MATH234
Solutions to Exam 3
August 4, 2011

1. (a) The mass of the wire is computed with the integral:

j{)é(@y)ds

where C'is parameterized as () = (2cost, 2sint) with 0 < ¢ < 27. Then r/(t) = (—2sint, 2 cost),
so |r'(t)| = 2. Then:
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(b) The moment of inertia about the origin is computed with the integral:
= @+ )5, )ds
c
Since C is the path along 22 4+ y? = 4, then that integral will be equal to:

f 46(z,y)ds = 4% 0(z,y)ds = 4(Mass)
c c

Thus, the moment of inertia is 4(87) = 327.

2. (a) The work done is computed with the integral:
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C
where 7= (t,0,—2t) for 0 <t < 1. Thus d¥ = (1,0, —2), so we have
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es, because 7 is not conservative.  were conserva ive, then if we write = i+ ; _’,
b) Yes, b F t t IfF tive, then if te ' = Mi+Nj+ Pk
then %—JZ[ = %—I;[. In this case, %—Aj =1and %—JZ = 0. They are not equal, so F' is not conservative.

3. (a) By Green’s Theorem, since the path is clockwise

%(aerby)der(c:qudy)dy: // < Cm+dy 8(‘”%‘”)) ddy
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where R is the region contained in the circle ¢. R is a circle of radius 7, so it has area mr2.
Thus, the integral equals —(c — b)wr?, or (b — c)7r?.
Note that the integral does not depend on the location of the center of ¢ since the resulting
integral only required information about the area of the circle.

(b) Yes, if the path were counterclockwise, by Green’s Theorem, the double integral above would

be positive instead of negative. The resulting integral would be (¢ — b)7r2.

4. (a) One valid parametrization is r(u,v) = (ucosv,usinv,1 —u) with 0 <u <1land 0 <wv < 7.

(b) We compute do using the parameterizations from part (a).

ry = (cosv,sinv, —1)

ry = (—usinv, ucos v, 0)
i ik
Ty X Ty = Cos v sinv —1
—usinv, ucosv, 0
= (ucosw,usinv, ucos® v + usin?v)

= (ucos v, usinv, u)

|70 X 10| = Vu2cos2 v+ u?sin v + u2 = uv/2
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5. (a) One approach is to recognize that on the sphere of radius a, the function f(x,y,2) = /22 + y% + 22 =
a. Thus,

// fz,y,z)do =a // do = a(Surface Area of the sphere)
s s



The surface area of a sphere of radius a is 47a2, so the integral is 4ma?.

Another (longer) approach to this problem is to parameterize the surface and use the param-
eterizations to compute do.

Let r(p,0) = (asinpcosf,asingsin b, acos ) with 0 < 0 < 27,0 < ¢ < 7. Then:

T, = (acoscos b, acospsinb, —asing)
rg = (—asin psin b, asin p cosd, 0)
rp x rf = (a®sin® p cos 0, a® sin? p sin 0, a* cos @ sin )

ro x r] = a?sin
Ire @

On the surface, f(z,y,2,) = /22 +y2 + 22 = a. Thus,
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(b) The circulation around any closed curve in a conservative vector field is 0. V f is conservative,
since f is a potential function for V f. Thus, the circulation is 0.

Another approach:
If a simple closed path C' avoids the origin, we can apply Stokes’ Theorem to get that:

Circulation:%Vf~dF://V><Vf~ﬁdo
c s

For every function f, V x Vf = 0. Thus, the circulation is zero.
We could not apply Stokes’ Theorem if the curve passed through the origin, since VF' is not
defined at the origin.

6. (a) By the Divergence Theorem,

//Sﬁ-ﬁda:///Dv.de

For F = (z + 2y + 32)i, V- F = 1. Thus, the above integral reduces to:

/1

or, the volume of the pyramid. The volume of a pyramid is 5(Base area) (Height). The base
is a triangle with height 3 and length 6, so the base area is 9. The height is 2, so the volume
is 6.

You can also compute the volume with a triple integral, like:

2 p3-3/2 p6—2y—3z
/ / / dxdydz
0o Jo 0



That will also give you 6.

Note: If you wanted to compute this integral without the Divergence theorem, you must
compute the flux over all four sides of the pyramid. Two of them have zero flux, but the top
of the pyramid and the side in the yz-plane have non-zero flux.

By the divergence theorem again,

//S(VXF).ﬁdO—Z///DV-(Vxﬁ)dV

It is true in general that V - V x F =0 for any vector field F , but you can also just check it
for this vector field in particular.

Thus, the integral above becomes zero, so the flux is zero.



