NOTES ON THE SOBOLEV CONSTANTS AND RELATED
ISOPERIMETRIC INEQUALITIES

TSECHING LIEN

ABSTRACT. Here’s what [ understand, or don’t understand about Sobolev
spaces on a Riemannian manifold.

Given a Riemannian m-manifold M, we want to know under what condi-
tions the Sobolev embeddings are valid for our manifold. Recall that if our
manifold is R, then the Sobolev embeddings are valid.

Theorem 0.1 (Sobolev Embedding for R™). Let ¢ € [1,m) and let p be
such that 1/p =1/q — 1/m. For any ¢ € H{(R™),

(m—1)/m m—1 1/q
(0.1) (/ ]cp\m/(ml)dx) < p(z) (/ \Vgo]d:c) .
m m R™

In particular, for any real numbers 1 < q < p, and any integers 0 < n < k
satisfying 1/p = 1/q — (k — n)/m, we have that H{(R™) C HL(R™).

Let’s consider embedding H{(R™ C H}(R™) = LP(R™) for now, i.e., we
want to show that

(/n \w!pdx>1/p < p(Tgn:l) (/Rn !VsOIdw) :

First, we show that

Lemma 0.2.

m—1/m m o 1/n
m_l/mdx> < </ L dx)
(L tervma) - <TI( [, 152

Proof. We do the proof for R?, but the argument is the same for R™. Let
(z0, Y0, 20) be the coordinates of a point, P € R3, and D,, D, D, be lines
through P that are parallel the the x,y, and z axes, respectively. So,

p(P) = /ro (020) (2,90, 20)dx = —/Oo(ax¢)(w7yo,zo)dx-

—o0 o

As a consequence,

el<5 ([ x |(3x90)(33,y0,z0)|dm>1/2.
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Thus,

(PP < (;)3/2 </sz \(@:w)(%yoyzoﬂdx)l/z

1/2 1/
(/D |<ayso><wo,y,zo>rdy> (/D ’(8z90)(xo,y072)|d2>
Integrating over x, we have
1\ 3/2 1/2
([ wemaier) < (3) ([ 1000 m0e)
“(/
(Dzy

([ 100w as:) "

Tz

1/2
|(Oyp)(z,y, ZO)\dwdy>

where D,y is the plane containing D, and D,. Then, integrating over y
and z gives us

0.2) [ teminaz) ™ <1 [ 1550 o

So we have, for p € H{ (R™),

. (m—1)/m 1
(/ oo™/ )dw> < 2/ Vol da.
Rm™ R™

That is, H} (R™) ¢ L™/(m=1(M). Then, by the following lemma, we have
H}(R™) C H(R™). In particular, we have,

D 1/q
(/ |g0pdac> < 2m </ ]Vg0|qd:v> .
Rm m—1 Rm

Lemma 0.3. Let (M,g) be a complete Riemannian m-manifold. Suppose
the embedding H (M) C L™/ (m=1) s walid. Then, for any real numbers 1 <
q < p and any integers 0 < n < k satisfying 1/p = 1/q—(k—n)/m, H}(M) C
HE(M).
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Okay, so we have the Sobolev embeddings for R™. Now, for compact
manifolds, because we can find a partition of unity subordinate to a finite
covering, we have the Sobolev embeddings? The embeddings are compact.
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