
Math 705: Problem Set 1

Due Thursday September 17, 2015

1 Acheson 1.2: An ideal fluid is rotating under gravity g with constant angular velocity Ω,
so that relative to the fixed Cartesian axes, u = (−Ωy,Ωx, 0). We wish to find the surfaces
of constant pressure, and hence the surface of a uniformly rotating bucket of water (which
will be at atmospheric pressure). ‘By Bernoulli,’ p/ρ + u2/2 + gz is constant, so that
constant pressure surfaces are z = constant − Ω2(x2 + y2)/(2g). But this means that the
surface of the rotating bucket of water is at its highest in the middle. What is wrong?

2. Acheson 1.3: Find the pressure inside and outside of the Rankine vortex

uθ = Ωr, r < a; uθ = Ωa2/r, r > a

ur = uz = 0.

Show that the pressure at r = 0 is lower than the pressure at r = ∞ by an amount ρΩ2a2

(hence very low pressure in the center of a tornado). Deduce that if there is a free surface
to the fluid and gravity is acting, then the surface at r = 0 is a depth Ω2a2/g below the
surface at r = ∞ (hence the dimples in a cup of tea accompanying the vortices that are
shed by the edges of the spoon).

3. Acheson 1.7: Sketch the streamlines for the flow u = (αx,−αy, 0), where α is a positive
constant. Let the concentration of some pollutant in the flow be c(x, y, t) = βx2y exp(−αt)
for y > 0, where β is a constant. Does the pollutant concentration for any particular fluid
element change with time?

An alternative way of describing the flow is to specify the position x of each fluid
element at time t in terms of the position X of that element at time t = 0. For the above
flow this ‘Lagrangian’ description is

x = X exp(αt), y = Y exp(−αt), z = Z.

Verify by direct calculation that

(
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∂t

)

X

= u,

(

∂u

∂t

)

X

=
Du

Dt

in this particular case. Why are these results true in general? Write c as a function of
X, Y, t.

4. (a) Show that the potential vortex (1.21) is an acceptable flow, i.e. that it satisfies the
equations of motion (except perhaps at r = 0). Determine the pressure distribution.
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(b) Consider u = [(D − Ω)y, (D + Ω)x, 0]. Is this an acceptable flow? Calculate the
vorticity and rate of strain tensor. Sketch the streamlines and obtain explicit formulas. If
the streamlines are closed, what is the frequency at which particles go around?

5. A manager has installed a drinking fountain in his store. During a drive-by shooting,
the bottle (0.6 m high, 0.2 m radius), filled with Arrowhead Spring water, is hit by two
bullets. One bullet goes through the top of the bottle, and the other goes through the
bottle near the bottom. Ignoring friction, estimate how long will it take for the bottle to
be empty? (A bullet hole is about 10−4 m2.)
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