6. Control of Spaces.Our requirements will be of the form®@y ) & (4 ®c). If

] seems to be true at a given stage of the construction, we take action to preserve the truth
of j , to makey true, and to preserve its truth. | Ifseems to be false, we try to satisfy

and to preserve its truth. We will define a recursive true pﬁtﬁ [TO] for the
construction. Action taken for andc is determined by nodesl LS, which try to

declare axioms for points in the space controlled,according to the apparent truthj of
Thus we will assign spaces S (sets of points which have geometric dimension) to the node

X, define a functiondDy, and try to arrange that the value m for the axi@;x,x) = m,
where OSX) = A, is determined by the truth or falsity of a senteMgeassociated witlx

for sufficiently many&,xfisuch thatx,s, il S . (The coordinate s represents a stage of
the construction rather than an argument for a functional, so we separate it.) In tixis case,

will control S. The exact definition of control will vary with the typexpbut we will try
to present the definitions of control for the three types of requirements in as uniform a way

as possible. Fix a requirement FR{::Ib,C for the remainder of this section, and so consider
the type j and the dimension r of this requirement to be fixed.

Definition 6.1: The spaces assigned to requirements of type j are specified as follows.
Givenx1 TK letz =up"(x). Suppose that R Rje',rb,C is assigned ta. The spac&, will

be defined only if k = r, in which case we Sgt= N" {wt(x)}" {x}, wt(S,) = wt(x), and
dim(S,) =rifj = 0; we se, = NV {e}" {x}, wt(S,) = e, and dinf},) = r+1 if j = 1; and

we setS, = N" {e}" {x}, wt(S,) = e, and dinf},) = r if ] = 2. Whenever we specify a
sectionS = {&g,... Xrxit " N {&xi} of S,, we define dim(S) = u, and wt(S) =it r

> k. For each 1 [k,r], we letup(S) = {&u,... Xt N" {&xi if j T {0,2}, and

up(S) = {&q, ... Xt NV {&xi} if j = 1. Given u such that S spX(S), we define
up(S) = ug*(S). We identify two spaces, andS, whenever they agree in all but the last
coordinate and ° b, in which case we writ§,° §,. n

We will define the set of spacesntrolled bynk at h* with initiator d (and
terminatortK) below. Let S be a space assigned to a nodé. off jT {1,2}, then there
may be infinitely many nodes along a given path throligivhich are candidates for
controlling S, so we may not be able to recursively identify the node which should control
S. Thus we begin to define control B for requirements of types 1 or 2, spreading out
the control of sections of S among many nodes. Implication chains will be used for such |
to ensure that these nodes work together to produce the same output for the axioms they
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control on a subset of S which is large enough to ensure a particular iterated limit. We do
define control o' when j = 0, as there is no ambiguity, in that case, as to which node
should control the space.

Controllers for S will be nodes which are derivatives of a riodd" T T' such
that S is a section &,. Control of a space S associated with a node of type O or 2 along a
pathL¥T [TX will be determined when we reach the fix§ti L* such that wi*) 3
wt(S) andouto(xk) is pseudotrue. We impose the latter condition in order to prevent the
specification of axioms while conflicts about the value of the axiom captured by the
implication chain machinery remain to be resolved; so assumeuﬂ(it") is pseudotrue.

To determine control &k T Tk, we see if there is suchx& i h; if x¥ exists, then the

node controlling S &t¥ is the same as the node controlling skat If wt(hK) < wt(S),

then S is not controlled 4X. Nevertheless, in the latter case, we define a (potential)
controllernk for S ath¥; this node would be the controller were control to be defined.
(Thus S may have a controllerte, but not be controlled &i.) The (potential) controller

may be changed before we reach but will not change thereafter. (We choose this
approach, rather than starting &t because when we have to define control for
requirements of type 1, we need to revise our determination of the controlling node beyond
xX.) As we want the controlle for S ath to decide the value for axioms it controls, we
require thah® 1 hk so thath® will have a guess a*Os outcome. Initiators determine
when it becomes reasonable either to first define the control, or to define a new controller,
because we see the value we want for the axioms being controlled.

Terminators for initiators will be defined if j = 2 and k = r-1. A terminafofor
the initiatord® will be the last node of a primary linkff,t¥] such thanki d* i tk and
wt(tK) < wt(S), and will have the property that elements entering the target set for the
terminator will enable us to correct axioms. (We specifyrthét d in order to be able to
show that, under certain circumstances, the corresponding controller is also restrained by
the same link.) Terminators will help us show that the notion of control defined allows the
computation of iterated limits needed to satisfy requirements. When the indfidtorthe
controllernk and the space S has a termingfothennX forfeits its eligibility to control S.
However, if there is no controller to replate then we will still need to have derivatives
of Nk controlling sections of Ve say than¥ influencesS in this situation.

Control for requirements of type 1 will have a slightly different flavor. In this case,
we have an extra dimension for the spaces controlled at each level, so in order to compute
iterated limits, we can allow finitely many axioms to produce the incorrect value on each
space of dimension 2 (one of the dimensions specifies stages for the construction, so we
are really computing a single limit). This will be important, as we will not have the
automatic correction feature which is available for requirements of type 2. To make use of
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this added flexibility, we allow terminatot to be defined even if wtf) 3 wt(S), but do
not allow new initiators to have large weight. We will thus eventually settle on a final
initiator for S along any given path, or decide that no initiator exists along that path.

As mentioned above, we will have to keep track of primary linksofk] on TK
which restraimk and are safe fark, and those which are not safe. The links which may
not be safe cause an element to be placed into ApmeRSHX) by switchingoX, and are
callednk-injurious. If such nodes also place elements ifgd OSHX), they will allow
axioms to be corrected. When this is the casgpf] will be callednk-correcting In
order to removerf¥,nk] while preserving the admissibility of strings, additional nodes may
have to have their outcomes switched; these are the nodes inﬁh@é}aﬂefined below,
wherexX is the immediate successomdfwhich determines thatrf,nK] is a primary link
along the given pathﬁ_(xk) is the set of nodes in Prh.“(x") which need to be switched to
makenK free, and which come from a specified component oh'F?k‘(), or from the end
of a primaryxk-link restrainingn.

Definition 6.2: Fix k < n,nkT TX andnmki oX =(x*"1 xXi hkT Tk such that
[k, 0X] is a primaryhk-link. If 0¥ is the primary completion of some nasl let PL(x)
= PL(%)" xME{(s%)}, and letPL(x") = {p} otherwise. We say thairf,n¥] is nk-
injurious if RSMXCTSE®) * ~for some b* T PL(xY), and isn*-correctingif OS(¥) i
TS®®) for someb® 1 PLKY). n

We note that if i, 0X] is ank-injurious primaryhk-link, dim(nk) = k, and tp(k) =
1, then fr¥,nX] is nk-correcting. For asf t pk and upfrf) = up@X), it follows from (2.9)
that dimf¥) 3 k+1. Hence by Lemma 2.2(iii) (Interaction)f[o¥] is nk-correcting.

We will determine the spacesntrolled bynkathk below. This notion of control
will have the following properties. %1 TXis assigned the requirement R and controls S
athk, thennk1 hk, nkwill be the unique node which controls Sh&t and if jT {0,2},

thenn® will control S at alb® & hk such thabut’(b®) is pseudotrue. The initiator for S at

h¥ will be the longest initiator appointed at adyl h* which has no terminator alotd.
Also, if X is a space of the proper dimension to have seckhsontrolled orTX, then

either only finitely many sections of X will be controlled along hrlﬁﬁ [TX], or cofinitely
many sections of X will be controlled alohé by nodes which are derivatives of a fixed
noden®*1T Tk*1: and if X is controlled along “**, thennk*1 will be the controller for X
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alongL “*1 The definition below is arranged to ensure these properties.

We proceed by induction on r-k if j = 0, and on r-k-1 if 1,2}, and then by
induction on Iht¥) for hk i L*. (Control will not be defined oA if j 1 {1,2}:
implication chains will ensure the existence of the iterated limit for r = k.) Let X be a
section of the space for which R wants to define axioms, with dim(X) = k41 {Dj2},
and dim(X) = k+2 ifj = 1. For eacHi N andh®1 TK we determine the nod& | hk
which is the controller fox[l athX, the node I hk which is the initiator fox [l athk,
and those nodds hk which are terminators fotll and some initiator fax[l ath.

Definition 6.3 (Initiators, Controllers, and Terminators): Fix KErifj =0, k <
rifj 1 {1,2}, hT T¥ such that IHgk) > 0, and a space S, and @t and n¥ be,
respectively, the initiator and controller for Staf)(, if these exist. We determine whether

the the controller, initiator, and terminator for $14texist, and if so, define those strings.
We will assume by induction that:

(6.1) d¥ exists iffn% exists.

Case 1. We define controllers when a new initiator is found. There are two
subcases. Subcase 1.1 handles the base step, and Subcase 1.2 handles the inductive step.

Subcase 1.1:Either k =r,j=0, and S 4 or k = r-1, jT {1,2}, wt(h¥) £
wt(S), and up(S) S yn'ys; and in both cases, the principal derivatioat(h¥))- of (h¥)
alongouti(h) is implication-free for all £ k, andouf’(h¥) is pseudotrue. ThemK is the
initiator for S athk and p¥)" is thecontroller for S athk.

Subcase 1.2:k<rifj=0, k<r1ifji {1,2}, wt(h¥) £ wt(S), there is an
initiator d** for up(S) at (h¥), butd** is not the initiator for up(S) &t(h¥)"). Letnk*?
be the controller corresponding @5''. ThenhKis theinitiator for S athk. The
controllernX for S athk is the longest derivative o™ such thanX1 hX. (By (6.2)
below inductively, it will be the case thait*1 1 d“*%, so such a derivative will exist.)

Case 2: (We switch controllers and initiators when a new derivative difyp$
found.) Case 1 is not followed, either k <rand j = 0 or k < r-1 &nd3j,2}, wt(h¥) £
wt(S), up@®) controls up(S) dt(h¥), and up((¥)") = up@¥). ThenhX is theinitiator for
S athk and pX) is thecontroller for S athk.
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Case 3: Neither of the previous cases is followell, 1,2}, n* andd" exist, and
there is a primarp*-correctinghk-link [k, (hk)7] such thank 1 a1 (W% and if j = 2,
then wthX) £ wt(S) and k = r-1. (Again note, as in the earlier description of terminators,

that we require thatk * d“.) We call b*)" aterminatorfor S andd® athk. (Note that if |

= 1, then we allowi*-correcting primary links to cause a change of control, even if we
discover them at a node whose weight exceeds wt(S). This is necessary, else we would
not be able to correct axioms for a thick subset of up(S) when control is switched.)

Subcase 3.1: There is no controller for S af. If j = 1, then there is no

controller or initiator for S @k, If j = 2, thenn¥ (ak, resp.) is theontroller (initiator,
resp.) for S ahk,

Subcase 3.2: Otherwise. By (6.1) inductively, el andik be, respectively,
the initiator and controller for S af. Thenf#iX is thecontroller for S athk; and the

initiator for S ath® is d if wt(h¥) > wt(S), and i* if wt(h) £ wt(S).

Case 4: Otherwise. Thénitiator andcontroller for S ath¥ are ak and nk,
respectively, if these exist, and fail to exist otherwise.

In all cases, we say thaf is aterminatorfor S andd® alonghk (L¥T [TY],
resp.) iftK is a terminator for S ardf at some® i h* (x1 L resp.) n

The following properties are easily verified by induction omf( as is (6.1).
(6.5)(ii) follows from Lemma 4.1 (Nesting), (6.2), and Case 3 of Definition 6.3, where
terminators are defined to restrain the previous initiator.

(6.2) If nk controls S ah* with initiator d¥, thennX1 d<i hX.

(6.3) If d€is the initiator for S at bothk andh* andnk andi* are the controllers for S at

hk andri¥, respectively, thenk = fi¥.

(6.4) If d¥is the initiator for S at¥, then wtdX) £ wt(S).

(6.5) Suppose thatki K andd® and d® are the initiators for S dt* and R,
respectively. Then:

() If wi(h¥) £ wi(S), therd i d,
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(i) If wi(S) £ wt(hX), thend“i d¥; and ifji {0,2}, thend® = d¥.

We are now ready to define control. Recall that control is supported only on
pseudotrue nodes, as defined in Definition 5.9. There is a corresponding notion at non-
pseudotrue nodes which we call weak control. Control is replaced by influence for
requirements of type 2, when the initiator has a terminator.

Definition 6.4 (Control): We say than® weakly controlsS athk if nk is the
controller for S ahk corresponding to the initiatal, there is no terminator faX and S
alonghX, and

(6.6) wi(S)£ wi(h¥).

If Nk is the controller for S dt* with initiator d¥, there is a terminator fa and S along
hk and (6.6) holds, then we say th@&tweakly influences athk. nk controls
(influencesresp.) S ahK if nk weakly controls (influences, resp.) Shétandout®(h¥) is

pseudotrue. Giveh*1 TX we say that® weaklycontrols (weakly influences, resis)
(dk is theinitiator for S, resp.}alongLI< if Nk weakly controls Scf is the initiator for S,
resp.) at all sufficiently longX L* and thanX controls (influencesesp.) Salong LK

if there are infinitely manynk1 L¥ such thabut’(h¥) is pseudotrue, and controls
(influences, resp.) S at all sufficiently loh§ L* such thabuto(h K) is pseudotruen

We note that control alongk and weak control alongI< coincide if there are
infinitely many pseudotruek i L.

Suppose that ¥ 1 [Tk]. The following fact now follows easily from (2.1), Lemma
4.1 (Nesting), (6.5), and (6.6), as there must be a longest initiator along any path if there is
any initiator along that path:

(6.7) Suppose thax® 1 L¥ and x* extends all initiators and properly extends all
terminators for S at arfy¥ | L, (IfjT {0,2}, this will be the case if va(() 3

wt(S).) Themk weakly controls (weakly influences, resp.)cé i€ the initiator for
S, resp.) ann(_l;k iff Nk weakly controls (weakly influences, resp.)(é (s the

initiator for S, resp.) at" iff nk weakly controls (weakly influences, resp.)d§ (S
the initiator for S, resp.) at eveny such thak*Ei hki L Furthermore, ifnk

weakly controls S along®, xK T hk1 L¥ andd® is the initiator for S a¥, then
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d“ is the longest node which is an initiator for S at sdfrie hk and which has no
terminator alongn.

The next lemma specifies some properties of the control process.

Lemma 6.1 (Finite Control Lemma): Fix k£ n, an admissiblé ¥ T [TX], and a
space S assigned to a node working for requirement R, wHedink(R) if j = tp(R) = 0,
and k < dim(R) if tp(RJ {1,2}. Then:
(i) {nkT Tk: $h*(nk weakly controls or weakly influences Sréf)} is finite.
(i) 1fj1 {0,2} then:
@ Knk i Lk s$hkhki L*&
nk weakly controls or weakly influences S)}| £ 1; and
() Kd*i Lk $hki LXdis an initiator for S atk &
S is weakly controlled or weakly influencedé}| £ 1.
(i) Suppose that k < dim(R). Let F be the set of initiators for Bofihen F is finite
and for allL T [TX], S is weakly controlled along iff there is ad*T F such that
d“1 L and there is no terminator fdf and S at anigki L.
(v) If nk 1 d“1 L¥ (d*) =nk k = dim(R)-1, anch¥ is a controller at somieX |
L thend® is an initiator ati¥.

Proof: (i): If k = dim(R), then tp(R) = 0, and there is a unique nod&omhich
controls S. Suppose that k < dim(R), and tffdt Tk andnk weakly controls or weakly
influences S dtk. By (2.1), (6.2), and (6.4), wtf) £ wt(S). But as the weight function
is one-to-one, there are only finitely mamyi Tk such that wif€) £ wt(S).

(ii): If k = dim(R), then tp(R) = 0, and there is a unique contraifefor S onTX,
Furthermore, for antkT TX, if S is weakly controlled atk with initiator d*, thennk i
h¥ anddX is the immediate successomdfalonghk.

Suppose that k < dim(R). By (6.6) and Definition 6.4, if S is weakly controlled or
weakly influenced &bk, then wt(S)E wt(h). (ii)(b) now follows from (6.5)(ii). (ii)(a)
follows from (6.3).

(iii): Suppose that k < dim(R). BT F then by (6.4), wt") £ wt(S). As the
weight function is one-to-one, F is finite. By Definitions 6.3 and 64 ifeakly controls
SalongL T [TX] thenL must extend some elemefftof F such that there is no terminator
for d“ and S along.. Conversely, suppose thatextends an elemedf of F such that
there is no terminator fa and S alond.. By (6.7) and Definitions 6.3 and 6.4, S is
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weakly controlled along .

(iv): We note that if tp(R) = 0, ther(d¥) E up(n¥), sol (d¥) extends an immediate
successor of upf), and so S is weakly controlled aloh¢*). Thus (iv) can fail for
tp(R) £ 2 only if nk is defined as the controller for some space through Case 3 of Definition
6.3. Suppose thak is defined by that case. Thakmust be a controller at som&i
hk. Hence if we fix the shortegt i L¥ at whichn is a controller, then Subcase 1.1,
Subcase 1.2, or Case 2 of Definition 6.3 must be followal. aBut therx® = d*, anddX
is the initiator corresponding t&f atd®. n

Our next lemma spells out some important relationships between initiators,
terminators, and weak control for requirements of type 1.

Lemma 6.2 (Terminator Lemma): Fix k < n-1 and_*1 [T"], and letL**! = | (L").
Fix a space X which is assigned to a requirement of type 1 and is weakly controlled by
some node 6T**%, and fix iT N. Then:
@) 1fd“i L¥is aninitiator forx[! atd®, and w8 i, thend® is an initiator forx¥
atd.
(i) Suppose thad** | hk*1] L**1 are given such that*! is the initiator for X
at alld*! such thah®*1 | ¢*11 L**1 and there is no initiatd"* E hk*1
for X (the latter condition includes thoa&™ which may not lie along <*%).
Lethk = outh**1). Suppose thatk i d*i L¥ d¥is an initiator forx,
andd“*! is not the initiator for X dt(dk). Then there is a terminator fif!
andd® alongL .

Proof: (i): By (6.4), wt@®) £ wt(X[) =i; so as & i, wt(d") £ wt(x!1l) = u.
By induction on Ihg¥) and (2.1), if an initiator for one ofll or X' exists at @), then
that node is the initiator for bodt!! andX at @)-. (i) now follows from Definition 6.3.

(i): Let d“ be the initiator for X at (d¥). Asd* E h¥ = outhk*Y) andhk*1 i
LK1 | (d9) E h**1 by (2.4) and (2.6). Hence by choicetdt?, d*'i hk*L. Now by
(6.7), d“*!is the initiator for X atf* iff d“*tis the longest node which is an initiator at
somex**1{ ¢! and which does not have a terminator algfig.  Thusd“** & d“*1, else
d“! would have a terminator alongl. Hence ad (d*) E h¥*1 andd**! is not the
initiator for X atl (d¥), d*1 d“*L. By (6.7), this is only possible if there isfé? i
| (d¥) such thatd*Y)" is a terminator for X and“*! alongd*l. Let nk be the initial
derivative of ¢<*1)- alongd®, and note, by Lemma 3.1(j) (Limit Path), tméti d*. As
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(&) is a terminator for X and“** along g, (¢¢*1)” must have infinite outcome along
g1, sonk must have finite outcome alonf. Now ¢*1 i/ L**! as there is no terminator
for X and d*! along L¥"}, elsed“*? would not be the initiator for X along**%.
Furthermore, ag** I L¥*!, by (2.10), some extension df alongL* must switch
(d*Y), so there must be a derivatieE d¥ of (1) alongL ¥ which has infinite outcome
annng. It now follows thatx® is a terminator fod anngLI< via the primanL K link
[Nk, XK. n

The next definition is notational in nature. Giuehi [T"], a nodenk*! of T**1,
and a space X whose sectiogd may be weakly controlled by nodesTf we define
CON(nk”,L",X) to be the set of sections of X which are weakly controlled by derivatives
nk of nk*! such thank i LX. This set is partitioned into two sets, A@T(, LK X)
corresponding to the derivativesréf! which are activated alord, and VAL !, L¥ X)
corresponding to the derivativesréf! which are validated alorlgk.

Definition 6.5: Let k < n,n**1T TK1 X7 [TX), and a space X be given. We define
CONMK LK X) = E{S T X: $nki LKup(n*) =nk*1& nk weakly controls S along")},

VAL(NK L LK X) = E{S T X: $nki L¥upn*) =nk*1 & nk weakly controls S along® &
nk is validated along; )}, and

ACT(NKLLXX) = E{S T X: $nki LKupn*) =nk*1 & nk weakly controls S along® &
nk is activated along*)}. n

In the next definition, we introdudhick andthin subsets.Thick subsets of a
space S of dimension k+1 are the union of cofinitely many se@bref S. Thin subsets
are the complements of thick subsets.

Definition 6.6: Fix a space S of dimension k. We say i athick subsebf S if S
=g{d1:iT I} where I is a cofinite set of natural numbers. We sayStiatathin subset
of SifSi S and Sis a thick subset of %

We now show that a node weakly controlling a space passes down weak control of
a thick subset of that space to its derivatives.
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Lemma 6.3 (Thick Control Lemma): Fix an admissiblé ¢ 1 [To], and for all ug n,
letLY = 1YLY. Fix k < n, and suppose thalt"t 1 L**! weakly controls the space X
alongL¥*1. Then:
() If n"**1is validated along %2, then VALK, LX X) is a thick subset of X.
(i) If nk*Lis activated along“*!, then ACTAK*L,L¥ X) is a thick subset of X.

Proof: If tp(n**1) = 0 and dimgk*1) = k+1, thennk* is the unique controller for
X on T¥*Y, and its immediate successti* anngL"+1 is the unique initiator for X at any
node extending*. Thus leth**! = d“*! in this case. Otherwise, we note that as X is
weakly controlled along **!, dim(k*1) > k+1. By (6.5)(ii), (6.7), (2.4), and Lemma 3.1
(Limit Path), we can fix the shortest*2 1 L** such that wif<*1) > wt(X) andnk*! is
the controller for X with fixed initiatod“** at allg*! such thah**1 | ¢*11 L¥1. Note
that as wigk*1) > wt(X), it follows from (6.4) that there is no initiator for X (along any
path throughr®*?) which extend$i¥*1. In both cases, ldt< = outhk*1). By Lemma
3.2(i) (Out),l (hK) = hk+1,

We first show that for all i€ wi(K), the controller o] annng is a derivative
of nk*1, By Definition 6.3, for all i wigk), X will have a controllen® athk, andnk
will be a derivative ofi*1: furthermore, by Lemma 3.1(ii) (Limit Path) E p¥, wherep®
is the principal derivative of<*1 annng. By (4.1), the initiator corresponding 1§ is
restrained by a primary link anrld‘ iff it is restrained by that same link laf. Also by
Lemma 6.2(ii) (Terminator) and Definition 6.3, if3Ewigk), hki d“1 L¥ andd® is an
initiator for XM atd¥, then eithed“*? is the initiator for X at (d“), or tp@k*?) = 1 and
there is a terminator fa andX[! alongL¥. Thus the controller of!! alongL* must be a
derivative ofnk*1,

Fix i 2 wt(hX). By (6.7), X[ is weakly controlled alongX. If pk has infinite
outcome along#, then by (2.8)p* weakly controlsx[! alongL¥. And if pk has finite
outcome alond, ¥, then every derivative of<*1 alongL* has finite outcome alorig; so if
nk weakly controlsx['! alongL¥, thennk has finite outcome alonig®. (i) and (ii) now
follow, as by Definition 2.1n¥ is validated alond ¥ iff nk*!is validated along “**. n

The next two lemmas combine to show that if a space X is not weakly controlled
anngL"”, then either a thick subset of X is weakly controlled albhgor cofinitely
many sections of X of dimension k have only a thin subset weakly controlledeﬁ)lmg
Also, if X is weakly influenced alongk+1, then a thick subset of X is weakly controlled
alonng.
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Lemma 6.4 (Indirect Control Lemma): Fix k< n and an admissible T [Tk], and

let LK = (L"). Let X be a section of the space assigned to the requirement R of
dimension r, where¥ k+1 if tp(R) = 0, and r > k+1 if tp(R) {1,2}. Suppose that X is

not weakly controlled along®*?, but thatx!! is weakly controlled along* for infinitely

many i. Then there is 1 L* such thah weakly controls a thick subset of X aloh

In particular, this will be the case if X is weakly influenced albhbl.

Proof: First suppose that k+1 = dim(R), and so, that tp(R) = 0. By hypothesis,
X is not weakly controlled alonlg"“, and we note that as tp(R) = 0, there is at most one
controller for X onT*** and there are no terminators for X alchﬂ‘g*l. Hence if there is a
controller for X onT¥*, then that controller is ndt L¥*2, It thus follows from Lemma
3.1(ii) (Limit Path) that there isx1 L* such that for a® & x¥, if X1 L¥, thenl (x¥)
does not extend an initiator for X.

Suppose that k+1 < dim(R). By Lemma 6.1(iii) (Finite Control), we can fix a finite

subset F oT** such that for alL T [Tk+1], X is weakly controlled along iff L extends
some element of F which does not have a terminator dlongAs X is not weakly
controlled alond- k*1 it follows from the finiteness of F and Lemma 3.1(ii) (Limit Path)
that there is a1 L¥ such that for alk & x¥, if X1 L¥ andl (x¥) extends an element
d“17 F, thend®* 1 L¥*! and both (x*) andL**! properly extend the same terminator
for d*! and X along.**%.

In either case, we conclude that there are only finitely many initiators for sections of
X alonng. As infinitely many sections of X are weakly controlled alhﬁgthere must be
ad“i L¥such that (dk) extends an element of F, sonfd d“ weakly controls a section
of X atd¥, anddX is not restrained by amf-correcting primant. K link. By choice ofxX,
d“i x* for each suckl. Fix the longest suati€, and the uniqueX for d. By Definition
6.3 and (6.7)nk will weakly control all but finitely many sections of X alohé.

We now note that if X is weakly influenced alontj?, then X has a controlle¥*?
and an initiatod“** alongL**!. By Lemma 3.1(j) (Limit Path)/**! will have a derivative
nki L*anddk = 0ut(dk+1) is an initiator for a section of X df. Furthermore, tpftl) =

2, so there will be no terminators for sections of X alb'r(lg Thus by Definitions 6.3 and
6.4, d will will witness the fact that infinitely many sections of X are weakly controlled

annng. The last sentence of the lemma now follows from the first part of the lemma.

The next lemma shows that if X is a space which is not weakly controlled along

L**! and no section Y of X is weakly controlled aIdn'@ then for cofinitely many sections
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Y of X, there is very little weak control of sections of Y aldﬂ‘g”. More precisely, for
cofinitely many sections Y of X, the number of sections of Y which are weakly controlled
at some node alomfi] is finite, and if X is assigned to a requirement of type 0 or 2, then
this number is 0 (so no section of Y is weakly controlled alo'ﬁ'@). (Because of the
definition of terminators, the set of sections of X weakly controlled ald‘ﬁbwill be a
(possibly proper) subset of the set of sections of X weakly controlled atgbrhel "ﬂ.)

Lemma 6.5 (Non-Control Lemma): Fix an admissiblé. 1 [TO], and for all ug n,
letL'=1YL%. Fixki (0,n-1) and a requirement R of dimension r and type j, where r
k+1ifj=0,andr>k+1if] {1,2}. Let X be a section of a space assigned to R which is
not weakly controlled alongk”. Suppose thax[! is weakly controlled alongI< for at
most finitely many i N. Then:
() Forallil N, either {u:(X[i])[“] is weakly controlled along ki]} is cofinite,
or {u: (X4 js weakly controlled at song&t!1 L**% is finite.
(i) For cofinitely many i N, {u: (X'HY is weakly controlled at songs*? |
LN is finite.
(i) 1fj1 {0,2}, then for cofinitely many T N, {u: (X!") is weakly controlled
at someg®!] Lk =~

Proof: By Lemma 3.7 (Infinite Injury), Lemma 6.1(iii) (Finite Control), and as,
if j = 0 and r = k+1, then there can be no controller for X alo'ﬁ'd and there is at most
one controller for X om**, we can choose**!1 L% such that for all initiatorsk** |
T for X such thar 1 i/ L and allx*?, if A1 x<17 L thenl K3(xkh g
r k1 By hypothesis, the preceding sentence, and Lemma 6.1(iii) (Finite Control), we can
fix %1 L¥*1 such that for all initiators®*1 1 L¥*! for X, there is a terminator far<*!
and X alonch**L. Lethk = outh**1) andh**! = outh¥), and note that by (2.5pK1 LX
andh®1i L*1 without loss of generality, we may assume tH&t E K<L By (2.5)
and (2.6), for alk**? such thah*=1{ X1 L*1 | (x*%) E hk,

By (2.5),1 (h%) = hk*1, Now (%) = (outhk*1)) is the principal derivative of
(kY- alongL¥, so by Lemma 4.3(i)(c) (Link Analysis), there is no primarfylink
which restrainsi{¥). Hence by hypothesis, there is no initiatbrfor any section of X at
(hky, else by (4.1) and Lemma 4.4 (Free Implies True Pdfh/)/puld have no terminator
alonng, so by Definition 6.3, cofinitely many sections of X would have initiators along
LX. But then by Definition 6.4, infinitely many sections of X would be weakly controlled
annng, contrary to hypothesis. Furthermadn&,cannot be an initiator for a section of X,
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else either X would be weakly controlledrét? = | (h¥), or some section of X would
have an initiator ath()", neither of which is possible. Hence there is no initiator for any
section of X ahk. Also,| (h*1) =hk and pk1) = (outh¥)) is the principal derivative of
(hky- annngﬂ, so again by Lemma 4.3(i)(c) (Link Analysis), there is no prinhé‘ﬁ?-

link which restrainst{k-1)-.

Fix i. First assume that i < wtf). By (6.4) and (2.1), there is no initiatdt E hX
for XU, Hence as there is no initiator ¥ athk, if d*'1 L' is first defined to be an
initiator for a section oK by Case 1 or Case 2 of Definition 6.3, th&H' 1 h*1. Also,
as there is no primaty***link which restrainsi{k-2)-, if d**i L**?is first defined to be
an initiator for a section of[! by Case 3 of Definition 6.3, theff™ 1 hk-1. We conclude
that ifd** is an initiator for a section of! at anyx*’1 L**Y, thend*’1 hk1. Now if
there is ad**'1 L¥*? such thad"*’ is an initiator for a section ofl! and there is no
terminator ford**’ annngﬂ, then by Definition 6.3, infinitely many sections of X will
have initiators along k1 s (i) follows for i from (6.7) and Definition 6.4. Otherwise, as
there is no primary."*“link which restrainsi{'Y)-, each initiatod*' 1 L*! for a
section ofX!! has a terminatar®! i hk-1, so by Definition 6.4, for all @ wt(hk2),
XM is not weakly controlled at any™* 1 L***, and again, (i) follows for this i.

Suppose thatsi wt(hK). As there is no initiatad® for X1 athk andl (hk2) = hk,
hk-1 cannot be an initiator for a sectiomdf!. Furthermore, for any®*1 hk-1, it follows
from (2.4) that (xkﬂ) 1 | (hk1), so by (2.11) and (6.6)([” is not weakly controlled at
I (xkﬂ). Hence any initiator for a section %t at some*?1 L must properly extend
hk-1,

The broad outline of the verification of (ii) in this case is as follows. We first show
that if " is an initiator for a section ofl'! at some<*'i L**! thenl (d“*%) extends an
initiator for X[ which, in turn, extends a node which switches a terminator for X along
L*1, We then show that the node Bhwhich switched the terminator must have its
immediate predecessor switched back by a nodE<thin order to return the terminator
for X to L**1, and that this switching process can be characterized in terms of PL sets, in a
way to ensure correction of axioms. The switching process will ensurd“thatas a
terminator alond. k1 5o only finitely many sections ol are weakly controlled along

L**! Furthermore, we will be able to obtain a uniform bound on these terminators, so (i)
will follow.

Suppose thad“*'1 L**is an initiator for a section ofll. We have shown that
d“1E hk1 sol (d*Y) E h¥. By Definition 6.3, there must be an initiat8ri | (d**) for
X atl (dki]), and again by the second paragraph of the proof and @6.&),hk. By
Definition 6.3, there is an initiata** for X at| (dk) with corresponding initiatonk*1.
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But by (2.5),d" E outd") E out*) = hk1 and by Lemma 3.2(i) (Out),<**(outd")) =
| (d), so by choice oh%%, d“**1 L**! andd“*! has a terminatar*1] hk+1j LK,
Fix t“*1 1 hk*1 such that{**Y)- = tk*1 and lett® = out¢**?). By Definition 6.2 and
Case 3 of Definition 6.3, there i1 PL(t"Y) such that OSK*Y) | TSE*Y).

We now note that“*! has infinite outcome alori*! =1 (tX), and ift%*11 | (d¥),
thent**! does not have infinite outcome alon¢d¥). Furthermorefi h*i d¥i
| (dY), so by (2.4), ift“*! were to have infinite outcome aloh§**(d“*"), then that
outcome would be the same as the outcorrllé%falongf""1 = (fk), and by (2.6)tk*1
would have that outcome aloh¢df) for all ¢T [t¥| (d))]. In particular,t**? would
have that same infinite outcome aldr(glk), which we have shown not to be the case.
Hencetk*1 does not have infinite outcome aldrg(d“*?). As| (d) E d“*! and there is a
primary| (h¥)-link [m*L,t%1] which restraingd®** with id*2 1 d*1, it follows from
(2.10) that there is a nodé such that® i hki t¢i d*andt¥ switchestX*l. ((2.10)
implies that a node can be switched only when it is free; and by(qﬁfé)',l (aX) for all
aksuchthat®i aki d*. So no nodé tk*!can be switched by such al E t¥ until
tk*1is switched.) Let* = (%), and letk = (t%)". Then {K,t¥] is a primaryl (d“*))-link,
and uptk) = tk+1,

Ash¥i th=@%-T t¢i d¥ it follows from (2.5) and Lemma 3.1 (Limit Path)
thattX has an initial derivative’®? such thah**1 i t*<1] out@) I d*% fix t<1| d<*?
such that %) = %1 Now t* = out¢*™?), so upt¥) = tk*1 andtk is the principal
derivative oft“*1 along botth¥ andL¥. Furthermore, by (2.10) and b is L *-free and
tki hki tk t* must be switched by some proper exten&fSh of d*? alongL**!. Let
k= (1% and note that*!is the principal derivative df alongL ¥, so f*! tkt]) is
a primaryL L link with t<1] g7 kel

We now show thatk*! is a terminator fod“*! alongL**. First assume that*! is
k+1

not a primary completion. Thé?L(t" ) = {tk*1}, tk&1] W_(fkﬂ), and up<titkel) =
tk*l Hencet®*!is a terminator fod“*” alongL *",

Now assume that*! is a primary completion of somé&*1, which we fix, and let
skl = (rk+1)- Astk*l has infinite outcome alonif™ but finite outcome alon(tX), it
follows from Lemma 5.1(i),(ii) (PL Analysis) and Definition 5.3 that

ﬂ(fkﬂ) = PLEKL TR E{skHl) = pL(skL the g ftk+ly E{ sk,

and by Lemma 5.1(iv) (PL Analysis),
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PL(s KL tktl) = pLkHL |( £4)).

By Lemma 5.3(ii) (Implication Chain), Lemma 5.2 (Requires Extension), and (5.8)(ii),
requires extension for some derivats/feof sk*1.  As L¢ is admissible, and, by (2.5),
out*) 1 L*, it follows from (5.27), Lemma 5.15(ii) (Admissibility), and Lemma 5.4
(Compatibility) thattX has a (k-1)-completion! 1 L**! and thakk = up©*?) is the
primary completion of¥. Furthermore, by Lemma 5.12(ii) (PL),

{up(zX): ZX1 PLE¥ KX} = PL(sK*L1( £4)).

Fix B! L*? such thatff") = b1 letk* =1 (5**Y), and note that sindg&®! the initial
derivative ofkX, follows from (2.4) thatk¥)- =kk. Nowsk*1] hk*l and by (5.2)sK is
an initial derivative o6 ¥*1; hence by Lemma 3.1(j) (Limit Patt®1 hki tXi Kkk. we
now recall that there is no primaky-link which restrainst*). Thus there must bek*!

I LT such that ui*?) = kk andk**! has infinite outcome alorig™?, else by (2.6) and
(2.10), X kX] would be a primary*link restraining §%)-. Fix K**1 L*! such that
(K1) = k<1 By Lemma 5.1(iv) (PL Analysis),

PL(EX | (RY) = PLEX KY).

As t*1 s the initial derivative of¥ alongk**!, it follows from Lemma 5.3(ii)

(Implication Chain) and Lemma 5.2 (Requires Extension)ﬁh*étrequires extension for
t**1 AsLCis admissible, it follows from Lemma 5.15(i),(ii) (Admissibility) and Lemma
5.3(ii) (Implication Chain) that there ap&*11 p**11 L**? such thap**!is the primary
completion ok**?, (p**1)- = pk£1 andp*! has infinite outcome alorig®®. By (5.19),
up(E*t)) =tk so by (2.8)pkt! =tk andp ! = t**1. By Lemma 5.12(ii) (PL),
PL(fk,I (Rkil)) = {up(zki]): Zki]’l‘ PL(kktl,pktl)}-

Now by Lemma 5.1(i),(ii) (PL Analysis) and Definitions 5.3 and 6.3,

ﬁ(pkil) — PL(kki{bkil)E{k@J} — PL(kki],pki])E{ p@l} E{kkil}_

Furthermore, up®?) =t up®"*?) = kX, upt¥) =t¥*1 and upk*) =s**1. Hence
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{ud‘”(zkﬂ): Zk17 ﬁ_(r)kﬂ)} - FTL(fkﬂ)’

sop ! = t&1js a terminator fod“*! alongL *”.

We now verify (ii) by showing that only finitely many sectionsxdf are weakly
controlled at nodels L**!. By (2.11) and Lemma 3.1 (Limit Path), 811 L*! such
that wt( (a*t1) > i, a®*1E hk*1 andl (a1 1 L. By Lemma 6.1(iii) (Finite Control),
there are only finitely many initiators fot'! on T%; sinceX!" is not weakly controlled
annng, we can assume without loss of generality that every initiatotfoat some node
alonng has a terminatdr | (a**1). Furthermore, by (2.4) and Lemma 3.1 (Limit Path),
we can assume that for alft? such thaak1 i X7 L* if | (X)) extends an initiator
for X[, then that initiator lies along *’. Suppose that"*! is given such tha 1| "

I L*1 By (2.4) and (2.6), (8" E | (ak?). As wt( (ak*1) > i, it follows from the
choice ofakt!, (2.1), and (6.4) that there is no initiator %! atl (&%), soX!7 is not
weakly controlled att (2%*?). Hencea**! cannot be an initiator for a sectiomdf! at any
node. Thus there are only finitely many initiators for sectior%[ibfalonngﬂ. By the
preceding paragraph, every initiator aldﬂ‘g” for a section oX['! has a terminator along
LK so we can fix ! 1 L*? such that each such terminatot ix**". It now follows
from Definition 6.4 that if & Wt(i(kﬂ), then(X[i])[“] is not weakly controlled at any node
I L% so (ii) follows.

Fix i and u and assume thdt j{0,2}. Then there are no terminators for sections
of X alongL ¥, Hence if(XIhY is weakly controlled at somg*!1 L**! then by
Definition 6.4, there is an initiator fcﬁx[i])[“] which has no terminator anrld<ﬂ. By
Definition 6.3, for all v3 u, (X[i])["] will have an initiator along_kﬂ which has no
terminator alond- k1 5o by Definition 6.4(X[i])["] will be weakly controlled along =
(i) now follows from (ii). n

As we extend nodes alorhd, the path approximation 10*** via the function
will occasionally switch paths. We show that for requirements of types 0 and 2, the choice
of initiators is invariant under switches of paths, as long as the initiator remains on the
switched path and no terminators are eliminated.

Lemma 6.6 (Constancy of Initiator Lemma): Fix k £ n andh® ] T Let Sbe a
space associated with the requirement R of dimension r and ftyg@,2}, and assume
that kE r-1if j = 0, and k < r-1 if j = 2. Suppose that S is weakly controlldd @&t)")
with initiator d*%, and that (h¥) E d“**. Thend“*! is the initiator for S at(h¥).
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Proof: First assume that j = 0 and k = r-1. b&t! be the controller for S at

| (h%). Thennk*1 s the only controller for S ofi**?, and the initiator for S along any path
properly extending“*! is the immediate successorrdt! along that path. The lemma
now follows in this case.

Suppose that k < r-1. Let* = (h%UI ((h%)"), and note, by hypothesis, that
rkt1 g g1 We assume that*11 | (hK), else by (2.4)] (h¥) =1 ((h%)"). Under this
assumption, it follows from (2.4) thdt(n*))- = r¥*1. As S is weakly controlled along
| ((h%)"), it follows from (6.6) and (2.11) that wt(E)wt(l ((h%)7)) < wt(l (h¥)), so by
(6.4), | (h%) cannot be an initiator for S, and by Case 3 of Definitionré‘3, cannot be a
terminator for S dt(h¥). Hence as**! = (I (hK))-, all terminators for S alonig(h¥) are
I rk1 By (6.7),d"+1 is the longest initiator for S alomg(h¥)") which has no terminator
alongl ((h%)), so a1 i rk*1 (1 (hk))-, d“*!is the longest initiator for S alongh¥)
which has no terminator alomgh¥). By (6.7),d“"? is the initiator for S at(hk). n

In order to show later that the functionals which we define are total on certain
oracles, we want to show that for requirements of types 0 and 2, if a space is weakly

controlled along an approximationli& but not along a later approximation, then that space
is never weakly controlled again. This will fail to be the case only when a terminator is

switched. As the proof does not depend.&,rwe prove the general case.

Lemma 6.7 (Loss of Control Lemma): Fix k < n, a space S for a requirement R of
type 0 or 2 with k+1 < dim(R), arftk T T such that wt(SE wt(l ((h¥)7)). Suppose that
S has no initiator dt((h¥)"). Then S has no initiator b(h¥).

Proof: Suppose that S has an initiatf* at | (h%) in order to obtain a
contradiction. By (2.4),1(h*) T | ((h%)7). As wt(S)E wt(l ((hK)")), eitherl ((h¥)) =
| (hX), or by (2.11), wt(S) < wit((h¥)); and in the latter case, it follows from (6.4) that
| (h%) is not an initiator for S at any node. HeokE' i | ((h%)"). By Case 3 of Definition
6.3, the immediate successdt! of any terminator for S alorig((h¥)") is an initiator for
S atr ¥*1; hence the longest node which is an initiator for S at somelnddgn)") can
have no terminator alorg(h%)?). Asd*“**{ 1 ((h¥)), it follows that there is an initiator
for S atl ((h%)), contrary to hypothesis

When a nod@? relinquishes control of a space to a nodewe will need to know
that, often enough, the axioms which were defined by derivativesart either the same

axioms that would have been defined by derivative8lpbr are corrected. The next
lemma is a key ingredient in showing that this happens. It allows us to trace the process of
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switching initiators, and will be used to show that we can correct axioms for requirements
of types 0 and 2. We consider the case whewitchesk! 1 T2, causing weak control of

a space S to pass from a nodeo a nodéi. We will show that this can occur only when

d'i ki d, whered® andd" are, respectively, the initiators fof atl (h-) andf® at

| (h). By Lemma 3.3I(-Behavior), for all # 1, h will switch upl(k}) = k. We try to
carry this situation up to successive trees, by showingutf(at) weakly controlsup(S)

alongl '(h-) with some initiatord', upi(d!) weakly controlaupi(S) alongl (h) with some
initiator d', andd'Ud' i k'i d'Ud'. Furthermore, the shortest element dtd '} will

v Al At . . .
alternate by level, i.ed'l d iffd 1 d"*L We will be able to carry this alternation up

inductively throughr'® where p+1 is the smallest j such that A, and in some cases, to

TP, (In the other cases for t = p+1, we will have to resort to a different proof, as some of
the arguments will fail.) The remaining lemmas of this section will then enable us to show,
in the next section, that we can correct axioms when necessary.

Lemma 6.8 (Alternating Initiator Lemma): Fixh 1 T®and let S be a section of a
space assigned to the requirement R of dimensiad and type 0 or 2. Suppose that S is

weakly controlled byi! atl (h*) with initiatord?, S is weakly controlled bﬁrl atl (h) with

initiator d*, andd * d". Let p be the smallest t such that™(n?) = up*1(n?) if such a t
exists, and let p = r-1 otherwise. (Note that, if tp(R) = 0, then t must exist by the definition

of © for type 0 nodes.) Then for all t[1,p], there arati dti 1%h?), ati &' i 1%h),
kt=1%h)U '(h), and a spac®' such than! = up(n?), A' = upi(p?), Si S, and:

(6.8) ntweakly controlsS' atl {(h-) with initiatord!, and if t > 1, thet (d*?) E d.

~ P = 3 RN
(6.9) Alweakly controlsS' atl {(h) with initiatord, and if t > 1, them (d ) E d.
(6.10) d'i k'l d'iftiseven, andl i ki dtiftis odd.

Furthermore, if 1 [2,p], then by (6.8) inductively and Definitions 6.3 and 6'4yeakly
controlsS' atl (d‘ﬂ), so we can fix the initiata ' [ | (dtﬂ) such than! weakly controlsS'
atl (dtﬂ) with initiator d . Similarly, by (6.9) inductively and Definitions 6.3 and 4,
weakly controlsS' at (d tﬂ), so we can fix the initiatad® [ | (atﬂ) such thafi' weakly
controlsS' at| (a'ﬂ) with initiator d'. (We need to introduce' and d here, as the

~ 11
initiators for S' at | (h") and1'(h) may differ from those ak (d*!) and | (dt ),
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< ~tEl ~
respectively). Let'=1(d*})UI(d ). Thenforall i [2,p]:
6.11) () d'f rti dliftisevenand'i rti d'iftis odd.
i) d'=diiftis even, and=d"if tis odd.

In addition:

(6.12) (6.8)-(6.11) will hold for t = p+1 unless either:
() ptl=ror
(i)  nP has finite outcome alord’(h”) iff A" has finite outcome alord(h).

Proof: First assume thatt=1. Then (6.8) and (6.9) follow by hypothesbﬂ As
! al, it follows from (6.7) and Definition 6.7 that(h)|l (h”), so by Lemma 3.3l ¢
Behavior),! (h)"1 | (h"). Thus by Lemma 6.6 (Constancy of Initiatdrjh-)Ul (h) 1 d.
By (6.4), (6.6), and (2.11), w() £ wt(S) £ wt(l (h)) < wt(l (h)), sod" * | (h). Hence

ali | ()" =1 (h")UI (h), and (6.10) holds.
Suppose that ¥ 2. We first verify (6.11)(i), assuming that t is odd. (An
analogous argument gives the proof for even t by interchanging the hatted and unhatted

nodes, the nodes with bars and tildesandh", and odd and even in the proof below.) By
~ A ttl
(6.10) inductivelyd™!i d .

A ] i
Case 1:1 (d*h] (dt ). We begin with the proof thaf i rt. By (2.4) and

. el
Lemma 3.1(ii) (Limit Path), there must bex&! such thatd**1 x%1| d

. ~t£] _
| (@Y1 (x=Y), x=Y) is a derivative of t, | (x*) [ | (dt ), and ((xX¥Y) =rt. Asrtd

PN | _ .o
I | (d : ) by (6.2),r! andd' are comparable. Suppose thét d' in order to obtain a
contradiction. Theh(xtﬂ) i d By (6.4) and Definition 6.7,

(6.13) wt(d ) £ wi(S) £ wt(l (d*D)
and
(6.14) wi@) £ wiS) £ wtl @")).

(Note that (6.13) and (6.14) do not make sense when t = r.) (d&}) 1 | (x®?), it
follows from (6.13), (2.11), (2.1), and (6.14) that
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wt(S) £ wt(l (d=) < wt@ (x®Y) £ wt(d) £ wi(S),

a contradiction. Heno# i rt.

We complete the proof of (6.11)(i) for Case 1 by showingrthiat g By (6.2),
rt.d'i 1 (d®Y), sortandd' must be comparable. It suffices to assumedhét rt, and
show that t = p+1 and (6.12)(ii) holds. By (6.16!1 a" so iterating Lemma 6.6

~ ~ til ~ —
(Constancy of Initiator) fod®1 d , we see thad ' = d; thus by (6.3)nt = A'. Hence t
= p+1. There are two cases to consider.

~p+l _
First consider the case in whiof™! has infinite outcome alom‘tjID+ =d™% Then
nP*! has infinite outcome along batlid®) E il andI (d ) E d™, so all derivatives of

nP*1 alongd® (d resp.) have finite outcome alod (d resp.). In particular, by (6.2)
and inductively by (6.8) and (6.9)P has finite outcome along’(h”) E d” andA” has

finite outcome along’(h”) E d , SO (6.12)(ii) holds.

Now consider the case in whioR*! has finite outcomeP alongdp+1 =d™’. Then
nP*1 has outcomeP along botH (d°) E & andl (dp) E dp” so by (2.5)gP 1 dP, d
By (2.4) and (2.8),f)” has |nf|n|te outcome alon® and is the longest (and principal)
derivative ofP*! along eithed® ord Now by Lemma 4.3(i)(c)(a), any primadj? link
(dp link, resp.) which restraingf)~ restrains all derivatives oP*! alongd® (d resp.).
Hence by Definitions 6.3 and 6.4, the controllersuigi(S) corresponding td® anddp,
respectively, are the longest derivativesn8f! properly contained ird® and dp,

respectively, sof = A° = (®)” and (6.12)(ii) holds. Thug' E rtunless (6.12)(i) or (ii)
holds, concluding the proof of (6.11)(i) for this case.

. t£1
Case 2: 1| (d‘ﬂ) and | (dL) are comparable. By Definition 6.7,
. 1 i o
wi(l (d=).wtl @) * wiS), so by Case 3 of Definition 6.3 and (6.4}, (@, resp.)
o A 1
has a terminator along(dtﬂ) iff d' (dt, resp.) has a terminator anh(pIt ). Thus by

Definitions 6.3 and 6.éfjt =d', so by (6.3)n' =A'. Hencet = p+1. We now proceed as
in the preceding two paragraphs, showing that (6.12)(ii) holds, and thus that this case is
contrary to hypothesis, and concluding the proof of Case 2.

We now verify (6.8)-(6.10) and (6.11)(ii). Assume thattis odd. (If tis even, then
an analogous proof is obtained by interchanging the hatted and unhatted nodes, the nodes
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with bars and tildedy andh-, odd and even, and (6.8) and (6.9).) We begin by showing
thatd' i kt (a portion of (6.10)) by eliminating the other possibilities. 4'et ktUd', and
assume that' 1 d' in order to obtain a contradiction. First suppose théias finite
outcomez™! alongd', and so thatZ*)- has infinite outcome alorg** and up(®Y)-) =

2t Asd'l d'7 1 (d®Y by (6.11)(i) and the definition af , it follows from (2.5) that
z%11 d*1 By (6.10) inductivelyz®*1 | ®ih)U ®¥Y(h) = kL. Hence by (2.4) and
Lemma 3.1 (Limit Path)!,d' E z°&™ i contrary to the choice af.

Suppose that' has infinite outcométﬂ anngat. By Lemma 3.3I(-Behavior)
and as t is odd arfdswitchesk?, k! has finite outcomg®™* alongl (h). Now it cannot be
the case that 1, else a&t1] b¥1j d='f | *1(h) by (6.10), it would follow from
(2.4) thatk! = z' has finite outcome alor@, contrary to our assumption. Hencezhk
d kit Asl (@Y EAE 2t we have 1 @™ by (2.5), and soz( ) is the initial
derivative ofz! alongatﬂ. By Lemma 3.1 (Limit Path) and aSi k!, z' has an initial
derivative alonk®?!; and by (6.10) inductivelyfl e andk®! are comparable; hence this

A ] “ _
initial derivative must also bez ). Asz!=k'Ud" andk!d', it follows from (2.4) that'
must have finite outcomg*! alongk!, so by (2.7)z%!i k%1 By (6.10) inductively,
w1y Al thettlxi g qEl t _ ey A EL th s bl T
k=1 d ,soz”"& il | (d ) by (24). Thusz' = k'UI(d ) andz”& fl
At iy
kil (d ), a contradiction. We thus conclude that k.
We next verify (6.11)(ii) and (6.9). By Definition 6.4, we noted in the hypothesis
A ] _ I
of the lemma that' weakly controlsSt atl (d ) with initiatord', andl (d ) E d'. By
Lt . 1
(6.9) inductively,d ™ I 1%(h). As S is weakly controlled at (@), wt(S) £
A ] At S
wt(l (d ")) by Definition 6.7. By (2.11), for ati* such thad 1 n#*! | ®%h) and
. t£1 . 1
L@t 1 (R, wig (mh) > wig (@) @ wiS), so by (6.4)) (ntY) cannot be an
initiator for S, and ( (m*h)- cannot be a terminator f& alongl (nf*?). Hence by
(6.5)(ii), we havel' = d', verifying (6.11)(ii). Also note, by (6.7), that is the longest
initiator for S' at | '(h) which has no terminator alond(h). (6.9) now follows from
Definition 6.3 and (6.3).

We now verify (6.8). By (6.8) inductiveld™! i | ®*Y(h), so by Definition 6.7
and (2.11), wig) £ wt(l (d%Y) £ wt( {(h)). Asd' =d'i k'i 1%h?) andd'is the
initiator for S atl '(h) E k!, it follows from Definition 6.3 thaﬂt has no terminator along
ki and ak!is| (h")-free by (2.10), there is no primary(h")-link which restrain!. It
thus follows from (6.5) that there is an initiathrfor S' atl '(h"). Hence by Definition 6.4
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and as W1$t)£ wt(l {(h)), Sis weakly controlled dt'(h"). We complete the proof that
(6.8) holds by showing that(d™?}) E d'. Assume to the contrary, i.e., thti/ | (d*%),

in order to obtain a contradiction. A& [ 1 %Xhy), dt i/ 1 (d*Y), andd'i 1'(h), it
follows from Lemma 3.1 (Limit Path) that there must be*d such thag™! i ni!|

| ®*h7) and| (nf*Y) = d'. But then by Definition 6.7, (2.11), and (6.4), }(£
wt(l (A=) < wt(l (D) = wt(d") £ wt(S), a contradiction. Hence (6.8) holds.

Finally, we complete the verification of (6.10). Since we have already shown that

d'=d'i Kt it remains only to show thati d. Asdis an initiator at {(h-) E k!, it
follows from (6.2) thak! andd' are comparable. We assume tiffdt k!, and obtain a
contradiction. By (6.7), the initiator for a space at a rgpdethe longest initiator for that
space at any nogel g which has no terminator alogg We showed earlier thaﬁtt =d'
i k. Nowd!, d'i kt=1'h)U Ynh), d is the initiator fors' atl(h?), andd' is the
initiator for S' atl (h). By (2.10) or Lemma 4.5 (Free Extension), any termirgittor d'
alongl '(h) (@ ‘alongl '(h), resp.) must bé k. If ¢ = k', then by Definition 6.3, the
immediate successbt of k!t alongl '(h) (I (h), resp.) must be an initiator f& atb', so
by (6.7), must have a terminator aldri¢h?) (I '(h), resp.). But this would imply that
there is a primary '(h")-link (I {(h)-link, resp.) restraining!, contradicting (2.10) or
Lemma 4.5 (Free Extension). Hengel k! sod is the terminator fod' (at, resp.)
along botH (h-) and! {(h). By (6.7), it must then be the case ttfat d'. But then by
(6.3),nt=A', so t = p+1 and (6.12)(ii) follows from (6.2).

As we have noted above throughout the proof, (6.12) also holds.

We now show that, under the hypotheses and notation of the Alternating Initiator
Lemma, activation (validation, resp.) fof along | '(h”) corresponds to activation
(validation, resp.) font*! alongl **(h) for t1 [1,p]; and activation (validation, resp.) for
A' alongl '(h) corresponds to activation (validation, resp.)8t alongl *(h) for t 1
[1,p]. Furthermore, the same will be true for t = p+APifs activated alonfP(h") iff A° is

validated along P(h) and upgF) = up(ﬁp). (If the latter fails, then we will not need the
lemma, as correction of axioms will be unnecessary.) We need to add the hypothesis that

nox! T T2 such thax!© n!is switched ah: if somex!® n!is switched ah, axioms

which are newly weakly controlled knl} ath are corrected, so we will not have to use the
Outcome Lemma below. For requirements of type 0, we only need the simpler, but

equivalent condition that nosuch thatip(x}) = upi(n?) for some £ dim(n?) is switched
ath. The more general condition is needed for requirements of type 2.
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Lemma 6.9 (Outcome Lemma): Fixh T TO. Suppose that S is weakly controlled by
nl atl (h") with initiatord*, S is weakly controlled b|§r1 atl (h) with initiatoral, nox! 1

T1 such thak © nlis switched ah, d** d", and tpY) 1 {0,2}. For allti [L,n], letnt

= upi(n?) andn' = upi(p?). Let p be the smallest t such th&t! = AL if such a t exists,
and let p = dimg?)-1 otherwise. Then for allit [1,p], n'is activated along'(h") iff n! is
activated alondj (h"); andfi' is activated along'(h) iff Al is activated along (h). If,
furthermore P is activated alonyP(h") iff A" is validated alongP(h) andnf*! = APte,
thennP*! is activated alonyP*(h") iff nis activated along(h-), and AP is activated
alongl P*i(h) iff At is activated along(h).

Proof: We proceed by induction on t. We will prove the lemmanfasnly (a
similar argument yields a proof fal). The lemma is vacuous for t = 1. Fix notation as in
Lemma 6.8 (Alternating Initiator). Let g = p+1. As the Alternating Initiator Lemma cannot
be applied if t = g = dirm?), we first prove a weak version, (6.15), of (6.8) to cover the
case in which t = q = dimf), n9 = upP) = up@") = A", andnP is activated alongP(h")
iff A" is validated alongP(h). This weak version of (6.8) will suffice for this case. (Note
that a similar proof will also yield a weak version, (6.16), of (6.9).) By hypothesis,

(6.22)(ii) will not preclude the use of Lemma 6.8 (Alternating Initiator).

Suppose that t = q = p+1 = dind{ andn9 = A%, By hypothesisndi

1 9h"),1 %h). Fixd?i 1 9h") such thatd%)- = nd andd ' | 9(h) such that(iq)- =A". We
will show that:

(6.15) If n9 has finite outcome alord!(h’), thennd1 d?{ | (d%Y).

We leave it to the reader to verify with a similar proof that:

. ~0. A0
(6.16) If A% has finite outcome aloridi(h), thena®i d' 1 1@ ).

We have noted that:
(6.17) n41 k9=19%n)U 9h).

We note that, in the notation of Lemma 6.8 (Alternating Initiatogwitchesk! =
| (h7)UI (h). By hypothesis,é(q)' =a"=nd=@%". By (6.17),] 4h’)U %h) =kI E nd.
Fix b®?! such that thatd has finite outcom&%! alongl 9(h"), let p®! = (0*?), and let
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nf*1 be the initial derivative afid alongb®’. Asd’i 1%h-) and @%- = n9, it follows
from (2.4) than%& %= d9. By Definition 2.1,p%! has infinite outcome alorigf** |

| %1(h7), and by (6.2) and (6.100f*11 k1 Asb®! k®1| | ¥Yh), b*! andk®! are
comparable. It cannot be the case fifét E k%1, else fif*? p®1 would be a primary

I qil(h')-link restrainingk®1, so by (2.10)h could not switctk, contrary to assumption.
By hypothesish does not switch any noden?, sop®11 k%1 Hencep®!i k%*!and
sob®!1| k®1 By (2.8),p*!is the longest derivative af along! %(h"), so all
initiators forS™! at noded | qil(h') whose corresponding controller is a derivativa®f
arei k®1 Now no initiator forS¥! at any node along®(h-) can havep®! as its
controller via Case 3 of Definition 6.3 unless there is a shorter initiat&ffowhich has
p®! as its controller via Subcase 1.1 of Definition 6.3 ; and by Case 1 of Definition 6.3,
that shorter initiator must B8, As n®!is activated along®*(h) iff A% is validated
alongl qi](h) andn®! andA%®! are derivatives ofi% and are controllers for sections of
s*1 it must therefore be the case thdt! is an initiator forS¥! atb®!. As| ®(h-) E
k®1E b1 we haved™! E b*?! by Definition 6.3. So as®i | (d*Y), upn®?) =n9 and
(b%?)" has infinite outcome alortf*, it follows thatl (d%Y) E n®&*i=d9, so (6.15)
holds.

Now consider any t such tha€E2 £ g. First consider the case whetdas infinite
outcome alond '(h"). Then all derivatives af' along| tiJ(h') must have finite outcome
alongl tJ-'](h'). In particularn®! has finite outcome anHg‘iJ(h'), so the lemma follows
by induction in this case.

Next consider the case wherehas finite outcome™! alongl '(h-). By (2.5), b*?

[ 1%h"), so by (2.8), i) is the longest (and principal) derivativerdfalongl ®(h-);
hencen*!{ (b*%)-. Asd'is an initiator at '(h") if t < g, and by choice af if t = g, nti
d'i 1h), son&™ i d'. By (6.8) or (6.15)d' I | (d*?), so by (2.5)p™ | d*L.
Now d™*?! is an initiator fors™®! andnt*! at1 %%h?), n*1i (%Y, and up™?)-) =
up(™)). By Lemma 4.3(i)(c),(a),b*") is restrained by a primanf*’-link iff every
derivative ofn! is restrained by the same primzml‘f/l-link; hence by Definition 6.3, the
controllern*! chosen for the initiata™? is the longest derivative of alongd®™?, sont!
= (btil)'. Thus the lemma follows by induction.

We now want to show that when the controlling nodd@ bis changed, then either
the new controller inherits axioms with the value it desires, or the axioms are corrected,
allowing the new controller to redefine those axioms. The situation differs with the type of
the requirement, so we prove different lemmas for each type.
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We begin with a requirement R of type 0. The situation will be as follbvwsill
be 1-switching, causing weak control of a space to passrftdmi® on TL. If h-© n?,
thenh” will cause something to be placed into the oracle set for the axioms newly weakly
controlled byﬁl, thus aIIowingﬁ1 to correct the axioms to the value which it predicts.
Otherwise, we will show that boti# andi® predict the same value for those axioms, so
no correction is necessary. To show that the predictioms byd Al agree, we need to
go up to the smallest q such that(n?) = upd(Al). An analysis of the situation ar will
enable us to go down 6! and show thaup™(nl) is activated along qJ-’](h') iff
upqi](ﬁl) is activated alongqﬂ(h). It will then follow from Lemma 6.9 (Outcome) thalt
is activated along(h") iff Alis activated along(h).

Lemma 6.10 (0-Correction Lemma): Fixh T TO Suppose that S is weakly
controlled byn? atl (h”) with initiatord*, S is weakly controlled b|§r1 atl (h) with initiator

d', d' d", and tped) = 0. Letk® =1 (h")UI (h). Then one of the following holds:
() nlis activated along® iff At is activated alond".
(i) h switchesk!i d!andk!e nt,

Proof: Fix notation as in Lemma 6.8 (Alternating Initiator), and fix the least g

such thand=A". If q = 1, then by hypothesis, either (i) holdshomust switchn! and

(if) will hold. So we may assume thatq > 1. Letp =(g-1.
If nP is activated alongP(h”) iff A" is activated alongP(h), then (i) follows from
Lemma 6.9 (Outcome) - 9 nl, and (i) follows ifh-° nl. So we assume thaP is

activated along P(h") iff A" is validated alongP(h).
Suppose that q < dim{). By our assumptions, the conditions of (6.12) fail, so

we can apply Lemma 6.8 (Alternating Initiator) with t = q. By (6.kd), dl. Asnd=
A% it follows from (6.10) thand = nd0A%1 d0A" i k9 = 19h)U %(h). Thus the
outcome ohd alongl %h") is the same as the outcomeﬁ%falongl 9(h), sondis activated
along alond %h-) iff A" is activated alongh). (i) now follows from the second
conclusion of Lemma 6.9 (Outcomehif9 ni, and (ii) follows ifh-° n?.

Suppose that q = dim}). By (6.10),deapi kPl dPud’. Furthermore, as
tp(n!) = 0, Subcase 1.2 or Case 2 of Definition 6.3 must be followed to define controllers
and initiators o, sonP = (dP)- andn” = (ap)-. (We note that if Subcase 1.2 is followed,
then as, by Subcase 1.1, all initiators fornfp(= up(ﬁp) are immediate successors of
up(ﬁp), it follows from Lemma 3.1 (Limit Path) and Lemma 3.3Behavior) thanP =

~P < N , ., ,
(@)-andi” = @)-) ThusnPUAPT kP. It cannot be the case tmdtA” E kP, elsenPUA”
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would be the last node of a primar§(h-)-link or | P(h)-link which restrainkP, contrary to

I R AP
(2.10) or Lemma 4.5 (Free Derivative). It cannot be the caseRiati kP, elsed”Ud
i kP. HencenPUn" =kP, and (ii) holds.n

Suppose R is a requirement of dimension r and type 1 and that the space X is
assigned to R. Control of sections of X along a péffﬁis divided among derivatives of
many different nodes af". The following lemma, together with the requirement that the
construction of Section 7 respect implication chains, will ensure that all but finitely many of
these sections are controlled by nodes which are activated larfblng)r all but finitely
many of these sections are controlled by nodes which are validated.éﬂ&ng' he lemma
will be used to analyze the situations which can occur when control of a space is
relinquished by *Tto s™1  Condition (i) says that both™! ands™! want to declare
axioms with the same value, so the axioms declared by derivatis&s afe safe foé 1)
Conditions (ii) and (iv) will be used to show that enough of the axioms declared by
derivatives ofs"™! are corrected when control is interchanged. And condition (jii) will
allow us to show that the set of conflicting axioms is sufficiently thin, and so will not
interfere with the existence of the desired limit. The hypotheses placed on the lemma are
chosen to capture exactly the cases for which the lemma is used.

Lemma 6.11 (1-Similarity Lemma): Fix an admissible ¢ 1 [TO] and for all t€ n,
letL'=1%LY. Fixr€nands™ 1 ™' t™!1] L™ such thas™!° §™! upe?)1
up@™Y), ™) =8™! tps™h) = 1, dimg™Y) = r, ands™?! and s control (different)
sections of a space XL Fixt™!] t™*1such thaft™!) =s™1 and assume that $*!
has infinite outcome alor§*!, then there is no derivative of L@ﬁ(]) alongs™!. Then one
of the following conditions holds:
(i) s"™!has finite outcome alortdt! iff ™ has finite outcome alortd.
(i) s"™!has infinite outcome along*?!, $™? has finite outcome alortg*?, and
there is & *-injurious primaryt *-link [nf*!, p™ such that
prJ_r:IT PL(S ri],tri])_
(i) s™!has finite outcome alortdt!, §™! has infinite outcome alorng*?, and
there is a primary™*-link which restrains .
(iv) s™! has finite outcome along*!, ™! has infinite outcome along*’,
upc™) T up@™), there is no primary™L-link which restrains !, but
thereis ' T PL(up6™),! (t™1) such that OS(*) i TS({E").
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Proof: Suppose that (i)-(iv) fail, in order to obtain a contradiction. By choice of
r, ass™! ands "™ control spaces 4f*!, and by Subcase 1.1 of Definition 6.3, for dli-

1, the principal derivatives af'*! alongout(t™?) and$"™' along out(t™?) must be
implication-free.

First suppose that™” has finite outcome alortgtl. We can assume, without loss
of generality, thas™! is the shortest string satisfying the hypotheses, but not the
conclusion of the lemma f&™”. By the failure of (i)s ™ has infinite outcome alortg*?,
As s "1 controls a space #t, it follows from Definitions 6.3 and 6.4 thaf*! controls a
space at™! and so thadut’(t™?) is pseudotrue. Thu$*! must be implication-free, and
cannot require extension.

Let 5™ be the initial derivative of up{*?) alongt™?, and lett™? be the immediate
successor o "' alongt™1. We show thag ™" controls a section of X &*!. If §™! =
§"™1 then this follows by hypothesis. Otherwise, it follows from (2.8) &fidkthas finite
outcome along™. Now by Lemma 4.5 (Free Extension), &5 = up€™) i 1 (t"™9)
and upg™) is | (t™*Y)-free. Furthermore, up(*’) must be implication-free, else by
(5.23), $™1 would not be implication-free and would not control a section of ¥*at
Hence by Lemma 5.16(iv) (ImpIication-Freenes:B)tO(frﬂ) is pseudotrue. Now by
Lemma 4.5 (Free Extension)p'(™) 1 | "(t™1) must bd "(t")-free, and by (2.9) and
5"1js both the initial and principal derivative (s ™) alongt™". By Lemma 5.17(iii)
(Assignment)s™! is t"™*Lfree and implication-free. Now iterating Lemma 4.6(i) (Free
Derivative) and Lemma 5.16(ii) (Implication-Freeness), we see that foEalli, the
principal derivative o& " alongt ! is implication-free. It follows from Definitions 6.3
and 6.4 thas ™! controls a section of X &t*!. Hence without loss of generality, we may
assume tha™1=s"!

As up@ri]) has no derivative alorgf*! and (ii) fails, (5.16) holds; hence 8%
controls a space &t, it follows from Definition 5.2 and Subcase 1.1 of Definition 6.3
that for somes™| s™1 48 s™ t™*Jifis an amenable (r-1)-implication chain along
L™, But this contradicts Lemma 5.15(i) (Admissibility).

Now suppose th&"™ has infinite outcome alortgtL. As (i) fails,s ™! has finite
outcome along™!. As (iii) fails, it follows from Lemma 4.3(i)(a) (Link Analysis) that
upE™) 1 (t™Y. Ass™ = (™Y, it follows from Lemma 4.5 (Free Extension) that
up@™) 11 (t™Y). Hence u™?") and upg'™?) are comparable. No&™*’ has infinite
outcome along?, so$™is the principal derivative of ué(”) alongt™1, It cannot be
the case that ué(ﬁ) I up@™), else by Lemma 3.1 (Limit Path), there would be no
derivative of up§"™?) which isi §™’, contrary to the hypothesis tr&lt?i §™'. Thus by
the above, us(*Y) i up@E™?.
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We now show that™! requires extension fa™?. (5.1), (5.2), and (5.5)(i) follow
easily from hypothesis and the observations already made. The failure of (iii) implies
(5.3). We noted, following Definition 6.2, that eves{¥-injurious primaryl (t™%)-link
[, p' is s™-correcting. Suppose thgtl PL(up&™?),l (t™*1) and TS¢)CRSE™Y) *

-, in order to obtain a contradiction. First suppose that (5.13) cagsés enter
PL(upE™Y,l (t*1). Then there is af such that iif,d] is a primaryl (t™%)-link
restraining ug™7). Letx' be the immediate successorghfalongl (t™*). Thend 1
PL(x"), so ,d] is up "Y)-injurious and restrains uptty). But then fil,d] is upE Y-
correcting, contrary to our assumption that (iv) fails.

Now suppose that (5.14) causkso enter PL(u"™7),| (t™*1), but (5.13) does
not. Thenthere amdl upE™) 1 d = ("1 s'i x' such thas' requires extension
but has no primary completion with infinite outcome alghgand as (5.13) did not apply,
g1 PLAXE{d}. As ouff(t™)) is pseudotrue, it follows from Lemma 5.5(ii)
(Completion-Respecting) that has a primary completiok’ alongl (t"*1) which has
infinite outcome along) (t™*1). Fixa'[ | (t"1) such thatg")- = k". By Definition 5.3
and Lemma 5.1(i) (PL Analysis),T PLd"kNE{d} i PL(x). Thus [,k is up6™?)-
injurious and restrains uptt?). But then if,k'] is upE™Y-correcting, contrary to our
assumption that (iv) fails.

We conclude that (5.4) holds, and so ti&t requires extension for sonsé™! |
s™1 By Definition 5.6t is not the completion df*! for s"*!. Hence by (5.21)*1is
implication-restrained, and sttO(tr’—'J) is not pseudotrue. But then by Subcase 1.1 of
Definition 6.3,5 " is not a controller for a section of Xt4t?, contrary to hypothesisq

Because of the finiteness of the number of initiators for a given space X, we can
settle on an initiator which will control a given space along a path. However, it is possible
to have comparable initiators along a given path, each determining control of sections of the
same space at infinitely many nodes along the approximation to the path. The switching of
control is determined by the terminators. The next lemma will allow us to show that all but
finitely many axioms declared for a space controlled by a node of type 1Lai!hwig have
the correct value.

Lemma 6.12 (1-Correction Lemma): Fix an admissible‘T T9and letL! = (LC).
Suppose that!1 L! controls the space S alohd with initiator d*, and that tpg®) = 1.
Assume thah i k1 LS wt(h®) 3 wt(S),d' is the initiator for S at(h®) and atl (k), but
not at anyl (g) such thath i gl k. Then there is at such that for algT [h,k),
[nt,(I (h))] is ani-correcting primary (g)-link with i1 d*i (I (h))-, andk switches
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(I (h))-. Furthermore, ik is the shortest pseudotrue node suchkHat I LS, then for
every nodé! T PL(l (h)), there is & such thak [ b [ x andb switchesb?.

Proof: By hypothesis, for alysuch thah I gl k,1((h))* 1(g. Aswth?) 3
wi(S), it follows from (2.11) that wk(g)) > wt(S) for allg such thath i gl k. Thus
Case 3 of Definition 6.3 must be followed &h) to define [ (h))- as a terminator fouf?,
so there is al-correcting primary (h)-link [, (I (h))] with i1 d*i (I (h))-, and
(I (h))- has infinite outcome alorigh).

Asdli L1 it follows from (2.6) that ng such thah I gl k can switch any?

i dl. By (2.10), no sucly can switch any ! such thatt i rli (I (h)). Hence by
(2.10),1 (k) and { (h))- must be comparable. Also, gsuch thah I gl k can switch
(I (h))-, else by Lemma 3.3 {Behavior), ((g))- = (I (h))- and { (g))- would have finite
outcome along (), sod* would be the initiator for S &f(g). Hence for aly such thah i
gl k, [m',(1 (h))]is anl-correcting primary (g)-link which restrainst.

Now ask cannot switch any1 (I (h)), asl (k) and { (h))- are comparable, and
asd! is the initiator for S akt (k), [nt,(I (h))-] cannot be a primarly(k)-link, sok must
switch ( (h))-. If (I (h))- is not a primary completion, theL(l (h)) = {(I (h))}.
Otherwise, letl((h))- be the primary completion of the immediate succegsof a node
st alongl (h). ThenPL(l (h)) = PLEYI (h))E{s'}. By Lemma 5.3(ii) (Implication
Chain) and Lemma 5.2 (Requires Extensi&mpust require extension for a derivative of
s1, and so as is pseudotrue, it follows from Lemma 5.5(ii) (Completion-Respecting) that
k must have a primary completi&i x which has infinite outcome along By (5.19),
upK) =s. Hence the immediate successok alongx switchess. By Lemma 5.1(ii)
(PL Analysis), PL§1 (h)) I PL@EL( (h))E{(I (n))}. Ask switches [ (h))-, it
follows from (2.4) that (k) = (I (h))*&kf and thatl((h))- has finite outcome alorngk).
Hence by Lemma 5.1(iv) (PL Analysis), Rl (h)) = PL&L, (1 (h))). It now follows
from Lemma 5.12(i) (PL) and &sswitches I((h))- that every node in Pk,l (h)) must
be switched by some node }]. n

Suppose that X is a space assigned to a requirement of dimension r and type 2.
When k = r-1, control of sections of X along a pafﬁl is divided among derivatives of
many different nodes af". The following lemma will allow us to use implication chains
to ensure that all but finitely many of these sections are controlled by nodes which are
activated alond."™?, or all but finitely many of these sections are controlled by nodes

which are validated alorig™?.
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Lemma 6.13 (2-Similarity Lemma): Fix an admissiblér T T° ands™!i t™*!]
s™1 t=1] | ™Xh) such thas™! and$"™" are nodes to which the requirement R of
dimension r and type 2 has been assigned. Assums'thats™! upc™) 1 upE™?,
™) =™ (™) =s™1 ands™! and$™? are controllers at*! andt™?, respectively.
Then one of the following conditions holds:

(i) s™!has finite outcome alortdt! iff "™ has finite outcome alortd*’.

(i) s"™!has finite outcome alortdt!, $"™** has infinite outcome alortgt?, and

there is a primary™*1-link which restrains ™,

Proof: We assume that (i) and (ii) fail, and obtain a contradiction. We will be

showing, under additional assumptions, either &&¥$™ t*¥ifiis an amenable
implication chain, or that™! requires extension f&™!. We begin by showing that
certain clauses from (5.1)-(5.12), (5.15) and (5.16) hold without any additional
assumptions. (5.5)-(5.9) and (5.12) follow from hypothesis.

As s™! and ™! are controllers at™! andt™, respectively, it follows from
Subcase 1.1 of Definition 6.3 that for alt ir-1, the principal derivatives af"*! along
out(t™?) ands™ alongout(t™), are implication-free, and that(t™*?) and ouf(t"?)
are pseudotrue. Hence (5.1) and (5.10) hold.

We next show that we may assume, without loss of generalitys tha(
resp.) is the principal derivative of stY) (up&™?), resp.) along™? (t™!, resp.). This
is clearly the case &7 ($ = resp.) has infinite outcome alotfg? (t™?, resp.). Suppose
thats™? (6™, resp.) has finite outcome aloti§? (t™, resp.), and le§™? be the initial
derivative of upg™?) (upE™?), resp.) along™! (t™! resp.). By Lemma 5.15(iv)
(Implication-Freeness), one of the conclusions of the lemma must haiffan place of
s™1(§™ resp.). If (i) holds fog™, then (i) also holds fos™! (6™ resp.). Suppose
that (i) holds fors™, and let fif*1, p™Y] be the associated primar§L-link. If up(s™) I/
| (t™1), then by Lemma 4.3(i)(a), (Link Analysisyit,p™*Y restrainss ™! ("™, resp.).
Otherwise, by Lemma 4.3()(d) (Link Analysis)ii*! = §™ so by (2.8), fi*],p™]
restrainss ! (6™, resp.).

We next note that tpf*?) = tp€™") = 2, so (5.4) holds, and ™' is a

art]l

pseudocompletion &f™*!, thens™ is an amenable pseudocompletiors &, so (5.16)
will follow once the appropriate clauses of (5.6)-(5.12) are verified.
We now proceed by cases.

S I’i],

Case 1:$"™ has finite outcome alortg*!. Then by the failure of (i)s™! has
infinite outcome along™?. We will obtain a contradiction in this case, so may assume
without loss of generality that*! has shortest possible length satisfying the properties of
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the lemma. (5.11) follows from the case assumptiodasd’, 5™t ifis an implication

chain. Now we have assumed th4t is the principal derivative of uﬁ(ﬂ) alongt™!, so
as$™! has finite outcome alortd*!, §™!is an initial derivative. Hence Wt?) has no
derivativel s™1. We have already noted that (5.16) holdsa&ét! st ifiis an
amenable (r-1)-implication chain. But then by Lemma 5.2 (Requires Extensioh}:®ut(

requires extension, smuto(trﬂ) is implication-restrained, hence cannot be pseudotrue,
yielding a contradiction.

Case 2:$™!has infinite outcome alorigt!. We first show thatt™?! requires
extension for some"™! | s™1 by showing that (5.1)-(5.5) hold fer*! in place ok,

artl

§'~ in place ofd®, andt™! in place ofhK. (5.2) and (5.5)(i) follow easily from
hypothesis. (5.1) follows from Case 1 of Definition 6.3 and the comments at the
beginning of the proof. (5.3) follows from the failure of (ii)). And we have already noted

that (5.4) holds. Thus™*! requires extension for son®*!' i s™1 But then, by
Definition 5.6,t "1 is implication-restrained, smuto(t +1) cannot be pseudotrue. Hence by
Subcase 1.1 of Definition 6.3,*! cannot be a controller af*}, contradicting our
assumption.n

The next lemma will be used to show that whenever necessary, axioms for type 2
requirements which need to be corrected when control is changed, will be corrected.

Lemma 6.14 (2-Correction Lemma): Fix an admissiblén T T° Suppose that S is
weakly controlled byr! atl (h”) with initiator d*, S is weakly controlled bg* atl (h) with

initiatord", d* * d", and tpY) = 2. Letk! = uph-). Then one of the following holds:

() nlis activated along® iff At is activated alond".
(i) h switchesk!i d!and dimk?)3 dim(n?).

Proof: Letr = dimg@?). Fix notation as in Lemma 6.8 (Alternating Initiator). If
n=1 =A™ then the proof follows as in the third paragraph of the proof of Lemma 6.10 (O-
Correction). Suppose thaf? A We assume that () and (ii) fail, and derive a
contradiction. As (i) and (i) fail, it follows from Lemma 6.9 (Outcome) thfat is
activated along iffi"! is validated alongy™”.

We assume that r is even. A similar proof holds when r is odd. By (6.10) and
Definition 6.3,n* A T n=I0A™1T | #(h). Fix = t= | | ®!(h) such thatt(*')- =
n=I0A™! and (#1)- = n=IUA™!, It follows by an easy induction theit! andt™! are
initiators forup™!(S), else eithen=!UA™! or n=1A™! would not be a controller for
up™!(S). There are two cases.
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Case 1:n"! fi'. By the preceding paragraph, we can apply Lemma 6.13 (2-
Similarity), to conclude that there is a primafy'(h)-link [ni*!, p=1] restrainingn'Ua™!,
By (2.10) and Lemma 4.5 (Free Derivatiie):! is bothl ™!(h-)-free and ™(h)-free; and
by (6.10),n=IUA™=! ] k™!, Hencep™!i k™!,

By (6.10),d™!0d"™ E k™!, so by (2.1), wK™!) < wt@*'4d"™). Now pr! 1
k! elsep™! would be a terminator fdf*' along both ™!(h-) andl *'(h), so by (6.19)
n=!UA™! could not be a controller at either of these nodes. pHls k™!, so by Lemma
3.3 ( -Behavior),h switchesp™!. But thenp™!is not an initial derivative, so by (2.9),
dim(p™!) > r-1; so (ii) must hold, yielding a contradiction.

< < NS =3 < NS =1 |
Case 2:n" =fA". By (6.10),n=!0A™! 1 d=Itd™ | k=1 d='0d" . By the
< . ATl
case assumption and as (i) fails™{Un™!, n"=10a™"] must form a primaryd™®'0d" )-

link, so by (2.10) or Lemma 4.5 (Free Extensidei! E n=IUA™!, We now sep™! =
n=IUA™! and proceed as in the last paragraph of Case 1.

Our final lemma shows that nodes coming from the true path of the construction
control spaces.

Lemma 6.15 (Initial Control Lemma): Fix an admissible.© 1 [TO] and for all kE
n, letL* =1 5L%. Fixz"1 L"and r£ n such that dinz") = r and tpg") T {1,2}, let z™*!
be the principal derivative af' alongL™!, and letz' = upg™!). Let S be the spacB,,
assigned to ugl*!), and fixd™! I L™! such thatq™!) = z™*!. Then:
()  z™*' controlss™ @1 alongL ™! with initiator d™*!.
(i) If z' has infinite outcome alonly’, then infinitely many derivatives a
control spaces alorig™'.

r+l

Proof: By Lemma 5.17(ii),(iii) (Assignment}' andz
L -free, andz™! is L™ free.

By Lemma 4.6(ii) (Free Derivative) and Lemma 5.16(ii) (Implication-Freeness), we
see that iz" has infinite outcome alonly’, thenz' has infinitely many implication-free

derivatives which are™!-free. Fix aL™'-free and implication-free derivatia@®' of z*
alongL™!, and fixx™='1 L™! such that{™")- =z™'. Note that, by definition, for allf

r-1, the principal derivative ™! alongL' is 7' = (outi(xrﬂ))'. By repeated applications

of Lemma 4.6(i) (Free Derivative) and Lemma 5.16(ii) (Implication-Freeness), we see that
for all i £ -1, Z' is L'-free and implication-free. By Lemma 5.17(iv) (Assignmexty,

are implication-freez' is
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out’(x™") is pseudotrue.

By Lemma 6.1(iv), (Finite Controlx™! is an initiator fors™®™) at x™=!, with
corresponding controll@™'. Asx is pseudotrue, it follows from Definition 6.4 tret’
controlsS™® ™! at ™! with initiator x™!.  As z™*' is L™!free and x™!)- = 2!, x!
cannot have a terminator aloh§!, elsez™! would be restrained by a primaly*'-link.
Hence by Definition 6.4™' controlss™®™ ) alongL™!. n

7. Construction and Proof. Fix k £ n andé,chl Zyx- In order to show thafkﬁkﬂ)

£1 Al(,kil), we wish to define a partial recursive functiob&t which is total on domaih*

from oracleA, such that for each e N, there is an x such thitmgF .(A,;0,x) * limg
D&lg(AC;V,x), and for all ylim; D&E(AC;V,y) exists. Dg:lg(Ac;V,x) will be the value defined

by somez controllingas,s,xzf anngLO for some s whenever suclz &xists, wher®, =

R%K  for some e. (We recall that there is an additional limit which enters into the

e,b,c
computation, namely, the limit ovetagesat which we place elements imQ and declare

axioms, which we must also take into account.) Thus all axioms declared fd,swih

be axioms foD{. We will take additional steps to ensure &3 is total on oraclé\, by
defining this functional on arguments which are not in spaces being controlled, and will
prove thaDy't is a well-defined partial recursive functional @f(A,) is total in Lemma

7.2 (Well-Definedness and Totality). Similarly, foil j {1,2}, the requiremenRig,kb’C
requires us to define a functior[ﬁtj}; for eachéb,dil Zj k, uniformly in e. We define this
function to contain the union of all function&g such thatz deals with a requirement for

this fixed &, dil Z;y, and take additional steps to ensure Bﬁ;ﬁtis total on oraclé\, by
defining this functional on arguments which are not in spaces being controlled. We identify
Dy, with D, whenevelD;, andD, are components of the same functiﬂgﬂ. (Thus ifh
defines an axiom fdDy,, then that axiom is in existence fog as well.)

The decision about the action taken for a requirement associated itef is
based on our ability to fordd}, to be true.My, will be equivalent to & ;-sentence with a
single unbounded (universal) quantifier which will be part of a quantifier block

$sEwt(h)" t3s, which is equivalent totd wt(h). (This quantifier will range over stages.)

Definition 7.1: Forh T T°, we say thaM, is potentially trueif the sentencaf"‘™!,
obtained fromMy, by dropping the quantifier blocksEwt(h)" t3s and replacing all
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occurrences of s and t with Wwj( is true.

The Construction

We define an admissible patf 1 [TY] by induction on Ihig) forh 1 L° we
begin by specifying thafil L% Fixhi1 LY If Ih(h) = 0, then no axioms are declared
and all sets\® are empty for € wt(h). Assume that Iin) 3 0. We assume, by induction,
thath is admissible and completion-consistent &i& In Step 1, we will determine an
admissible nodé such thath i hi L% we begin, in Step 1.1, by determining an
immediate successtrof h. There will be three cases to the definitiobptlesigned to
ensure thal is preadmissible. b is completion-consistent véafithen we will seh = b.
Otherwise) k(h) will require extension for a unique k, and we will defiéo be the 0-

completion ob in Step 1.2. We will determine which elements are placed into sets in Step
2, and this will depend on the path chosen in Step 1. New axioms for our functionals are
declared in Step 3.

Step 1: (Path Definition.) We note, by induction, tHatis admissible and
completion-consistent via fi

Step 1.1: There are three cases.
Case 1: h is a primary 0-completion or a pseudocompletion. bSeh”a¢ A

Case 2:The previous case is not followed amds implication-restrained. Ldt

be a nonswitching extension bf (We take the activated extension if both possible
extensions are nonswitching, in order to satisfy (5.17)(ii).)

Case 3: Otherwise. Selb = h~a¢fi | L if My, is potentially true, ant = h"&f
i LY otherwise.

It follows from (5.17) and (5.18) thdt is preadmissible, and from Lemma 5.8
(Completion-Respecting Admissible Extension) thhat admissible. b is completion-

consistent via fithen the induction hypothesis holddaand we sebh =b and go to Step
2. Otherwise, by Lemma 5.8 (Completion-Respecting Admissible Extension) and Lemma
5.6 (Uniqueness of Requiring Extension), there is a unique k, which we fix, such that

I k(b) requires extension. We now go to Step 1.2.
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Step 1.2: By Lemma 5.14 (Completion) we can effectively obtain the O-
completionﬂ of | k(b). By (5.19) and Lemma 5.14 (Completioﬁ)js admissible and
completion-consistent via fiso the induction condition holds. Now go to Step 2.

Step 2: (Set Definition.) For each nogesuch thah | p h , p is validated
anngﬁ, andp is not the initial derivative of upj alongﬁ, place wt(upg)) into AVPH
for all AT TS(). For each set A and all s such thathyt¢ s£ Wt(ﬂ), we letA® =
AVME: x is placed inA*™*! for somep such thah | p1 h and wtp) < s}.

Step 3: (Declaration of Axioms.) We carry out this step onlﬁ is pseudotrue.
Leta =h. This step is carried out for each functioBat D};* and eacki,s, i which is

potentially in the domain dd such that x < wt((a)), and x < wt(l (a)) for all coordinates
x; of X. (Note that we identify functionals whose last coordinate® as® choose to

ignore the last coordinate. If such &aut,xfiis not controlled a& for any t and tp(R})

{0,2}, then we will show in Lemma 7.2 (Well-Definedness and Totality) #&apxi will

not be controlled at any 1 LY for any t; hence it is safe to declare an axiom
Dwt(a)(AWt(a);i,x) =0, and we do so in Case 3.3. And if tp(R) = 1, then terminators will

let us correct such axioms as required.) LetA.$e the oracle fdb.

Case 1:D,y(A""@x,x)” = q for some g angy | a. SetD(A™@x,x) =
Dvig(A™@5%,x) for all t such that we < t£ wi(a). The use of all such axioms is the use
of the axiomDy (A" ®;x,x) = q.

Case 2: Case 1 does not apply, and there is a t @ wd(ch that,t,xfiis in the
space controlled @&. (Note that we identify functionals whose last coordinate$ ,as®
choose to ignore the last coordinate.) Fix the largest such t, @rd,étbe in the space
controlled byn ata with initiatord. Wedeclarethe axiomDy) (A" ®;x,x) = 1 ifd E
N8 Al and Dy, (A" @;x,x) = 0 if d E n"@f The use of each axiom so defined is
wt(l (a))-1.

Case 3: Otherwise. Declare the axiomet(a)(AW‘(a);i,x) = 0 with use
wt(l (a))-1.

The construction is now complete. For aim, letL™ = 17(L%. We note that as
the induction hypotheses are satisfie8ljs admissible.n
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Our first lemma provides upper and lower bounds on the use of any axiom on a
point controlled by some1 T°. The upper bound is used to prove that all functionals are

total on the required oracles. The lower bound is obtained onlyxjfitp{0,2}, and is

used to show that axioms are corrected when necessary. (Recall that correction of axioms
is unnecessary on a thin subspace of the space assigned to a requirement of type 1, so a
lower bound is unnecessary in that case.)

Lemma 7.1 (Use Lemma):Letx i L°be given such thatis pseudotrue, and let s =
wt(x). LetD = D{)kc be a functional, and fi&,wt(x),xfipotentially in the domain dd such
that x < wt( (x)) and for all coordinates ®f X, x. < wt(l (x)). Then:
(i) Dy(AgX,X) converges with some use u < k).
) 1f10)T 1 (LY, thenA 'wt(l (X)) = AS['wt(l (X)).
i) 1¥j1 {0,2}, nti d'i I (x) and&,s,xiis in the space S such thal
controls S at (x) with initiatord', then wta!) < wt(d') £ u, where u is the
use determined in (i).

Proof: (i): By (2.11) and Step 3 of the constructiByA¢;x,x)~ with some use
u < wt( (x)).

(ii): By Step 2 of the construction, if z entexs there is & | LY such that 4
AVPAAWP) 0 s validated along, and z = wt(upg)). If wt(up(p’)) < wt(l (x)), then
asl ()1 | (LO), it follows from (2.1), (2.4), and (2.6) thpt1 x and so that wi() <
wt(x). Hence 2 AY™['wt(l (x)).

(iii): Suppose than'i d'i | (x) and&,s,xfdis in the space S such that
controls S at (x) with initiator d. (Note that we identify functionals whose last
coordinates arg, so choose to ignore the last coordinate.) By (2.1p'\vi wt(d'). Let
y=xifk =dimp') =1 and j=tpt!) = 0, and let y =, if k = dim(n') > 1. By (6.4)
and (6.6), wtg') £y £ wt(l (x)). By Step 3 of the constructionD,(AL;x,x) diverges
unless & wt(m) for somem i LY such that wi((m)) > y. Hence by (2.11) and Step 3 of
the construction, all axioni3(AL;X,x) = g which are ever declared have usewt(l ())-

1 for some sucim so w3 y3 wt(d!). n

We now begin to show that all requirements are satisfied. We first show that the

functionals which we define are partial recursive, total on the appropriate oracles, and well-
defined.
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Lemma 7.2 (Well-Definedness and Totality Lemma): For all jEE 2, K£ n and
&,dil Z;y, D{;}Z(AC) is total andD{;}f: is a well-defined partial recursive functional.

Proof: By Step 3 of the construction, all functionals are partial recursive, and new
axioms are not defined when an axiom from an oracle compatibléwihmeady exists, so

"i(AC) is well-defined. Fix x and. Any axiomD{';};(AC;i,x) = g which is ever declared
atp1 LY has use < wt(p)), and furthermore, wi(p)) > x and wt( (p)) > x; for all
coordinates; of X. By Lemma 5.17(v) (Assignment), there are infinitely many npdes
LY such thatp is L’true and pseudotrue, x < W{(p)), andx; < wt( (p)) for all
coordinates; of x. By Lemma 7.1(ii) (Use)A | wt(l (p)) = AZVt(p)|‘Wt(I (p)), so as the
use ofDX(Asx,X) = g is < wt( (p)), D;X(Asx,x) = DX (AYP)x,x). ThusDiY(A) is
total. n

The next lemma establishes the existence of all (iterated) limits except for the
outermost limit, and relates the limiting value to the outcome of a controller, should the
latter exist.

Lemma 7.3 (Convergence and Correctness Lemma)Fix a requirement R =
R{;’rbgc, and letD = D{fc be the functional associated with R. Fik K1,r-1]. (Thus we
explicitly exclude the case where dim(R) = 1.) Let p = r-k+1.ulfjx.. Up.1,X I N, and
let S = fau,... it N¥ {&i}if j T {0,2} and S = fuy,... ppit” N { &} if | =
1. (Note that we use identification of axioms here, so that@=.{. u.}” NK { &, xi}
or {a, ... up i}’ N+ {&,xf} for somex.) Then:
@) 1tp(R)T{0,2}, thenlim,..lim, D(Aju,...u.;,X)” T {0,1}; and if
tp(R) = 1, thenlimup...limurD(AC;ul,...,ur,x)_T {0,1}. In both cases,
define this value to be L, ... u,.,X).
(i) If nk controls S along*, then L, ... u,,,,X) = 1 iff n* is validated along
Lk,
(i) If S is not controlled along* and only finitely many sections of S are
controlled alond.**!, then L, ... n,.;,X) = 0.

Proof: We proceed by induction on k, considering various cases.
Case 1. k=1 (sop=r).

Subcase 1.1:j = 1. By clause (iii) of Lemma 6.1 (Finite Control), there are only
finitely many initiators for S off'l. Suppose first that S is controlled aldnly By (6.7),
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we can fixn' 1 d' i t'1 L'suchthatforalt!i L'withr!E t!, S has controllen!
and initiatord' atr!. By Lemma 3.1 (Limit Path), we can fixi L such that (h) =t!.
Suppose that, * wt(h) and an axionDy, (A ®;u,, ... u,x) = q is declared atwhereh
i xI L% If S has controllen! and initiatord! atl (x), then we set g = 0 if' is activated
alongd', and q = 1 ifh! is validated along'.

If the controller of S alt(x) is notn! or the initiator for S alt(x) is notd!, then by
Lemma 6.12 (1-Correction), there isacorrectingl (x)-link [, p!] such thamt 1 d' |
p'. By the construction and (2.1), any axi@py (A ™;u,, ... u,x) = g declared at
(but not in existence at®) has use wt((x))-13 wt(p'). As S is controlled by! with
initiator d' alongL !, it follows from Lemma 3.1 (Limit Path) that there is a shortestx

such that S is controlled Iy with initiatord' atl (r ), and note that is pseudotrue. By
Lemma 6.12 (1-Correction) and the construction,rdsp[] is a primaryn'-correcting
link, there is &' i p! such that\, T TS(') and wtp') is placed imA. at someysuch that
x1 gi r. Furthermore, when axioms are changed on a fixed argument at anly hode
L% the use of the axiom declaredhais wt( (h)-1), so by (2.11) and (2.1), if an axiom
Duvioo(AY™5uy,... 1,X) = g is in existence &, then it has usg wi(p!) * wi(b'). But
this allows us to define a new axidmt(r)(AX"(”;ul,...,ur,x) = g, where q = 0 if! is
activated alongl!, and g = 1 ifh! is validated along'. By Lemma 7.2 (Well-Definedness
and Totality), we see that (i) and (ii) hold in this case.

Suppose that S is not controlled aldn]gand only finitely many sections of S are
controlled alond-’. We note that by Lemma 5.17(v) (Assignment), there are infinitely
many pseudotrue nodesL’. By Lemma 6.1(iii) (Finite Control), there are only finitely
many initiators for S off!, and as S is not controlled alohd, every initiator for S at
some nodé L' has a terminator alorig'. Thus there is ani L’such that for alk |

L% such that E h, S has no controller a(a); so every initiatoai LY for a section of S
at any node along0 must satisfyd [ h . As only finitely many sections of S are

controlled alond.’ and there are infinitely many pseudotrue nodes aldhgach sucta
has a terminator alorig”. 1fh i h1 LYandh properly extends each such terminator,
then no section of S is controlled at any node aldhghich extend$, so by (6.6), Ne

is controlled alond.’, then i£ wt(h). (i) and (iii) now follow from Case 3 of Step 3 of the
construction.

Suppose that S is not controlled aldnlbut infinitely many sections of S are
controlled alond-". As in the preceding paragraph, we see that there are only finitely
many initiators for sections of X alohd. As infinitely many sections of S are controlled
alongLO, there is a longest initiator, for a section of S, albﬂgvhich has no terminator
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along along_’. Letn be the controller corresponding to this initiator. Then by (6.7), for
all but finitely many sections Y of 8,will control Y at all sufficiently long pseudotruié

L. So for all but finitely many,, the axiomsDy (A ™;u,,... 1) = g which are
declared have value q determined by the outcometufngL". (i) now follows.

Subcase 1.2:j1 {0,2}. (Note that no limit is being computed, and
L(uy,...u,X) just gives the value of an axiom.) Recall that, by (6.7), a space is
controlled by a node along a path iff it is controlled by that node at all sufficiently long

pseudotrue nodes along the path. If S is not controlled &lbrapd no section of S is
controlled along.’, then as controllers are never terminated albAgall axioms
Duvioo(AY™5uy,... 11,X) = q will be declared in Case 3 of Step 3 of the construction and
will set g = 0, so (i) and (iii) follow from Lemma 7.2 (Well-Definedness and Totality). If

S is not controlled along' but some section of S is controlled aldrfl then (i) follows
from Lemma 7.2 (Well-Definedness and Totality). As controllers are never terminated

alongL?, infinitely many sections of S will be controlled alob so the hypothesis of
(iii) fails.

In order to complete the verification of (i) and (ii) for [L, it suffices to verify the
following condition, under the assumption that S is controlled dldng

(7.1) Forallh andn!,if hi LYis pseudotrue am controls S at (h), then
DAY ™suy, ... up1,x) = 1 iff nlis validated along .

We proceed by induction on I for h pseudotrue. Given,, let h, be the shortest
string for whichDy s (AY";uy, ... ur.1,X)”, and note that by Step 3 of the construction,
hy is pseudotrue. Ifh = hy, then by the construction, we define
DAY ™;uy, ... r-1,X) = q for some g, and the value chosen for q is the one satisfying
(7.1) if there is an' which controls S alt(h). Suppose, by induction on H) with h
pseudotrue, that (7.1) holds forwhereh, i r andr is the longest pseudotrue ndde

h. By Lemma 6.7 (Loss of Control), (7.1) will hold latthrough the absence of a
controller, unless there is a controlférand initiatord! for S atl(r) ; so we may fix such
n'andd'. Let u be the use of the axioBy(AYju,, ... 1.1,X) = @, and note that by
Lemma 7.1(jii) (Use), wt(') £ u.

If d' i 1 (h), then by Lemma 6.6 (Constancy of Initiatar},controls S at (h)
with initiator d', so (7.1) follows by induction. Suppose tliti/ | (h), and fix the
shortestb such thar 1 b ih andd! i/ | (b), and fixk! such thab switchesk!. By
Lemma 6.7 (Loss of Control), (7.1) will hold forif S does not have an initiator and
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controller at (b); thus we may fix an initiatas” and controllent for S atl (b), and note

that, by our assumptiod! 1 d'. By (6.10),d*i | (b)1 | (b*), sod*i k'i d'
Hence we may apply Lemmas 6.10 or 6.14 (Correction).
If conclusion (i) of the relevant Correction Lemma holds, then (7.1) follows by

induction. If conclusion (ii) of the Correction Lemma holds and®p€ 0, thenb*° n!

and we place wk() 1 Al“(b)\A‘C”t(bi). And if conclusion (ii) of the Correction Lemma
holds and tpg!) = 2, then dimi§*) 3 dim(n!) and by Lemma 2.2(iv) (Interaction), we
place wtk') T AMPN\AY®) - Agk! ] d!, it follows from (2.1) that wK!) < wt(d') £ u,

and so thaAEVt(h) e AEW(” |" u. Now axioms are only defined at pseudotrue nodes, so
the construction declares a new axibm(h)(AZV‘(h);ul, LU, X)  to satisfy (7.1).

Case 2: k> 1. By induction, the lemma holds for k-1.

Subcase 2.1:S is controlled by* annng. By Lemma 6.3 (Thick Control), a
thick subset of S is controlled aloh§™ by derivatives ofi* which are validated along
L*#1if nk s validated along ¥, and are activated alond®! if n* is activated along*. (i)
and (ii) now follow by induction.

Subcase 2.2:S is not controlled along* and only finitely many sections of S
are controlled along**!. By Lemma 6.5(iii) (Non-Control), there are only finitely many i

such that a section & is controlled alond.**2. (i) and (iii) now follow inductively from
(i) and (iii) for k-1.

Subcase 2.3:S is not controlled anngk, but infinitely many sections of S are
controlled alond-**!. By Lemma 6.4 (Indirect Control), all but finitely many sections of S
are controlled by a fixed node alobdt!. (i) now follows from (i) and (ii) inductivelyn

The next lemma relates the outcomes of nodes which are critical for axiom
definition, to the truth of the sentences assigned to those nodes.

Lemma 7.4 (Accuracy Lemma): Fix k£ n andx* 1 L¥ such that € dim(x) andx®
is L*-free and implication-free. Thed} is validated along ¥ iff M« is true.

Proof: Case 1: k=0. Letx =x’. Recall thaM, is aP ;-sentence beginning
with a block of bounded quantifiers and followed ®sEwt(h!)" s S, where S is
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quantifier-free andh! = up).

Case 1.1x is validated along.". We first show thaM, is potentially true, and
all uses inM, are < wtk), under the weaker assumption tRdt L’ is implication-free.
We proceed by induction on ¥)( There are two cases.

Case 1.1.1:x is not a primary O-completion or an amenable pseudocompletion.
Then by the constructiol], is potentially true, and by (0.1), all useMgp are < wtk).

Case 1.1.2:x is a primary O-completion or an amenable pseudocompletion.
Thus tpk) T {1,2}. If x is a primary completion, fik such thak is a primary completion
of h, and letg=h* And if x is a pseudocompletion, fix the shortgstuch thak is a
pseudocompletion af, and fixh i x such thah*=g. By (5.5)(ii) and Lemma 5.13
(Amenable Implication Chain) if dimf > 1 and by (5.1) or (5.10)(i) if dim] = 1,gis
implication-free.

By (5.2) or (5.11)(i) g is validated along, so it follows by induction tha¥ is
potentially true, and by (0.1) and (2.1), all useMjnare£ wt(g) < wt(x). First suppose
thatx is a primary 0-completion. By Lemma 5.12(i) (PL) and (5.19), all nbdes T!
which are switched by nodes ih,X] are in PL(upx),l(h) ). If dim(x) = 1 (and hence
tp(x) = 1), it follows from (5.4) that T®{)CRS) = ~for each suchb!. Suppose that
dim(x) =r > 1. Then by (5.5)(ii), there is an amenable 1-implication c#&irs’ tifir-13
j 3 1fi such that out) =h. By Lemma 5.12(ii),(iii) (PL), @p='(b'): b'1
PL(up&k),I(h) )} = PL(s™Lt™=)), and if we fixt™=! T t™=! such thatt(*!)- = s™! then
eithers™! is a pseudocompletion &f*!, or t™*! requires extension. If™*! requires
extension, then by (5.11)(ii§,*' has finite outcome alortg!, so by Lemma 5.1(iv) (PL
Analysis) and Lemma 5.12(i)) (PL) and (5.19), {piF): p='T PL (™ t*h} =
{up(p™)): p=11 PL(s™!, 6™} = PL(Up(&™),! (t=)). Hence by Definition 5.4 §™!' is
an amenable pseudocompletion and by (5.4) otherwiseJTRSK) = ~for each such
b!. Thus by Lemma 2.2(i) (Interaction) and the construchMpmust be potentially true,
and all uses iM, are < wtk).

Now suppose that is an amenable pseudocompletion. By (5.111i¥ the
principal derivative of ug) alongx. Hence by (2.11), (2.2), and (2.4), any elenfent
wt(g) placed in a set at apyl (h,x] is of the form wt(upg§)) with up@) I up(g), andp is
validated along. By Lemma 3.1(i) (Limit Path), there must bemd x such thatin,g is
a primaryx-link which restrainsg. Asx is an amenable pseudocompletion gpf
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TS(P)CRS(K) = for each suchp. Thus by Lemma 2.2(i) (Interaction) and the
constructionM, must be potentially true, and all usedMp are < wtk).

For both Subcase 1.1.1 and Subcase 1.1.2, we note that elements placed into sets
are of the form z = wt(up}) forn LY and z is first placed in a saf*! when s = wig)
and upf) is validated alonty(d) but not alongd (d*). Hence by Lemma 3.1 (Limit Path),
M, will be true if no element < wif is first placed in any A RS) by anyn E x such
thatn i L°. By Lemma 2.2(i) (Interactionk does not place elements into any set in
RS(). Fixpl LY such thap* =x. By Lemma 3.1 (Limit Path), it follows that that
| (p) = up) and for alln such thap ini LY 1(n) E Il (p). Hence the elements placed
into sets byn E x are of the form wt), where upt) =a E | (p). By (2.1) and (2.2),
wt(up(n)) 3 wt(l (p)) > wt(out( (p))) = wt(p) > wt(x). HenceM, is true.

Case 1.2: k = 0 andx is activated along.”. M, cannot be potentially true, else
the action taken for would forcex to be validated alonig’. HenceM, cannot be true.

Case 2: k> 0. By induction, we may assume that the lemma holds for k-In Let
be the principal derivative (xfalonngil. It follows from Lemma 4.6 (Free Derivative)
and Lemma 5.16(ii) (Implication-Freeness), that L *'-free and implication-free, and if
x has infinite outcome alonig¥, thenx has infinitely manyL**!-free, implication-free

derivativesmalongL !,
Suppose that k is odd. By Definitions 2.9 and 2MQjs a sentence of the form

Qiy1-- Qpyp$zP({y,2) where P isPy, and theQ; are bounded quantifiers, amnd, is
Qiy1-- Qpyp$zEWt(n)P(y,2). If M, is true, therM, is true. But then by inductiom, is
validated alond.**!, i.e.,n has infinite outcome alonig**!, so by the definition of the
function! , x has finite outcome along* andx is validated alond.*. If M,, is not true,
then as is the principal derivative oo‘alonngil, it follows from (2.4) that all derivatives
of x alongL**! are activated along**!, i.e., have finite outcome aloid®*!. Hence by
induction, for every derivativenof x anngLkil which isL"*!-free and implication-free,
M, is not true. For each sueh My is Qy;...Qpy,$zEWt(MP(y,2). As there are
infinitely many suchm wt(m) is unbounded as we range over theseThusM,, is not
true. By inductionmhas finite outcome alorig"®! for each sucim so by the definition of

the functionl , x has infinite outcome alorig®, sox is activated along*.
Suppose that k is even. We proceed as in the preceding paragraph, interchanging

universal and existential quantifies,andS, and true and not truan
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We now show that all requirements are satisfied.

Lemma 7.5 (0-Satisfaction Lemma): Every requirement of type 0 is satisfied.

Proof: Fix a requirement R Ry}, . of type 0, and leD = D% be the functional

for the requirement R as described at the beginning of this section. By Lemma
5.17(i),(ii),(iv) (Assignment), R is assigned to a unigti¢ L' such thas" is L"-free and
implication-free, and that if is the immediate successorsdfalongL’, then oui(t") is
pseudotrue.

First assume that r = 1. Let x = wt]. By Lemma 7.2 (Well-Definedness and

Totality), we can fix g such th&@(A;x) = q. Letn (p, resp.) be the initial (principal,
resp.) derivative o ! anngLU and letb (d, resp.) be the immediate successon @b,
resp.) along_o. By Lemma 5.17(iv) (Assignment), is pseudotrue, and by Lemma
5.17(iii) (Assignment)p is d-free and implication-free. By Lemma 5.16(iv) (Implication-
Freeness) is pseudotrue amdlis implication-free, and by Lemma 4.5 (Free Extension),
nisb-free. By Definition 6.4 and the construction, we declare an amm(AZVt(b);x) =

z for some 4 {0,1} with use wt((b) ) -1, where z = 0 iffi is activated alonl. Ass!]

L, it follows from (2.6) that n@ such thabiai L°can switchany!i s'. Hence
by Lemma 7.1(ii) (Use) and (2.1(A.;x) = z unlesp E n, i.e.,| (b) EL'. Suppose
this to be the case. Then the construction places!wifto A¥@. By (2.1), wtg!) £
wt(I(b )) -1, so we define a new axioBy,q)(Ar@;x) = 1 with use wi(d )) -1, andn is
activated alongli L' Ass!i L!, it follows from (2.8) and (2.6) that re such thad
ifal L%canswitchany!i s! sol(d)i L' Hence by Lemma 7.1(ii) (Use) and
(2.1), D(A:X) = 1. Hences' is activated along ' if z = 0, ands ! is validated along. ! if
z=1. By Lemma 7.4 (Accurac)y! is validated alond, ' iff Mg is true. Hence iMs  is
true then z = 1, and N5 is not true then z = 0. Thus R is satisfied in this case.

Now assume thatr > 1. Fix a space S"S{#} in the domain of the functiondD.
First suppose that S is not controlled aldrig If infinitely many sections of S are
controlled alond-™!, then by Lemma 6.4 (Indirect Control), cofinitely many sections of S
are controlled along ™! by the same nod®&*!, so by Lemma 7.3(i),(ii) (Convergence and
Correctness) applied separately to each sectionlohg,. lim, D(Aguy,...u,X) = L
exists, L = 0 ifn™! is activated along.™!, and L = 1 ifn™*! is validated alond.™".
Otherwise, by Lemma 6.5(iii), (Non-Control) and Lemma 7.3(iii) (Convergence and
Correctness) applied separately to each sectionlofig, . lim, D(Aguy,... . ,X) = 0.

Now suppose that S Sy for someg | L" associated witl) such thatf controls

137



S alongL’. Then by Lemma 6.3 (Thick Control) either cofinitely many sections of S are
controlled, alond-"™!, by derivatives off which are activated alorig™', or cofinitely
many sections of S are controlled, aldrd', by derivatives off which are validated
alongL™!. It now follows from Lemma 7.3(i),(ii) (Convergence and Correctness) applied
separately to each section XS thatlim,, .. lim, D(Aguy,... u.,Wt(d)) = L(wt(d))
exists, and thatf is validated along " iff L(wt(d)) = 1.

Recall that R is assigned tsal L' such thas® is L -free and implication-free,
and that ift" is the immediate successorsdfalongL’, then oui(t?) is pseudotrue. Hence
by Definition 6.4, s' controls S alongL’. By the preceding paragraph,
lim, .. lim, D(Aguy,... b, WE(S")) = L(wt(s")) exists, ands™ is validated alond." iff
L(wt(s")) = 1. By Lemma 7.4 (Accuracyy/ is validated along," iff M is true. Hence
if Mg is true then L(w&")) = 1, and ifMg: is not true then L(w§")) = 0. Thus R is
satisfied. n

Lemma 7.6 (1-Satisfaction Lemma): Every requirement of type 1 is satisfied.

Proof: Fix a requirement R Réj{),c of type 1, and leD = Dé:f: be the functional

for the requirement R as described at the beginning of this section. By Lemma 7.3(i)
(Convergence and Correctness) for r > 1, L(i,@)nx,,. . lim, D(Agi,uy, ... u,e) exists
and takes a value in {0,1} for all &,iN.

By Lemma 5.17(i),(ii) (Assignment), R is assigned to a unkjue L" such thak®
is L'-free and implication free. Lef*! be the principal derivative &f alongL™!, and fix
d*'1 L™! such thatd™')- = n=!. By Lemma 6.15(i) (Initial Control)p™! controls
{wt(d™h} " N" {e} with initiator d™*' alongL™!. By Case 1.1 of Definition 6.3[*' is
also the initiator for {if N* {e} at d™*! for all i 3 wt(d™'). Now if i 3 wt(d™!), then
{i} “ N" {e} is controlled along_™" iff there is an initiatog*' I L™! for {i} * N" {e}
such that there is no*!-correcting primant. *'-link [ni*! p=1 with ni*! | ¢! | pr=t:
and by (6.7), if {if N” {e} is controlled alongL™!, then the initiator for {i} N" {e}
alongL™! is the longest sualfi!. Asn!isL™!-free,d®! is such aj*!. Hence for all i
3 wi(d™h), {i} * N" {e} is controlled alond-™!, and if {i}" N" {e} is controlled at any
gt 1 L™! with initiator df*', thend!*! E d"*!,

Fix i anddiri'1 as in the preceding paragraph such d,ﬁ%{thas no terminator along
L=t Letn!*! be the controller correspondingdd’. Asnt! is L™!-free and implication-
free, it follows from (4.1) and Case 3 of Definition 6.3 nml%ﬂ E ntl,

First suppose that*! has infinite outcome along™'. We note that as™! is
L™ free, there is no primaty™!-link restrainingn™!. Furthermore, by Lemma 5.17(V)
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(Assignment), there are infinitely man§! 1 L™!, such that o@(t'*!) is pseudotrue, so
by (5.28), every node alorid*!' which requires extension has a primary completion along
L™! which has infinite outcome along*!; hence every component of RE( x™") for
somex L™! gives rise to a primaryrﬂ-link which restrains™!, so no such
component can exist. If upt’) = upn®'), then by (2.8)n"! = n™*!; sonf*! has infinite
outcome alondg.™'. And if upfrs!) up(niri‘), then as®! is L™!-free, it follows from
Lemma 6.11 (1-Similarity, wits ™! = n"*! ands™' = n*!) thatn!*! has infinite outcome
alongL ™!,

Suppose that™! has finite outcome alorig™'. If up(™) = up@*'), then ag*!
is the principal derivative &' anngLril, it follows from (2.4) thaniril has finite outcome
alongL™!. Suppose that upf!) 1 up(nfil), and Iethfil be the immediate successor of
n{il alongL™!. By Subcase 1.2 of Definition 6.3, @(Llrt{il) must be pseudotrue, eislﬁl
would not be a controller &t*!, so could not be a controller at any node extendfﬁb
We note that asit! is L™l-free, there is no primary™!link restrainingn®.,
Furthermore, by Lemma 5.17(v) (Assignment), thereli§*&free nodex™! | L™! such
that oub(x™") is pseudotrue anidf*' I x™'. Fix the shortest suct*!. We show that
thereisna "1 PL(up(™?),l (h*') such that OS(*!) I TS( ). For suppose that such
ar’ exists, in order to obtain a contradiction. By hypothestd is L™!-free, so upf")
is L'-free. By (4.1) and Lemma 4.3(iii) (Link Analysis), there are no prirhé&x:')-links
restraining upg™!). Hence we may apply Lemma 5.18(ii) (Nonamenable Backtracking)
(with x* = x™1 (0%~ =nf!, hk+t =] (WD), ¢! = upp=!), andh* = h*!) to conclude

1
that PL(up@™!),l (h™=)) T {up(g*"): g='T PL(™*',x™"}. Hence we may fix ™=!1
PL(™!, x™" such that up(*") =r".
As ouf(x™") is pseudotrue and by Definition 5.3, theremjfe I r='i p'i
b x™! such thatlff*") = p™!, [nj*!,p"! is a primaryx™"-link, andr ='T PL(b/*") i

1

+] 1+l ; o1 (hEL — +] +] a1l ; +1
PL(n™,x™"). Furthermore, eithé?L(b;™") = {p;*'} and [nf*',p;*] restrainsni*’, or by

Definitions 5.3 and 6.2)™! is the primary completion of some node gt andnf*! |
n= pl Asni*lis a principal derivative along®!, it follows thatnf*' I nf*!in both

i i i
— +1y | — + +] Nrly s +1 i
cases. Hence as OS() = OSa™) 1 TS(") = TSE™"), [nf*',pi*"] is ani™-injurious
link. By the comments following Definition 6.2ﬂ[ﬂ,pfﬂ] is anir’-'l-correcting link.

r+1 r+1

Recall thath*' is the immediate successormf! alongx™'. Now p*! is a
terminator foh™! alongx™'. By Case 3 of Definition 6.3, when a terminator it is

r+1

found ata™'i L™, it is a terminator for all initiators far*! which arel a™!, and so
n®! cannot be a controller at a&y*' such thae™!i a™®'i L™!. Thus by Case 3 of

i

Definition 6.3,niri1 cannot control a space alohd™, contrary to assumption. This

r+l |
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contradiction shows that there is nbl  PL(up(™!),l (h*)) such that OS(*!) |
TS(").

It now follows from Lemma 6.11 (1-Similarity, witht*! = n*=! and§™! = n*!)
thatnf*! has finite outcome alorig™'. We thus conclude that for alt iwt(h), n*! is
validated along."™! iff n™*!is validated along™!. There are two cases:

Case 1: r > 1. By Lemma 7.3(ii) (Convergence and Correctna&{é), is
validated along. "™ iff L(i,e) = 1. But asi"*! is the principal derivative & alongL™!, it
follows from (2.4) than™! is validated along. ™! iff k' is validated along”. By Lemma
7.4 (Accuracy)k' is validated along ' iff M. is true. Hence iMy: is true then L(i,e) = 1
for cofinitely many i, and iM,. is not true then L(i,e) = O for cofinitely many i. Thus R is
satisfied.

Case 2: r = 1. First suppose thif,: is true. Forals!,t!T T' ifs!o tlo k!
thenMg: = M;i. Hence for all sufficiently long | LY if x © k! thenM, is potentially
true, soD(A;i,e) = 1 for cofinitely many i.

Suppose thaM,: is not true. By Lemma 7.4 (Accuracy),= n® is the initial
derivative ofk! anngL0 andn has finite outcome alorigo. By the last sentence of the
paragraph preceding Casenl,= n{ has finite outcome anngo. But then by the
constructionD(A;i,e) = 0 for cofinitely many i, and R is satisfied.

Lemma 7.7 (2-Satisfaction Lemma): Every requirement of type 2 is satisfied.

Proof: Fix a requirement R Réﬁ’c of type 2, and leD = D%:f: be the functional

for the requirement R as described at the beginning of this section. By Lemma 7.3(i)
(Convergence and Correctness), L(i,e)im,,..lim, D(Agi,u,,...u.,;,€) exists and
takes a value in {0,1} for alli N.

By Lemma 5.17(i),(ii) (Assignment), R is assigned to a unijue L" such thak®
is L-free and implication-free. Lef*! be the principal derivative & alongL™!, and fix
d*'1 L™! such thatd™®') = n™!, By Lemma 6.15(j) (Initial Control) and Definition 6.3,
n! controls {wtd™")}” N™!" {e} with initiator d*! alongL™!, and d*' is also the
initiator for {i} N {e} at d™*' for all i 3 wt(d). Now if i 3 wt(d™"), then {i}’ N {e}
is controlled alond. ™! iff there is an initiatog=! I L™! for {i} * N {e} such that there
is no primanyL =!-link [ni=!, pr=1] with ni*! 1 g*! | p=l; and ifa™!'i L™!and @) =
p! then wta@™!) £i. (By Lemma 2.2(iv) (Interaction), every primakry*'-link is nt\-
correcting.) Also, if {i} N {e} is controlled alongL™!, then the initiator for
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{i} " N™ {e} along L™! is the longest suafit!. Asn!is L™!-free,d™' is such ag*'.
Hence for all 8 wt(d™®?), {i} - N {e} is controlled along.™!, and if {i}" N {e} is
controlled at ang*' I L™ with initiator &', thend*! E d™*!. Fix such an i and let*!
be the controller corresponding to the initiall{i'?J for {i} - N {e} at g*!. Asn®ljs
L™!-free, it follows from Case 3 of Definition 6.3 thgt! E n™!,

If up(n™") = upn!*'), then a:™! is the principal derivative & alongL™! and
n=! E nt=l it follows from (2.8) and (2.4) tha*' has finite outcome alorig™! iff n**!
has finite outcome alorig™'. And if up@™') t up(f*'), then we note that ag*! is L™!-
free, there is no primary™!-link restrainingn™!; hence by Lemma 6.13 (2-Similarity,
with s™! = n=land§™' = ni*Y), n*!' has finite outcome alonig™" iff n"! has finite
outcome along. ™. Thus for all i* wt(d™'), n™! is validated along.™" iff n™*! is
validated along.™'. By Lemma 7.3(ii) (Convergence and Correctne${§},is validated
alongL™!iff L(i,e) = 1. But a™*!is the principal derivative df alongL™!, it follows
from (2.4) than™! is validated alond. ™' iff k" is validated alond.". By Lemma 7.4
(Accuracy) k" is validated along ' iff M,. is true. Hence iM;: is true then L(i,e) = 1 for
cofinitely many i, and iM,: is not true then L(i,e) = O for cofinitely many i. Thus R is
satisfied. n

Our main theorem is now immediate from the definition of the functidﬁgﬁs
Lemmas 1.1, 2.1, Lemma 7.2 (Well-Definedness and Totality), and Lemmas 7.5-7.7 (j-
Satisfaction for £ 2).

Theorem 7.8: Fix ml N, and letP = &Py,£,,P,£,,f|,... P, £ ffibE a finite m-jump
poset such tha@, has least element 0 and greatest element 1. Then there is a fiige set
of r.e. degrees, and there are finite &ts {d: $al G, (@WE=Ed )} for each ki [1,m]
such that the following diagram commutes.
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Figure 7.1

Furthermore, the embedding mapls 8,to0 and 11 P, to 0'. n

We have the following corollary, as proved in the introduction.

Corollary 7.9: The existential theory dR(<W) = &R,0,0'£,£,... £,,...Ai is decidable.
n

If J is any recursively presentedvqgump-poset, then we can modify our

construction to embed into RW)., Requirements are listed as before, and form a
recursive list. Each requirement has a well-defined dimension. We assign a given
requirement to a tree of the correct dimension. As only finitely many trees will have been
defined at any stage of the construction, and when a ne@trees needed, we assign the
finitely many requirements already assignetlfkt(and which need to be assigned“’ffﬁ1 in

the same order that the requirements were assigﬂé‘d tall lemmas now can be proved

as before. It is also not difficult to show that there is a countable universal recursively-

presented w-jump poset. Hence:

Theorem 7.10: LetP = &Py, £,,P,£(,f},... Py, Efn I~ fiDE @ cOuntablew-jump poset
such thalP, has least element 0 and greatest element 1. Then for @l},m,,i can be
embedded isomorphically inff 0™, 0] so that Figure 7.1 commutes for allim\.
Furthermore, the embedding mapls 8,to0 and 11 P, to0'. n

Slaman and Sui have noted that the methods of proof of Theorem 7.8 should work
for <w-jump usls in place of posets, and that we can add joins at all levels to our language

142



and decide the correspondigtheory if 1 is removed from the language. The
construction need not be modified. The fact that the target sets are complements of prime
ideals suffices to show that joins are preserved.

The methods presented in this paper will carry over to other priority arguments, if
certain basic properties are satisfied. One can weaken the requirement assignment process
to simultaneously assign requirements, and their derivatives, to the trees at all levels. Each
requirement will have a basic module on each tree, which will be a segment of the tree of
finite height. This assignment should provide the sentences generating action at each node
of each tree. To study the interaction between requirements, an injury analysis similar to
that provided by Lemma 2.2 (Interaction) is needed. A notion of control, different for each
requirement, will be needed to determine how axioms are to be declared and elements
placed into sets, and implication chains will be needed whenever a requirement needs to act
off the true path. One can isolatgaiding principlefor the definition of implication
chains. Thus implication chains are to be built (and control relinquished) when there is a
primary link which, if later switched, corrects any action for the requirement.
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