NOTES ON SCHAUDER THEORY: INTERIOR ESTIMATES

TSECHING LIEN

ABSTRACT. The calculations follow Gilbarg and Trudinger Chapter 4 and 6. These are written for
my own enlightenment, and I’ve included some trivial details that they’ve rightly omitted.

1. SOME NOTATION AND SOME ESTIMATES WE TAKE FOR GRANTED

1.1. Notation.

ou
Di = a..
“ 33:82
u
Diju= 5 eiogs

Du = (Dyu, Dau, . .., Dyu) = gradient of u,
wy, = volume of unit ball in R™,

v =unit outward normal,

ds = surface area element, codimension 1.
We assume throughout that n > 2.

1.2. The estimates we take for granted. We assume that f is locally Holder continuous, and
bounded. We denote by w(z) = [ T'(z —y)f(y)dy, the Newtonian Potential of f, where I' is the
fundamental solution to Laplace’s equation. w, denotes the volume of the unit ball in R".

(1) Dywl@) = [ Dyt —y)(f) ~ f@)dy = (@) [ D@ = y)v;()dsy,
By 0B2
Dil(@ = y)l < —=lw =y
(12) DT~ 9)] < o=yl "

n

2. THE HOLDER ESTIMATES OF THE SECOND DERIVATIVES

Lemma 2.1. Let By and By be concentric balls in R™ around xo or radius R. Let f € C’O‘(BQ) for
0<a<l1. Then

w(x) = /B Iz — y)f()dy,

, the Newtonian Potential of f in Ba, is in C*®(Bs) and

(2'1) |D2w|0;B1 + RQ[DQw]Ol;Bl < C(‘f‘O;BQ + Ra[f]OL%BQ)?

where C depends on n and alpha, |flo denotes the sup norm, and [f]a.B, denotes the Holder
norm over the domain Bs.
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Proof. For any = € Bj, we have by (1.1)

Dijw(z) = i Dyl (z —y)(f(y) = f(2))dy — f(z) - Dil'(z — y)v;(y)dsy,

so by (1.2), we have

|Dyw(z)| < ’f(‘”‘”Rl—”/ ds, +
0B

Wy,

[f]a;x

Wn, Bo

|z —y[*"dy

< 2" (@)| + = BR)° o
(2.2) < Cu(lf (@) + R [ flasa

where Cy = C1(n, «). Similarly, for any other point & € By, we have by (1.1)

Dyu(@) = [ Dyle = p)(f) = f@)dy— §(@) [ D~ pwy(u)ds,
Bs OB>

Let § = |z — Z|,& = (z + 2), and Bs = Bs(£) then by subtraction, we have

Dijw(z) — Dijjw(z) =

() — (f@) = @) [ DyT(E - yys(y)ds,
0B2
(1) /(@) /8 (D@ =) = DT = y)ry)ds,
() + [ DTl = (@) - Fw)dy
(Iy) + ; Di;iT(z —y)(f(y) — f(Z))dy
(I5) +(f@) - 1(@) / DT (z — y)dy
Bo—Bs
(Is) + / (DT — y) — DyT(@ — v)(F(F) — [(y))dy
Bo— B

We want to estimate each of these terms by something not dependent upon w. We start with Is.
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Iy = f(x) Dil'(x —y) — DiT'(Z — y)vj(y)dsy
0B
B/ < |flow | |DDa 3) = DTG~ )lds,
OBs>
<|flow |z — 7| / |DD;I'(z — y)|dsy for some Z between z and =
0B
_ n . . _
S e T
0B> Wn
. . n o
(use [DDT(E —y)| < Y [DyT(E —y)| < w—|x —y™")
B n
<|flow |z — 7| nR_"/ dsy, since |2 —y| < R for y € 0B,
Wn 0B2

o n _n n—
< |f|0;x |$ - SU‘ ;R (nwn(QR) 1)

n
20on—1
. n°2
= |flow |z — Z| 7

J
= | flow n®2"" (R>

NG
< |f’0;x n22n <R>

And now, I;.

I = (f(z) - f(%)) - Dil'(Z — y)v;(y)ds,

|m$mwm/ IDT(@ — y)lds,
0B

1 _
< [f]oz;x 5@/ |l’ - y‘l ndsy
OB nwn,

1
<o [ R,
OB nwny,

1
= [f]a;a: o Rln/ dsy
0B2

NWn,

— [f]a;z 5o¢2n—1



= | Dil(z=y)(f@) = fly)dy

I < / DT (@ — )| f(x) — f()ldy
Bss /2()
</B i‘x_y‘afn’f(x)_f(y)’dy

B 35/2() YN |z — gyl

1 _
< [l / & — y|* " dy
w B35 /2(x)

n

=22 17

The estimation of I, is identical, and we have:

L] = /B DT — )|If(y) — £(@)] dy

D
n (36\°

I = (f(x) - £(2) / DyiT(z — y)dy

B>—Bs

[I5| = [f () — f(2)]

/ Dy (z — y)dy‘
Bo—Bs

Dile ~y)v(y)ds, ~ [ D= yw(w)ds,

< [flalz — z|* oBs(e)
6

0B

+

< [f]ad®

DyT(z = y)v;(y) dsy
0B2

< [flad® (21 + ! / %dsy
nwn Jopse) 12—yl
1-n
< [flad® 1y L (0 / ds
- nwy \ 2 0Bs(&) Y

< [fla0” (2"1 sl (g) oy nwn)

= [f]adoqn

/ DIz — y)vi(y) dsy
9B;(&)
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I — / (DyT(x — ) — DyT(@ — ) (f(@) — F()) dy
Bo—Bg

|Is| < |z — | |DD;;(z — )|l f(z) — f(y)| dy for & between x and T
By—B;
PRSP NTOR ()
Wn Bo—Bg ’x - y|n
n(n+5) |z -y
< —0]fla = dy
wn, ] By-B, [T —y["H!
3 (03
n(n +5) (i‘f—y‘)
<—6(fla 1 gt d
W ly—€125 (516 —yl)

3
since [T —y| < S1€ —y| < 3T —y|

n(n +5) (3)“ " / 1
<MY s (2) om g
T wy /] 2 ly—g|>o |§ — [Pt Y

n(n +5) 3N o [P I
< ——6[fla <2> 2 /5 (G e dr

Wn

< n2(n + 5) ) [f]a <Z>a 2”4—1#1 ((3R)O‘_1 . 5a—1)

o —

So,

n2(n+5) « 3\ n+1
< o () 2

Adding up all six of these terms, we have

(2.3) |Dijw(z) — Dijw(z)| < C(n,a) (R™*6%|flo., + 6*[fla)

C only depends on n and «. Thus, multiplying through by 6=* and R*, we have

e 20D = Bl G, 0) (o + RO

Combining this with the previous estimate, we have (2.1). This only bounds the sup norm of the
second derivatives and the Holder semi-norm. However, |Dw|y and |wlp follow easily by the same
type of computations as above, and the identities presented in the last section. In fact, we have
that

5



1D (@) o5, = /B DT (& — ) (4)| dy

<1 llo:5: /B IDiT(x — )| dy
1

1
< fo;B/ ——dy
| fllo;B4 R r——

1
<o [ v
Wn JOo<r<R

< [ fllo;B, B

Similarly,

(@) o5, = / T(a — y)f(y)dy
B
1
< flosns /B e

z —y[n?
1

< | flos / Lo
" la<r 122

1 1 _
< ‘f|0;B1 / "t dr
,,

nwy Jpr<g T2

R2
< \f|o;817

O

Remark. Throughout, we have that in bounding the various semi-norms, our constants often de-
pends on R, or the size of the ball that we had chosen at the beginning. Now, since our domain is
bounded, we want to exploit the fact that there is an upper bound on R, though not necessarily a
lower bound. Hence, in (2.3), we clear the denominators of R. This is where Gilbarg and Trudinger
begins to define weighted norms. This is made more apparent in the subsequent discussion.

With the bounds on the Newtonian Potential, by Green’s representation theorem, if u is a
solution to Poisson’s equation Au = f in a ball Bog, and f € C*(Bar), then we have
u=w+ h,

where w is the Newtonian Potential of f, and A is some harmonic function on Bspg.
Thus, we have

(2.4) lullz,a5m: = llullo,, + [1Dulloss, + 1D*ullo,p, + [D*ulo,a;,
We bound each of these separately, and also reformulate these in terms of a weighted norm, when

we wish to clear the denominators.
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|Du’0;B1 = [Dw + Dh|0§31
< |Dw’0;B1 + |Dh|U;B1
n
< R|flo.s, + Lo,
(see last section for bounds on derivatives of harmonic functions)

(If we clear denominators, we have
(2.5) R|Dulo;p, < R?|flo;p, + nlhlo,5,-
)

|D2u|0;31 = |D2w + D2h|0;31
< |D2w|0;B1 + |D2h|0;B1

_ n 2n
< (2" flos + = BRI asns) + (IRl
(Clearing denominators, we have the following inequality:
_ n3< o
(2.6) [D2ulos, < (20)°|hlos, + 2" | flo, + —— R flacs,
)
[Dzu]a;& < [D2U]a;B1 + [D2h]a;B1

< C(”? O‘)(Rialpha’f‘O:Bz + [f]Oé;Bz) + [D2h]06;31'

We have

2 N2
D D)~ D)
[ By p
z,y€ By ‘$ - y‘a
|D?h(z) — D*h(y)|

< 2R sup |D3h|
z,yeB1

3n\°
< (2R)1_a <R> |h‘|0;Bg

< WWO;Bz

Thus, this gives us
[D2U]a;B1 < C(”a a) (Rialpha’ﬂO:Bg + [f]a;Bz + R72ia‘h|0;32>

(Reformulated, so that we can be arbitrarily close to the boundary, we have

(2.7) R2+0‘[D2u]a;31 <C(n,a) (RQ‘ﬂO:Bg + Rt [flasBs + |h|0;32)
)



To take care of |h|o,p,, We recognize that h = u—w, so |hlo,B, < |u|o;B, + |w|o;B,, and the supre-
mum of the Newtonian potential of f depends on the |f|o,p, by Green’s representation theorem.
Adding all these together, we have the following lemma with the weighted norms.

Lemma 2.2. If u € C?(Bag) is a solution to Poisson’s equation, i.e. Au = f, for f € C*Bap,
then u € C%%(Bayg), and we have

(2.8) lulls,0, < Cn,a)(lullo,s, + B[ £116.)-

Now, this inequality is specific to a ball of fixed radius. For a general bounded domain €2, we
need to alter our norms slightly by d, = dist(x, 00).
For fixed x € 2, let R = %dx. Then,

d,| Du(z)| + d2|Du(@)| < (3R)|Dulo,p, + (3R)?|Dulo;5,
< Clullo;z, + B2 fllbn,) by (2.8)
2
< O(ullos, + 1) 5,),

and we have

% 2
(2.9) [ulse < Clllullo., + 1 F1h0):

where |ul} .o is a norm weighted with distance to the boundary, rather than a fixed R, and | f]| ((]23{_ By
is the same but with an extra factor of d2.

3. SOMETHING OTHER THAN THE LAPLACIAN

3.1. Constant coefficient. We first consider an elliptic second order differential operator with
constant coefficients. Let Ly = a" D;;, where a" are the entries of a constant matrix A. We say
that Lg is elliptic if there exists a A so that

TP < a¥eg < AP foree R

Note that for the Laplacian, A = Id. Suppose that Lou = f € C*(2). We wish to establish the
same identity

(3.1) [

* 2
St < C (e + 11500
where C' = C(n, a).

Proof. Let P be a nonsingular linear transformation from R™ to R™. Let y = Px. Then this
transformation takes u(z) to a(y) : P(Q) — R, ie. for y € P(Q),u(y) = u(x).
In fact, this transformation takes a¥ D;ju(z) = f(z) to the equation a” Dy;i(y) = f(y), where
@" are coefficients of the matrix PAP?, with P! = P transpose. We try and see this a little better.
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k
2~
u
= Pki Dij Orl ok (P(IZ)
k.l
m
a”DUu(a:) ;ZZPM Z]pl] Ol ok (Pl')
7 k,l
0%*a
kil i,
0?1
_ ~kl
N %l:a 89518:5’“( )
= f(Px)

Since A is a symmetric real matrix, there is an orthognal P so that that Ais a diagonal matrix
with the diagonal entries the eigenvalues A1,..., A, of A. Let D be the diagonal matrix with the

‘th 3 1
" diagonal element NovE

Let Q@ = DP, and y = Qx. Under this transformation, A= DPAP'D! = Id.

Hence, Lou(z) = f(z) <, Atu(y) = f(y). We assume furthermore that () takes the upper half
space, T, > 0 to the upper half space y, > 0.
Since P preserves length, we have

1

ﬂlx\ < Qx| < VAlz|

So, there exists a ¢ so that

Mullf o < 5 0 < lulf o

B i ® < il

cHlullgan < 1l o < cllullgan
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Thus,

el e < ellll,q

< Cllallo + 171

by our previous result, (2.9)

< C(lullo + 1 £1$20)

0

3.2. Holder continuous coefficients. Now, we wish to extend the result (3.1) to elliptic operators
with Holder continuous coefficients. Let L = a" D;j 4+ b*D; + ¢ be an elliptic operator in a domain
Q. That is,

g 1
(3.2) a’&& > KH&HQ for every x € Q,£ € R"
and
3 11(0 an (1 2
(3.3) 1675 00 18 o0 el < A

Then if u € C*%(Q) is a solution to Poisson’s equation, Lu = f, where f € C%(£2), we have that
2
[0l 2 < C (Iuloa + £1500)
where C depends on n, a, A.
Proof. Let xg € Q. Define the constant coefficient elliptic operator Ly = aij(xg)Dij. Thus, since

Lu=f,

Lou = (a" () — a" (x))Diju — b'Diu — cu + f,
in Q.
Denote the right hand side by F'.

Remark. Here, we have a constant coefficient operator, and so we can apply our previous result
and obtain that

2
[l e < Clllullog + I1E 1500
Now, in bounding F', however, we get the seminorms of Hu||§&Q showing up on the right hand

side. Thus, we would like to bound ||FH((32LQ so that the seminorm terms are dependent upon a
constant p of our choice. We do this by choosing a ball of a particular size in a neighborhood of
xo.

Let p < % be a positive constant to be determined later. Denote d = udy,, and B = By(xo).
Then by our previous result, (3.1), we have for our ball, B,

2
(3.4) lulls s < € (lullos + IFI55)
It’s clear that ||ullo.p < |lullon. In general, for functions u,v in a “nice” domain, A, we have

]| < lalli Aol 4
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where p + 7 = 0. We show this only for the case that £k =0,0 =2,p=2,7 =0.

uv uv
Huv”oaA _ sup d2|uv\ + sup d2+a’ ( ) a(y)’
r,yeA ‘l' - y‘

< sup d |ul[v|
T€EA

|u(z)v(z) = u(x)o(y) + ul@)v(y) — uly)v(y)]

+ sup d2+a
T, yeA |LU - y|a
< <Supd2|u|> sup|v\
€A z€A
+ anp iy ([ el uele) i)
zy€A |z =yl |z =yl

2 0 2
01Oy + [l 4lvlo.a

;A

boca)

< [lullg.a;allvlio.a;a

< |vlo,a (

Thus, we have,

2 id 1 1
) 5 < |I(a" (z0) — ¥ (x >>HMHDwuHMB + 10l I DI, 5
2
+ el

We look at each of these terms individually, focusing first on the derivatives of u. Note that for
x € B, d=pdy, < (1— p)dy.

|D’Lju( ) Dlju(y)’

||DZ]uH0aB < sup dQ\D”u| +supz,y € Bd2+°‘ g

2
I 2 2+ \Dz'ju(ﬂﬁ) - Diju(y)|
—_— dz|D;iul + Qd
T (1= p)te (21618 2 Zju' P T Y & Sy |z — y|@

12

(2)
= (1 — Iu)2+a ’Diju|0,a;Q

12

()
[
@t

8:”’ HuH2 ;02
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| Diu(z) — Diu(y)]

1D; uHOaB < sup d|Dyu| + sup dii®

r,yeB ‘l’—y’a
D; D.
< (v SupdalDaul + sup ol Diu(z) = D)
(1 - /J) z,yeN |$ _ y‘
< D)

- m 14110,0;0

< 4pl| Dyu§L).0 < Apllul ) g,

0
HuHéLB_( el ull g

< 2llu§%e

The coefficients:

y y i) i
la" (zo) — a¥ (gg)HéO()l < sup la% (z0) — a¥ (z)| + sup da| (2) a(y)\
" z.yeB |z -yl

0 (20) — a¥ ()|

< sup |zg — x|*

zeB ‘.’IJ — 1‘0|O‘
f e @) — )
(1 —p)> z,y€N Y |z — y|@
< supd® |aij(m0) — a’ij(z” i [aij]( )
 z€B |x — zo|™ Q2
e
L)/ — J
< 21+aﬂa[az‘j]((:c)m
< A4Ap®

Hbl”ocuB < SUP djp'| + sup d'T*

z,yeB |z — y|@
K i 11a |0 (2) = V' (y)]
< ————— | supd;|b*| + sup 40—
(L= e ( I o e =y

i (1
< Apllb[§L).0 < 26N
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2
(2) H (2
||C’ 07Q;B S (1 — M)2+a ||CH07Q;Q

2
< 8u?)lell§q

Putting all this together, we have

2
IFIE) 5 <

4. THE ESTIMATES WE TOOK FOR GRANTED

Here we prove the estimates that we took for granted.

4.1. We start with (1.1), which says

Dijw(z) = ; DT (x —y)(f(y) — f(z))dy — f(x) - Dil'(z — y)v;j(y)dsy

For (1.1) to be true, we actually need some additional hypotheses, which are satisfied in the
statement of Lemma2.1. We need f to be a bounded, locally C* function. If f is a bounded,
locally C'“ on some arbitrary domain, §2, then the identity still holds for Qg instead of Bs, where
Q C Qg where the divergence theorem holds, and f vanishes outside of {2. We prove this for the
arbitrary domain, .

Proof. First we need to prove the following identity.

Claim 1.
Diw(x) = /Q DT (z — ) f(y)dy

Proof. The function

o(z) = /Q DiT(x — ) f(y)dy

is well-defined by (1.2).

Let ne(z) € C*°(R) be such that

(1) 0<n(z) <1(2) ne(x) =0 for x < e (3) ne(x) =1 for > 2¢ (4) |Vne| < %
Define we(x) to be

we(w)—/QF(x—y)f(y)dy

Then we(z) € C* and w,(z) — w uniformly.
So we have
13



We have

o@) - D@ < Iflo [ (CIT@ =yl + Dl = )y

le—y|<2e

2
< - T'(2)|dz D;I'(z)|dz
f\o(€/||<2€| =+ [ IDre) )

1
< C|flo de+/ T
|z\<26 ’Z’n |z]<2€ ’Z’n

§C|f|o< rdr+ dr)
r<e
< Clfloe

Thus, D;w. — v uniformly on compact subsets as € — 0. Thus, w(z) € C' and D;w = v. This
gives us Claim 1. O

Now,

u(@) = [ Dyl'(z—y)(f(y) = f(@))dy — f(z) | Dil'(x = y)vds,
Qo 9

is well defined by virtue of (1.2).
Let

_ /Q Dil(z — y)ne(|z — y|) f(y)dy

Now v, € C1(), and v, — D;w uniformly by the above claim.
Also, we have
14



I%WWPjLEMDJ@—yMMw—MDﬂw@

=/, Dj(Dil'(z — y)ne(lx —y))(f(y) — f(2))dy

+ f(x) A Dj(Dil'(z — y)ne(|z — yl))dy

= | Dj(Dil'(z — y)ne(lz — y))(f(y) — f(x))dy

Qo

— f(x) Dil'(z — y)ne(|z — yN)v;(y)dsy

00
=/, Di(Dil'(x — y)ne(|x — y) (f(y) — f(x))dy

— f(x) DI’ (x — y)v;(y)ds,

00
We have
u(e) - Dyu@) < [ Dj(1-n)DI(f(w) - f@)dy
lz—y|<2e

2
suh/' (DT + 2DiT])e — y|*dy
lz—y|<2€ €

1 2 1
(| vt o
B = il

< Clflal(26)" + 220"
< O[f]aea

)

Thus Djve(x) converges to u uniformly on compact subsets as e — 0. But ve — D;w, so w €

C%(Q) and u = D;jw.

0

4.2. Next, we estimate the first and second derivatives of fundamental solution of Laplace’s equa-

tion (1.2), and also esimates for the third derivative used in bounding the integral I.

The fundamental solution of Laplace’s equation for n > 2 is

1
P _ - - _ 2—n
(x—y) 0@ = n)an [z — |
Differentiating once and then again, we have
DN~ y) = —— (i — yi)le — |
it \ L —Y) = . i —Yi)| T —Y
1

DIz —y) = {lz = y|*6ij — n(x; — i) Ha —y| "2

nwWn,

Differentiating a third time, we have
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1 o o
Dijpl'(z —y) = p_~ {—nlz —y|7" (2 — k)0 — n(x; — yj)lz — y[ "6

n
—n(zi = yi)le =yl 2o
—n(zi — yi)(2j — y;)(zr —yi)|z —y| ")
Thus, we have the following estimates:

(4.1) |Dil"(z — y)| < nwn|~’v—y|17";
1 _
(4.2) DT (z —y)| < —lz —y|™™
Wn
5
(4.3) |Dijel'(z —y) < ne z—y[ 7!

n
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