivative ob!; and
(b) s is a j-switching extension of.
(i) (H(a) and (ii)(a) fail,s is a nonswitching extension of and if there are two
nonswitching immediate extensionsrofthenr is activated along.

(We note that the extensions specified by (5.18) are unique.)

We described the role of completions earlier. We will need to show later that
completions never require extension. This will follow from our requirement that
completions be nonswitching extensions.

Definition 5.6: Fix k£ n andkkT TX. We say thakk is thek-completionif out’(k¥)
is nonswitching and either:

(5.19) There are M 0,1 rk1 k*and a sequence S&: i £ misuch thah,, =rk
requires extension fa, up@) = upk¥), both out®(r¥) and out®((k¥)-) are
completion-consistent via S (see Definition 5.8), and there is no k-compﬁét'm‘n
rk such thak®1 kK (in this case, we say the is theprimary k-completion of K

(for &)); or:

(5.20) Thereis aj>kandlkdT T such thakl is a primary j-completion of soné and
kK is an initial derivative okl. (In this case, we say thief is thek-completion of

rl.)
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We say thakK is acompletionif k¥ is a k-completion of some. (We note that ik is a
0-completion, then it must be a 0-completion of the last elem&nof the sequence via
which k™ is completion-consistent, and cannot be the 0-completion of any other node. It
also follows from (5.18) that for allfj k, there is at most one j-completionrdf) n

The process of finding a 0-completionrdf may force paths to follow nodes oh
for all j £ n which were not previously followed. Fof k, the new nodes will be those in
the interval put(h¥) ki], wherek is the j-completion ohX. We will not want to switch
any of these nodes except fdr unless we are forced to do so during the backtracking
process (it is here that we need to add condition (5.14) to the definition of PL). Thus we
call nodes in this intervadrimarily implication-restrainedcondition (5.21)) if j = k and
hereditarily implication-restrainedcondition (5.22)) if j < k. In addition, we do not want
derivatives of implication-restrained nodes to be switched, unless we are forced to switch
these derivatives during the backtracking process; so we specify that all derivatives of
implication-restrained nodes are aisplication-restrainedcondition (5.23)).

Definition 5.7: A nodex®T TXis primarily implication-restrainedf:

(5.21) There is amk x* which requires extension, but there is no k-complekitin XK
of hk.

X is hereditarily implication-restrained:

(5.22) There are j > k antll such thaput(h}) i x¥, hi requires extension, and there is
no k-completiorkX i x of hi,

X is inductively implication-restrainei the following condition holds:

(5.23) upi(xk) is implication-restrained for somé j(k,n].

XK is implication-restrainedif x€ is either primarily, hereditarily, or inductively
implication-restrained.x" is implication-free if x* is not implication-restrained. (By
Definition 2.1, the implication-restrained nodes can be recursively recognized.)

Suppose that* T TX. x* is completion-respecting for all j T [k,n] and allri i
I j(xk), if rl requires extension, themh has a j-completion alorid(xk). It is possible for
such a nodel i 11(x¥) to have a k-completion alond but not to have a j-completion
alongl /(x). This will happen only during an iteration of the backtracking process, and in
this caser! will have an i-completion along(d) for all i T [k,j). Such arl has already
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found a j-completion, and does not need to find another one; in fact, an attempt to maintain
compatibility with its j-completion may conflict with being able to carry out a finitary
backtracking process. Thus we will need to determine the mbdle$!(x) which require
extension but do not have k-completions alm'ﬁg These are the nodes for which we need

to find k-completions, and are placed in twenpletion-deficienset atx. These nodes

are ordered into a sequence by the order of the appearance of their imagesthmielhe

path of TX under construction. This orderingdempletion-consistent it respects the
dimension ordering of the trees on which the nodes appear, refined by the length of nodes
on trees of the same dimension. We will show that the backtracking process produces
completions in the reverse order to the completion-consistent ordering, if paths through
trees ar@admissibleas defined in Definition 5.9.

Definition 5.8: Fix KE n,xX1 TKand a set S of nodes B{rii 1/(x): k£j £ n}.
We say thakX is completion-deficient fos if the following condition holds:

(5.24) For all jT [k,n] andrii 1(x%), riT S iff ri requires extension and has no k-

completioni xX.

X is completion-respecting for all j T [k,n] andri i | J'(x"), if rl requires extension,
then there is a j-completida i 1 (x ) of ri.,
Given S such that is completion-deficient for S, I& = & i < mhibe the linear

ordering of S induced by the inclusion orderingoot‘(n) fornT S. By (2.5) and Lemma
5.6 (Unigueness of Requiring Extension), this ordering will be well-defined. For all i <
m, fix k(i) such thah; T T, (Note that, by Lemma 3.2(ii) (Out) and Lemma 3.1(ii)
(Limit Path), this ordering will be independent of k as long &kk) for all i <m.) We

say that" is completion-consistent viaif the following conditions hold:

(5.25) If i < < m, then k()£ k().

(5.26) If i < j < m and k(i) = k(j), therh; 1 h;.

k

X is hereditarily completion-consisteifteveryr K [ x* is completion-consisternt.

Admissiblenodes, as defined below, are nodes which are preadmissible,
hereditarily completion-consistent in a uniform manner as specified by condition (5.27), act
in a way to preclude the existence of amenable implication chains along the final paths
through the trees as specified in (5.28), and preserve a correspondence between PL sets on
consecutive trees, as specified in (5.29)(i)-(iii). (5.29)(i) specifies that when the extension
of a path orT¥ causes the path aff*! to switch and a node to leave a viable PL set on

T**1 then a derivative of that node enters a corresponding PL St off the above
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happens during the backtracking process for a node, then (5.29)(ii) specifies that

immediately at the end of that process, the PL sa@tdor the predecessor of the node
requiring extension consists exactly of derivatives of all nodes in a corresponding PL set on

T at the beginning of the backtracking process. Furthermore, if no additional nodes
need to go through the backtracking process at this point, then (5.29)(iii) specifies that the
node completing the backtracking process is implication-fRseudotruenodes are nodes
which are not involved in the backtracking process, so action of the construction at these
nodes is according to the truth of the sentences generating action.

Definition 5.9: Fix k£ n andski TX and lets = out’(s¥). We say thasX is
k-completion-freef for every jT [k,n], | J'(s) is not a primary completion, and if k = 0,
we say thats = s¥is completion-fredf s is 0-completion-free. We say thatis
pseudotrudf s is preadmissible, completion-consistent &iaand completion-free. We

say thats is admissibleif s is preadmissible, hereditarily completion-consistent,
completion-consistent via a sequence S, and the following conditions hold:

(5.27) If x1 s is completion-consistent viaandh 1 S, then eitheh has a 0-completion
ki s,orh1 S.

(5.28) If h i s is pseudotrue, then there is no amenable j-implication chain Iail(cbﬁgor
any j£ n.

(5.29) () Forallk<nanddi nki hki 1%s)T T if up®®) 1 up®X),l (h¥) and
nK is implication-free, then

PL(up®t),up@k) I {up(x*): xT PLMK h%IEPLUpHE),I (hK)).

(i) Forallk<nanddi nk=nk-T hki Kkki 1Ks)T TX if hk requires
extension for andkK is the primary completion &, then

PL(up®),I (h9) = {up(x): xKT PL(N% k")}.

(i) If hi s is completion-consistent véafandh is a 0-completion, theh is
implication-free.

LST [T9 is admissibleif everys 1 L®is admissibleL¥ T [T"] is admissibleif L =
I %L for some admissible®T [T9. n

We now show that an amenable k-implication chain gives rise to a notl&on
which requires extension.
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Lemma 5.2 (Requires Extension Lemma):Fix k such that 0 < k < n and fs& 1

TX. Let r = dim6X)-1, and assume thatfkr. Suppose thatal, sl tifi r3 j 3 kiiis an
amenable k-implication chain. Lét*1 = outtX), letnk*1 be the principal derivative &

alongh**1 Assume thah = out’(hk*}) is preadmissible. Them! requires extension
for nkt,

Proof: Letd!= (k- Ash**1=outtk) and as, by (5.8)(ii)s¥ = (t%)-, d*’
is the principal derivative af alongh**1. We verify (5.1)-(5.5).

(5.1) is vacuous. By (5.6) and (5.8f° §X° s so by (5.7), tpt*) T {1,2}.
Furthermorenkt! andd**! are, respectively, the principal derivativesséfands ¥ along
hk-1 sonktlo gkt By (5.6) and (5.9up (N1 1 up+L(d*Y), so upaksl) ¢ upd<?).
By (5.11),$¥ has finite outcome alortdf ands ¥ has infinite outcome alortdf, so by (2.4)
and asn**! andd“* are, respectively, the principal derivativeséfands* alongh*,

nkt1 has finite outcome alorty*? andd“*’ has infinite outcome alorigf*!. Hence (5.2)
holds.

By Lemma 3.2(i) (Out) and hypothesigh**)) =tk E sk = up**)). By (5.2),
nk*l must be both the initial and principal derivative ofnft) alongl (h**%), so cannot

be the first node in a primah¢hk)-link. (5.3) now follows from Lemma 4.3(i)(d) (Link
Analysis). (5.4) is vacuous as k-1 <r. (5.5) follows from the hypothesis. The minimality

of Ih(n**7) follows from the uniqueness sf fors' given by Definition 5.4, if k =r. And
if k < r, then the minimality of In(*?) follows from (5.15) and the fact that, by Definition
5.6, a primary completion along a preadmissible path is the primary completion of exactly

one node.n

Suppose that requires extension far, kK is the k-completion o, and &) =
kX. If kX has finite outcome alorvgk, then a k-implication chain will have been formed

alongx". Otherwise, we show that¥kX] is a primaryx“link.

Lemma 5.3 (Implication Chain Lemma): Fix kEr<nandnkl d“i h*i Kkki
x“T Tk such that k < dinmt) = r+1, %) = d*, () = k¥, andouf(x") is preadmissible.
Assume thahX requires extension far, and thakk is the k-completion ohk for nk.
Then:

() If kX has infinite outcome along, then pX,kX] is a primaryx*-link.
(i) If kK has finite outcome alorvgk, then there is an amenable k-implication
chainaal,s) tifi r3 j3 kiisuch that® = x*, s =kk, andsk = d*.
Now fix a1 kK1 X*T Tk such thatX¥)- = k¥, k¥ has finite outcome along, KX is an
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amenable pseudocompletion&}ft and for all i k, the principal derivative df* along
oul‘(f(k) is implication-free. Then:
(i) éﬂk,k",ikﬁﬁs an amenable k-implication chain.

Proof: We proceed by induction on n-k, and then by induction de¥)h(

(i): By (5.19), upt¥) = upkk), and by (5.2)nK is the initial derivative of upf)
alongx". SincekX has infinite outcome along, [n,k] is a primaryx” -link.

(ii): We first show that (5.6)-(5.12) hold. By (5.19), of)(= upk¥). Hence

(5.6) follows from (5.2) if k = r, and from (5.5)(ii) and (5.6) inductively if k <r. (5.7)
follows from (5.2), the definition of r, and (5.5)(i) if k = r, and (5.5)(if) and (5.7)

inductively if k < r. (5.8) follows from the definitions ef, §k, andtX in (ii). (5.9) and

(5.12) follow from (5.5)(ii) and (5.19). (5.10) follows from the definitions ﬁfgk, and
t in (i), (5.1), and hypothesis if k = r, and by (5.5)(ii) and (5.10) inductively if k < r.
(5.11) follows from the definitions af¥, s, andt in (ii), (5.2), and hypothesis. Hence
aal,s’ tifi rs j3 kiis a k-implication chain.

(5.15) follows from hypothesis, so this k-implication chain is amenable. We
complete the proof of (ii) by verifying the minimality condition for the case k =r. By the
minimality of the choice ofi" in Definition 5.1 and by (5.15), the minimality condition can

only fail if there is arf I n" such thataf, k", xfifis an amenable r-implication chain, which
we assume in order to obtain a contradiction. Now by (8"23,an initial derivative, and
by Definition 5.6, up") = upk") andk" is not an initial derivative. Hence by Definition

[~ ~

5.2, k" cannot be a pseudocompletion. Thus (5.16) must faib&drk',x'fifi By
Definition 5.6,k" is the primary completion of only one node, and by hypothesis, that node
must beh’. Hence by (5.15) foaal k' xfifi h" must require extension fard. By
Definition 5.1,h" requires extension for at most one node. tBukquires extension for
n', son" =, yielding a contradiction.

(iii): Immediate from hypothesis and the definition of amenable pseudocompletions

(Definitions 5.2 and 5.4).n

We will need to know that admissible paths are always compatible with
completions, except when we are iterating the backtracking process to try to eliminate an
amenable implication chain. In the latter case, by (5.18) and (5.24), the only completions
which may be incompatible with the path under construction are the primary completions.

Lemma 5.4 (Compatibility Lemma): Fixr 1 TOsuch that is preadmissible. Fix i
£nbir  andhii | i(b) such thah' requires extension, and suppose thatr is the

0-completion oh'. Fix v <i, lethV = out’(h’), and suppose that' i | Y(r) =rVY. Then

forallj£v,ri=1r)E 1K) =ki.
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Proof: We proceed by induction orfjv, noting that, by hypothesis, the lemma
holds for j= 0. Assume thatj> 0. A&i rV, it follows from (2.5) thahd = ouf(h') |
rdforall g€ j. By (5.22), every such thahi i x'1 ki is implication-restrained. We
note, by (5.18) and (5.25), that if u <st\T T" requires extension and has u-completion

tY s = out’(sY), t is the O-completion c§¥ and is preadmissible, asdi d {t , thend
cannot be t-switching for anyttu.

Asr is preadmissible, - is admissible and thus hereditarily completion-consistent.
Fix x) suchthahi i %11 ki. Asj<i, it follows from the above paragraph tihts not
(j+1)-switching, so it is the principal derivative of U}do alongkl, thenx! must be the
initial derivative of upg)) alongkl; thus there is nod such fd,x/] is a primaryki-link. By
(5.19) and (5.25) and as j < ¥ is not a primary completion or an amenable
pseudocompletion. Fixl such thak 1d i r andup(d) = x. 1f d”is primarily or
hereditarily implication-restrained, then by (5.1@yill not switchx). Otherwised ™ will
be inductively implication-restrained. We will show thiatis neither a primary 0-
completion nor an amenable pseudocompletion. It will then follow from (5.17)(iiglthat
does not switck!. Thus aki*!i ri*1py induction, it follows from (2.4) that E k.

We complete the proof of the lemma by assumingdhas either a primary O-
completion or an amenable pseudocompletion, and obtaining a contradiction. First assume
that dimg) > j. If j is even, then by repeated applications of (5.5)(ii), (5.9) and (5.15)
((5.16) cannot apply at any t <j), it follows théds a primary completion or an amenable
pseudocompletion, contrary to the preceding paragraph. Suppose that j is odd. By
repeated applications of (5.5)(ii), (5.9) and (5.15) ((5.16) cannot apply at any t <), it
follows thatup-1(d") is a primary completion, and that the immediate successbating

k! requires extension, contrary to (5.25) which would require jThus in either case, we
have a contradiction.

Now suppose that dimi() £]. By Lemma 3.1(i) (Limit Path)xj has an initial
derivativex ' 1 ki*!, and asi-! = outl) andhi |, it follows from (2.5) and Lemma
3.1(i) (Limit Path) thahi | x™*
of X! alongk!*!, so it follows by induction that" is neither a primary 0-completion nor an
amenable pseudocompletion. Suppose thabdj)m(j. By (5.9), (5.1), and (5.10)(,1"1

would have to be implication-free. But by Lemma 3.1(i) (Limit Path},1 [hi, ki,
so is hereditarily implication-restrained, yielding the desired contradiction.

Cf dim(xj) < j, then by (2.9))(’._1 is the only derivative

One consequence of the next lemma, is tHaisfadmissible and pseudotrue, then
forallj£n,ifr/1 1(h) requires extension, thehhas a primary completion alohé(h).
Hence for pseudotrue nodes, completion-respecting and completion-consistérft via
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coincide. We will need a somewhat more general statement.

Lemma 5.5 (Completion-Respecting Lemma):

() Fixk<nand®i xXi kkT T¥such thak = out’(k¥) is admissibled® and
x* both require extension, akl is the primary completion a. ThenxX
has a primary completiarf 1 kK, andt has infinite outcome alorig".

(i) Fix h T T%such thah is preadmissible and completion-consistentavia
Suppose that! i 11(h) requires extension fov andd = (/). If h is the O-
completion corresponding to a primary k-compleﬁ&rand§ Kis the primary
completion of the immediate successosbfalong§", then assume further
that it is neither the case that k, j-k is odd andip(§¥) = d, nor the case
that j3 k, j-k is even andip(s¥) =d. Thenr! has a primary completidd |
| {(h) which has infinite outcome alomé(h).

(i) Fixx,h1 TO such thah andx are preadmissible and completion-consistent
via S =a fiandx- =h. Suppose that' | 11(h) requires extension. Theh
has a primary completidd 1 | j(x) which has infinite outcome alomé(x).

Proof: (i): By (5.26) and Definition 5.6 has a primary completiorf I k.

By (5.18)(i) and as, by (5.18), (5.24), and (5.25k i§ the 0-completion corresponding
to k¥, then no node ino(it’(d“),k] can be v-switching for any £ k, tX has infinite
outcome alongX.

(i1),(iii):  We prove (ii), and indicate the modifications needed for (iii) in
parentheses. We assume thHaatisfies the hypotheses of (ii) or (iii), and eithehas no
primary completiorki I 11(h) (1 (x), resp.), or thak! exists and has finite outcome along
I j(h) (I J'(x), resp.), and derive a contradiction under the assumption, in the proof of (ii),
that the exclusionary conditions in (ii) fail. (For (iii), fit andd such that!) requires
extension fom! andd = (r!)".) Without loss of generality, we may assume that j is the
smallest number for which the conclusion fails for sofrie I /(h) (1 /(x), resp.) satisfying
the hypothesis of (ii) ((iii), resp.). As is completion-consistent via fir! has a 0-
completionk I h. Now for (ii),k t h, elseh would be the 0-completion corresponding
to the primary j-completion off and so k = j§X = ki = up(h), ands* = ¢, contrary to
hypothesis. Henckl h (k1 x , resp.). Ifj=0, then by (5.17)(i) or (5.18)(i), the
immediate successor kfalongh (x, resp.) switchesp*l(k); sok has infinite outcome
alongh. Hence j> 0.

By Lemma 5.4 (Compatibilityy, has a (j-1)-completioki*! | hi*1 = *}h), and
by Definition 5.6 ki*! is an initial derivative of the primary completighofr!, andk is an
initial derivative ofki*1. Ash E k (x E k, resp.), it follows from (2.4) tha&/*11 hi*l
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(KIE1T X = 11 x) resp.). Fixt*1i hit! (d*1 resp.) such thatit))- = ki*!, By
Lemma 3.1(ii) (Limit Path),l((t/*Y)- = k.

We assume that all derivativesidfalongh/*1 (xjﬂ, resp.) have finite outcome
alonghi*! (x/*1 resp.), and derive a contradiction. Under this assumption and by (5.19),
there is a primary (t/*3)-link [, ki] which restrains with nd 1 rii ki. Asrii 1i(h)
(11(x), resp.), it follows from (2.6) and sin¢&1 i hi*! (x*1 resp.) thatifi k] is a
| (B*Y)-link for all b*! such that*1{ b*'| hi*! (*1 resp.), sori,ki] is al /(h)-link
(1(x)-link, resp.). But theki 1 1)(h) ()(x), resp.), and by (2.4% has infinite
outcome along!(h) (1 /(x), resp.), contrary to the choice of .

We conclude that there is a derivatkié! i hi*! (xI* resp.) ofkl which has
infinite outcome along*! (x*1, resp.). Fixt’*1 | hi*l (x*! resp.) such thatlgl)- =
ki*1 By Lemma 3.1(ii) (Limit Path),| (t/*}))- = ki and ki has finite outcome along
| ("*)). Hence by Lemma 5.3(ii) (Implication Chain) and Lemma 5.2 (Requires

Extension)f/*! requires extension for some derivatife of g. We assume that one of
the exclusionary conditions of (ii) holds foit!, and derive a contradiction. By (5.9),
dim(h) > j, so (5.5)(ii) must hold for the immediate successas‘oilongs¥; fix the
corresponding (k+1)-implication cha@d’,s',alfi r3 i3 k+1f First suppose thatfkj-1,
(-1)-k is odd, andip}(s¥) = ki*1. By (5.9),up*}(s¥) = si*! and soup(s¥) = ¢/ = K.
Thus by (5.5), the failure of (5.16), and our assumptieiﬁs,z kl is the primary
completion both of the immediate successay allong?;j, and of the immediate successor
of sl alongs’, sod =si =up(s¥), k£ j, and k-j is even, and the exclusionary conditions
of (i) hold forrl, contrary to our assumption. Finally, suppose thftjd, k-(j-1) is
even, andipt(sk) =k*1 By (5.9),up*X(s¥) = si*! and soup(s¥) = ¢/ = ki. Thus by
(5.5), the failure of (5.16), and our assumpticﬁis; ki is the primary completion both of
the immediate successord)falong§j, and of the immediate successosb&long§j, sog

= sl = up(8X), k£ j, and k-j is odd, and the exclusionary conditions of (i) holdrfor
contrary to our assumption.

By the minimality of the choice of j and &&' requires extension for some
derivativeg*! of d, it follows thatt/*! has a primary completiog*! which has infinite
outcome alondpi*! (x1*1, resp.). By (5.19), ugt) =d, so by (2.4) and ag i 1(h), d
has finite outcome alorid(h) ( J'(x), resp.). But by (5.2)d has infinite outcome along
rii 13(h) ()(x), resp.), a contradictiom

We now show that at most one new string requires extension at any adrhissible

Lemma 5.6 (Uniqueness of Requiring Extension Lemma)Fix h T TOsuch that
h is preadmissible and IhY > 0. Leth andh- be completion-consistent via S a8d

respectively. Suppose thé j andl i(h),I j(h)T S\S. Theni=j.
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Proof: For all uf€ n, lethV =1%h). Fix p and s as in Lemma 3I3-Behavior)
for h. First assume that j > s, in order to obtain a contradiction. Then by Lemnha 3.3 (

Behavior), there will be &1 h such that J'(x) =hl. By (5.27) for the admissible notie
and ash! /' S, there will be a 0-completiok of hi such thatx 1 k i h~. Hence by
Definition 5.8,hi I/ S, contrary to hypothesis.

We conclude that £ s, and hence, by Lemma 3I3-Behavior), that l))- =
up((h')). We assume that j > i and derive a contradiction.t Leh'. By (5.5)(ii), there
is an r > i and an amenable (i+1)-implication chéif,s',t!ft r2 t3 i+1fisuch that' =
out¢'*Y). By Lemma 3.2(i) (Out)** = I (out¢™?)) =1 (t') = hi*1,

We now claim that if i < £ j and t-i is odd then:

(5.30) tti ht,

By the preceding paragraph, (5.30) is true for t = i+1. We proceed by induction, assuming
that (5.30) holds, and verifying (5.30) with t+2 in place of t, under the assumption that t+2
£j. Letrt=(@Y", rt*I=upgt andri = ). By (5.8)(ii),rt = s', and by (5.9)rt =
upi(r ) andr t*1 =up+1(r ) = st*1, By Lemma 4.5 (Free Extensiom), is t'-free. Hence
rt*1isht*lfree. By (5.30) and (2.4),%*11 1 *(h). Hence we can fik*1i ht such
that ¢**1)- =r t+1,

By (5.2),r ' has infinite outcome anrtd, so ag' =h' andri is t'-free, it follows
from (2.4) thar *1 = up¢ ') has finite outcome alorty*%; thus by (5.11) and (5.30);
has finite outcome alortyf. Asr i ist'-free,r t = upi(r ') must beh-free. So asti ht, it
follows from the definition of links that all derivativesidf! alongh! have finite outcome
alongh!. Hence by (2.4)t"! = rt*Ingffi | ht*1 wheregti h!and ¢) is the initial
derivative ofr 1 alongh®. Thus ) 1 rt, and so by (5.30' 1 tt. By (5.12) and
(5.30), outt™) | tt{ htandrt*1i t*1 Now all derivatives of '*1 have finite
outcome along outf*}) i h'. Hence by (2.4%" 1 t*1 Now by (5.12), outf*?) i
t™*1 and by (5.5)(ii), (outf*?)) =rt*1 So ast*Y)- =rt*1andt™outtt*?) i tt*1, we
havet'*! = outtt*2). Asrt*2 = up¢ t*1) is ht*2-free andr t*1 has infinite outcome along
t"1] 1% I0ntL it follows from (2.4) thatt*2 = r *27& ™ I5[ ht*2 verifying (5.30) with
t+2 in place of t. Furthermore, we note th&t? has finite outcome along*?, and by
(5.8) and (5.9)r 2 = up¢ 1) = upt*2(r). Hence sinceip((h')’) = (hi)- and by (5.2)
and (5.30), j > t+2.

We conclude that j-i is even, and that (5.30) holds for t = j-1. By (5.12) and (5.30),

outt)) T ti¥1] hi*l Iterating (5.5)(ii) and recalling thatlj- = ug((h')") and that j-i is
even, we see thatl)- =s/1 §/1 ti; hencenl & ti and so by (2.4) and as auj(i hi*!
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I out(hl), it must be the case tHaltl/ ti and so thah/Uti = sl. By (5.2),s! has infinite
outcomeb*? alonghl, so by (2.4), all derivatives af which arel hi*! must have finite
outcome alondpi*!, and b'™*Y)- is the initial derivative o8/ alonghi*l. Asti*l| hi*l a|
derivatives o6 which ard t1*1 must have finite outcome alotfl. By Lemma 3.1(ii)
(Limit Path),b*! i ti*! and by (2.4), §*?) is the principal derivative of! alongti*L.
Hence since out() I t*! and by (2.4)s"&"* [ ti, sosir&* | tithl, contradicting
the fact thahiUti =sl. n

In order to show that the backtracking process is finitary, we will need to know that
if a node requires extension, then its immediate predecessor is not a primary j-completion.

Lemma 5.7 (Primary Completion Lemma): Fix j £ n andhi T T such thahi is
preadmissible and requires extension, ant febut’(h)) andd’ = (hi)-. Then:
() d is not a primary j-completion or an amenable pseudocompletion.

(i) 1f hi1 1(h%), then eitheh is switching oh? is not primarily or hereditarily
implication-restrained; hendeis not a 0-completion.

Proof: We prove (i) and (ii) simultaneously by induction on r-j. For &lhi let
hi=1(h).

(i): Letr=dim@)-1. Lethi require extension fom. To see that! is not a
primary j-completion or a pseudocompletion, we proceed by induction on r-j and then by
induction on Ihi)), assuming to the contrary and deriving a contradiction.hLegquire
extension for. There are several cases.

Case 1: j=r. There are two subcases, depending on whether we assumie that
is a primary completion or a pseudocompletion.

Subcase 1.1:d isa primary completion of somé which requires extension for
somen'. By Definition 5.6, upt") = up(dr); and by (5.2) and the hypothesis of the lemma,
d has infinite outcome alontg. Hence |[1r,dr] is a primaryh'-link. By (5.2), up(i) *
up@), sonft nf. By (5.3), it now follows thatii n". We show that (5.1)-(5.5) hold
formd1 o =("-1 r', and thus contradict the minimality of #f)( for r " in Definition 5.1.

By Definition 5.1 and the preceding paragraph, n'1 r"i d’, and by (5.2)d
= (r") has infinite outcome along’. Hence upgf) * up(), else by (5.2) and the

preceding paragraphm[d] and [,d] would be primaryh'-links, contradicting Lemma
4.1 (Nesting). (5.1)-(5.3) and (5.5) can now be routinely verified, using those same

conditions and the assumptions thatlip¢ up(dr), h' requires extension fari, andr’
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requires extension far. By (2.7), (5.3), and Lemma 4.3(i)(a) (Link Analysis), nip({

| (n),l (h"), so by (2.6), upf) i | (r"); and by (5.3) and Lemma 4.3(i)(a) (Link
Analysis), up) I | (r"). Thus upgf) and upg’) are comparable. By (5.2)f andn® are
both initial derivatives, so by Lemma 5.1(i) (Limit Path) anarBk n', it follows that
up(m) 1 up@). As 0 =d and upt’) = up(), it follows from Lemma 4.5 (Free
Extension) that up{) i | (h"). By (5.2),n has finite outcome along” and is the
principal derivative of up() alongr"; so by (2.4), up() has infinite outcome alorigr").
Letb' be the immediate successormfalongr’. By (2.4),1 (b) is the immediate
successor of up() alongl (r"), and by (5.1), o@tb") = ouf(l (b") is pseudotrue. By

(5.1), n" is implication-free, so by (5.23), up) is implication-free. Hence by Lemma
5.5(ii)) (Completion-Respecting) and Lemma 5.1(viii),(i) (PL Analysis),

PL(up@).! (r) T PL(up@),up@)E{up(n)} EPL(up@).! (r) |
PL(up(@).l (hD)E{up(n)} EPL(up@).! (r").

Thus (5.4) fomd 1 ¢ 1 r' follows from Lemma 2.2(i) (Interaction) and (5.4) fdrl d'
I h'andforn'l ¢ 1 r', contradicting the minimality of Ih{) for r"in Definition 5.1.

Subcase 1.2:d is an amenable pseudocompletion. lcét be a
pseudocompletion af. By (5.2) and (5.11)(i)1 has finite outcome along andn' has
infinite outcome along’, son"* m. We compare the locationsmfandn".

Subcase 1.2.1:n"1 mi. Lett" be the immediate successombfalongh’. By
(5.2), M is an initial derivative, so up{) * up(n"). (5.6)-(5.12) are routinely verified for

aa',m,t"fiflusing the conditions obtained from the assumptionshth@quires extension
for mf and that!" is a pseudocompletion of. Asnii d', it follows from Lemma 5.1(i)
(PL Analysis) that Pl,) I PL(n",d"), so (5.16) follows from the amenability condition
for pseudocompletions. Thasa',ni,t'fiifis an amenable implication chain alarig But
by (5.1),out°(t N is pseudotrue, so we have contradicted (5.28).

Subcase 1.2.2:n1 n'. Letx' be the immediate successonbflongh'’. Recall
thatn" has infinite outcome along, and by (5.2)M is the principal derivative of upf)
alongh', so upfd) * up("). Conditions (5.1)-(5.3) and (5.5) are now routinely verified

formd1 n'1 X', using the conditions obtained from the assumptionshthegquires
extension foni and thad'" is a pseudocompletion of. Recall thah' has infinite outcome

alongh', hence along', so by Lemma 3.3 ¢Behavior), up) = (I (x))- and upg") has
finite outcome alongy(x"). By (5.2),n is an initial derivative, so by Lemma 3.1(i) (Limit
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Path), upfi) I up@"). Hence by Lemma 5.1(iv) (PL Analysis),

PL(up().! (x)) = PL(up€),up().

Hence by (5.29)(i),

PL(up@),up@) I {up(d): g T PL(",hN}EPL(up(),! ().

Now by Lemma 5.1(ii) (PL Analysis),
PL(,h" I PL@,dYE{d"}.

Now d" ° nf by (5.2), so by (5.4) fori andh', Definition 5.4 forn" andd’, and Lemma
2.2(i) (Interaction), for alp T PL(upr),l (h"N)EPL(N',dYE{d}, TS(p)CRS{) = .
Thus for allpT PL(up@),l (x"), TSE)CRS) = 7, so (5.4) holds formf 1 n'1 x".
Thusx' requires extension for soraéi m. Asn'l d, it follows thatx" | d". Nowd =
h# is the principal derivative @' alongh, and by (5.1)d is implication-free. So asgis
admissible, it follows from (5.27) thaltis completion-consistent v fi Furthermore,
up’(d) =d" E n". Hence by Lemma 5.5(ii) (Completion-Respecting)has a primary
completionk” I d" which has infinite outcome alomtjl h'. Thus R',k'] is a primaryh'-
link restrainingm, contradicting (5.3) fonil d'I h".

Case 2: ] =r-1. By case assumptioujff—'1 must be a primary completion; fix*?
such thad™! is a primary completion of™®). By (5.5)(ii), there is an amenable r-
implication-chairéér,gr,trﬁr”such that "1 = out¢". Ash™1requires extension, it follows
from (5.5)(ii) that there is an amenable r-implication-cl&&,s',tAfisuch thath™! =
out@”). By Definition 5.6 and (5.5)(iis" = up@d™) =S, so by (5.8)())s'i s" =s'i
s'. We show thada',s',t fifsatisfies (5.6)-(5.12) and (5.15) or (5.16), contradicting the
minimality of Ih(s") for aa', s’ t'ifin Definition 5.4.

(5.6)-(5.12) foraa',s",t"Affollow routinely from (5.6)-(5.12) foaa",s",t"ffand
aa'’ s’ t'iflonce we recall that' I s'1 s', and note tha" has infinite outcome alorg]
by (5.11)(i), so uE") * upG') by (2.8). Letd be the initial derivative of up() alongs',
and letifl be the initial derivative of up{) alongs’. By (5.6),m 1 sfandffit s".

Subcase 2.1:nf1 s'. Then (5.15) must hold féa',s', t'fifand so if we fixt'
i s"such that{()" = s', thent' requires extension farl. Buts' =, so by (5.15) or
(5.16) foraa",s' t'fifis" is either a primary completion or an amenable pseudocompletion.
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As r > |, we have contradicted (i) by induction.

Subcase 2.2:s"1 m. We show thata' $',t"fifis an amenable implication
chain, contradicting the minimality condition in Definition 5.4s&$ s'.

It suffices to show tha' is an amenable pseudocompletiorsbf The relevant
conditions from (5.6)-(5.11) follow easily from our assumptions &#&ts',t"fifiand
aa'" s' t'fifare amenable implication chains. EIX s’ such that{’)" =s'. Thens'is a
pseudocompletion af', and by (5.10)(i)s" and ()uto(f'))' are implication-free. As any
implication-free node o’ must be completion-consistent \aai(else (5.21) or (5.22)
would cause it to be implication-restrained)utf’(f'))' is completion-consistent viga fi

Suppose that' | s requires extension. ¥ i s', then asc(uto(f'))' is a derivative o$',
the exclusionary conditions of Lemma 5.5(ii) (Completion-Respecting) cannot hold unless

s' is the primary completion of, sox' has a primary completion with infinite outcome

alongs’. And ifs" is the primary completion ¢f, thens' has infinite outcome alori.
Hence Lemma 5.1(viii) (PL Analysis) can be applied {foas thes! of the lemma) .

Subcase 2.2.1:f1 s'". Then (5.15) must hold f@&',s',t"fifand so if we fix
t'1 s’ such thatf()" = s, thent' requires extension fdd. But then by (5.15) for
4a" s" t"ifis’ = s' is the primary completion ¢f. By Lemma 5.1(viii) (PL Analysis),

PLS"8") 1 PL(G",s"NE{s"E PL(s",$").
By (5.29)(ii),

{up(x): x'T PL(s",sN} = PL(up(l),! ().

N

Hence by (5.4) foffl 1 s"1 t', Lemma 2.2(i) (Interaction) and Definition 5.4 f&ri $',
for all p 1 PL(s",sNE{s"E PL(s",$'), TSP)CRSE" = , so $' is an amenable
pseudocompletion &f'. Asr > j, we have contradicted (i) by induction.

Subcase 2.2.2:M E s". Then (5.16) must hold for botaa',s" t"ffiand
aa' s t'iil By Lemma 5.1(viii) (PL Analysis), PE(,t") i PL(s",sNEPL(s",t"\E{s"}.
(5.16) foraa',s' t"fifnow follows from (5.16) foaa",s",tifandaa’,s' t'fifand Lemma
2.2(i) (Interaction). Thuga',s' t'Afsatisfies (5.6)-(5.12) and (5.16), contradicting the
minimality of Ih(s") for aa',s',t'ffin Definition 5.4.
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Case 3:j<r-1. Letd be the j-completion afi and letn! require extension for
ri. By (5.5)(ii), there is an amenable r-implication-chér,s' tift r2 i 2 j+1fisuch that
nl = outt/*1). Ashl requires extension, it follows from (5.5)(ii) that there is an amenable
r-implication-chairag’,s',t'fi r2 i @ j+1fisuch thahi = out¢!*?). By (5.5)(ii) and (5.9),
st = up(dj) =sl*l Asj+1 <, the conditions of (5.16) at j+1 are not satisfied by either
amenable implication chain, so (5.15) must hold at j+1 for both implication chains. By
(5.5)(ii) for 4&',s"t'it r 2 i3 j+1fi s/*' is a primary completion. By (5.5)(ii) for
aal s tift r3 i3 j+1f if s the immediate successorgit! alongs'™, thenti*!
requires extension. Bsi™! = si*1, so we have contradicted (1) inductively.

(ii): Letr=dimh*-1. We assume thatis nonswitching anti* is primarily or
hereditarily implication-restrained, and derive a contradiction. By hypottesiuires
extension. At | j(hi) andh is nonswitching, it follows from Lemma 3.B-Behavior)
that J)- = up(h®) = 11(h%), soh*is the principal derivative oh{)- alongh = out’(hj);
and by (5.2)] J'(hi) has infinite outcome aloriy. Now by Definition 5.1, j£ r. By
(2.4),1 J'(hi) is the principal derivative of upj((hi)) alonghl, so ash is nonswitching,
(hi*hy- =up*L(h?) = | *Y(h?). By (5.1), (5.10)(ii) and as* is implication-restrained, j+1
< r, so by (5.5)(ii),up*}(h?) is a primary completion. But then k3 is implication-
restrained, it follows from (5.18)(i) thatis switching, contrary to hypothesis.

If h is a 0-completion, then by Definition 5.8, is nonswitching and?* is
implication-restrained. (ii) now followsn

In order to show that k-completions exist, it will be necessary for the paths
constructed to be admissible. We thus need to analyze the process of constructing paths,
and to show that we can construct admissible paths. The proof will proceed by induction

on n-k, and then by induction on it¥) for hkT TX. There are some induction hypotheses
that will also need to be verified. We will need to know that admissible nodes are
completion-consistent for some set. And we will need to show a relationship between

certain PL sets ofi* ath* and corresponding PL sets Bfi* atl (hK) wheneveihk is not
completion-respecting. We prove several lemmas which will give us the desired
information. The first lemma treats the case where the node to be extended is completion-

consistent viaa i We treat the case where extensions are taken during the backtracking
process in Lemmas 5.9-5.14.

Lemma 5.8 (Completion-Respecting Admissible Extension Lemma)Fix h,x
T TO9such thak = h, x is preadmissible, arfuis completion-consistent véafi Thenx is
admissible and eitheris completion-consistent via S&fior x is completion-consistent

viaS =4 j(x)ﬁfor some £ n.
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Proof: Ash is admissible and completion-consistent via @& & (5.27) is
vacuous. We now verify (5.28). Asis admissible, (5.28) follows by inductionxfis
not pseudotrue. Hence we may supposextimpseudotrue for the sake of proving (5.28).
It then follows that /(x) is not a primary completion for angjn.

Suppose thada! &) tift r2 j3 kilis an amenable k-implication chain with i
Ik(x) in order to obtain a contradiction. Then by (5.15) or (5.£é§)js a primary
completion or an amenable pseudocompletion, and by (5.1§f"(il)as finite outcome
alongtX. Thus k > 0, else by (5.17)(i) or (5.18)(@)'5 would have infinite outcome along
tk. By Lemma 5.2 (Requires Extension), ol(requires extension; so &sandx are

completion-consistent via fiit follows from Lemma 5.5(iii) (Completion-Respecting) that
outtk) has a primary completiok*! which has infinite outcome along its immediate

successob®! [ 1 ¥¥(x). But now by (5.19) and (5.5)(iip*** switchessk, sotk I/
| X(x), a contradiction. Hence (5.28) holds.

We now verify (5.29)()-(iii). For all € n, letx' =1'(x), hi =1'(h), andh' =
up(h). By (2.5) and Lemma 3.1 (Limit Path), for agyl TX if g T T%is an initial
derivative ofg, then for allb such thaput’(@) i b 1 g, 1 ¥(b) = &; and by (2.4) and
Lemma 5.4 (Compatibility), it E g, ¢ i | X@), andd is a k-completion, thegf |
I k(a). Hence ifx were a k-completion, themuto(xk) I x and eitherx would be a 0-
completion or there would be no 0-completion correspondilxgkg &ongx; in either case,
it follows from Definition 5.6, thah =x" must be primarily or hereditarily implication-

restrained so cannot be completion-consisterd fiaontrary to our hypothesis. (5.29)(ii)
and (5.29)(iii) now follow from (5.27) by induction.

We now note that ik is implication-restrained, thendoes not switclh. For by
(5.17), ifx were to switchh andh were implication-restrained, thénwould have to be
either a primary completion or an amenable pseudocompletioh. isifan amenable
pseudocompletion, then dili(= land this is impossible by (5.10); andhifs a primary
completion, then dini) > 1 andh must be a 0-completion contrary to (5.29)(ii)). Hence
by (5.23), ifx is switching, ther' is implication-free for all £ n.

We now verify (5.29)(i). Fixk<nanaki nki xXsuch thanXis implication-
free and upt®) I upn¥) ,xk+1, and fix p and s fox as in Lemma 3.3 ¢Behavior). Note
thath is admissible, so (5.29)(i) holds for gli h .

Case 1: k+1£ p. Then by Lemma 3.3 {Behavior),nki h* = (x¥)- and uptk)
i hk*1 so as uptf) 1 up@X), it follows that upt) I hk*1. Hence by (5.29)(i) foh if
nk1 hk and by (2.7) and Lemma 5.1(i) (PL Analysishff= hk
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PL(up@¥),up@*) I {up(@"): akT PL({* h*}EPL(upft),hkD).
Again by Lemma 3.3l (-Behavior),hk*1] xk+1, so by Lemma 5.1(i) (PL Analysis),
PL(NK,h% T PLEM*,xX) and PL(upt),h**1) i PLUp) x*%), so (5.29)(i) holds for k.

Case 2: k+1 >s. By Lemma 3.3 {Behavior), there are i < k+1 arsd = (xi)'
such that for all § [i+1,n], x% =19%s") =s9 Asnki x¥ it follows thatnk | sk Lets
= out’(s), and note that by (2.53,1 x . Thus by (2.5) and (5.29)(i) far if nki sk
and by (2.7) and Lemma 5.1(i) (PL Analysishff= sk,

PLup@),up@®) i {up(@¥): ak1 PL@K sk} EPL(uprt),sk?).

We have noted that<*1 = xk+1, and thas®k i xX; hence by Lemma 5.1(i) (PL Analysis),
PL(NK,sX) [ PL(Mk xY), so (5.29)(i) holds for k.

Case 3: p < k+1£ s. By Lemma 3.3|(Behavior), h* = (x)- andx switches
hk*1 Asnki xK it follows thatnk | h¥. Letb be the initial derivative dfiX alongx. By
(2.7), upf®) 1 | (NY. Hence by (2.4), (2.6), and as oI up*) x* it follows that
up@) 1 1 (h%). Hence by (5.29)(i) fob if n"X1 h¥, and by Lemma 5.1(i) (PL Analysis)
if nk = hk,

PL(up¥),up0¥) I {up@®):ak1 PL{M* h*}EPL(upm),! (h¥)).

Suppose that“*1T (PL(upgr),up@*)CPL(up¥),l (WPLuUpE) X, Asx is g-
switching for some & k+1, it follows from an earlier observation tttis implication-
free. Furthermore, by Lemma 313Behavior), K<) = h¥ and é(kﬂ)- =h**1 = upn").
First suppose that (5.13) plage$? into PL(up(f),up@X)). Then there is g*!
such that§*,r k¥*1] is a primary upg¥)-link restraining uptt), sork11 up@¥). By
Lemma 3.1(j) (Limit Path); 1 has an initial derivativek1 n¥. By (2.10) and ask*11
PL(up),] (M\PL(Up() x<"?) andx switchesh*?, hk*1 = r k1 andr k1 has infinite
outcome alongj (h¥) but finite outcome alongk+1; hence by Lemma 3.3 {Behavior),h*
has infinite outcome alongf and [k,ﬁk] is a primaryxk-link. Now nk 1 hK else uptv)
=hk*l =kl sork 1| pL(upfk),upnk)), contrary to our assumption. Hene&,p¥|

is a primaryx¥-link restrainingnk. But then (5.13) placds® into PLK,xX), as required
by (5.29)().
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Suppose that (5.14) place$® into PL(up@),up(k)), but (5.13) does not. Now
hk*1 = upi(h), and we have noted thiaf** is implication-free. Let Plg*?,pk*1) be a
component of PL(upd),up®k)) which causesk*! to be placed into PL(upt),upn)),
with p¥*1 as long as possible. It follows from Definition 5.3 thathfl 1 up(¥), then
pk*1 has infinite outcome along upf). As nK is implication-free, it follows from (5.23)
that up@¥) is implication-free; so by (5.21) and Definition 51 must be the primary
completion of the immediate succesddr of g*1 alongp**! for soment* 1 up().
By Definition 5.6,d"*1 r**1 so ag k1T PLupt),l (h%), d*11 rk1f | (h%). By
Lemma 5.5(ii) (Completion-Respecting), eithéﬂ“[l,pk*l] is a primaryl (ﬁk)-link
restraining uptf), or h**1 = pk+1 or h**1 = g1,

Subcase 3.1{nf*1 p¥*1]is a primaryl (h¥)-link restraining upgk). Now pk+!
I 1(h%, and by (2.7)h**11 1 (h*); hencepk*! andh¥*! are comparable. By (2.10),
k1T [nd* pkrl). Also, h**1 E nf*L, else asrt*! E nf*! andx switchesh**!, we
would not haver®* 11 x***. Hencep®*1i h**11 x**! and so PLf*Lpk*Y) is a

component of PL{up() x<"%). But therr <11 PL(upf) x*%), a contradiction.

Subcase 3.2:h**1= pk*1. Proceed as in the last two sentences of Subcase 3.1.

Subcase 3.3:h*1 =gl Recall thad"™i up@¥) i hk*I requires extension.
As h is completion-consistent véaﬁdk+1 has a 0-completiop® | h . And asd*t i
hk*+1 it follows from Lemma 5.4 (Compatibility) that for alfik, d“** has an i-completion
p'i h': and by Definition 5.6, upf) = p'*1 for all i £ k. Nowupti(p®) = pktl1 g1 =
upti(h), sop®t h. Hencep®l h. Thus by induction using (2.4)'1 h' for all i £ k,
sopki hk,

First suppose that all derivativesgif! alonghk have finite outcome alonigk.
Then by (2.4), 1%, p*1] is a primaryhk*Llink restrainingd*! E up(¥). But then by
(2.10),x could not switcth®*! = g1 a contradiction.

We conclude that there is a derivatb/eof pk*! which has infinite outcome along
hk. Letsk be the immediate successoméfalonghk. By (2.4),p¥*! has finite outcome
along| (s¥), so by Lemma 5.3(ii) (Implication Chain) and Lemma 5.2 (Requires
Extension) s requires extension for the initial derivatige of g1 alonghk. Ash is
completion-consistent viéa fisX must have a 0-completidni h . First suppose thétis a
0-completion corresponding to a primary i-completion. Agip) = hk*1 = g1 and, by
Lemma 5.7(i) (Primary Completion)*! is not a primary completion, it follows from
(5.5)(ii), (5.9) and (5.12) that k+1-i is odd. Hence k-i is even and by (5.5)(ii), (5.9) and
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(5.12), h¥ is the primary completion afX. Otherwise, by Lemma 5.5(ii) (Completion-
Respecting)sk must have a primary completig i hk. Now d¢*11 upn¥), so by
Lemma 3.1(i) (Limit Pathif I nK. Thus PLEX k¥ is a component of Ph,x*) which
pIacesBk into PL(nk,xk) via (5.14)(i), completing the proof for the case in whi&kt =
g1 Furthermore, by (5.29)(ii)) and (5.14)(ii), REEPD T {up(@k): ak1i
PLEK K} T {up(@k): akT PLMKx )}, so (5.29)(i) holds in this case.

As h is completion-consistent via S&fiit follows from Lemma 3.1(i) (Limit
Path) that any/ 1 | j(x) which requires extension satisfigs= | j(g) for someg | h, so
has a 0-completionh by (5.27). Hence ik is completion-deficient via someZa fithen
all elements of Z are of the forhi(x) for some j. The last conclusion of the lemma now
follows from Lemma 5.6 (Uniqueness of Requiring Extension),isadmissible.n

When an admissible T TO requires extension, we will need to find an admissible

0-completionk of h. The process of constructinkgis calledbacktracking.The next
lemma indicates the manner in which backtracking preserves completion-consistency.

Lemma 5.9 (Completion-Consistency Lemma):Fix m3 0 andr,s T T such that
S is preadmissible, aref =r. Assume that is completion-consistent via S&;: i £ mfi
and thats is completion-deficient for V. Let U be the sequence obtained by ordering V
according to the inclusion relation induceddm,;t0 on the elements of V. (Note that by
Lemma 5.6 (Uniqueness of Requiring Extension), a linear ordering is obtained in this
way.) For all j£ n, lets] =1 j(s), ri=| J'(r), andr! = up(r). Thens is completion-
consistent via U and:
(i) If s is a0-completion, then Udh;: i <mi
(i) If (5.18)(ii)(a) holds forr, j is defined as in (5.18)(ii)(a), s is defined as in
Lemma 3.3I(-Behavior),r*! is a primary completion for some t such that
j-1 £ t£ s, andr! has infinite outcome alorgf, then t = j-1, U = S&'fiand
s'requires extension.
(i) If the hypotheses of (i) or (ii) are not satisfied, then U = S.

(iv) s satisfies (5.27) and (5.28).

Proof: For each £ m, fix k(i) such thah; T TKO. If s/ requires extension for

some j such that! * rJ, then by Lemma 5.6 (Uniqueness of Requiring Extension), we let
k(m+1) be the unique such j and g, , = skmM1),

Fix u£n, andn'l sYsuch thah requires extension att 1 S. By (2.5),h =
outo(h“)i s ,sohir . Furthermore, i€ is the set via which is completion-consistent,
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thenhYT S. AshY S, it follows from (5.27) and the admissibility ofthath! must
have a 0-completion alond s . Henceh'1 U. We conclude that U\B {s“u £ n &
outo(s W1/ r}. By the preceding paragraph, U\S has at most one element.

Suppose that is a 0-completion. By Definition 5.6, is nonswitching, so/ | s/
for all j £ n. By Lemma 5.7(ii) (Primary Completiors), cannot require extension for any

jEn. Thus U S (as sets) by the preceding paragraph. By Definitiors51@st be a 0-
completion oh _ and, as noted in Definition 5.6, cannot be a 0-completién fufr any i

<m. Thus (i) follows.

Assume thas is not a 0-completion. (We note that this will be the casedtisfies
(5.18)(ii)(a), as then by (5.18)(ii))(by would be switching, and O-completions are
nonswitching.) We first show thatiSU as sets. Suppose tmelltT S. By Definition 5.8,

h, has no 0-completion alonig As's is switching, it follows from Definition 5.6 thatis
not a O-completion df;. Henceh; has no 0-completion alorgy By (5.18) and (5.25k
is not u-switching for any fi k(i), soh. I rk® 1 sk Hencen T U.

Suppose that the hypotheses of (ii) hold. Then by (5.18)(ii)(b), Lemma 5.2
(Requires Extension), and Lemma 5.3(ii) (Implication Chaihj, U. Now by (2.5),
out(s?) = s, sostis the last element of U. By (5.18)(ii)(b)? tk(m); so it follows by

induction, our characterization of U\S, andsas | {(s) that (5.25) and (5.26) hold.

In order to complete the proof of (i), we must show that if | is defined as in
(5.18)(ii)(a), then t = j-1. By Lemma 3.B-Behavior), it must be the case thaf)( = r.
As St a iiit follows from (5.21) or (5.22) that is not implication-free; hence by (5.1), u
<dim(s9)-1. Nowrtl 1 rt*l else py (5.5)(ii) and (5.15),%1 = r**1 would be a
primary completion, hence (5.18)(i)(a) would hold, excluding the possibility that
(5.18)(ii)(a) holds. Thus &s is j-switching, JE t+1. Fix p and s as in Lemma 313 (
Behavior) fors. Ass is j-switching, j = p+1, and as! requires extension argl =
outo(s‘) (elses T S), tE s. By choice of j in (5.18)(ii)(a); is the end of a primay-
link, sor! has infinite outcome along and is not an initial derivative; hence by (2.4) and
Lemma 3.3(-Behavior), s = j and! has finite outcome alorgj. Hence jf t+1 £ s+1£
j+1, so t£ j £ t+1. By hypothesig;! has infinite outcome alorgf, so t* j. Thust = -1,
completing the proof of (ii).

We now complete the proof of (iii). Suppose thétmands!T U\ST {d:u £ n
& outo(gu) I/ r}, in order to obtain a contradiction. By Lemma 3.38ehavior), it must
be the case thas'()- =r". Furthermore, as (5.18)(i)(a) and (5.18)(ii)(a) fail to holdsfor
it follows from (5.18) thas is nonswitching, so by Lemma 313-Behavior),r'=r". As
St &iit follows from (5.21) or (5.22) that is not implication-free; hence by (5.1), u <
dim((s¥))-1. AssUYT U\S ands! requires extension, it now follows from (5.5) and
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Lemma 3.3(-Behavior) thar U1 = r"*! is a primary completion, and thatis the O-
completion corresponding to**1. But then (5.18)(i)(a) holds, contradicting the
hypotheses of (iii).

(5.27) follows from (i)-(iii); and (5.28) follows by induction as is not
pseudotrue. Hence (iv) holds.

The next lemma keeps track of the relationship between various nodes, as we
follow the step-by-step process of going from a node which requires extension to its
primary completion. At a given step in the process, we will begin with a mdd&®
which is completion-consistent via a sequenced$:A £ miland extend tos such that
S™ =r ands is completion-consistent via a sequence U. (We will allow m = -1, but only if
Ut &i) U has been characterized by Lemma 5.9 (Completion-Consistency); let w =
|UJ-1. For eachf m, fix k(i) such thah; T T, and ifl I(s) requires extension for some
j such that /(s) 2 1(r), let k(m+1) be that j and lét,.; =1 ™L(s). For each £ w, let
d; = (h;)’, and leth; require extension fan;.

Clauses (i) and (ii) of Lemma 5.10 specify that each element afijup& w} lies
along the branch oK+ computed bys, and that the inclusion ordering of elements of
this set which lie on the same tree agrees with the ordering on the indices of these nodes,
and so by (5.26), is the same as the ordering induced on the subset of U corresponding to
the same indices. And clause (v) will be shown to imply that the immediate successors of
the elements in {um(): i £ w} which lie along this branch oFki)+1 require extension in
the order specified by the indices which agrees with the order induced by inclusion, and
none has a primary completion along the next node which requires extension. We cannot
specify the ordering oft{;: i £ w} lying on the same tree, but clauses (iii) and (vii) specify
that eachn; is shorter thaml,,.;, causing a component for a PL setdgy to be formed.

Clause (iv) is used to show that on this branci'®t?, no elements oT*®*! except

those in {up(;): i £ w} can require extension without having a primary completion along

the path. And clause (vi) relates nodes on trees of successive dimension, and implies the
property induced by (5.25), namely, that higher dimension nodes find completions before
we encounter any new node on a lower dimensional tree which requires extension.

Lemma 5.10 (Component Lemma): Fix m3 -1 andr,s 1 T such thats is
preadmissible ang" =r. Assume that is completion-consistent via S&;: i £ mii that

s is completion-consistent via U, and that if m = -1, thert |Q| For each £ m, fix k(i)

such thah; 1 T*O, and ifl J'(s) requires extension for some j such thja3$) 1] j(r), let
k(m+1) be that j (which is unique by Lemma 5.6 (Uniqueness of Requiring Extension))
and leth . =1 I‘(”‘J'lj(s). Letw=m-1ifUl S,letw=mifU=S, and let w=m+1
otherwise. For eachEiw, letd; = (h;)", and leth; require extension fam;. For all j£ n,

letsi =11(s), ri =11(r), andr! = up(r). Then for all if w:
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(I) Up(ni) ‘| r k(i)+105 k@i)+1 — rk(i)+l_
(i) 1F0<iand k(i) = k(i-1), then uptsy) 1 up(y).
(i) 1f 0 <iand k(i) = k(i-1), them; I di,;.
(v) Letmk®+1f upn)i O-7 xK0*1 | sk+1 pe given such that®*?
requires extension fark()*1, Then one of the following holds:
() There is a primary completidd®+1 | skO+1 of xK0*1 gch thakkd+1
has infinite outcome alorgf()*1,
(b) Either i < w, k(i+1) = k(i), and up{s) I (x*0*?)- or w = 0 and upy(y)
- (Xk(0)+])
(c) skM is the primary completion &f,, and &O*Y- = upfyy,). _
(v) If dim(m) > k(i)+1, then the immediate successoof up() alongs"('_)+1
requires extension for som&"*1; and if 0 < i and k(i) = k(i-1), thent()*1
I up(izy).
(vi) Ifj<iand k() = k(i)-1, then upg) I n;.
(vii) 1f 0 <iand k(i) = k(i-1), then Pld;,s®) is a component of Pt{,;,s*?).

Proof: We proceed by induction on #)

Case 1: m = -1, so w* -1 by hypothesis. By Lemma 5.9 (Completion-
Consistency), w = G5 = outo(ho), andr is completion-consistent v (i), (iii), (vi),
and (vii) are vacuous in this case since w = 0. We verify (i), (iv), and (v).

(): By (5.3) and Lemma 4.3(i)(a) (Link Analysis), mg( | s*O*L Ash, =
skO) s = out¥(sk®), so as m = -1 w, skO1 rkO  Fyrthermore, by (5.2}, = (sO)-
has infinite outcome alonig, = sk©. By (2.4) and as m = -g§KO* = | (skO) =
updo)& ¥ sosk = outc O+ and ¢kO*Y)- | rkO+1 Hence by Lemma 3.3 {
Behavior), updy) = r KOHgskO+ = skO+L)- By (5.2), uphg) ¢ SKO*h-. By
Definition 5.1,ng1 hy =skO = outc k@) so by Lemma 3.1(i) (Limit Path), upy) *
skO*1 Thus upfig) 1 (sKO*1)- = r kO*IgskO)*1 and (i) follows.

(iv): Ashg =1 k(OJ(S)T T*O andhg requires extension, it follows from Lemma
5.6 (Uniqueness of Requiring Extension) tis&f9*! = | XO*(s) cannot require
extension. FixO* | sk0+1 gatisfying the hypotheses of (iv), and note &P
skO*1 |f r =4 fithen (iv) is vacuous. Thus we may assumerthakists.

First suppose that* is completion-consistent viaii As noted in the proof of (i),
(skO*)- [ KO+ 5o kKO | (kO*1  Hence by Lemma 5.5(iii) (Completion-
Respecting)x“9*! has a primary completidd©*1i rk©*1 which has infinite outcome
alongr KO+ By (2.10),kkO*1| skO*1 andkkO*1 will have infinite outcome along
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skO*1 ynlessh switcheskk©®+1 Thus ifh does not switckK@*1 then (iv)(a) holds.
And if h switcheskkO*1, thenrkO*1 = kk0+1 and by (5.5)(ii), upty) = O™ so
(iv)(b) holds.

Now suppose that is not completion-consistent véaiiBy the admissibility of ,

r must be a 0-completion corresponding to a primary complefiéor some k. Again by
Definition 5.6,r | is an initial derivative of ¥ for all i < k, so by (2.4) ¥ =rk] sk

First suppose thatX has finite outcome alongk. Then by Lemma 5.3(ii)
(Implication Chain)s*! requires extension, so k = k(0)+1. Furthermaréd)*! =
rkO+1 = (gkO+]- - ThysxKO* 1| (kO+ 5o (iv)(a) will follow from Lemma 5.5(ii)
(Completion-Respecting) unless og(= X@*?)-: but this is ruled out by the hypotheses
of (iv).

Now suppose that* has infinite outcome alorgf. We compare k and k(0). First
suppose that k(0) < k-1. Then by Definition 5.§9+1 = rk0*1is an initial derivative, so
rkO*1 cannot be a primary completion. ASis a primary k-completion and ¥@*©) =
rK, dim(©) > k(0)+1. Hence (5.5)(ii) must hold fe(©, contradicting the fact that
rk0+1is not a primary completion.

Next suppose that k(0) = k-1+2q for some @. AsrK has infinite outcome along
sk it follows from Lemma 3.3| (Behavior) that X has finite outcome alorgf©. But
by (5.2), assk® requires extensiorr,X® must have infinite outcome alorsf©, a
contradiction.

Finally, suppose that k(0) = k+2q for somé @. Then by (5.5)(ii), (5.9), and
(5.12), FXO) = yO)(F¥) is the middle element of a triple in an implication chain, and by
(5.15) or (5.16)F @ must be a primary completion or an amenable pseudocompletion,
contrary to Lemma 5.7(i).

(v): Asdim;) > k(i)+1, (5.5)(ii) holds and, as i = 0, implies (v).

Case 2. m3 0. Thenouf(hy)iris . There are two subcases.
Subcase 2.1:i £ m. (ii), (iii), and (vi) follow by induction.

(i): First suppose that is not v-switching for any € k(i)+1. By Lemma 3.3I(-
Behavior),r K01 | skO+1 By (i) inductively and Lemma 3.3 {Behavior),

up(ni) ir k(i)+1 — r k(i)+1US k(i)+1 i Sk(i)+l.
Otherwise, by (5.18) and (5.25),is (k(m)+1)-switching and k(i) = k(m). Thus by the
preadmissibility ofs, (5.18)(i)(a) or (5.18)(ii)(a) must hold. Suppose that (5.18)(i)(a)

holds. Then there is @™ T TXM™ sych that * is completion-consistent via $™™q
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Let iK™ require extension fa(™. Then by (5.18)(i)(ay ™ is the primary completion
of hKM so by (5.19)FXM*1 = yp@EkM). By (ii) inductively and Lemma 3.3 ¢
Behavior),

up(i) 1 up@<M) = FKm*+1 = P KOGk | gk)+1

Now suppose that (5.18)(ii)(a) holds. THef™*! is the end of a primary*M*jink
which restrains upy(,). By the case assumptionf im. Hence by (ii) inductively and

Lemma 3.3I(-Behavior),
up(i) I up®y) T rM*H = k+1ggk®+1] gk0)+1,

() now follows.

(iv): Assume the hypothesis of (iv). By (ii), it suffices to verify (iv) under the
assumption that i is the largest integer for which the hypotheses of (iv) haf¥fdrand
k@1

By (5.18) and (5.25), i is v-switching, then ¥ k(m)+13 k(i)+1. And by the
choice of the largest i in the preceding paragraffii! 1 skO*1 (else by Lemma 5.9
(Completion-Consistency), w = m+1 and we would choose i = wfoF1). Now by
Lemma 3.3I(-Behavior), 6X0*1)- | rkO*1 we conclude that@*1 | rkO+1 Thus by
induction, one of (iv)(a)-(c) must hold (*1. We consider each possibility.

Assume that (iv)(a) holds ak®*1, 1f rkO*1 [ ski)*1 then (iv)(a) will hold at
skO*L if r kO*1 7 skO*1 gnd (iv)(a) holds atk®*1 put not ats 0+ then by (5.18) and
(5.25), skO*1 js (k(i)+1)-switching and, by (2.10), must switch the primary completion
KO+ = Kk@+1 of xKO*1 - Thyskk®+1 will have finite outcome along“®*1, so by Lemma
5.3(ii) (Implication Chain) and Lemma 5.2 (Requires Extens®fi), requires extension.
As s =out’(sk®), w = m+1 andh,, = sXO. But then by Lemma 5.2 (Requires
Extension), X*0*Y)- = upg,,), so (iv)(b) follows from (5.25) and (ii) inductively.

If (iv)(b) holds atr KkD*1 then by the maximality of i and as k(m) = k(w), (iv)(b)
will hold atsX®*1 unless w = m-1 = i; so assume that (iv)(b) fails and w = m-1. By
Lemma 5.9 (Completion-Consistencgf™ is the primary completion di,,, and by
Definition 5.6,s is nonswitching; hencek®*1 | skO*1  Now either (iv)(a) will hold for
x0T E upn,,) atr KO*L and so as k0L, or k*O*Y- = upf,y). In the latter case, (iv)(c)
holds ats kK+1,

Suppose that (iv)(c) holds gf)*1, By (5.19), ifak is a primary completion with
corresponding O-completioa, thena is an initial derivative ok and all node® 1
(ou(a¥),a] are nonswitching; so by Lemma 3.1(i) (Limit PaﬂH}(b) = k(outo(a")) for
all suchb. Thus (iv)(c) will hold as unlessr is a 0-completion. In the latter case, by
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(5.18)(i),s switchesXM*1 By (5.5)(ii) and the maximality of i, k(i) = k(m) anmef(Mm*1
= uphy) 1 X0 But X0 | kM1 gnd by Lemma 3.31 ¢(Behavior),
r Km+Igg km)+1 = pkimi+1. g6 kD41 skM+1 contrary to hypothesis.

(v): Assume the hypotheses of (v). By (i), mp( r Ot 10skO+L  Fix t; i
r KO+1gs k0O+1 sych thatt()- = up;). Ast; i rkO+1 (v) follows by induction.

(vii): By (5.18) and (5.25)s is not v-switching for any £ k(i). Hence by
Lemma 3.3(i) (-Behavior),r K0 | sk0), By induction, PLg;,r kM) is a component of
PL(d.1,r “®), and by hypothesis|, has no primary completion alon§(). It now follows
from Definition 5.3 that Pld;,s ") is a component of Pt{,;,sX®).

Subcase 2.2: i = w = m+1l. By Lemma 5.9 (Completion-Consistency),
(5.18)(ii)(a) holds, and hence by (5.18)(ii) and (5.25is (k(w)+1)-switching, k(w)+®
k(m)+1, andrK"*1 is a primary completion. By Lemma 5.3(ii) (Implication Chain) and
Lemma 5.9(ii) (Completion-Consistenc@)p(n,,) ,F “")*1 skW+1fjs the last triple of an r-
implication chain for some r, and by the assumptions of Case320mo dim(,,) >
k(w)+1. Hence by (5.5)(ii), if“")*1is the immediate successor of mpY alongr K")*+1,
thentk™*1 requires extension for sonm")*! which we fix, andt"*! has primary
completionr KW+t By (5.18)(ii)(a), f¥W*, rkW*+Y is a primaryr KW*Lljink, and a
r KM*+Ljink derived from this link restrains upg). By Lemma 5.9(ii) (Completion-
Consistency)s*W = h,, requires extension and by (5.1) and &s & (5.5)(ii) must
hold; hencad,, = FK™). Furthermore, as is (k(w)+1)-switchingy kW) = FkW)_ e verify
(0)-(vii).

(i): Asap(n,,).r KW+t skW+lgis the last triple of a (k(w)+1)-implication chain, it
follows from (5.8)(i) that up(,) 1 rK"* By Lemma 3.3I(-Behavior), rkW+*! =
r kw+1gskW+1 (i) now follows.

(if): We assume that k(w) = k(m), else there is nothing to verify. We assume that
(i) fails, and derive a contradiction. By (i), ug) and upf,,) are comparable. First
assume that up() = upf,,) in order to obtain a contradiction. By (HK"W* ]

r kwW+lggkW+1 and we have noted thaf™*! is the primary completion af<t")*2,
Furthermore, as{™"*Y)- = upp,,) = upy,), t“W*! requires extension and 'S4 it
follows from (5.5) that dim(umy,)) > k(w)+1. Hence by (5.5)(ii) for both,, andh,, =
skW) it must be the case that bath andd,, = r k™) have infinite outcome alorgf™), and
up@y) = up@,) = F*W*1 Hence by (2.8%,, =h,, =s*W. But as k(m) = k(w)h, |
rkw) = pkW | skW) yielding a contradiction.

Next suppose that upg) E up(,,) in order to obtain a contradiction. A§"*?
requires extension and™*! is the primary completion of¥")*1 all nodes in
[tkW*L kW)Y are implication-restrained. Hence by (5.1) and (i)rfgy dim(n,,) >
k(m)+2. By (i), ift,, is the immediate successor of mg( alongs*W*1 thent, I
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r kW+1 5o by (v) inductivelyt , requires extension. Hence by Lemma 5.5(i) (Completion
Respecting)t , has a primary completidq, I F<"*1 andk,, has infinite outcome along
rkW*L ] gkW+l  Thus by (2.4), all derivatives &f,, alongs k") have finite outcome
alongskW). But by (5.5)(ii) and (5.2) foh,,,, up@y) = K, andd,, has infinite outcome
alongh, I skW), yielding a contradiction. (i) now follows.

(ii): We assume that k(m) = k(w), else there is nothing to show. (5.5)(ii) specifies
the relationship between requires extension situatior&Ghand (k(w)+1)-implication
chains, and specifies thay, is the initial derivative of up(,) alongsk™). We have noted

thattX™"*! requires extension; 16K = outtX")*?) and note that“™ | skW py (2.5).

We compare the locations Bf") andh,,, noting that they are comparable as bothlare
skW). First assume that™ 1 h_,. (We will show that this is the only case which can
actually occur.) Now*W*1is the primary completion af"*! andrkW+1j gkw)+1.

hence by Lemma 3.1(i) (Limit Patt)<")*1 has an initial derivative¥™ | sk which is

the k(w)-completion of “\W*1 By (5.25) and (5.27), new nodes on lower dimension
trees cannot require extension until all nodes on higher dimension trees which previously
required extension have found their 0-completions; hence as k(w) < k(w)+1, no node in
[t*W) /") can require extension. Heno&"Y) | h.. By Lemma 3.1(i) (Limit Path),

and as up(,) I r*W* by (i), it must be the case thag i t“W 1 Wi h . so (iii)

holds in this case.

tkW) 1+ h  else we would contradict Lemma 5.6 (Uniqueness of Requiring
Extension).

Finally, assume that™ E h_. By (vi) inductively fort “\"“*1 up@) 1 mW*L
contrary to (5.18)(ii)(a). Hence (iii) holds.

(iv): Assume that the hypotheses of (iv) holdX)*1 | skW+L which requires
extension. By the hypotheses of (iv), (i (xKW*Y)- sotkW+l 1 ykW+L - ag tkW)+1
I rkWHL] skW*L it must be the case thefW*™1 ] xXW*1 Ass s (k(w)+1)-
switching, it follows from Lemma 3.3(ii) ¢Behavior) and (2.4) thas (W*1)- = pkw)+1
andr¥W*1 has finite outcome alorgf™*L. Thus by (5.2)xKW*1 | pkW+lj pkw)+l
As r¥W*L s the primary completion af")*1 (iv)(a) follows from Lemma 5.5(i)
(Completion Respecting).

(v): We have already noted that the immediate succa&88t?, of upf,,) along

rkW*L] skW*l requires extension fa™*. For the second clause of (v), we assume
that k(w) = k(m), else there is nothing to verify. rAs completion-consistent véh;: i £
mfand (5.18)(ii)(a) holds at with F*W)*1 g primary completion,Af")*1 FkW+1] s g
primaryr KXW*Ljink which restrains upy(,,), som™*1 | up(n,,).

We assume tha™*! = up(n,,) and derive a contradiction. Agif"*1 rkW+] g
a primaryr KW+Ljink and by (i), ifW*1 1 pkW*L gfW+1 has finite outcome alorig)+!
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I skW*1 and up™*Y) = upE*W*L), so dim™*Y) = dim,,) > k(m)+1. Thus by
(v) for n,, the immediate succesdgy of upf,) alongs KW+ requires extension, so by
(5.2), upfy) = M ™*1 has infinite outcome alortg, I s*W*1 a contradiction. (v) now
follows.

(vi): We assume that k(w) = k(m)+1, else there is nothing to verify. By
(5.18)(ii)(a) and ass is (k(w)+1)-switching, there is a primaryW*Ljink
[ W FkW*L sych that ther KW-link [mkW) pkW)] derived from W+ pkw+ly
restrains up(y,). Also, r"")*1 s the primary completion of the immediate successor
tkW+ of upf,,) alongr KW+ sopkW js the corresponding k(w)-completion. By (5.2),
up(n,,) has infinite outcome alonf™*! so by (2.4), the initial derivative of ugy)
alongp™ is the principal derivative of upg) alongp™ and has finite outcome along
pkW): hence again by (5.2), this initial derivative mustrge So by (2.4), ift"W =
out*™*Y) then (*W)- =n,,. By (5.25) and (5.27), no node itt{) pkW)] can require
extension (else we would contradict the dimension ordering of (5.25)); so as, by (v), the
immediate successby, of up,,) alongp™ 1 skW requires extension, it must be the
case that, I t“"). Thus upf,) = ty)-1 (W) =n,, and (vi) holds.

(vii): By (iii) and hypothesis, if k(m) = k(w), them., requires extension amg, |
dyl hyi d,1 hy, =s W, (vii) now follows from Definition 5.3, as (5.14) holda.

The next lemma provides a step-by-step analysis of the effect of extenisg
as specified by (5.18), on the PL sets corresponding to each element in the sequence via

whichr is completion-consistent.

Lemma 5.11 (Amenable Backtracking Lemma): Fix hypotheses as in Lemma 5.10
(Component). Then for alld m:
(i) If either (5.18)(i)(a) holds for with k(m+1) = k(i), or (5.18)(ii)(a) holds
for r with j = k(i)+1, then
PL(di,sk®) = PL@;,r *OE{r kD} and the union is disjoint,
r KO pLupfy),r <0+, and
PL(up@).s*0*1) = PL(up),r KO+ H\{r KOy,
(i)  If the hypotheses of (i) fail, then Rli(sX®) = PLd;,r k() and
PL(up(),s0*1) = PL(upgy),r K0*1).
Gi) {upD): XV PL(d,sKO}EPL(upf;),skO+1) =
fup(XP): X OT LT KO} EPL(up@) 1 KO+,
and the unions are disjoint.
(iv) If w=m+1, then PLd,,skW)} =~
(v) If s is a O-completion ofh,, then PL(uper),sk(m)+1) = .

75



(vi) If s *is not completion-consistent @aiithens satisfies (5.29)(i).

Proof: As up¢*®) = rk*1 py (5.18), (5.25), and Lemma 313-Behavior), (iii)
follows from (i) and (i) by induction on In€®). We first prove (iv) and (v).

If w = m+1, then $¢kW)- = d,, by Lemma 5.9 (Completion-Consistency), so there
can be no primarg*®-link restrainingd,, or skW), Furthermore, Pld,sk") can have a
component only if IIKkW) - Ih(d,) 3 2. (iv) now follows from Definition 5.3. Suppose
thats is a 0-completion oh . By Lemma 5.9 (Component), w = m-1. By (5.19),

up(m) = up6kM), so by (2.10), upl,) is skM+lfree. Suppose that elements are
placed in PL(upfm),s KM*1) through (5.14) in order to obtain a contradiction. Then there
arem ™} upm) 1 K™Y KM gkm+1 guch thax ™ requires extension
for m™*, Asw = m-1, the hypothesis of Lemma 5.10(iv) (Component) holds ifor
place ofs, so one of conditions (iv)(a)-(iv)(c) must hold for i = m. (iv)(b) cannot hold, as
the w corresponding tois m, son,,,; is undefined. (iv)(c) cannot hold, els&™ would

be a primary completion, so by (5.18)would be a switching extension of buts is a
0-completion, and by Definition 5.6, 0-completions are nonswitching, yielding a

contradiction. Suppose that (iv)(a) holds. TREWP* has a primary completidnk(m)+1
which has infinite outcome alond™*%. Thus by Definition 5.6, f™*L,k"™*Y is a
primaryr KM*Ljink restraining uptm), so upfy) is notr KM*Lfree, a contradiction. It
now follows from Definition 5.3 that PL(upg),s¥M*1) =~ so (v) holds.

We now verify (i) and (ii). We proceed by induction orslji( There are several
cases to consider, depending on the manner in vghettends . By (5.18) and (5.25),
we see that i§ is v-switching, then v > k(m) if i 0. In the first two cases, v > k(i)+2 or

s is nonswitching, and v = Kk(i)+2, we show that the hypothesis and conclusion of (ii)
hold. The final case is when v = k(i)+1, in which case (i) will be followed.
We first note the following:

Claim: Ifa*l b1 g1 T (@) = b out(p) is completion-consistent via a
nonempty set, argf is not u-switching for any fi k+1, then PLék,bk) = PL(ak,gk).

Proof: By Lemma 5.1(i) (PL Analysis), Pa,b") I PL@"g). If
PL@" gd)\PL@" bt 7 then by Lemma 5.1(iii) (PL Analysis), eithéy" is the end of a
primarygk-link and Sng is u-switching for some fi k+1, orgk requires extension; and in
the latter case, it follows from Lemma 5.9 (Completion-Consistency) that (5.18)(ii) holds
for s with j = k+1, Sng Is (k+1)-switching. But this is contrary to our case assumption.
The claim now follows.n
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Case 1:s is v-switching for some v > k(i)+2 or is nonswitching. (i) is vacuous,
and (ii) is immediate from the claim.

Case 2:s is (k(i)+2)-switching. By the claim, Pt(skD) = PL@;,rk®). It
follows from (5.18)(iii) that either (5.18)(i)(a) or (5.18)(ii)(a) holds. By (5.25), K(i)
k(m), and by (5.18), i§ is v-switching, then v > k(m). Hence there are two subcases to
consider; k(i) = k(m), and k(i) = k(m)-1. We note that in both cases, (i) is vacuous as
k(m+1) > k(i) if (5.18)(i) is followed, so it suffices to verify (ii).

Subcase 2.1:k(i) = k(m). By Lemma 3.3| (Behavior),r Km+1] gkm+1

Subcase 2.1.1:(5.18)(i)(a) holds and i = m, and sosass (k(m)+2)-switching,
k(m+1) = k(m)+1. Then there argy, Mg 1 T such thatr KM+ is a primary
completion offi,,; for Ny, and by Lemma 5.9 (Completion-Consistencyf0*)- is
completion-consistent via &t.,.fi By Proposition 5.1(i)(iii), PL(up(y,),r KM+ |
PL(up®O),s“™*Y) and PL(Uptp),s "M O\PL(Upn,,) r XM+ | {rkM+1 By Lemma
5.10(vi) (Component), upg) I Ameg. Now [peq,r KM+ is the only primarys KM+1.
link which is not a K™+ |ink, and by Lemma 5.7(i) (Primary Completios™*1 does
not require extension. Hence neither (5.13) nor (5.14) can pl4E&! into
PL(Up(Om),s¥M*Y), so PL(upfiy),s<™*Y) = PL(upfy,) r KM*).,

Subcase 2.1.2:(5.18)(ii)(a) holds and i = m. Then there ig 4™ *Llink
[+ pk(M*1) which restrains upy,) and is derived from a primany(M*ink
[KM+2 pk(M)+2) "ands switchespkM*2, Note that pKM*1 r kM+Y js the only primary
skKM*1jink which is not a XM*Ljink, and upf) 1 pK™*L hence any node placed into
PL(up®y),s“™*Y) via (5.13) is already in PL(upg).r ™+, By Lemma 5.10(vi)
(Component), i KM*1 requires extension for some,,; which we fix, then up{,) |
Ny hence any node placed into PL(mpY,sKM*Y) via (5.14) is already in
PL(up®y),r "M+, Thus by Definition 5.3 and Lemma 5.1(i) (PL Analysis),
PL(Up(Om) s M*Y) = PL(Upfiy) - XM*).

Subcase 2.1.3:i <m. By Lemma 5.10(i) (Component), PL(ap(r k(m)+1) i
PL(up(;),s“™*%), By Proposition 5.1(ii) (PL Analysis) and sincEm*1j gkm+1
PL(up@) K™ NPLup@y) r ™+ I {rkm*1}. For each i [i+1,m], lett}™" be
the immediate successor of ap(along sXM*1 and note that, by Lemma 5.10(v)

}‘(m)” requires extension for each such j. For edclii{1,m], Ietx}((m)+1

be the primary completion d)f('m)Jr1 K

(Component)t

alongs kM1 if it exists, and lek; (M1 _ gkmy+1
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otherwise. As i+1 > 0, it follows from (5.1) that dim(opg)) > k(m)+1. Hence by
Lemma 5.10(v) (Component) and (5.14), we see that angqp)@!‘(m)+1) is a component

of PL(upfy),s K™M*1) " Furthermore, by Lemma 5.10(iv) (Component), every component
of PL(upf),s“M*Y which hasrM*1 as an element must be of the form
PL(up(y) ™" for some ji [i+1,m]. By Lemma 5.10(i),(ii) (Component), iff]

[i,m], then up@y) I up(y) T r<™*L 1t now follows by induction on m-i that if(m+?

T PL(upfy),s*M*Y) thenr KM*1T P (upf,,),sKM*Y), and so by Subcase 2.1.2, that
PL(up(;),sXM™*1) = PL(upgy) r KmM*Y),

Subcase 2.2:k(i) = k(m)-1. By Lemma 3.3 ¢(Behavior),r KM | sk(m),

Subcase 2.2.1: (5.18)(i)(a) holds. Then there a¥g. 1N 1 T™ such that
rkm is a primary completion ofi,,,; for Ny, and by Lemma 5.9 (Completion-
Consistency), rM)- is completion-consistent via 8%,,,i By Lemma 5.10(vi)
(Component), up() I Npe;. Now by (5.19) and (5.18)(i)Nfu1.t XM is the only
primarys KM-link which is not a XM-link, and by Lemma 5.7(i) (Primary Completion),
skM does not require extension. Hence by Lemma 5.1(i),(iii) (PL Analysis),
PL(up(y),s ™) = PL(upfy).r ™).

Subcase 2.2.2: (5.18)(ii)(a) holds. Then there is a primar{{™M*Liink
[+ pkM*1] which restrains upy(y,), so upy) 1 pKM*L  Let p™ pe the initial
derivative ofpkM*1 alongs k™. Then pkM,r kM is the only primarys “M-link which
is not ar KM-link, and by (5.2)n, is the initial derivative of up(,) alongsX™; hence it
follows from Lemma 3.1(i) (Limit Path) that, 1 p<™. If sKM requires extension for
somen,,.1, then by Lemma 5.10(vi) (Component), ap(  N.q. 1t now follows from
Lemma 5.1(i) (PL Analysis) and Definition 5.3 that PL(ompgkmM*l) =
PL(up() r ™).

Case 3:s is (k(i)+1)-switching. By (5.25), k(iE k(m), sos must be (k(m)+1)-
switching, i.e., k(i) = k(m). By Lemma 3.8-Behavior), §XM*1)- = pkM*1  Nows is
preadmissible and / 0, sor is not completion-consistent véafi hence (5.18)(i)(a) or
(5.18)(ii))(a) must hold. We note that (ii) is vacuous in this case, and verify (i). We
consider three subcases.

Subcase 3.1: (5.18)(i)(a) holds and i = m. By Lemma 5.9 (Completion-
Consistency), there is a not™ 1 T sych that qu’r “™))- is completion-
consistent via KM, r kM js the k(m)-completion di*™ for somenX™  andskMm)
switches KM+ | et gM = (@km)-,
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By Lemma 5.10(iii) (Componenti™ i d,.; and as gu®( ™)) is completion-
consistent via SXMfandh .1 S, O) =dy i ™. Thus p™ "™ is a primary
s“™_ink which restraingl,,. It now follows from (5.13) that“™ 1 PL(dm,sk(m)), SO
by Lemma 5.1(i), (ii) (PL Analysis), Pt(,s ™) = PL@,,r ™) {r <M.

Asr ™ is a primary completion ¢f<™ andn ™ requires extension far<(M, it
follows from (5.19) that ug™M) = upg “™) = FXmM+1 | ot tkM*1 pe the immediate
successor af(M*1 glongr KM+1 By Definition 5.61%™ and ¢ “™)- are completion-
consistent via the same sequence, so by Definition 5.6 and Lemma 5.9 (Completion-
Consistency)y KM andd™ are completion-consistent via the same sequence, which is
non-empty as n¥ 0. Hence a$1i"™ requires extension, it follows from (5.1) that
dim@ ™) > k(m)+1. By (5.3) and Lemma 4.3(j)(@) (Link Analysi§)iXm) g rkm+1
= up@™): so ass“™ switchesr XM* and kM | KM it follows thattkm+L |
I( AXM): hence by (5.5)(ii)) and (5.15)KM*1 requires extension for u{™). By
Lemma 5.10(v) (Component) at, up@™) 1 up,,), and as up((™) = rxm+1 i
follows from Lemma 5.10(ii) (Component) that agj 1 r™*1 Thus by (5.14)(i),
rKMHT pLuph,) XM, Ass switchesr K™M*! (and so, by Definition 5.6, cannot
be a primary completion), it follows from Lemma 4.5 (Free Extension)ﬁﬂ@f"1 is
skM*1free; hence by Lemma 5.10(iv) (Component), we may apply Lemma 5.1(v) (PL
Analysis) to conclude that PL(upg).r KM*) = PL(upf,,) t“™*Y); so by Lemma
5.1(i),(ii) (PL Analysis) and Definition 5.3,

PL(UP@m).r KM*Y) = PL(UPO) PO HE{FHM* Y & P PL(upQyy) PR,

As s switches X™*1 and is (k(m)+1)-switching, it follows from Lemma 313Behavior)

that € KM*1)- = pkM*1 gpgrkM*1 has finite outcome alongXM*1. Thus by Lemma
5.1(iv) (PL Analysis), PL(up(y,),s“™*)) = PL(upf,,),r M*Y). Thus
PL(uqum),r k(m)”)\PL(uqum),S k(m)+1) — {r_k(m)+1}1

and (i) follows in this case.

Subcase 3.2:(5.18)(ii)(a) holds and i = m. Then there is a primaf{P)*-link
[+ FkM*1) which restrains upy,,) such thas switchesrKM*1 By (5.13) rFkm+1
T PL(upfy,),r “™+Y) By induction (onT®) using (i) and (ii), ifh,. 1 xM [ rkM then
PLUpOm).l M) T PL(UpOm).! (™)), Thus  PL(upty),r™*) T
PL(up®y),l (hy), sor KM*1T PLupfpy),l (h,), from which it follows thar KM*1]

l (h,). As ) =d, and by (5.2)d,, has infinite outcome alon,,, it follows from
(2.4) that [ (h))" = up@y), and sor KM*1 | up(,). By Lemma 3.1(i) (Limit Path),
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rKM*1 has an initial derivative®™ | d.. Now KM)- = rkM ands is (k(m)+1)-
switching, so by (2.4) KM has infinite outcome alorgf{™; so as up(x™) = FkM+1
[ r KM] must be a primarg X™M-link restrainingd,,, By Definition 5.3,rkm |

PL(dy,r ™). It now follows from (5.13) and Lemma 5.1(i),(ii) (PL Analysis) that

PL(dy, s KMWPL(d,, r M) ={r km)},

By (5.18)(ii), FKM*1 is the last node of a primanf™*L|ink which restrains
up(n,). Hence by (5.13X™*1] pL(upf,,) r M™Y. Ass switchesr™M*! (and so,
by Definition 5.6, cannot be a primary completion), it follows from (2.10)rK&2*! is
r KM*1free; hence by Lemma 5.10(iv) (Component), we may apply Lemma 5.1(v) (PL
Analysis) to conclude that if(M*1 js the immediate successorrdf™*! alongr KM+,
then PL(uply).r KM+ = PL(uph,,) t™*1). Thus by Lemma 5.1(i),(ii) (PL Analysis)
and Definition 5.3,

PLUpOy,), KM+ = PL(upf,),F <MY E{rkm+ly o pkm*Lj pp ypq, ), rKm+d)

As's switcheg X™*1 and is (k(m)+1)-switching, it follows from Lemma 313Behavior)
that € KM*1)- = pkM*1 gpgrkM*1 has finite outcome alongXM*1. Thus by Lemma
5.1(iv) (PL Analysis), PL(up(y,),s“™*)) = PL(upf,,),F M*Y). Thus

PL(up(nm),r k(m)”)\PL(up(nm),s k(m)+1) - {Fk(m)+1} & rkm+1y PL(upf,,),s k(m)ﬂ),
and (i) follows in this case.

Subcase 3.3i < m. Recall that k(i) = k(m) and“™ | skM_ By Lemma
5.10(vii) (Component) and induction using Lemma 5.1(ix) (PL Analysis),

{r<mMyEPL®d,,s D) i PL(,sKD).

By Definition 5.3,rKM | PL(d;,rk®). Hence by Lemma 5.1(ii) (PL Analysis),
PL(d;,sk®) = PL@,, r XO)g {r Km)},

By Subcases 3.1 and 3i2X™*11 PL(upf,),r KM+, By Definition 5.3 and
Lemma 5.10(v) (Component), for all g such th#t @ < m, PL(upfig.y) r “™*Y) is a
component of PL(upg),r“™*Y).  Hence by induction on m-ifm*1]
PL(up),r KM+ ettkM+*1 pe the immediate successor8fM*! alongr KM+ Ass
switchesr "M*1 (and so, by Definition 5.6, cannot be a primary completion), it follows
from (2.10) thatr KM+ jsr kM+1free. Hence by Lemma 5.10(iv) (Component), we may
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apply Lemma 5.1(v) (PL Analysis) to conclude that PLp(K™*+) =
PL(up) t“M+*Y) . By Lemma 5.1(i),(ii) (PL Analysis) and Definition 5.3, andr§&)+!
T PL(upy).r <m+3),

PL(up(;) .t k(m)+1) = PL(upﬁi),rk(m)+1)|‘5{rk(m)+1} & rKm+1j PL(upmi),Tk(m)+1).

Now (skM*1)- = pkm*1 gnd rkM*1 has finite outcome alongXM*1 so by Lemma
5.1(iv) (PL Analysis), PL(upt),s XM*1) = PL(upf;),F*™*Y. Thus

PL(up(),sKM*1) = PL(upgy),r M\ rkm+y,
(i) now follows.

We complete the proof of the lemma by verifying (vi). Fix k < nahtl nki sk
such that is implication-free and upf) I up(¥),s¥*1 in order to verify (5.29)(i).
(Note that we may assume, by induction, tifat s¥ in (5.29)(i).) Fix p and s fos as in
Lemma 3.3I(-Behavior). We proceed by cases.

Case 1: s is not j-switching for any £ k+1. Then$X)- =rkand gk+1)- = rk1,
If nk1 rk then PLOKrK T PL(K sk and PL(up¥),rY i PL(up@f),sk1), so
(5.29)(i) follows by induction. Otherwisak =rk. But asnX is implication-free and is
not completion-consistent véafithis is impossible.

Case 2:s is j-switching for some £ k. By (5.18) and Definition 5.& switches
a principal derivative which is not an initial derivative Bh so by Lemma 3.3l (¢
Behavior), p+1 = j =s. If j <k, then there isld s such that k(d) =sk so (5.29)(i)
follows by induction. Suppose that j = k.nffi ¥, then (5.29)(i) holds aut’(r¥), and
as j= k=ssk1=1(r%. Hence (5.29)(i) follows by induction and Lemma 5.1(i) (PL
Analysis). Otherwise, it must be the case tiat rX. By Lemma 4.5 (Free Extension),
up(M®) T sk so by Lemma 5.1()) (PL Analysis), PL(ug},upnX) I
PL(up¥),s¥1), and (5.29)(i) holds.

Case 3:s is (k+1)-switching. Then by Lemma 5.1(i) (PL Analysis), PL(¥) |
PL(nK,s¥). Suppose thgt**1T (PL(upt¥),r “DHCPLup@t),up*)\PL(upr),sk+1).
(vi) will follow by induction once we show that a derivativepst? lies in PLAX s").
There are several subcases.
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Subcase 3.1:p*!is the end of a primary**llink restraining upff). By
(2.10) and as upf) 1 | (s¥, s must switchp®L, If p¥1TE up(n¥), then
PLup@),up@®) I PL(uptt),sk*1), so (vi) holds. Ifpk*t | upaX), thenpktl |
PL(up@¥),up¥)), contrary to hypothesis. Henp¥™11 up(*). By Lemma 3.1(i)
(Limit Path),pX*! has an initial derivativeX1 nK. But up(¥) = p**1, and ass is (k+1)-
switching,r ¥ has infinite outcome alorgf. Hence by (5.13),%T PL(nks").

Subcase 3.2:(5.14) place®¥*1 into PL(upt),r “I)\PL(upt),s*1) through
the component induced by soffd? requiring extension, and the conditions of (5.13) fail.
Thenb**! cannot have a primary completion with infinite outcome alofig, else by
(2.10) and Lemma 5.3(i), any component of PLidip 1) induced byb“*! would be a
component of PL(upf),s*1). Thus by Lemma 5.10(iv) (Componen®*)- = upf;)
for some i m, which we fix. Now by (iii), there is a derivatipé of p*1 such thapk 1
PL(d;,s¥\PL(d;,r ¥, so by Lemma 5.1(ii) (PL Analysig)¥ = rk. By Definition 5.3,rk
has infinite outcome alorgf. Now p*¥*1T PL(up),up0¥)), so again by Definition
5.3, pK*11 up@X); thuspk 1 nk and by Lemma 3.1(i) (Limit Pathpk*! has an initial
derivativep1 nk. We now see thapf,r ¥ is a primarysk-link restrainingn¥, so by
(5.13),rk=pkT PL(*sk). n

Our next lemma specifies the correspondence between a PL set which is
encountered when a nolé requires extension, and another PL set which is defined at the
k-completionkk of h¥,

Lemma 5.12 (PL Lemma): Fix KE r £ n, andnki1 d“1 hki kkT TXsuch thattf¥y
= d® and k < dimg¥), and letn**1 = upf¥). Assume thah requires extension far,
and thak is the k-completion dfik for nk, and is preadmissible. Then:

@) {t<10 1 (h: $rhki rki K& rk switchegk* 1)} = PL(NKLI (hk)).

() {up(x®): x¥T PL@¥ kK} = PL(nk*L] (h¥)).

(i) If 481,81 tifir3 j 3 k+1iiis an amenable (k+1)-implication chain, of)(=

skl and upd®) = ¢**!, then fup'(x¥): x*T PL(" k5)} = PL(s",tY).
(iv) (5.29)(ii) holds ak®.

Proof: (ii): By Lemma 5.11(iv),(v) (Amenable Backtracking), {up; x*1
PL(d*,h%)} = PL(nk*! | (kX)) = 7 so (ii) follows by repeated applications of Lemma
5.11(iii) (Amenable Backtracking) to thosé such thab*1 rkj Kk,

(): By (5.18), 11 | (h%): $rxhkT rki kk & rk switchest* !} is identical
with V = {t51 1 1 (h%): $rihkT rki kk & (out’(r ) satisfies (5.18)(i)(@) with k(m) =
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k or (5.18)(ii)(a) with j = k+1)}. By Lemma 5.11(i),(ii),(iv) (Amenable Backtracking), V
= {up(x*): x*1 PL(d*,k¥)}. Hence (i) follows from (ii).

(ii): Let $¥ =kkandsk = d*. By induction and Lemma 5.1(iv) (PL Analysis), it
suffices to show that for all [k,r), {up(x)): X' T PL(s},§%)} = PL(s¥*!,ti*]) =
PL(s*!, %Y. Fixj T [kr), and lettd = outt/*!). Note that* = hX. By (5.5)(ii) and
Lemma 5.2 (Requires Extensiob)requires extension fa&d, and$’ is the j-completion of
t). By (5.5)(ii) and (ii), {upg’): ¥ T PL(s},§%)} = PL(s*!,ti*)). By (5.11),8*! has
finite outcome alongi*!, so by Lemma 5.1(iv) (PL Analysis), Rt ti*l) =
PL(s/*!,87*h.

(iv): Immediate from (ii).n

LetL’T [T be admissible, and for all&n, letLX =1 XL%. In order to show
that all requirements are satisfied, we will need to show that if a nadefrise, then it is
also implication-free, and so can act according to the truth of the sentence generating its
action. We will be able to show this under the assumptiorLfHat admissible. (5.17)(i)
may prevent a node which is a potential component of a O-implication chain from acting
according to the truth of the sentence generating its action, as it forces a specified outcome
for certain implication-free nodes. However, we want to show that the implication-chain
mechanism ensures that the action this node takes is in accordance with the truth of that
sentence. The proof of this fact relies on the next lemma, which relates the implication-
freeness of one of the first two nodes dnof a k-implication chain to the implication-
freeness of the other node.

Lemma 5.13 (Free Amenable Implication Chain Lemma): Suppose that k <£

n, 4&),8J tifi r 3 j ® k+1iis an amenable (k+1)-implication-chain, tisdtis the primary
completion oft* = outt**), and thatx 1 T is preadmissible and the 0-completion
corresponding t8*. Letsk = (t%)-. Thensk is implication-free iffs* is implication-free.
Furthermore, ik is completion-consistent véfithenx is implication-free.

Proof: We proceed by induction on r-k. First suppose §tias implication-free.
By Lemma 5.2 (Requires Extensioh}, requires extension, so by (5.5)(ii) and (5.19),
up@X) =s**! and upg¥) =s**!'. As (5.23) fails to hold fog*, s¥*! is implication-free.
Hence by (5.1) if r = k+1 and by induction otherwisE'! is implication-free. As (5.21)
and (5.22) falil fors®, sXis completion-consistent vaii (We note that the completion-
consistency of the admissilid T'via S implies the completion-consistencyl &h) via
the subsequence of S consisting of those nodes which arefon some ] k.) By
Lemma 5.9(i) (Completion-Consistency) appliethlb 6% must be completion-
consistent vig*fi and by (5.19)f is completion-consistent vé&*fi By Lemma 5.9
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(Completion-Consistency) applied oh, skis completion-consistent vafiso (5.21) and
(5.22) fail to hold fors®. Thus we conclude that is implication-free.

Now suppose thaX is implication-free. By Lemma 5.2 (Requires Extensioh),
requires extension, so by (5.5)(ii) and (5.19),8lp(= s¥*! and up¢k) = s As
(5.23) fails to hold fos*, §*! is implication-free. Hence by (5.1) if r = k+1 and by
induction otherwises¥*! is implication-free. As (5.21) and (5.22) fail feF, s* is
completion-consistent via fi (We again note that the completion-consistency of the
admissibleh T T via S implies the completion-consistency b(fh) via the subsequence of
S consisting of those nodes which are ®nfor some j® k.) By Lemma 5.9(ii)
(Completion-Consistency) applied ok, tX must be completion-consistent @4&f and by
(5.19), €% is completion-consistent viZ. By Lemma 5.9 (Completion-Consistency)
applied toTk, X is completion-consistent véafiso (5.21) and (5.22) fail to hold féF.
We conclude that* is implication-free.

Suppose that is completion-consistent vaafbut not implication-free, in order to
obtain a contradiction. By (5.10), (5.5), and Definition 5.6, for all j such tBgt&kr =
dim(§%)-1, out’(s’) andout’(§’) are completion-consistent via the same sequenas;iso
primarily implication-restrained if§ ) is primarily implication-restrained. Furthermore, by
(5.10), neithes’ nors'is implication-restrained, and by (5.9)j @) 1 {sj,§j} for all
T [kr]. Hence we fix the largest j such that(&p) is implication-restrained, and note that
j <r, and that lJi[()§k) is either primarily or hereditarily implication-restrained.

First suppose that i(8¥) is primarily implication-restrained. By (5.6) and asj<r,
up(M 1 {s4,8%}, so by the preceding paragraph, bsitand$’ are primarily implication-
restrained and completion-consistent via the same sequence. Thus by (5.8)(i), there is an
hii sJwhich requires extension but has no j-completict. Fix d such thatl)- = d
and ni such thathy requires extension far. Now d' I si, so by Lemma 5.5(ii)
(Completion-Respecting) and asis completion-consistent viafiand is not a O-
completionhi has a j-completioki 1 |(x) which has infinite outcome along(x). By
Definition 5.6 and (2.7), ug®) i 13(x), so as uigs®) T {si,¢} and hi has no j-
completioni &1, up(sY) is 1 /(x)-restrained by the primary linknfki], contradicting
(2.10).

Now suppose that u'(|§k) is hereditarily implication-restrained but not primarily
implication-restrained. By (5.6) and as j < rJ(é[S)T {sj,§j}, so by the preceding
paragraph, botkJ and$’ are hereditarily but not primarily implication-restrained and are
completion-consistent via the same sequence. Thus there are ihijTaﬁtH such thah'
requires extension, has no j-completiorup(s¥), andout’(h)) i si. By Lemma 5.4
(Compatibility) and ag is completion-consistent véafih' has a j-completiok! such that
§Ii KT 1i(b) for somebix . LettXi $* be defined byt¢) =sk. By Definition 5.6,
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tk requires extension; but by Lemma 3.2 (Out)i’th) 1 out’(t¥) T out’(K),
contradicting (5.26)n

We are now ready to show that completions exist. We proceed as described in the
example preceding Definition 5.3. The definition proceeds by induction on n-k, and then
by induction on the cardinality of PL sets. The process used, within the proof, to construct
completions is calledacktracking.

Lemma 5.14 (Completion Lemma): Fix h 1 T° such thah is admissiblehk =

Ik(h) requires extension, and = outO(hk). Then there is an effectively obtainable
admissible 0-completiok E h of h,

Proof: For all j£ n, lethi =1(h). Lethk require extension fark, setnk+! =
up(¥), and note, by (5.3) and Lemma 4.3(i)(a) (Link Analysis), ikt i h*+1, Fix d*
I hkT T*suchthatlf¥) =d*. Fix u® 0 and S =&;: i £ uiisuch thah is completion-
consistent via S. We proceed by induction on n-k, and then by induction on the cardinality
of PL(N*! h**1). We carry out @acktracking processconstructing increasing
sequenceéd‘i T i £ mianda; 1 T i £ miof strings for some M u such that eack
is an admissible extensionlof andx; = oulo(x%‘). m will be bounded by the length of the
longesth**!-link restrainingn®*! plus 1. We also define a map® x:*'T T*! for i £
m, yielding a decreasing sequence of string§]8h.

We begin by settingg = h, x§ = hk andxi™' =1 (h¥). Suppose that;, x¥, and

5(%‘“ have been defined for some fixed i < m. We assume by induction that:

(5.31) () x;is admissible and completion-consistent via S.
(i) Ifi> 0, thenx; is switching.

(5.32) () Forallj<ix1 xi,x*1 x¥ andx(*'1 x*".
- k+1 ¢
@ ).

(5.33) () xisl (xN)-free.
(i) (5.18)(i)(a), withx; in place ofr, is not satisfied.

At the end, we will ensure that (5.32) and (5.33)(i) also hold for i = m, and in addition:
(5.34) X! = nk*1 andx,, is admissible and the 0-completionhdt

First suppose that i = 0. (5.32) is vacuous. (5.31) follows by hypothesis.
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(5.33)(i) follows from (2.10). By Definition 5.6, any node which is a 0-completion is
nonswitching, and its immediate predecessor is implication-restrained. It follows from
(5.1) that dim@*)") > k+1, so (5.5)(ii) must be true whé requires extension; and by
(5.5)(ii) and (5.18)(i) forX;)~ andx;, if (X;)" is implication-restrained add(xi) requires
extension, ther; is switching. Hencé cannot be a 0-completion, and (5.33)(ii) holds.

We now assume that i0 and verify (5.31)-(5.34) for i+1. There are two cases:

Case 1: There is d (xX)-link [m*!,p&*1] which restrains’**!. By Lemma 4.1
(Nesting), we can assume thatf{', pk*'] is the longest such link. Now there is3ak+1
and a primary {(x¥)-link [, p1] such that !, p*1] is derived from fif,pt]. ptis | {(x5)-
free by Lemma 4.3(iii) (Link Analysis), and by (4.1), will ll)é(f(%‘)-free for any
nonswitching extensioil%‘ of x%‘. And as fi,p'] is a primaryl t(x%‘)-link, p' has infinite
outcome along '(x¥). Hence by Lemma 4.4 (Free Implies True Paph)is | *'(x5)-

consistent for all nonswitching extensio}fsof x?. By Lemma 3.1(iii) (Limit Path), all
blocks defined in Step 4 of Definition 2.8 are finite, so by repeated applications of Lemma
3.4 (Nonswitching Extension), we can keep taking nonswitching extensigpsaoid will

eventually reach the shortest such nonswitchifigx; such thaup'(b¥) = p!, upt!'(b*) E

| “1(x¥) andb is an initial derivative ofip®*!'(b¥). (When we apply the Nonswitching
Extension Lemma to extend a string, and it is possible to take both activated and validated
extensions and still be nonswitching, (5.18)(iii) requires that we take the activated
extension, in order to uniquely define the process of taking nonswitching extensions in this
induction.) Asx; is admissible, it follows from Lemma 5.9 (Completion-Consistency) that

b will be admissible and completion-consistent via S unless theresseh thak; I r |

b and either (5.18)(i)(a) or (5.18)(ii)(a) holds forand that such & will be admissible
and completion-consistent via S. (The clauses of (5.29) not covered by Lemma 5.9 are
covered by Lemmas 5.11-5.13. In particular, (5.29)(i) is covered by Lemma 5.11(vi),

(5.29)(ii) by Lemma 5.12(iv), and (5.29)(iii) by Lemma 5.13.) So assume that such a
exists in order to obtain a contradiction.

By (4.1), for allgl T? such that Irf) > O, if gis a nonswitching extension gf,
then for all gf n, thel 9(g)-links coincide with the 9(g’)-links. Hence (5.18)(ii)(a) cannot
hold forr, elser =b. As upg¥) is notx%‘-free, up¥) is notl X(r )-free. Sor cannot be
the 0-completion oh¥, else by Definition 2.6yp**'(r) = up(*), so by (2.10), upk)
would have to bé ¥(r )-free, which is impossible. It now follows thatis not a 0-
completion, else by Definition 5.6,would have to be the 0-completiontdf = a,; hence
(5.18)(i)(a) does not hold far. The same proof shows that (5.18)(i)(a) does not hold for
r =b.

We conclude thab is admissible and completion-consistent via S, and that
(5.18)(i)(a) does not hold fdr. By Lemma 3.6 (Switching), we can choose an extension
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Eof b such thag_ =b andg induces an infinite outcome fap®!(b) alongl ‘il(g), thus
switching the outcome @f' to finite along t(E). Note that (5.18)(ii)(a) holds fdr, so by
(5.18)(ii), E is preadmissible. Now t-1 is the p in Lemma 3.8ghavior), sd i(b) i

| i(o) iff jE< t.

Subcase 1. 1p is not a prlmary t- completlon Then by (5.18),is not a O-

completion. Sex.,, = b, x5, =1 5(b) andx¥| = ( *'(b)). We note that neither the
hypothesis of Lemma 5.9(i) or of Lemma 5.9(ii) (Completion-Consistency) is satisfied, so
by Lemma 5.9(iii) (Completion-Consistency),,; is completion-consistent via S.
Furthermore, by Lemma 5.9(iv) (Completion-Consistence) and again by Lemmas 5.11(vi),
5.12(iv), and 5.13x;,, is admissible. (5.31) now follows fay,;, and (5.32) and (5.33)

follow from the properties df, (2.10), and Lemma 4.5 (Free Extension).

Subcase 1.2:plis a primary t-completion. First suppose thatt > k+1. Then by
(2.4), qt(b)) = p! ando! has finite outcome alonlgt(b) Hence by Lemma 5.3(ii)
(Implication Chain) and Lemma 5.2 (Requires Extensb‘ﬁ}(g) requires extension, so
by induction on n-k, we can find a 0-completioof | t’—'l(rla;), and, by Lemma 5.9(i),(iv),
(Completion-Consistency) and again by Lemmas 5.11(vi), 5.12(iv), and 5.13, find an
admissibleék such thak™ = k andk induces an infinite outcome fot ‘t!(k))" along
| “I(k). By Lemma 5.7(i) (Primary Completiod)*!(k) does not require extension. We
now setxi+1 = K, x5, = 1 (k) andx’/!' = ( *'(k))-, and note that (5.31)-(5.33) follow
from the properties df, (2.4), (2.10), and Lemma 4.5 (Free Extension) and Lemma 5.9
(Completion-Consistency). ((5.33)(ii) follows sinkés switching, and by Definition 5.6,
completions are nonswitching.) The induction step is now complete for this case.

Suppose that t = k+1. Then by (2.4)% (E))- = pk*! andp**! has finite outcome
alongl k+1(fl:;). By Lemma 5.3(ii) (Implication Chain), there is an r < n and an amenable
(k+1)-implication chairé&J,&),tift r 3 j 3 k+1fisuch thag*! = pk*! and the immediate
successor 06X alongs$**! requires extension fark*!, Note that asnf*!,pk+!]
restraing**!, 1 | nk*1, And by (5.2) and Lemma 5.10(v) (Component):! has
infinite outcome along**!, so as, by (2.8)yf*! has finite outcome alongf*!, nf*! |
n!, By Lemma 5.2 (Requires Extensioh,= | k(rk;) requires extension for song,
andb” is not implication-free. Furthermore, by (5.5)(ii) and (5.8)glipe sk+!1 1 gk+!
= up(@")) =p<'1 h*!. By Lemma 5.9(ii) (CompIetion-Consistencg)is completion-
consistent via %kﬁ so by Lemma 5.10(ii) (Componentf*! i up@"). By Lemma 3.3
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(I -Behavior), [ (6%)- = p&! andp**! has finite outcome alonig(b®), so by Lemma
5.1(iv) (PL Analysis), PL(ugf9), (6%) = PL(up@).p<!). Hence by (5.14),
PL(up@),! (b)) is a component of Pof*!,l (b)), so by (5.14)()) and Lemma 5.1(vi)
(PL Analysis), upg®) T PLO! | (B)\PL(Up@),! (6%). Thus PLE%'| (6%) E
PL(up@),l (b%) = PL(up@),p<*!). We now proceed as in the preceding paragraph to
find an admissible switching extension of a O-completidﬁkoand justifying the existence

of k by induction on the cardinality of the PL sets.

Case 2: Otherwise. By the case assumption, there aﬂe(xii)-links restraining
nk+l Hencen®! is | ( x¥)-free, so as in Case 1, we can keep taking nonswitching
extensions ok;, taking the activated extension when both the activated and validated
extensions are nonswitching, and will eventually reach the shortest such nonswit{ghing
E x; such thaup**!(x,,,) = n**! andx,,, is admissible and completion-consistent via S.
By (5.31)(ii) and Definition 5.6%; cannot be a 0-completion. Thus by Lemma 5.9
(Completion-Consistency) and Lemmas 5.10-5X.2, is the shortest nonswitching
extension ok satisfying (5.18)(i)(a), and is admissible. We set m =¥{'15 | k(xi+1),
andx®"! =kt (5.32), (5.33)(i), and (5.34) now follow.

We now show that admissible paths have nice properties; they are completion-
respecting and do not extend amenable implication chains.

Lemma 5.15 (Admissibility Lemma): Let an admissible paﬂ:OT [TO] be given,
and for all k£ n, letL* =1 X(L%. Then for all k€ n:

(i) L*does not extend an amenable k-implication chain.

(i) Everyh®1 L¥*which requires extension has a primary completion aldng

Proof: We proceed by induction on k. First let k = 0. (i) follows from (5.11)(ii)
and (5.18)(i) for implication-restrained nodes, and from (5.11)(ii) and (5.17)(i) for
implication-free nodes. And (ii) follows from Lemma 5.14 (Completion), the uniqueness
of primary completions, and (5.18).

Suppose that k > 0. First suppose thét,$/,tift r3 j 3 kiiis an amenable k-
implication chain for some r, witt* | L¥, in order to obtain a contradiction. By (2.5),
t*l = quttk) i L*! and by Lemma 5.2 (Requires Extensidlj! requires extension.

By (i) inductively, t**! has a (k-1)-completiok**! I L**! and by Lemma 5.3(ii)
(Implication Chain) and (i) inductivelk**! has infinite outcome alorig**!. Fix x**! |
L*! such thatX®*!)- = k=1, By (5.5)(ii) and (5.19), upt*!) = sk and so by (2.4)s*
has finite outcome alorig®. By (5.11)(i),s* has infinite outcome alortd, sot* E L¥,
yielding the desired contradiction. Hence (i) holds for k.
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Now suppose thdtk 1 L requires extension for*. By (5.18), the uniqueness of
completions, and Lemma 5.14 (Completidm),has a 0-completioh L°, so by Lemma
5.4 (Compatibility),h* has a (k-1)-completiokk*! | L**!, so has a principal derivative
k1T L First assume th&kt! has finite outcome alorig®®!. Fix t*! | L**! such
that ¢*')- = k!, and letkk = up&**!). Then p¥,k¥ is a primaryl (t*))-link which
restrainshk, so by (2.6), (2.10) and &&1 L* nob*! such that**'i b*!'i L*!can
switch any nodé k¥, and sdkki LX. (ii) now follows in this case.

Suppose that**! has infinite outcome alorig*®!, fix t**! | L**! such that*!)-
=k ! and lek* = upk*!). Then by (2.4)k¥ has finite outcome alorigt**'), and so
by Lemma 5.3(ii) (Implication Chain),(t**)) is the last node of the last triple of an
amenable k-implication chain. By Lemma 5.2 (Requires Extenstéh) requires
extension. By (ii) inductivelyt**! has a (k-1)-completioa**! i L**! and by Lemma
5.3(ii) (Implication Chain) and (i) inductivelg**! has infinite outcome alorlgkﬂ. Fix
X1 L1 sych that*!)- =ak£l. By (5.5)(ii) and (5.19), upf<!) = (h%)- and so by
(2.4), 05 has finite outcome alorg®. By (5.2), b¥)- has infinite outcome aloruf, so
hk E LY, yielding the desired contradiction. Hence (ii) holds fonk.

In order to show that all requirements are satisfied, we will need to show that if a
node isL"-free, then it is also implication-free, so can act in accordance with the truth of
the sentence trying to generate its action. In fact, we will need to apply this lerofria to
L* such thabut’(b¥) is pseudotrue.

Lemma 5.16 (Implication-Freeness Lemma): Fix k £ n. Suppose that® |
TXE[TY] is admissible, and if o) < ¥, thenb = out’(b¥) is pseudotrue. For alin, let
b' =1i(b). Leth*!'] | (b*) bel (b*)-free and implication-free. Then:
(i)  For all j£ k, the initial derivativev of h¥*! alongb’ is implication-free.
(i) 1fh*X 1 b* uph¥) =h*¥! andhkisb*-free, therh is implication-free.
(i) 1f h¥*! is (k+1)-completion-free, then the initial derivativeof h*+! alongb®
is k-completion-free.
(iv) If dim(h**!) = k+1,n¥ is the initial derivative oh**! alongb® and has finite
outcome along", thenn = outo(nk) is completion-consistent vié i
If, in addition, d* is the immediate successor rof along b, thend =
out’(d¥) is pseudotrue.

Proof: Recall that, ifb exists, thenb is pseudotrue, sb* is completion-
consistent via fandb’ is j-completion-free for all £ n.
(): Fix j £ k. By Lemma 3.1 (Limit Pathyy I bl. Suppose that' is not
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implication-free, in order to obtain a contradiction. Then one of clauses (5.21)-(5.23) must
causen to be implication-restrained. If (5.21) holds, then there is a shattesty such

thatx) requires extension but there is no j-completiondofilongni. Let X require
extension fomi. By Lemma 5.5(ii) (Completion-Respecting),has a j-completiok’ |

b’ andki has infinite outcome alorty. Hencemil nil kil b), and pd,ki] is a primary
bl-link. By Lemma 4.3(i)(c) (Link Analysis)h*¥*! = up**!(nj) cannot be (b)-free,
contrary to hypothesis.

Suppose that (5.22) holds in order to obtain a contradiction, and fix the largest i for
which (i) fails because (5.22) holds for i. By Lemma 5.15(ii) (Admissibility) fdnklhé
¥, and Lemma 5.4 (Compatibility) and sirtwés completion-free if IH§*) < ¥, there is a q
>jand ad?T T9 such thatld requires extensionl has an i-completiok! I b, andd' =
out'(d¥) I nil ki. As g > i, it follows from (5.18) and (5.26) that no nodedhk(] is
(i+1)-switching. Letd*! = out'*!(d"), and by Lemma 5.4 (Compatibility) let*! be the
(i+1)-completion ofd? alongl (b'), and note, by Definition 5.6, that tg)(= | (ki) = ki*!
andk' is an initial derivative ok'*!. Asn!is an initial derivative oh™*!, it follows from
Lemma 3.1(j) (Limit Path) thad™' i upni) = ni*! | ki*!, so hi*! is implication-
restrained, contrary to the inductive hypothesis.

(5.23) cannot hold, by our induction.

(i): Suppose thah® is not implication-free, in order to obtain a contradiction.
Then one of clauses (5.21)-(5.23) must cdus¢éo be implication-restrained. (5.23)
cannot hold by hypothesis. We assume ttfais primarily or hereditarily implication-
restrained, and obtain a contradiction. Fix the shodfekt h* such that for some3j k
and somer | d =13(d“) i b, d’ requires extension far, but there is no k-completion
of d alonghX. By Lemma 5.5(ii) (Completion-Respecting) has a primary j-completion
kil b’ which has infinite outcome alor®, If j = k, then by Lemma 5.2(i) (Implication
Chain), pd, k] is a primanybi-link. And if j > k, then as we have assumed #fall h¥, it
follows thatd* I hX1 kX. Now if [, k¥] is theb*-link derived from the primarl/(b")-
link [, ki], thennk T d*i hki kX sohkis notb*-free, contrary to hypothesis.

(iii): If h*!is (k+1)-completion-free, then by Lemma 3.1(i) (Limit Path), for all j
3 k+1, Ij(hk“) = Ij(nk) Is not a primary completion. By Definition 5.6, no primary
completion is an initial derivative. (iii) now follows.

(iv): Forallif k, letd = out'(d), letn' = (d)-, and note that' is the principal
derivative ofn* alongd' and that' i b’ by (2.5). We first show that is completion-
consistent via fi Suppose not in order to obtain a contradiction. Then we may fix the
largest i such that' is implication-restrained. As* is implication-free, i < k; note that, by
choice of i,n' is either primarily or hereditarily implication-restrained. First supposathat

is hereditarily implication-restrained. By Lemma 5.4 (Compatibilify)jes along the i-
completion of the node witnessing thatis hereditarily implication-restrained, and by
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(5.18) and (5.25) is not (i+1)-switching. Hence' is the initial derivative ohi*! along

b. By Lemma 3.1 (Limit Path), an initial derivative can be hereditarily implication-
restrained only if its immediate antiderivative is primarily or hereditarily implication-
restrained; hence'*! is primarily or hereditarily implication-restrained, contrary to the
choice of i.

Now suppose that' is primarily implication-restrained. Then there istah ni
which requires extension but has no primary compldtion  Fix m I h' such thath'
requires extension forl. By Lemma 5.5(ii) (Completion-Respectiny),has a primary
completionk! I b' which has infinite outcome alof Thus fri,ki] is a primaryb'-link
restrainingn’. But then by Lemma 4.3(i)(a) (Link Analysis)! E b'*!, contradicting
(2.5). This completes the proof of the first part of (iv).

We now note that for all if = | i(d) is not a primary completion. For asis
completion-consistent via fandd* = n, it follows from (5.27) that ifd' is a primary
completion, then it is a primary completionc&f contrary to Definition 5.6.

Finally, we show by contradiction that for akt in, d' does not require extension.
Fix the largest i such thelt requires extension in order to obtain a contradiction, ard! let
require extension fari. If i > k, then by (5.2)nk is the principal derivative df**! along
d*, andup”(n¥) has a unique derivative alodfor all j > k; hence by (2.4),d)" =
up'(nX) for all j > k, contrary to the dimension requirements of Definition 5.1. Hefge i
As n¥ has finite outcome alordf and dimb**!) = k+1, it follows from (5.2) that i < k.
As b is pseudotrue or Ibj =¥, it follows either from Lemma 5.15(ii) (Admissibility) or
Lemma 5.5(ii) (Completion-Respecting) tiihas a primary completidd I b which has
infinite outcome alongy’. By Definition 5.1,m 1 n'i ki, and i k] is a primaryb'-link.

By (5.2), n! has infinite outcome alortj, so is the principal derivative of up) alongb'.
By Lemma 4.3(i)(c) (Link Analysis), up)) I/ b™*'. But as i < k, up() =n*'| d*!|
b*!, a contradiction. Thusis pseudotruen

Our next lemma shows that, under the assumptionLthé admissible, every
requirement R is assigned to a free and implication-free node lafongurthermore, if R
has dimension k, then we will show that R is assigned to a unique free and implication-free
nodez® alongL¥, and that the principal derivative Bf alongL**! is free and implication-
free. We will show later that, as a result of this lemma, the construction will act to satisfy R
in accordance with the truth or falsity of the sentence which tries to determine the action for
R. The implication-freeness of the nodes involved will enable us to show that sufficiently
many derivatives af* will also be able to act consistently with their assigned sentences.

Again we will need to apply the lemma not onht4 but to pseudotrue 1 L°.
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Lemma 5.17 (Assignment Lemma): Suppose thab 1 TOE[TO] is admissible, and if
Ih(b) <¥, thenb is pseudotrue. Let R be a requirement of dimension k. Fof all iet
b'=11(b). Then:
() Iflh(b) =¥, then thereis a" I b" such that" is b"-free, implication-free,
and n-completion-free, and R is assigned'to
(i) IfRis assigned ta”i b", then thereis a uniqu® i b* such that up(z*) =
z", andz® is bk-free, implication-free, and k-completion-free.
(i) If z* exists as in (ii), then the principal derivatz/&' of z* alongb**! is
b**!-free and implication-free.
(iv) 1fj£n,x 1 b isb-free and implication-freed i b, and @) = %I, then
d = out’(d) is pseudotrue.
(v) If zZ"i b"and Ihg") > 0, thenout’(z') is pseudotrue, and the initial
derivative ofz" alongb is pseudotrue.

Proof: (i): Assume that I) =¥. By (5.28) or Lemma 5.15(i) (Admissibility),
there are no amenable j-implication chains alehipr any j£ n. Fix i such that R R;.

By Lemma 3.1(iii),(iv) all blocks alon§" are completed, so there are infinitely many
blocks alongd”. Hence there is#' | b" which completes the (i+1)st block. By Lemma
3.1(i) (Limit Path),z" has an initial derivative alonlg“il, SO a requirement must be
assigned t@". Such a requirement can only be assigned when Step 4 of Definition 2.8 is
followed, and the requirement assigneR;is

As there are nb" -links, z" isb"-free. As all requirements have dimensfon, it
follows from (5.2) and Definition 5.7 that' is implication-free. As no nodes ai
require extensiorg" is n-completion-free.

(ii),(iii): By Lemma 3.1(ii) (Limit Path) inductively, for allf n,z" has a principal
derivativez' 1 b', and by (2.9) for all i such that&ki £ n, z' is the unique derivative af'
alongb’. For all i£ n, it follows from Lemma 4.6(i) (Free Derivative), (i), and induction
thatz' is b'-free. Now by (i) and iterating Lemma 5.16(ii),(iii) (Implication-Freeness)
inductively, we see that is implication-free and k-completion-free. Again by Lemma
5.16(ii) (ImpIication-Freeness;a}‘il is implication-free.

(iv): Foralli£ |, letd = out'(d), and for alli > j, led' = |1 i(d). We note that by
definition, for all i£ j, x' = (d')" is the principal derivative of alongb’. Fix i £ n. By
Lemma 4.6(i) (Free DerivativeX' is b'-free, so by Lemma 5.16(ii) (Implication-
Freeness),x' is implication-free; thug = x° = outo(xi) is completion-consistent via fi
Hence by Lemma 5.5(iii) (Completion-Respecting) applied,teveryhii d' which
requires extension has a primary completiod. As no node can be its own primary
completiond' cannot be a primary completion.

We complete the proof of (iv) by assuming tuiatequires extension, and obtaining
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a contradiction. A®&'is admissible and if ) < ¥ thenb' is pseudotrue and smt’(b')

is completion-consistent via fand is not a 0-completion, it follows from Lemma 5.5(ii)
(Completion-Respecting) or Lemma 5.15(ii) (Admissibility) tat b' has a primary
completionki | b'. Butb'is pseudotrue so is not a primary completion; hénde b'.
Fix g [ b' such thatd)- = ki. If ki has infinite outcome along), then by Lemma 5.3(i)
(Implication-Chain), there is a primagylink restrainingx; this link is then a primarp'-
link, contradicting the fact that is b-free. Thuski has finite outcome along, so by
Lemma 5.3(ii) (Implication Chain), there is an amenable implication chain ddbng
contradicting (5.28) or Lemma 5.15(i) (Admissibility).

(v): By the proof of (i), everyz" 1 b" is b"-free and implication-free. The first
conclusion of (v) now follows from (iv). Let be the initial derivative of" alongb.
Thenz is admissible, and by Lemma 3.1(i) (Limit Path) and as initial derivatives are not
primary completions, for allf n,upi(z) = | i(z) is not a primary completion. By Lemma
5.16(i) (Implication-Freenessy,is implication-free, hence completion-consistent&ia
The second conclusion of (v) now follows.

In Lemma 5.12 (PL), we showed that the backtracking process yielded a one-to-
one correspondence between the PL sets defined for any two triples of an amenable
implication chain, and that this correspondence was provided by the up function. In order
to successfully correct axioms, we will need to show thatisfpseudotrueqd’,r !,h!

T!, x E outh!) = h, andr!'T PL@" h)\PL@E',| (X)), then some element oh ]
switchesr I. The next lemma will allow us to draw such a conclusion when the need to
correct is due to the existence of a nonamenable implication chain (the relationship of the
nonamenable implication chain @' to the situation off! is not readily apparent, as it is
absorbed in the control machinery of Section 6). We will also need an inclusion relation
between PL sets at higher levels, in order to analyze the formation of implication chains.

Lemma 5.18 (Nonamenable Backtracking Lemma):Fix k < n,d"! rk+! pk+l ]

T andx* E out(*!) = h¥, such thad“!' I h*1 | (x5, d“!is | (x¥)-free, x =

out’(x¥) andout’(h¥*1) are admissible and pseudotrue, afid T PLA*!,h¥*1). Then:
(i) Some element ohf,x¥] switchesr k+1,

(i) {up(@): T PL((%)" X} E PLE! h*).

Proof: We first note that PIf*!,| (x5) =~ As d**!' is | (x5)-free, (5.13)
cannot place any elements irft! is | (x*)-free. Suppose that*! E d**! requires
extension for somef*! 1 d**!. As out®(x¥) = out’(l (x)) is pseudotruegut’(l (x¥)) is
completion consistent via fiand is not a 0-completion. Hence by Lemma 5.5(ii)
(Completion-Respecting)<*! has a primary completidkd*! which has infinite outcome
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alongl (x). But then f¥*! k&1 is a primaryl (x¥)-link restrainingd**!, sod**! is not
| (x¥)-free, contrary to hypothesis.

By (2.6), no element ohk,x¥] can switch angf*! | . We first consider the
case in which ¥*! is placed in PLq**',h¥*!) through (5.13), and show that (i) and (ii) are
satisfied. Asd*! 1 h¥*!| there is arf*! | h*¥! and a primanh®*!-link [+ rk+1]
which restraing*!. Asd“"'1 1 (x¥) and PLE*',| (x¥)) = 7 it follows that rk+! |
PLA!,1 (x¥); thus pE*! r&*1] is not al (x¥)-link. Hence by (2.6) and (2.10), some
element* of (h*xX] must switchr ¥*! so (i) holds, and by (2.4} = %) has infinite
outcome along®. Nowr**! [ h¥1 so by Lemma 3.1(iy;**! has an initial derivative
rk1 hX Hence ¥ r¥ is a primaryx*-link which restrainsi¥)-, so by (5.13)r*1
PL((h%)",x¥) and (ii) holds.

We complete the proof of (i) by showing that ff! is placed into Plc(k”,hk“)
by (5.14) as an element of the componensPtl(z**!) for somez**! | h&*!, or if rk+!
= sk for this component, then some elementtdtx¥] switchesr k1. Lett*! be the
immediate successor sf*! alongh**!, and note that**! requires extension for some
n*! which we fix. By (5.14)nd* 11 d“*'1 sk As out’(h¥*!) is pseudotrue,
outO(hk“) is completion consistent viaafiand is not a 0-completion. Hence by Lemma
5.5(ii) (Completion-Respecting)<*! has a primary completiok®*! which has infinite
outcome alon¢p**!. By Lemma 5.4 (Compatibility}**! must have a k-completidt |
h¥1 x¥, sokk! must have a principal derivatik& alongx®. Leta* be the immediate

successor dfk alongxk. Suppose first that has finite outcome alond‘, for the sake of
obtaining a contradiction. Then by (2.4%, = k* andk**! has infinite outcome along

I( ak), so pi*! k1] would be a primary( a¥)-link restrainingr ¥*!. By (2.6) and (2.10)
and akk is the principal derivative dé*! alongx¥, [m*! k¥*1] must be a primary (x*)-
link restrainingd“*!, contrary to the hypothesis thdit! is | (x¥)-free.

We conclude that* has infinite outcome alongd‘. As k¥*! has infinite outcome

alongh**! it follows from (2.4) and (2.8) th&t* i k. By Lemma 5.3(ii) (Implication
Chain) and Lemma 5.2 (Requires Extensiaf)will require extension for som&* such
that up6¥) = sk*1. Asx is pseudotruel,i(x) is not a primary completion for anyjn.

Hence by Lemma 5.9 (Completion-Consistenay),is completion-consistent via i
Hencea* must have a k-completidd I (x)-1 x*. Asx is admissible, it follows from
(5.28) that there are no amenable k-implication chains atb,ngo by Lemma 5.3(ii)
(Implication Chain)k* must have infinite outcome alomtj. Fixa*i x* such thatg")- =

KX, By Definition 5.3 and sinck**! has infinite outcome alonigk*!, all elements of
PL(*"!, h¥*!) coming from a component P!, z**!) for somez**! | h¥*! are elements

of PLs*! kk+1): and ask**! has finite outcome alonig(a), it follows from Lemma

dk+ 1
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5.1(iv) (PL Analysis) that Pis(*! k1) = PLE 1| (a%). By Lemma 5.12(i),(ii) (PL)
and Lemma 5.11(v) (Amenable Backtracking), #t{,| (kX)) = ~, every node in
PL(s**!| (a¥)) is switched by some element af(k"], and {up@): g1 PLKK K5} =
PL(s**! k&), Furthermorea* switchess**! = upk¥), so (i) holds.

By (5.2),skis the initial derivative o *! alongx®. Ass¥*!1 (h¥*!)- it follows
from Lemma 3.1(i) tha * 1 out((h**!)’) 1 (h¥)-. We have shown th&t i kX Hence
by (5.14), PLKX,KkX) is a component of PL{E)",x¥). Furthermore, ask*' 1 (hk!)- it
follows from Lemma 3.1(i) (Limit Path) that | (h¥)". By Definition 5.6, upk¥) = sk+!.
Hence §X,k" is a primaryxk-link restraining £¥)". (i) now follows holds.n
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