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Introduction
Complexity of Degree Structures

We work with subsets of ω and study their relative computational
complexity.

De�nition

A reducibility is a transitive and re�exive relation ≤r on P(ω)
(so that A ≤r B expresses that B �can compute� A).

A,B ⊆ ω are r -equivalent (written A ≡r B) if A ≤r B and
B ≤r A. (A and B have �equal computational content�.)

The r -degree of A is degr (A) = {B | A ≡r B}.
The global r -degree structure is the partial order

Dr = (P(ω)/≡r , ≤),

where ≤ is induced by the pre-partial order ≤r .
We often also consider local r -degree structures

Sr = (S/≡r , ≤)

for a (usually countable) subfamily S ⊂ P(ω).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

We work with subsets of ω and study their relative computational
complexity.

De�nition

A reducibility is a transitive and re�exive relation ≤r on P(ω)
(so that A ≤r B expresses that B �can compute� A).

A,B ⊆ ω are r -equivalent (written A ≡r B) if A ≤r B and
B ≤r A. (A and B have �equal computational content�.)

The r -degree of A is degr (A) = {B | A ≡r B}.
The global r -degree structure is the partial order

Dr = (P(ω)/≡r , ≤),

where ≤ is induced by the pre-partial order ≤r .
We often also consider local r -degree structures

Sr = (S/≡r , ≤)

for a (usually countable) subfamily S ⊂ P(ω).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

We work with subsets of ω and study their relative computational
complexity.

De�nition

A reducibility is a transitive and re�exive relation ≤r on P(ω)
(so that A ≤r B expresses that B �can compute� A).

A,B ⊆ ω are r -equivalent (written A ≡r B) if A ≤r B and
B ≤r A. (A and B have �equal computational content�.)

The r -degree of A is degr (A) = {B | A ≡r B}.
The global r -degree structure is the partial order

Dr = (P(ω)/≡r , ≤),

where ≤ is induced by the pre-partial order ≤r .
We often also consider local r -degree structures

Sr = (S/≡r , ≤)

for a (usually countable) subfamily S ⊂ P(ω).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

We work with subsets of ω and study their relative computational
complexity.

De�nition

A reducibility is a transitive and re�exive relation ≤r on P(ω)
(so that A ≤r B expresses that B �can compute� A).

A,B ⊆ ω are r -equivalent (written A ≡r B) if A ≤r B and
B ≤r A. (A and B have �equal computational content�.)

The r -degree of A is degr (A) = {B | A ≡r B}.

The global r -degree structure is the partial order

Dr = (P(ω)/≡r , ≤),

where ≤ is induced by the pre-partial order ≤r .
We often also consider local r -degree structures

Sr = (S/≡r , ≤)

for a (usually countable) subfamily S ⊂ P(ω).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

We work with subsets of ω and study their relative computational
complexity.

De�nition

A reducibility is a transitive and re�exive relation ≤r on P(ω)
(so that A ≤r B expresses that B �can compute� A).

A,B ⊆ ω are r -equivalent (written A ≡r B) if A ≤r B and
B ≤r A. (A and B have �equal computational content�.)

The r -degree of A is degr (A) = {B | A ≡r B}.
The global r -degree structure is the partial order

Dr = (P(ω)/≡r , ≤),

where ≤ is induced by the pre-partial order ≤r .

We often also consider local r -degree structures

Sr = (S/≡r , ≤)

for a (usually countable) subfamily S ⊂ P(ω).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

We work with subsets of ω and study their relative computational
complexity.

De�nition

A reducibility is a transitive and re�exive relation ≤r on P(ω)
(so that A ≤r B expresses that B �can compute� A).

A,B ⊆ ω are r -equivalent (written A ≡r B) if A ≤r B and
B ≤r A. (A and B have �equal computational content�.)

The r -degree of A is degr (A) = {B | A ≡r B}.
The global r -degree structure is the partial order

Dr = (P(ω)/≡r , ≤),

where ≤ is induced by the pre-partial order ≤r .
We often also consider local r -degree structures

Sr = (S/≡r , ≤)

for a (usually countable) subfamily S ⊂ P(ω).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

Degree theory studies degree structures as partial orders,
sometimes in an expanded language.
For most �natural� degree structures D, we have:

D has a least element 0D.

Local degree structures have a greatest element,
global degree structures do not.

D is locally countable, i.e., any degree has at most countably
many predecessors.

D is an upper semilattice (but usually not a lattice),
i.e., D has a join operation deg(A) ∪ deg(B) = deg(A⊕ B),
where A⊕ B = {2x | x ∈ A} ∪ {2x + 1 | x ∈ B}.
Most degree structures support a �jump� operation a 7→ a′

such that a < a′, and a ≤ b implies a′ ≤ b′.
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Introduction
Complexity of Degree Structures

�Natural� degree structures D tend to be very complicated and
usually follow this pattern:

The �rst-order theory of the partial order D is undecidable;
in fact, it usually is as complicated as second-order arithmetic
(for global degree structures) or �rst-order arithmetic (for
countable local degree structures).

Therefore, computability theorists often study fragments of the
�rst-order theory, determined by a bound on the quanti�er depth of
the formulas:

The ∃-theory of D is decidable (since all �nite partial orders
embed into D).
The ∀∃-theory of D can �often� be shown to be decidable
(more later).

The ∃∀∃-theory of D can �often� be shown to be undecidable
(more later).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

�Natural� degree structures D tend to be very complicated and
usually follow this pattern:

The �rst-order theory of the partial order D is undecidable;
in fact, it usually is as complicated as second-order arithmetic
(for global degree structures) or �rst-order arithmetic (for
countable local degree structures).

Therefore, computability theorists often study fragments of the
�rst-order theory, determined by a bound on the quanti�er depth of
the formulas:

The ∃-theory of D is decidable (since all �nite partial orders
embed into D).
The ∀∃-theory of D can �often� be shown to be decidable
(more later).

The ∃∀∃-theory of D can �often� be shown to be undecidable
(more later).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

�Natural� degree structures D tend to be very complicated and
usually follow this pattern:

The �rst-order theory of the partial order D is undecidable;
in fact, it usually is as complicated as second-order arithmetic
(for global degree structures) or �rst-order arithmetic (for
countable local degree structures).

Therefore, computability theorists often study fragments of the
�rst-order theory, determined by a bound on the quanti�er depth of
the formulas:

The ∃-theory of D is decidable (since all �nite partial orders
embed into D).
The ∀∃-theory of D can �often� be shown to be decidable
(more later).

The ∃∀∃-theory of D can �often� be shown to be undecidable
(more later).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

�Natural� degree structures D tend to be very complicated and
usually follow this pattern:

The �rst-order theory of the partial order D is undecidable;
in fact, it usually is as complicated as second-order arithmetic
(for global degree structures) or �rst-order arithmetic (for
countable local degree structures).

Therefore, computability theorists often study fragments of the
�rst-order theory, determined by a bound on the quanti�er depth of
the formulas:

The ∃-theory of D is decidable (since all �nite partial orders
embed into D).

The ∀∃-theory of D can �often� be shown to be decidable
(more later).

The ∃∀∃-theory of D can �often� be shown to be undecidable
(more later).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

�Natural� degree structures D tend to be very complicated and
usually follow this pattern:

The �rst-order theory of the partial order D is undecidable;
in fact, it usually is as complicated as second-order arithmetic
(for global degree structures) or �rst-order arithmetic (for
countable local degree structures).

Therefore, computability theorists often study fragments of the
�rst-order theory, determined by a bound on the quanti�er depth of
the formulas:

The ∃-theory of D is decidable (since all �nite partial orders
embed into D).
The ∀∃-theory of D can �often� be shown to be decidable
(more later).

The ∃∀∃-theory of D can �often� be shown to be undecidable
(more later).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

�Natural� degree structures D tend to be very complicated and
usually follow this pattern:

The �rst-order theory of the partial order D is undecidable;
in fact, it usually is as complicated as second-order arithmetic
(for global degree structures) or �rst-order arithmetic (for
countable local degree structures).

Therefore, computability theorists often study fragments of the
�rst-order theory, determined by a bound on the quanti�er depth of
the formulas:

The ∃-theory of D is decidable (since all �nite partial orders
embed into D).
The ∀∃-theory of D can �often� be shown to be decidable
(more later).

The ∃∀∃-theory of D can �often� be shown to be undecidable
(more later).

Ste�en Lempp Decidability and Undecidability in the e-Degrees



Degree Structures
Fragments of the Theory

On the Enumeration Degrees

Introduction
Complexity of Degree Structures

degree
structure

complexity:
1st or 2nd
order arithmetic

∃- or ∀∃-
fragment
decidable

∃∀∃-
fragment
undecidable

Dm
2nd: Nerode,
Shore 1980

∀∃: Dëgtev
1979

Nies 1996
Dm(≤ 0′m) 1st: Nies 1994
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∃∀∃-Theory
∀∃-Theory
Two Subproblems of the ∀∃-Theory

The undecidability of the ∃∀∃-theory is usually proved using the

Nies Transfer Lemma 1996 (special case)

If a class C of �nite structures is ∃-de�nable with parameters in a
degree structure D, and the common ∀∃∀-theory of C is hereditarily
undecidable, then the ∃∀∃-theory of D is undecidable.

The class C used in the results cited above is

the class of all �nite distributive lattices coded as initial
segments for the m-degrees, the c.e. m-degrees, the Turing
degrees, and the ∆0

2-Turing degrees;

the class of all �nite distributive lattices coded as intervals for
the enumeration degrees; and

the class of all �nite bipartite graphs without equality with
nonempty left and right domain in delicate coding arguments
for the c.e. Turing degrees and for the Σ0

2-enumeration degrees.
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∃∀∃-Theory
∀∃-Theory
Two Subproblems of the ∀∃-Theory

Deciding the ∀∃-theory of D amounts to giving a uniform decision
procedure to the following

Problem (for deciding the ∀∃-theory of D)
Given �nite partial orders P and Qi ⊇ P (for i < n), does every
embedding of P into D extend to an embedding of Qi into D for
some i < n (where i may depend on the embedding of P)?

For the m-degrees and the c.e. m-degrees, Dëgtev extended P
minimally to a �nite distributive lattice L and embedded it into D
as an initial segment; now an embedding of L can be extended to
an embedding of a �nite partial order Qi ⊇ L i� no element of Qi

is below any element of L, and Qi respects joins in L.
For the Turing degrees, Lerman and Shore proceeded similarly but
with a �nite lattice L minimally extending P.
For the ∆0

2-Turing degrees, they embedded L both as an initial
segment; and also L−{1} as an initial segment, mapping 1 to 0′T .
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Two major subproblems of the ∀∃-theory are the following:

Extension of Embeddings Problem

Given �nite partial orders P and Q ⊇ P, does every embedding
of P into D extend to an embedding of Q into D?

Lattice Embeddings Problem

Which �nite lattices L can be embedded into D (preserving join
and meet)?

The EE problem is decidable for the c.e. Turing degrees
(Slaman/Soare 2001), for the enumeration degrees
(Lempp/Slaman/Soskova 2021), and for the Σ0

2-enumeration
degrees (Lempp/Slaman/Sorbi 2005).
The LE problem remains open for the c.e. Turing degrees, but is
decidable for the enumeration degrees and for the Σ0

2-enumeration
degrees (Lempp/Sorbi 2002: all �nite lattices embed).
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Our main technical result extends the following earlier results:

Theorem (Cooper 1990; Calhoun, Slaman 1996)

The (Π0
2-)enumeration degrees are not dense, i.e., there are a < b

such that there is no enumeration degree x with a < x < b.
(We call b a minimal cover of a.)

Theorem (Kent, Lewis-Pye, Sorbi 2012)

There is a Π0
2-enumeration degree b which is a strong minimal

cover of an enumeration degree a, i.e., a < b and every
enumeration degree x < b is ≤ a.

Theorem (Slaman, Sorbi 2014)

For any enumeration degrees a < b where a is a total degree,
any �nite partial order embeds into the interval (a, b).
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Main Technical Theorem (Lempp, Slaman, M. Soskova, to appear)

For any �nite distributive lattice L, there is an embedding ι of L
into the Π0

2-enumeration degrees with ι(0) = a and ι(1) = b, say,
such that every enumeration degree x ≤ b is in the range of ι or
is < a. (Call such an embedding a strong embedding of L.)

So the range of ι is an interval in the enumeration degrees, and any
�nite distributive lattice can be coded in De with two parameters.

Initially, we were hoping to prove the following stronger

Conjecture

For any �nite lattice L, there is a lattice embedding ι of L into the
Π0
2-enumeration degrees with ι(0) = 0e and ι(1) = b, say, such

that every enumeration degree x ≤ b is in the range of ι or is below
the image of exactly one atom of L.

This would have put us closer to a decision procedure for Th∀∃(De).
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However, this conjecture is false:

Theorem (Jacobsen-Grocott, M. Soskova)

If a and b are incomparable enumeration degrees such that any
enumeration degree x < a ∨ b is ≤ a or ≤ b, then a and b do not
form a minimal pair.

We still hope to prove the following strong embedding result:

Conjecture

For any �nite lattice L, there is an embedding ι of L into the
Π0
2-enumeration degrees with ι(0) = a and ι(1) = b, say, such that

every enumeration degree x ≤ b is in the range of ι or is < a.

This conjecture seems to hold for a larger collection of �nite
lattices (the �interval dismantlable� lattices) but it is not clear, e.g.,
for the 5-element modular lattice M3.
We currently have no good conjecture for deciding Th∀∃(De).
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Recall that for any �nite distributive lattice L, we need an
embedding ι into the Π0

2-degrees with ι(0) = a and ι(1) = b such
that every enumeration degree x ≤ b is in the range of ι or is < a.

For any join-irreducible j ∈ L (including 0), we build a degree aj
(represented by a Π0

2-set Aj) and de�ne, for k ∈ L,

ι(k) =
∨
{aj | j ≤ k},

represented by the set Bk =
⊕

j≤k Aj .

We need to ensure the following requirements:

For any (nonzero) join-irreducible j ∈ L, Aj �e Bkj , where kj
is maximal in L with j � kj .

For any set X ≤e B1 = B and any (nonzero) join-irreducible
j ∈ L, either X ≤e Bkj or Aj ≤e X .

Resolving the con�icts between these requirements uses a
0′′′-priority argument.
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Stay safe until we are all vaccinated!
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