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Abstract. Given a nonzero integer d, we know by Hermite’s Theorem that there
exist only finitely many cubic number fields of discriminant d. However, it can hap-
pen that two non-isomorphic cubic fields have the same discriminant. It is thus
natural to ask whether there are natural refinements of the discriminant which com-
pletely determine the isomorphism class of the cubic field. Here we consider the
trace form qK : TrK/Q(x2)|O0

K
as such a refinement. For a cubic field of fundamental

discriminant d we show the existence of an element TK in Bhargava’s class group
Cl(Z2 ⊗ Z2 ⊗ Z2;−3d) such that qK is completely determined by TK . By using one
of Bhargava’s composition laws, we show that qK is a complete invariant whenever
K is totally real and of fundamental discriminant.
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1. Introduction

1.1. Generalities. A difference between quadratic and non-quadratic number fields
is that in the former case, the fields are totally characterized by their discriminant.
One natural choice for a “refined discriminant” is given by the isometry class with
respect to the trace form of the lattice defined by the maximal order. The purpose of
this paper is to give a detailed analysis of this refinement for cubic extensions, and to
show under which conditions this refinement characterizes the field. Given a number
field K with maximal order OK we consider the trace form TrK/Q(x2)|OK

. A natural
question is:

Question 1.1. Do there exist two non-isomorphic number fields K and L such that
their corresponding trace forms are isomorphic?
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In this paper we analyze Question 1.1 in the case of cubic extensions.

Definition 1.2. Let K be a number field and let OK be its maximal order. The trace
zero module O0

K is the set {x ∈ OK : trK/Q(x) = 0}.

Our main result is the following:

Theorem A(Theorem 6.5 below). Let K be a cubic number field of positive, fun-
damental discriminant. Let L be a number field such that there exists an isomorphism
of quadratic modules

〈O0
K , TrK/Q(x2)|O0

K
〉 ∼= 〈O0

L, TrK/Q(x2)|O0
L
〉,

and assume 9 - dL. Then K ∼= L.

1.2. Outline of the paper. We start by analyzing Question 1.1 for general cubic
fields. For this purpose we consider first the case in which the common discriminant
of K and L is not fundamental.1

1.2.1. Non-fundamental discriminants. In this case, we find that our proposed re-
finement does not characterize the field. In other words, for non-fundamental dis-
criminants we have an affirmative answer to Question 1.1. We divide the class of
non-fundamental discriminants into 2 groups according to sign. Among the positive
discriminants, we divide them again into groups according to those that are perfect
squares, and those that are not. For each one of these cases we show that there are
some non-fundamental discriminants such that 1.1 has an affirmative answer.

i) (Negative non-fundamental discriminants) We define a sequence of positive
integers Σ and a family of triples {Km, Lm, Em}m∈Σ, with the following prop-
erties (see Lemma 3.4):
• Km, Lm are two non-isomorphic cubic fields with discriminant−3n2, where

n is a positive integer depending only on m.
• An elliptic curve Em defined over Q such that Em[3](Q) determines com-

pletely a ternary quadratic form equivalent to both TrK/Q(x2)|OKm
and

TrK/Q(x2)|OLm
.

ii) (Square discriminants) In this case we prove (see Theorem 3.1) a generalization
of a result of Conner and Perlis ([C-P], Theorem IV.1.1 with p = 3). Let K
and L be two Galois cubic number fields of the same discriminant and let
M be either OK or O0

K . Then TrK/Q(x2)|M and TrK/Q(x2)|M are equivalent.
Since there are examples of non-isomorphic Galois cubic fields of the same
discriminant, Question 1.1 has a positive answer for such cases.

iii) (Positive, non-fundamental, non-square discriminants) See example 3.6 for two
fields with positive, non-square free, non perfect square discriminant and iso-
metric integral trace forms.

1d is a fundamental discriminant if it is the discriminant of a quadratic field.
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1.2.2. Reduction to a rank 2 form. For fields of fundamental discriminant, we see
thanks to Lemma 2.5, that the binary quadratic form TrK/Q(x2)|O0

K
is a refinement of

the discriminant. Hence, we reformulate Question 1.1.

Question 1.3. Do there exist two non-isomorphic cubic fields K and L such that the
forms TrK/Q(x2)|O0

K
and TrL/Q(x2)|O0

L
are isomorphic?

Although Question 1.3 has relevance for us only for fundamental discriminants, we
note that the examples i), ii) and iii) described above also answer 1.3 in an affirmative
way. On the other hand, for fundamental discriminants, (see Figure 1), class field
theory provides examples of non isomorphic cubic fields of the same discriminant.
Among the fields with negative discriminants we found examples giving an affirmative
answer to Question 1.3.

1.2.3. Main results. It is clear thanks to the results developed so far, that one should
consider working over cubic fields of fundamental discriminant. We show for such
discriminants that the trace form is equal, as an element of a narrow class group, to
the Hessian multiplied by an element that only depends on the discriminant.

Theorem B (Theorem 5.5 below) Let K be a cubic field with discriminant dK.
Assume that dK is fundamental and that 3 - dK. Let FK = (a, b, c, d) be a cubic in
the GL2(Z)-equivalence class defined by K. Then 1

2
qK ∗ CdK

= H±1
K as elements of

Cl+Q(
√
−3dK)

, where CdK
= (3, 0, dK

4
) or CdK

= (3, 3, dK+3
4

) in accordance with whether

dk ≡ 0 (mod 4) or dk ≡ 1 (mod 4).

By reformulating all of this in the language of Bhargava’s composition of cubes
(see [Bha]), we show that the trace form arises naturally as a projection of a cube
determined by the field.

Theorem C (Theorem 6.2 below) Let K be a cubic field with discriminant dK

and associated cubic form FK = (a, b, c, d). Assume that dK is fundamental and
that 3 does not ramify. Then there exists TFK

∈ Cl(Z2 ⊗ Z2 ⊗ Z2;−3dK) such that
(π1 ◦ φ)(TFK

))±1 = 1
2
qK as elements of Cl+Q(

√
−3dK)

.

In this setting, Theorem A follows from Theorem 5.11 which is the modern version
of a theorem of Eisenstein (see[E]). By reformulating Theorem A, see Theorem 6.8 and
its corollary, we obtain one inequality of the classical Scholz reflection principle(see
[Sch]).

We remark that Theorem A can be obtained with the tools developed by Eisenstein
in ([E]). However, we have decided to use Bhargava’s theory of 2 × 2 × 2 orbits of
cubes, to suggest that it might be possible to use some other prehomogeneous spaces
to “generalize ” Theorem A to higher dimensions.
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2. Basic facts

Definition 2.1. Let G be a free abelian group. We say that a map

q : G → Z
is a quadratic form if :

• q(nx) = n2q(x) for all integer n,
• The map Bq : G×G → 1

2
Z defined as Bq(x, y) = 1

2
(q(x + y)− q(x)− q(y)) is

Z-bilinear.

Remark 2.2. Let 〈G, q〉 be a quadratic Z-module of rank n = Rank(G). After choosing
a basis, we can think of q as a homogeneous polynomial in n variables of degree two,
i.e q ∈ (Sym2Zn)∗. There is a natural action of GL2(Z) on (Sym2Zn)∗. Under this
action, q and q1 belong to the same orbit if and only if 〈G, q〉 is isometric to 〈G1, q1〉.
Abusing notation we will denote this by q ∼GL2(Z) q1.

Now let K be a number field and let OK be its maximal order. The map

q̃K : OK → Z
x 7→ trK/Q(x2)

defines a quadratic form with corresponding bilinear form

BK(x, y) = trK/Q(xy)|OK
.

Thus, we have that 〈OK , q̃K〉 is a quadratic Z-module and its discriminant is pre-
cisely the discriminant of K. Thus, if K and L are two number fields such that
〈OK , q̃K〉 and 〈OL, q̃L〉 are isomorphic quadratic Z-modules, then we have

• [K : Q] = [L : Q],
• Disc(K) = Disc(L).

Therefore the isomorphism class of 〈OK , q̃K〉 is to us a natural refinement of the
discriminant.

Lemma 2.3. Let K be a number field of degree n and let GK = Z + O0
K . We have

|OK/GK | = |Tr(OK)/nZ|.

Corollary 2.4. Let K and L be number fields. If

f : 〈OK , BK〉 → 〈OL, BL〉
is an isomorphism, then Disc(GK) = Disc(GL).

Proof. Since trL(f(x)f(y)) = trK(xy) for all x, y ∈ OK we have that trK : OK � Z
implies trL : OL � Z. Since f is an isometry, the argument is symmetric in K and L.
By Lemma 2.3 we have |OK/GK | = |OL/GL|. Hence

Disc(GK) = |OK/GK |2Disc(OK) = |OL/GL|2Disc(OL) = Disc(GL).

�

For a number field K, we denote qk = q̃K |O0
K
.



INTEGRAL TRACE FORMS ASSOCIATED TO CUBIC EXTENSIONS 5

Lemma 2.5. Let K, L be two number fields of degree n. Assume that K and L both
have discriminants that are squarefree at all primes dividing n. Further, suppose that
〈O0

K , qK〉 and 〈O0
L, qL〉 are isomorphic. Then K and L have the same discriminant.

Proof. Since Disc(GK) = Disc(GL), we have that |OK/GK |2Disc(OK) = |OL/GL|2Disc(OL).
The result now follows from Lemma 2.3.

�

Proposition 2.6. Let K be a Galois number field of prime degree p. Then p ramifies
in K if and only if trK(OK) = pZ.

Proof. It is clear that trK(OK) = pZ implies that p-ramifeis in K. Next, assuming
that p ramifies, let P be the unique prime of OK lying above p. By hypothesis we have
that |OK/P | = p. In particular P is a maximal Z-submodule of OK . Since 1 /∈ P ,
we must have that OK = Z + P . Since P is Galois invariant, trK(P ) ⊆ P ∩ Z = pZ.
Thus trK(OK) = trK(Z + P ) ⊆ pZ.

�

3. Galois fields and rational 3-torsion

In this section we explain some situations in which Questions 1.1 and 1.3 have pos-
itive answers. The examples in this section are characterized by having discriminants
with a nontrivial square factor.

The following result is a generalization of a theorem of Conner and Perlis ([C-P],
Theorem IV.1.1) for p = 3.

Theorem 3.1. Let K and L be two Galois, cubic number fields of discriminant D =
d2. We have

〈O0
K , qK〉 ∼= 〈O0

L, qL〉 ∼=

{
2d(x2 + xy + y2) if 3 - d
2d
3
(x2 + xy + y2) otherwise.

Moreover, there exists such an isometry that extends to one between 〈OK , q̃K〉 and
〈OL, q̃L〉.

Proof. Assume first that 3 - D. By Hilbert’s 132 (see [Hi]) we have OK = e1Z ⊕
e2Z ⊕ e3Z, where σ(e1) = e2 , σ(e2) = e3, and σ is a generator of Gal(K/Q). Since
3 does not ramify, Proposition 2.6 implies that trF/Q(e1) = 1, and furthermore, that
O0

K = (e1 − e2)Z⊕ (e1 − e3)Z. Let a = trF/Q(e2
1) and b = trF/Q(e1e2).

Then M =

 1+2a−2b
3

a− b a− b
a− b 2a− 2b a− b
a− b a− b 2a− 2b

 (respectively M0 = (a− b)

(
2 1
1 2

)
)

represents the trace form over OK in the basis {e1, e1 − e2, e1 − e3} (respectively the
trace form over O0

K in the basis {e1−e2, e2−e3}). Note that a+2b = (trF/Q(e1))
2 = 1,

thus D = det(M) = (a− b)2(a + 2b) = (a− b)2. By the Cauchy-Schwartz inequality,
a − b > 0, hence d = a − b, which implies that a = 1+2d

3
and b = 1−d

3
. Thus, every

cubic field of discriminant d2, 3 - d, has an integral basis for which the trace form over
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OK has representative matrix M (respectively trace form over O0
K has representative

matrix M0 ).
On the other hand, if 3 | d, Proposition 2.6 and Lemma 2.3 imply that OK = Z⊕O0

K .
Hence, q̃K is totally determined by qK = q̃K |O0

K
. Theorem 3.1 follows from the follow-

ing claim and the observation after it.

Claim: 3
2d

qK is an integral, primitive, binary quadratic form of discriminant −3.

Since Q(
√
−3) has trivial class group, every integral quadratic form of discriminant −3

is SL2(Z)-equivalent to (x2+xy+y2). In particular, they are all GL2(Z)-equivalent. �

Proof of claim: Let {α, β} an integral basis for O0
K . Let Oα ⊆ O0

K be the Z-module
generated by {α, σ(α)}, where σ is a generator for Gal(K/Q). Since α /∈ Z, we
know that α and σ(α) are distinct elements of OK with the same norm. In partic-
ular, σ(α) cannot be a rational multiple of α, so RankZ(O) = 2. Thus, [O0

K : Oα]
is finite, and moreover σ(α) = mα + [O0

K : Oα]β for some integer m. Note that
(trK(α2), 2trK(αβ), trK(β2)) and (trK(α2), 2trK(ασ(α)), trK(σ(α)2)) represent qK in
the bases {α, β} and {α, σ(α)} respectively. Hence

(3.1) trK(α2)trK(σ(α)2)− tr2
K(ασ(α)) = [O0

K : Oα]2(trK(α2)trK(β2)− trK(αβ)).

Since disc(K) = d2 and OK = Z + O0
K , d2

3
= trK(α2)trK(β2) − trK(αβ). On the

other hand since α ∈ O0
K , trK(α2) = −2trK(ασ(α)), and the left hand side of (3.1) is

3tr2
K(ασ(α)). Thus,

(3.2) trK(ασ(α)) = ±[O0
K : Oα]

d

3
.

In particular we see that d
3

divides 1
2
trK(α2). Exchanging the roles of α and β we see

that d
3

also divides 1
2
trK(β2). Now consider σ(α) = mα + [O0

K : Oα]β. Multiplying

both sides by α and then taking traces we see that d
3

divides trK(αβ). We conclude

that (trK(α2), 2trK(αβ), trK(β2)) can be written as 2d
3
f , with f an integral quadratic

form of discriminant −3. �

Example 3.2. Let K and L be cubic fields defined by x3+6x2−9x+1 and 2x3+3x2−
9x + 2 respectively. One sees that K and L are non-isomorphic fields of discriminant
3969 by direct computation, for instance regulator(K) 6= regulator(L).

We conclude that the trace form does not characterize the field in the case that the
discriminant is a square. Proposition 3.4 below is an indication that the case of square
discriminant is not the only case that should be reconsidered. Namely; one should
also consider the non-square free case. Cubic fields of a fixed discriminant ∆ can be
parametrized by a subset of rational points on a certain elliptic curve. Assume that
L = Q(β) is a cubic field defined by the equation x3 + px + q ∈ Z[x]. If OL = Z[β],
then disc(L) = −27q2 − 4p3. Hence if K is a cubic field of discriminant ∆, one could
try to find a cubic field L of the same discriminant by finding rational points (−p

3
,± q

2
)

of y2 = x3 − ∆
108

. Using this idea, we construct a family of non isomorphic cubic fields
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with prescribed discriminant. We need the following result from algebraic number
theory (see [Ma]).

Proposition 3.3. Let m be a non perfect cube integer and α a root of x3−m. Write
m = mfm

2
s with mf square free and gcd(mf , ms) = 1. Suppose that m 6≡ ±1 (mod 9).

Then {1, α, α2/ms} is an integral basis for Km = Q(α); in particular disc(Km) =
−27(msmf )

2.

Let Σ = {m ∈ N \ N3|ms 6= 1, mfms 6≡ ±1 (mod 9), m 6≡ ±1 (mod 9)}.
Proposition 3.4. Let m ∈ Σ and Km, Lm be the cubic fields defined by x3 −m and
x3 − mfms respectively, with with mf , ms as in Proposition 3.3. Then Km, Lm are
cubic fields with equivalent trace forms, and have discriminant −3(3mfms)

2.

Proof. By the discussion above and Proposition 3.3 we have that Km defines the ra-

tional elliptic curve Em : y2 = x3 +
m2

f m2
s

4
. A simple calculation shows that Em[3](Q) =

{∞, (0,
mf ms

2
), (0,−mf ms

2
)}, and these points define the field Lm. Let P be a generator

of Em[3](Q) and Mm =

 3 0 0
0 0 6y(p)
0 6y(p) 0

. Then Mm represents simultaneously

the trace form in OKm and OLm with respect to the bases given by Proposition 3.3.
�

The pair of number fields given by Proposition 3.4 need not to be isomorphic, as
the following example demonstrates.

Example 3.5. Let m = 12 so that K12 and L12 are the cubic fields defined by x3− 12
and x3 − 6 respectively. Then 〈OK , q̃K12〉 and 〈OL, q̃L12〉 are isomorphic to 〈Z3, 3x2 +
36yz〉. One sees that K12 and L12 are non-isomorphic fields of discriminant −2235 by
direct computation, for instance 7 splits in L12 but it is inert in K12.

Recall that for Galois cubic fields of fixed discriminant there is only one possibility
for the trace form (see Theorem 3.1). This follows, since after a suitable scaling
we are left with a binary quadratic form of discriminant −3. Inspired by this, we
began looking for discriminants D of totally real cubic fields satisfying the following
conditions:

(i) D is a non-perfect square.
(ii) D is non-fundamental.
(iii) Up to squares factors and factors of 3, −D defines an imaginary quadratic field

of class number 1.
(iv) There are at least two cubic fields of discriminant D.

It turns out that the first D satisfying the above conditions, (see tables at the end
of [E-T]), is D = 66825 = 355211. For this value of D we have:

Example 3.6. Let K and L be the cubic fields defined by 2x3 + 3x2 − 21x + 4 and
x3+9x2−18x−3 respectively. Then 〈OK , q̃K〉 and 〈OL, q̃L〉 are isomorphic to 〈Z3, 3x2+
90(y2 + yz +3z2))〉. One sees that K and L are non-isomorphic fields of discriminant
355211 by direct computation, for instance regulator(K) 6= regulator(L).
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None of our results so far yield positive answers to Questions 1.1 or 1.3 with funda-
mental discriminant. It is thus natural to ask whether those questions have negative
answers in the special case where the discriminant of the cubic field is fundamental.
Moreover, under this circumstances we will exhibit a more convenient refinement. To
describe this, let K be a cubic number field and recall our notation qk = q̃K |O0

K
. Then

qK is an integral, binary quadratic form. Moreover under the fundamental discrimi-
nant hypothesis, the isometry class of 〈O0

K , qK〉 is a refinement of the discriminant, as
shown in Lemma 2.5.

4. Cubic fields with fundamental discriminant

Throughout section 4, all cubic fields are assumed to have fundamental discrimi-
nant. The first question that comes to mind is the following: for which fundamental
discriminants d does there exist a cubic field with discriminant d? Moreover, we would
like to know for which values of d there is more than one isomorphism class of cubic
fields of discriminant d. It turns out that class field theory gives nice answers to these
questions. Let K be a cubic field of fundamental discriminant d and Galois closure

K̃ . Clearly, Q(
√

d) ⊆ K̃, and moreover, this extension is unramified. Since d is a

fundamental discriminant, Gal(K̃/Q) ∼= S3. Hence [K̃ : Q(
√

d)] = 3, and K̃/Q(
√

d) is

abelian. Therefore, if Hd denotes the Hilbert class field of Q(
√

d), and ClQ(
√

d) denotes

the ideal class group of Q(
√

d)), we have the following diagram:

Hd

HK
ClQ(

√
d)

K̃

S3

Z/2Z

uuuuuuuuuuuu
Z/3Z

MMMMMMMMMMMM

K

JJJJJJJJJJJJ Q(
√

d)

Z/2Z
qqqqqqqqqqqq

Q

Figure 1

Thus, if we start with K as above, we obtain HK , an index three subgroup of ClQ(
√

d).

Conversely, it can be shown (see [H]) that the fixed field of an index 3 subgroup of
ClQ(

√
d) corresponds to the Galois closure of a cubic field of discriminant d. Hence we

have the following proposition:

Proposition 4.1 (Hasse, [H]). The number of isomorphism classes of cubic fields of
discriminant d is (3r3(d) − 1)/2, where r3(d) =3-rank(ClQ(

√
d)).



INTEGRAL TRACE FORMS ASSOCIATED TO CUBIC EXTENSIONS 9

Corollary 4.2 (Hasse, [H]). There exists a cubic field K of discriminant d if and only
if ClQ(

√
d)[3] 6= 0.

Section 3 has given affirmative answers to Questions 1.1 and 1.3 for non-fundamental
discriminants. The following example shows us that among fundamental discriminants
one still finds positive answers to Questions 1.1 and 1.3 .

Example 4.3. The fundamental discriminant of least absolute value with r3(d) > 1
is d = −3299. For this value of d, ClQ(

√
d)
∼= Z/3Z ⊕ Z/9Z; hence there exist four

non isomorphic cubic fields of discriminant −3299. Among these four fields, the ones
defined by x3 + 2x + 11 and x3 − 16x + 27 have isometric trace zero parts.

Cubic fields with square free discriminants lead us to 3-torsion of class groups of qua-
dratic fields. There is another very well known source of class groups of quadratic
fields, namely binary quadratic forms. Let us recall briefly how these two are con-
nected. Let ∆ be a non square integer and let Γ∆ ( respectively Γ1

∆ ) be the set
of GL2(Z)-equivalence classes (respectively SL2(Z)-equivalence classes) of primitive,
binary quadratic forms of discriminant ∆. Gauss composition gives a group structure
to Γ1

∆, and furthermore this group is isomorphic to the narrow class group Cl+Q(
√

∆)
. In

particular |Γ∆| ≤ |Cl+Q(
√

∆)
|. Now, let K be a cubic field of discriminant d not divisible

by 3. Thanks to the next lemma, the GL2(Z)-equivalence class of [1
2
qK ] defines an

element of Γ−3d. Thus, if we denote by Cd the set of isomorphism classes of cubic fields
of discriminant d, we have the following map:

Φd : Cd −→ Γ−3d

K 7→ [
1

2
qK ].

Since Cl+Q(
√

9897)
∼= Z/3Z and |C−3299| = 4, the previous example can be restated as

the non-injectivity of Φ−3299.

Lemma 4.4. Let K be a cubic field with fundamental discriminant d. Then 1
2
qK is

an integral, binary quadratic form of discriminant −3d.

Proof. Note that Disc(qK) = −4Disc(O0
K) = −4|OK/GK |2d

3
. Since d is fundamental,

9 - d. In particular, trK/Q is a surjection from OK to Z and thanks to Lemma 2.3
we have Disc(qK) = −12d. Note that if x ∈ O0

K , then tr(x2) = tr(x2) − tr2(x) ∈ 2Z,
hence 1

2
qK is integral.

�

Remark 4.5. In fact, if 3 - d, then 1
2
qK is primitive as seen in Corollary 5.4.

Often it is more convenient to work with primitive forms rather than general ones.
Since qK ∼GL2(Z) qL if and only if aqK ∼GL2(Z) aqL for any non zero rational number
a, the previous remark will allow us to restrict ourselves to primitive forms.
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5. Trace form and class groups

In this section we calculate qK explicitly, and then show that for positive funda-
mental discriminants, qK characterizes the field. To this end, we start by recalling the
theorem of Delone-Faddeev-Gan-Gross-Savin on parametrization of cubic rings. (See
[DF], [GG] or [B-C]). Every conjugacy class of a cubic ring R, has associated to it a
unique integral binary cubic form (a, b, c, d) := F (x, y) = ax3 + bx2y + cxy2 + dy3 up
to GL2(Z)-equivalence. Let K be a cubic number field and F the form associated to
its maximal order. Among the properties of F we have the following:

• K = Q(θ), where θ ∈ K is a root of FK(x, 1).
• dK := Disc(K) = Disc(a, b, c, d) = b2c2 − 27a2d2 + 18abcd− 4ac3 − 4b3d.
• The Hessian form of F , HF = (P, Q,R) := Px2 +Qxy +Ry2, has discriminant
−3dK , where

P = b2 − 3ac, Q = bc− 9ad,R = c2 − 3bd.

• HF is covariant with respect to the GL2(Z)-action on binary cubic forms and
on binary quadratic forms.

• B = {1,−aθ, d
θ
} is a Z-basis of OK .

• If dK is fundamental, then HF is a primitive, binary quadratic form.

Lemma 5.1. Let α = −aθ and β = d
θ
. Then HF is realized as the integral quadratic

form 3
2

TrK/Q(X2) over the Z-module OB
K = SpanZ{α−

TrK/Q(α)

3
, β − TrK/Q(β)

3
}.

Proof. Note that a2F (x
a
, 1) and d2F (1, x

d
) are the minimal polynomials over Q of α

and β respectively. Hence, TrK/Q(α) = b, TrK/Q(β) = −c, TrK/Q(αβ) = −3ad,
TrK/Q(α2) = b2 − 2ac, and TrK/Q(β2) = c2 − 2bd. From this and a simple calculation
the result follows.

�

Proposition 5.2. Let α0 = α− TrK/Q(α)

3
and β0 = β − TrK/Q(β)

3
. Then

O0
k =


O1 = SpanZ{α0, 3β0} if b ≡ 0 (mod 3)

O2 = SpanZ{3α0, β0} if c ≡ 0 (mod 3)

O3 = SpanZ{α0 − β0, 3β0} if b ≡ −c (mod 3)

O4 = SpanZ{α0 + β0, 3β0} if b ≡ c (mod 3).

Proof. By Lemma 5.1, (.
3
2
TrK/Q(X2)|OB

K) = −3dK or, equivalently, (.
1
2
TrK/Q(X2)|OB

K) =

−1
3
dK . On the other hand,

(5.1) −3dK = (.
1

2
TrK/Q(X2)|O0

K) = [OB
K : O0

K ]2(.
1

2
TrK/Q(X2)|OB

K).

It follows that [OB
K : O0

K ] = 3. Notice that for each i, the given congruence conditions
on b and c imply that Oi ⊆ O0

K . Since [OB
K : Oi] = 3 for i ∈ {1, 2, 3, 4}, the result

follows.
�



INTEGRAL TRACE FORMS ASSOCIATED TO CUBIC EXTENSIONS 11

Corollary 5.3. Let K be a cubic field and let FK = (a, b, c, d) be a cubic form associ-
ated to K. Let HK = (P, Q, R) be the Hessian of FK. Then the binary quadratic form
1
2
TrK/Q(X2) on the lattice O0

K can be explicitly described as follows:
(P/3, Q, 3R) if b ≡ 0 (mod 3)

(3P, Q,R/3) if c ≡ 0 (mod 3)

(3P, 2P −Q, P+R−Q
3

) if b ≡ −c (mod 3)

(3P, 2P + Q, P+Q+R
3

) if b ≡ c (mod 3).

Proof. By Lemma 5.1, the matrix of 3
2
TrK/Q(X2) over OB

K in the basis {α0, β0} is given
by

M =

(
P Q/2

Q/2 R

)
.

Let N1 =

(
1 0
0 3

)
, N2 =

(
3 0
0 1

)
, N3 =

(
1 −1
0 3

)
, and N4 =

(
1 0
−1 3

)
.

Then the coordinates of the vector Ni(α0, β0)
t form a basis of Oi, for i ∈ {1, 2, 3, 4}.

Hence, 1
3
NiMN t

i is the matrix that represents 1
2
TrK/Q(X2) over Oi in such a basis.

After applying Proposition 5.2, the result follows. �

From now on whenever we choose a cubic form FK in the GL2(Z)-class given by
the field K, what we mean by 1

2
qK is the quadratic form in the coordenates given by

Corollary 5.3.

Corollary 5.4. Let K be a cubic field with fundamental discriminant d not divisible
by 3. Then 1

2
qK is a primitive, integral, binary quadratic form of discriminant −3d.

Proof. By Lemma 4.4, it remains only to prove that 1
2
qK is primitive. Since Hk is

primitive and 9 - −3d, the result follows from Corollary 5.3.
�

For a fixed FK in the GL2(Z)-class given by the field K, we have found explicit
relations between the binary quadratic forms 1

2
qK and HK . Since they have the same

discriminant, namely −3dK , one could ask: what is their relation as elements of
the group Cl+Q(

√
−3dK)

? A small objection to this question is that even though HK

represents a valid element of this group, 1
2
qK need not, since it may not be primitive.

The problem is that the latter is not always primitive. Yet, as Corollary 5.4 shows,
1
2
qK is primitive whenever 3 does not ramify in K. In this setting we are able to find

the following connection between forms.

Theorem 5.5. Let K be a cubic field with discriminant dK. Assume that dK is
fundamental and that 3 - dK. Let FK = (a, b, c, d) be a cubic in the GL2(Z)-equivalence
class defined by K. Then 1

2
qK ∗ CdK

= H±1
K as elements of Cl+Q(

√
−3dK)

, where CdK
=

(3, 0, dK

4
) or CdK

= (3, 3, dK+3
4

) in accordance with whether dk ≡ 0 (mod 4) or dk ≡ 1
(mod 4).
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Proof. We work out the case when dk ≡ 1 (mod 4), the other case being completely
analogous. By Arndt’s composition algorithm, (see [Bu], Theorem 4.10 )

CK ∗ (P, Q,R) = (P/3, Q, 3R) if b ≡ 0 (mod 3)

CK ∗ (3P, Q,R/3) = (P, Q, R) if c ≡ 0 (mod 3)

CK ∗ (3P, 2P −Q, P+R−Q
3

) = (P, 2P −Q, P + R−Q) if b ≡ −c (mod 3)

CK ∗ (3P, 2P + Q, P+Q+R
3

) = (P, 2P + Q,P + R + Q) if b ≡ c (mod 3).

Using the matrix

(
1 −1
0 1

)
, we see that we have identities in Cl+Q(

√
−3dK)

(P, 2P −Q,P + R−Q) = H−1
K and (P, 2P + Q, P + R + Q) = HK .

Since CK is its own inverse, the result follows from the explicit description of 1
2
qK

given in Corollary 5.3.
�

Remark 5.6. Note that given K we have freedom on choosing FK in such a way that
b 6≡ −c (mod 3). Hence Theorem 5.5 can be actually interpreted as 1

2
qK ∗ CdK

= HK

Remark 5.7. We denote the form CK by CdK
in order to stress the fact that this form

only depends on the discriminant of K.

5.1. Bhargava’s composition laws on cubes and their relation to the trace
form. We have related the trace form, in the cubic case, to class groups of quadratic
fields. There is a well known generalization of Gauss’ composition of quadratic forms
to cubic forms. Inspired by this generalization, we expected some connection between
the cubic forms attached to cubic number fields, and the quadratic forms given by the
traces of these fields. We briefly recall some of the basics of Bhargava’s laws on cubes
and then we explain how to get such a connection (see Theorem 6.2).

In his PhD thesis, (see [Bha]), Bhargava generalizes the composition laws on binary
quadratic forms of a fixed discriminant ∆ discovered by Gauss. Bhargava defines a
SL2(Z)×SL2(Z)×SL2(Z)-action on the set of 2×2×2 integral cubes of discriminant ∆.
Let Cl(Z2⊗Z2⊗Z2; ∆) be the space of orbits given of action. Using the generalization
of Gauss’ composition mentioned above, Bhargava discovered a composition law on
Cl(Z2 ⊗ Z2 ⊗ Z2; ∆).

In explicit terms one can think of a 2 × 2 × 2 integral cube C as a pair of 2 × 2
integral matrices (A, B), where A is the front face and B is the back face. Let

Q1(C) = −Det(Ax+By), Q2(C) = −Det(

[
x
y

]
|B

[
x
y

]
), Q3(C) = −Det(At

[
x
y

]
|Bt

[
x
y

]
).

It can be verified that Disc(Q1) = Disc(Q2) = Disc(Q3), moreover this common
discriminant ∆ is precisely the definition of the discriminant of C. If g := (g1, g3, g3) ∈
Γ := SL2(Z) × SL2(Z) × SL2(Z), and (A, B) is a cube, then g · (A, B) := g1

(g3Agt
2

g3Bgt
2

)
.

This action preserves the discriminant. Moreover, if Q1, Q2, Q3 are primitive forms,
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one has that Q1 ∗Q2 ∗Q3 = 0 as elements of Cl+Q(
√

∆)
. Conversely, let (Q1, Q2, Q3) be a

triple of primitive, binary quadratic forms of discriminant ∆ such that Q1∗Q2∗Q3 = 0.
Then there is a unique class on Cl(Z2⊗Z2⊗Z2; ∆) giving rise to (Q1, Q2, Q3) as above.
With this in hand, it is simple to define a composition law on cubes: (A, B)+ (A′, B′)
is the cube that corresponds to the triple (Q1 ∗Q′

1, Q2 ∗Q′
2, Q3 ∗Q′

3). Furthermore:

Theorem 5.8 (Bhargava, [Bha]). There is an isomorphism

φ : Cl(Z2 ⊗ Z2 ⊗ Z2; ∆) → Cl+Q(
√

∆)
× Cl+Q(

√
∆)

defined by (A, B)Γ 7→ ([Q1]SL2(Z), [Q2]SL2(Z)).

Definition 5.9. A binary cubic form f(x, y) ∈ Z[x, y] is called a Gaussian cubic form
if it is of the form (a0, 3a1, 3a2, a3). The set of Gaussian cubic forms is denoted by
Sym3Z2.

One may naturally associate to a Gaussian cubic form f = (a0, 3a1, 3a2, a3) a triple
symmetric cube:

f 7→

a1 a2

a0

||||||||
a1

||||||||

a2 a3

a1

||||||||
a2

||||||||

The correspondence between cubic forms and cubes is identified with a map ι :
Sym3Z2 → Z2 ⊗ Z2 ⊗ Z2.

If we replace f by a Gaussian form in the same SL2(Z) equivalence class as f , one
obtains a well defined element under the Γ-action on cubes.

Let Cl(Sym3Z2; ∆) be the set of Gaussian forms, up to SL2(Z)-action, such that
the corresponding cubes have fundamental discriminant ∆.

Remark 5.10. One must distinguish between the notions of the discriminant of cubic
forms and the discriminant of cubes. For example, let f be a Gaussian form of
discriminant D. Then cube corresponding to f has discriminant ∆ = −D

27
.

It turns out that Cl(Sym3Z2; ∆) is an abelian group. Furthermore, we have that

[ι] : [f ]SL2(Z) 7→ [ι(f)]Γ
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is a group homomorphism. By composing the homomorphisms

Cl(Sym3Z2; ∆)
[ι]→ Cl(Z2 ⊗ Z2 ⊗ Z2; ∆)

φ→ Cl+Q(
√

∆)
× Cl+Q(

√
∆)

π1→ Cl+Q(
√

∆)
,

Bhargava obtains:

Theorem 5.11 (Bhargava [Bha], Hoffman-Morales [H-M]). There is a surjective ho-
momorphism

φ1 : Cl(Sym3Z2; ∆) � Cl+Q(
√

∆)
[3],

where φ1 is the first projection of φ composed with [ι]. The cardinality of the kernel is

equal to |U/U3|, where U denotes the group of units in Q(
√

∆). In other words, the
Kernel has order 1 if ∆ < −3, or 3 otherwise.

This theorem was in essence first obtained by Eisenstein, but he incorrectly asserted
that the kernel of the map was always trivial. (see [E]). Later Arnt and Cayley pointed
out that it is not a bijection if ∆ ≥ −3.

Remark 5.12. Explicitly, φ1(a0, 3a1, 3a2, a3) = (a2
1 − a0a2, a1a2 − a0a3, a

2
2 − a1a3).

6. From cubic fields to cubes and trace forms

Given K, a cubic field of discriminant dK , and representative form FK(x, y) =
(a, b, c, d), we naturally associate a cube as follows:

K : ax3 + bx2y + cxy2 + dy3 7−→

b c

3a

��������
b

��������

c 3d

b

��������
c

��������

We obtain in this way an element KF ∈ [ι](Cl(Sym3Z2;−3dK)) ⊆ Cl(Z2 ⊗ Z2 ⊗
Z2;−3dK).
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Let D be a fundamental discriminant . Let CD ∈ Cl(Z2 ⊗ Z2 ⊗ Z2;−3D) be given
by

D+3
4 3

0

}}}}}}}}
3

���������

0 −1

1

{{{{{{{{{
0

}}}}}}}}

or

D
4 3

0

��������
3

���������

0 −1

1

��������
0

}}}}}}}}

in accordance with whether D ≡ 0 (mod 4) or D ≡ 1 (mod 4).

Lemma 6.1. Let K be a cubic field with a fixed cubic form F = (a, b, c, d). Then
Q1(KF ) = HF and Q1(CdK

) = CdK
.

Proof. The result follows easily using the definition Q1(A, B) = −Det(Ax + By) for
a cube (A, B).

�

Theorem 6.2. Let K be a cubic field with discriminant dK and associated cubic form
FK = (a, b, c, d). Assume that dK is fundamental and that 3 does not ramify. Let
TFK

= KF + CdK
. Then (π1 ◦ φ)(TFK

))±1 = 1
2
qK as elements of Cl+Q(

√
−3dK)

.

Proof. Since φ is a group homomorphism we have that φ(TFK
) = φ((K)F ) ∗ φ(CdK

).
Projecting to the first component by π1 we get that (π1◦φ)(TFK

)) = HK∗CdK
. Since all

of the functions involved are group homomorphisms, the result follows from Theorem
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5.5. In other “words”

b c

3a

��������
b

��������

c 3d

b

��������
c

��������

+

D+3
4 3

0

}}}}}}}}
3

���������

0 −1

1

{{{{{{{{{
0

}}}}}}}}

φ1

7−→ 1
2
TrK(x2)

�

Remark 6.3. We note that we could choose FK , see Remark 5.6, so that the conclusion
of Theorem 6.2 is (π1 ◦ φ)(TFK

)) = 1
2
qK .

Theorem 6.4. Let K be a cubic field with discriminant dK, and let FK(x, y) =
(a, b, c, d) be a cubic form associated to K. Assume that dK is fundamental and that
3 ramifies in K/Q. Then we have:

φ1 : Cl(Sym3Z2;−dK

3
) → Cl+

Q(

√
− dK

3
)
[3]

(fK)SL2(Z) 7→ (
1

6
qK)SL2(Z),

where fK(x, y) is defined as follows:

fK(x, y) =


1
3
F (x, 3y) if b ≡ 0 (mod 3)

1
3
F (3x, y) if c ≡ 0 (mod 3)

1
3
F (x, 3(y − x)) if b ≡ −c (mod 3)

1
3
F (x, 3(y + x)) if b ≡ c (mod 3).

Proof. Replacing F (x, y) with either F (y, x), F (x, y−x) or F (x, y+x) we may assume
that b ≡ 0 (mod 3). With this in hand, we have that dK ≡ −ac3 (mod 3), and
since 3 ramifies, ac ≡ 0 (mod 3). On the other hand since dK is fundamental we
see that 3|a. By Corollary 5.3, 1

2
qK = ((b2 − 3ac)/3, bc − 9ad, 3(c2 − 3bd)), thus

1
6
qK = (( b

3
)2 − a

3
c, b

3
c− a

3
9d, (c2 − b

3
9d)), which is φ1(

1
3
F (x, 3y)). �

Theorem 6.5. Let K be a cubic number field of positive, fundamental discriminant,
and let L be a number field such there exists an isomorphism of quadratic modules

〈O0
K , qK〉 ∼= 〈O0

L, qL〉.
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Further assume 9 - dL. Then K ∼= L.

Proof. By Lemma 2.5 we have dK = dL. As usual, fix cubic forms FK(x, y) and
FL(x, y) in the classes given by K and L respectively. Suppose first that 3 - dK .

Since the isometry between the forms need not to be proper, we only can ensure
that as elements of Cl+Q(

√
−3dK)

, 1
2
qK = (1

2
qL)±1. By Theorem 6.2 we have that

(π1 ◦ φ)(TFK
))±1 = (π1 ◦ φ)(TFL

)). Replacing FK(x, y) by FK(x,−y) has the effect
of replacing HFK

(x, y) by HFK
(x,−y). On the other hand HFK

(x,−y) is inverse to
HFK

in the narrow class group. Since CdK
has order 2, Theorem 5.5 says that we may

replace FK(x, y) by FK(x,−y), if necessary, so we may assume that

(π1 ◦ φ)(TFK
) = (π1 ◦ φ)(TFL

).

Equivalently,
(π1 ◦ φ)(KFK

) = (π1 ◦ φ)(KFL
).

Notice that KF = ι(3F ), hence φ1(3FK) = φ1(3FL). Since dK > 1, Theorem 5.11 im-
plies that 3FK and 3FL are SL2(Z)-equivalent. Since we could have replaced FK(x, y)
by FK(x,−y), the equivalence between 3FK and 3FL is up to GL2(Z). In any case
this implies that K ∼= L. If 3 | dK , we apply Theorem 6.4 and the argument follows
the same lines as in the case without 3-ramification. �

6.1. Observations. Given ∆ ∈ Z, let X∆ be the set of integral, primitive, binary
quadratic forms of discriminant ∆. Recall our notation Γ∆ = GL2(Z) \ X∆ and
Γ1

∆ = SL2(Z) \X∆.
Let d be a positive fundamental discriminant, nd :=gcd(3, d), and Cd the set of

isomorphism classes of cubic fields of discriminant d.

Remark 6.6. Theorem 6.5 is equivalent to the injectivity of

Φd : Cd −→ Γ−3d

n2
d

K 7→ [
1

2nd

qK ].

Recall that Gauss’ composition induces a group isomorphism between Cl+
Q(
√
−3d

n2
d

)
and

Γ1
−3d

n2
d

. Hence, we have a double cover π : Cl+
Q(
√
−3d

n2
d

)
→ Γ−3d

n2
d

, with the property that

the fiber of every point consists of an element and its inverse. Therefore, even though
1

2nd
qK does not define a point in Cl+

Q
(√

−3d

n2
d

), it defines a cyclic subgroup, namely

the group generated by π−1(Φd(K)). Corollary 5.3 and Lemma 6.4 provide us with
a generator of this group. Let gk be such a generator. Using Arndt’s composition
algorithm(see [Bu]), one sees that g3

K = CK when 3 - d, and that gK has order 3
otherwise. Since CdK

has order 2, it follows that 〈π−1(Φd(K))〉 has order 2nd.

Proposition 6.7. Let d > 0 be a fundamental discriminant. The map K 7→ 〈gK〉 is
injective.
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Proof. Since 〈gK〉 has order 3 or 6, its set of generators is {g±1
K }. Thus, if 〈gK〉=〈gL〉,

then g±1
K = gL. Projecting under π we obtain that Φd(K) = Φd(L), and the result

follows from Remark 6.6.
�

Note that the unique subgroup of order 3 of 〈gK〉 is given by 〈g2
K〉. Hence, from

Proposition 6.7 we have:

Theorem 6.8. Let d > 0 be a fundamental discriminant such that Cd 6= ∅. Let
P3(Cl+Q(

√
−3d)

) be the set of subgroups of size 3 of Cl+Q(
√
−3d)

. Then

Θd : Cd −→ P3(ClQ(
√
−3d))

K 7→ 〈g2
K〉

is injective.

The injection Θd gives an alternative proof of one inequality of the Scholz Reflection
Principle (see [Sch]).

Corollary 6.9. Let d be a positive fundamental discriminant, and let r = 3-rank(ClQ(
√
−3d))

and s = 3-rank(ClQ(
√

d)). Then s ≤ r.

Proof. (3s − 1)/2 = |Cd| and (3r − 1)/2 = |P3(ClQ(
√
−3d))|.

�
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