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ABSTRACT. We show that discrete Wy, lattices are bi-Hamiltonian, using geo-
metric realizations of discretizations of the Adler-Gel’fand-Dikii flows as lo-
cal evolutions of arc length-parametrized polygons in centro-affine space. We
prove the compatibility of two known Hamiltonian structure defined on the
space of geometric invariants by lifting them to a pair of pre-symplectic forms
on the space of arc length parametrized polygons. The simplicity of the expres-
sions of the pre-symplectic forms makes the proof of compatibility straightfor-
ward. We also study their kernels and possible integrable systems associated
to the pair.

1. INTRODUCTION

This article is motivated by the study of geometric evolution equations for con-
tinuous and discrete curves, that are invariant under a given group of symmetries
and that induce completely integrable flows on the space of geometric invariants,
viewed as coordinates of the moduli space of curves under the action of the symme-
try group. Many well-known completely integrable partial differential equations,
including the sine-Gordon, KdV, MKdV, and NLS equations, have geometric re-
alizations as curve flows in different geometries (e.g. hyperbolic for sine-Gordon,
centro-affine for KdV, spherical for mKdV, and Euclidean for NLS) [3, 14, 5, 7, 8].

In the discrete setting, the connection between surfaces and integrable systems
has been fairly well explored, as discussed in the monograph by Bobenko and
Suris [2], where discrete surfaces are regarded as two-dimensional layers of multi-
dimensional lattices, and the consistency of the underlying equations and geometric
properties leads to complete integrable systems and their associated Backlund-
Darboux transformations.

A general framework for integrable (discrete and continuous) evolutions of dis-
crete curves, that is not a byproduct of surface theory, is not yet available, al-
though some notable examples have been studied in depth, including the Penta-
gram Map [13], and promising approaches have been proposed, including the use
of discrete moving frames to generate Hamiltonian pairs for continuous evolutions
of polygons [11, 12].
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2 INTEGRABLE EVOLUTIONS OF TWISTED POLYGONS

The work presented here focuses on a discrete analogue of the so-called m —1/m-
Adler-Gel’'fand-Dikii (AGD) flows, generalizations of the KdV hierarchy first in-
troduced in [9] and studied in [1]. These flows have realizations as local projective
flows of curves in RP™!; within this context, the moving frame approach leads to a
natural description of its associated Hamiltonian structures, defined on the moduli
space of projective curves [10]. Recently, Mari-Beffa and Wang introduced certain
discretisations of the m—1/m-AGD flows as well as their realizations as local evolu-
tions of twisted projective polygons in RP™ [12]. By reducing a twisted Poisson
structure and a second, not compatible, bracket (see [15]) to the moduli space of
twisted (i.e. quasi-periodic with fixed monodromy) projective polygons, coordina-
tised in terms of the entries of the Maurer-Cartan matrix of an appropriately chosen
moving frame, they also generated two Hamiltonian structures (candidates for dis-
crete W,,-algebras). However, a proof of whether these structures were compatible
or not remained elusive for general dimension.

In this article, we prove that the pair of Hamiltonian structures defined in [10] are
compatible in any dimension (Theorem 4.6), and thus the related discrete m—1/m-
AGD flows are bi-Hamiltonian. We achieve this by lifting the Poisson brackets
to a pair wy,ws of pre-symplectic forms defined on the moduli space of arc-length
parametrized twisted polygons in centro-affine R™. The expressions for the pre-
symplectic forms are remarkably simple and the general proof of compatibility of
the Hamiltonian structures for the m — 1/m-AGD is straightforward.

At the heart of why shifting the point of view from flows on geometric invariants
(curvatures) to geometric flows (polygonal evolutions, invariant under the action
of the symmetry group) can help simplify the study of integrability, are several
observations that are central to this work. First, Proposition 3.6 shows that the
symplectic leaves of the twisted Poisson bracket are classified by the conjugacy
classes of the monodromy of the associated polygon. Thus, any invariant vector
field on the space of polygons will induce a vector field on the geometric invariants
that is automatically tangent to the symplectic leaves of the Poisson structure.
(Note, however, that the converse is not true: not every flow on periodic geometric
invariants will lift to an invariant—monodromy preserving—geometric flow). Sec-
ond, as both w; and ws are trivially reducible to the moduli space, they will induce
Poisson structures on the submanifolds of fixed monodromy conjugacy class. Third,
Theorem 5.1 and Corollary 5.2 show that the kernel of wy is generated by the in-
finitesimal symmetries and thus w; becomes symplectic when restricted to these
submanifolds, suggesting the possibility of generating additional integrable hierar-
chies beginning with appropriate “seed” vector fields. Notice that, as we pointed
out in [12], the pentagram map and its generalizations do not seem to be Hamil-
tonian with respect to the structures we work with in this paper. It is unclear if
there is any connection to other projective polygonal dynamics in the literature.

Outline. In more detail, we summarize the body of the article. In §2 we illustrate
the geometric background, using the 3-dimensional case to introduce notation and
key definitions. In §3 we describe a pair of Poisson brackets on the moduli space
of arc length-parametrized twisted polygons, originally introduced in [12] in terms
of a different, but equivalent, set of coordinates. §4 contains the main results of
this work. In this section, we define a pair of pre-symplectic forms that realize the
lifts of the Poisson brackets to the space arc length-parametrized twisted polygons
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(Theorems 4.4 and 4.5). In Theorem 4.6 we present a simple proof of the compat-
ibility of the Poisson brackets as a direct consequence of their representations in
terms of the pre-symplectic forms. In §5 we describe the generators of the kernels of
the pre-symplectic forms, their associated Hamiltonians with respect to their com-
panion form, and we propose a possible approach to the construction of additional
integrable hierarchies. The final section contains a discussion of the main results
and some open questions.

2. BACKGROUND: EVOLUTIONS OF POLYGONS IN CENTRO-AFFINE SPACE

It is instructive to consider the 3-dimensional case first. We define the centro-
affine action of SL(3,R) on R? to be the standard linear action given by multi-
plication g -z = gz, where g € SL(3,R) and z € R®. Let v :Z — R3 be a discrete
space curve, assumed to satisfy the following non-degeneracy condition: any three
successive vertices Vn, VYn+1, VYn+2 are linearly independent as vectors. Although not
necessary for parts of the discussion to follow, we also assume that ~ is twisted (or
quasi-periodic), that is,

(1) Yn+N :T'an TLQZ,

for a given matrix T in SL(3,R), the monodromy, and minimal N € N, the period.
When T =Id, the identity matrix, 7 is a closed polygon of period N.

Moving Frames and Invariants. Given v = {7,} a twisted polygon in R3, we
introduce the centro-affine moving frame' p(7y) = {pn (fy)} with

1
Pn(V) = (Vn Tn+1 d77n+2) € SL(S,R),

where the invariant

dn = h/na Yn+1, 7n+2| = det(’)/na Yn+1» 7n+2)

is the discrete centro-affine arc length at the n-th vertex. (For sake of convenience,
we will use the notation |A| := det(A) for matrix determinant.) From now on we
will take v to be arc length parametrized, i.e. we assume that d,, =1 for all n.

The group G = SL(3,R) acts on polygons by diagonal action g-7v = {g7,},,
and on the associated moving frame by g - p(v) = p(g-v), making p a left moving
frame (i.e. equivariant with respect to the left action of G on itself).

The components of the moving frame p satisfy an equation of the form

(2) P+l = prky,

where K, is the Maurer-Cartan left invariant matriz. We call (2) the Frenet-Serret
equations for ~.

It follows from |Yn,Yn+1;Vn+2| = [Yn+1: Yn+2, Yn+3| = 1 that v,43 — ¥, must be a
linear combination of v,,4+1 and 7,42, thus:

(3) Yn+3 = TnVn+2 + KnYn+l + Vns

where ki, = |[Yn, Yn+3, Yns2] and 7 = [Yn, Yn+1, Yn+s| are periodic functions of n of
period N and completely determine v up to the action of the group G. In other
words, {k,} and {7, } are a complete set of geometric invariants of the polygon.

fSee [11] for the general definition of discrete moving frame.
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From equations (2) and (3) it follows that

0 0 1
(4) K,=|1 0 k]|,
01 7,

with K,+n = K,. Moreover, from p,+n = pn K Kpi1 ... Kpin-1, we find that the
product
K\Ky...Ky=p;'Tp

must belong to the conjugacy class of the monodromy.

2.1. Evolutions of Polygons and Invariants. Consider a continuous time evo-
lution of the discrete curve, that is also invariant under the centro-affine action
(i.e. group elements take solutions to solutions). Then, the evolution equations
take the form:

(5) X

where the components of r,, = (¢p, by, a,)7, are functions of the geometric invariants
{kn,} and {7,}. It follows that the evolution equations of moving frame have the
form:

Yn = CnYn + bnVnel + AnYn+2 = PnTy,

d
6 . Pn = Pnl¥n,
(6) 3P =P
with
(7) Qn = (rn Knprp KTLKTL+1r'rL+2);

The expression for @,, is obtained directly by computing

(’Yn-%—l)t = Pn+1Tn+1 = annrn+1a (’Yn+2)t = Pn+2Tn+2 = annKn+lrn+2;

using equations (2) and (5).

Since d,, = det(py ), arc length is preserved by the evolution (5) if and only if the
trace of ), vanishes for all n. Introducing the variables

Un = Qn+1, Wy = by + Tn+10n+2,
(whose meaning will become clear later on), we compute
tr(Qn) =Cp tCptl T Cpi2 t+ knvn + kn+1vn+1 + TpWp -
Denoting with 7 the left shift operator 7 f, = fn+1, the arc length preservation
condition tr(Q,) =0 can be written as:
(8) en =R+ Tkpvn + Tnwy],
where the operator
R:=1+T+T?

is invertible whenever N # 3k, k € N (see Lemma 3.1 in [12] for a proof of this fact),
so we will assume from now on that such is the case.
The evolution equations for the geometric invariants is obtained from the com-
patibility condition
d
(9) &Kn = KnQn+1 - QnKn
of the Frenet-Serret equations (2) and the frame evolution (6).
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-k, 1 0
Multiplying both sides of (9) by K;! = (—Tn 0 1), we obtain
1 0 0
0 0 (kn)
0 0 (Tn)t = Qn+1 - Ky_LlQnKn
0 0 0

Setting the (1, 3)-entries of both sides equal gives
(kn)t = Wn+1 — (_kn 1 O) (rn + annr’rHl + 7—nI(nI(n+lrn+2)
= Wptl = Wp-2 + Tp-1Un-1 — TpUn+1 + kn(cn - Cn+1)-

(10)

Rewriting ¢, — cne1 = R7! [(’T2 - Dkyv, + (T - 1)ann], we get
(11) (kp)e = (T-T 2 wn+(T 1= Tk, R [(T? = Do + (T = 1) 7wy ] -
Similarly, from (2, 3)-entries of (10), we obtain the evolution of 7,:
(Th)t = Unia+kps1wner — (=7, 0 1) (v + kn KTt + Tn K Kps1Tni2)
= Upt+2 = Un-1 + Ens1Wni1 — knWno1 + Tn(Cn — Cnta) + Tn (knn — kns1Un+1)-
Rewriting ¢, — ¢pi2 = ~R7H(1 = T3 kpv, - R = T2) (kpvn + Tow,) and
T (knVn—kns1Vn41) = TR R(A-T)knvn = R (1-T)Rknvy, = 7o R (1=T*) by v,
(where we used the fact that R and 7 commute), we obtain:
(12) (1)t = (T* =T Dop + (Thky =k T HDwp + 7, RHT? = 1) (kpvn + Towy,).

The evolution equations for the geometric invariants can be written as:

() 7o fs)

where

T =T + kR UT? -1k, T-T2+k,R YT -1,
(14) Py, =
T2 -T 4+, RUT -1k, Thy -k, T+ 1, RYT?- 1)1,

A gauge equivalent version of Py,,, as well as its higher-dimensional generalizations,
were shown to be Poisson operators in [12]. In the next section, we describe how
such discrete Hamiltonian structures arise in general dimension, together with its
bi-Hamiltonian companions.

3. HAMILTONIAN STRUCTURES ON THE MODULI SPACE OF POLYGONS

Relying on the construction in [12] for polygons in projective space, this sec-
tion introduces two Hamiltonian structures on the moduli space of arc length-
parametrized twisted polygons in centro-affine R™ that are adapted to our partic-
ular choice of moving frame. We first discuss the equivalence between the centro-
affine and projective cases.

Definition 3.1. A projective polygon {p,})_;, pn € RP™ !, is non-degenerate if
there exists a lift {vy,}, 7» € R™, of {p,} such that [y, Vi1, - - Yn+m-1| # 0, V1.
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This property does not depend on the particular choice of lift: in fact, replacing
Y With Apyn, An # 0, changes the determinant by an overall non-zero factor. The
quantity

(15) dn = |’7na7n+17~--a'}’n+m—1|

is the centro-affine arc length of {v,} at its n-th vertex. Let My be the set of
non-degenerate twisted polygons in R™, of given period N and monodromy 7', and
let

My = {y:Z>R™| ve My, dyn =1,Yn}
be the subset of arc-length parametrized polygons.

Definition 3.2. The moduli space of M} is the set of all orbits of M} under
the action of the subgroup of SL(m,R) that fixes the monodromy T, i.e. M} /G,
where G denotes the isotropy subgroup of T' (under the Adjoint action.)

Proposition 3.3. If N and m are co-prime, the moduli space of MY is diffeo-
morphic to the moduli space of non-degenerate twisted projective polygons in RP™!
with the same monodromy.

Proof. We use the known fact that a non-degenerate projective polygon in RP™*
admits a unique lift v = {,,} to R™ satisfying |v,, Yn+1,- - - » Yn+m-1] = 1 V1, provided
N and m are co-prime. (For a proof, see, e.g. [12].)

Clearly, « is an arc length parametrized twisted polygon in centro-affine R™,
since the action of PSL(m,R) on projective polygons becomes the linear action of
SL(m,R) on lifts. The invariants {k,} and {7,} defined in terms of the Frenet-
Serret equations are both the projective invariants of {p,} as discussed in [12], as
well as the centro-affine invariants of its lift {~,} to R™. O

The inverse of the correspondence described in Proposition 3.3 is simply the
projectivization of a centro-affine arc length parametrized N-gon. It follows that
the invariants can be used as coordinates for either moduli space, regarding them
as functions of {p,} in the projective case, and of {v,} in the centro-affine case.

Next, we use Proposition 3.3 and the results for projective N-gons in [12] to
define two Hamiltonian structures on the moduli space of centro-affine arc length
parametrized N-gons. These structures arise as reductions of more general struc-
tures as described below in the context of Poisson-Lie groups.

3.1. A twisted Poisson structure on a Poisson-Lie group. Let G be a semisim-
ple Lie group and g be its Lie algebra. Assume g has a non-degenerate inner product
<, >g:gxg" — R that identifies g with its dual g* (for matrix Lie algebras, this is
usually the trace of the product of two Lie algebra elements.)

Definition 3.4 (Left and right gradients). Let G denote the Cartesian product
of N copies of G. The group G acts on itself by diagonal (i.e. component-wise)
action: ¢g := (gngn), where g, g€ GV,

Let F : GV — R be a differentiable function. The left gradient of F at L = {L,,} €
G" is the element VF(L) = {V,F (L)} of gV defined by

4 Few(@r)=(vAL)LE,  veeq,
€le=0

~ N ~
where (£,&) = )" <&, &, >¢ is the induced inner product on g".

n=1
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Similary, the right gradient of F at L, V'F(L) € g, is defined by
o rwene) = (vE@O. e,
(See [6, 12].)
Since L, exp(e&,,) = Ly exp(€&n )Lt Ly, = exp(eLn&n LY) Ly, one gets (V' F(L), &) =
(VF(L),LEL™) and the following relation between the right and left gradients:
(16) V'F(L)=L'VF(L)L,

expressed component-wise as V., F(L) = L'V, F(L)L,, where the symbol V,
(resp. V1) denotes the n-th component of the left (resp. right) gradient.

Next, assume that g has a grading g = g+ ® ho @ g-, with hy commutative and
g: dual to g_. Let £ = & + & + £ be the associated decomposition of £ € g. Let
R:g— g be a classical R-matriz defined by:

a7) R(§) = 5(6-€),
with associated 2-tensor
r(§an)=(§ R(n))g, r(€®n) = (&, )g,

where £ An = %(5@77—77@5).
Given F,H smooth scalar-valued functions on GV and L € GV, we introduce
the tunsted Poisson bracket:

{F,H}(L) = JEV: r(VsFAVsH) + ]Zv: r(VLF AVLH)

(18)
- ]zV: r((Te1)(V.F®VH)) + szj r((T®1)(ViH®VF)).

Equation (18) defines a Hamiltonian structure on G™), as shown by Semenov-
Tian-Shansky [15]. Moreover, the twisted gauge action of GV on itself—mapping
{L,} to {gn+1Lng,"'}—is a Poisson map and its orbits coincide with the symplectic
leaves [6, 15]. These brackets play a central role in the following construction.

3.2. Poisson structures on the moduli space of centro-affine polygons.
The symmetry group of the space of arc length parametrized twisted polygons
in centro-affine R™ is G = SL(m,R). In this case, the R-matrix (17) and the
ensuing twisted Poisson bracket (18) are defined in terms of the standard gradation
g=9g: ®ho @ g of its Lie algebra sl(m,R). Here, g_, g, and ho are the subsets of
(respectively) strictly lower triangular matrices, strictly upper triangular matrices,
and traceless diagonal matrices.
The Lie algebra sl(m,R) admits a second gradation g = g1 @ go ® g1, with

0 * ... =« * 0 ... O 0 0 ... 0
0O 0 ... 0 0 * ... * + 0 ... 0
(19) g1 = T : ) B0, : S 817, : :
0O 0 ... 0 0 % ... = * 0 ... O

This second gradation realizes the quotient G/H as a homogeneous space, where
H € SL(m,R) is the subgroup with Lie algebra h = g1 @ go, acting on G by left
multiplication.
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Remark. The two gradations of sl(m,R) are compatible, in the sense that g; c g,
and g1 cg-.

We will also consider the quotient space G /HY, where HY acts on G¥ via the
right discrete gauge action:

(20) (hnag’n) - hn+lgnh;1'

Following a similar argument as the one given in Section 5 of [12], and using
Proposition 3.3, we identify (locally) the moduli space of M} with GV /HY and
coordinatize it by means of the geometric invariants of the polygons. The argument
has two main parts.

1. Group description of twisted polygons. Consider the space (G/H )" and denote its
elements with {[g,]}: N-tuples of equivalence classes with respect to the left action
on H. First note that, ife; = (10 ... O)T and h € H, then he; = ae; for some scalar
a # 0. This is easily verified by using the general form of h € H. Letting g, = gnhn
be another element of [g,], then g,e; = g,hne1 = agper. Therefore, [§,] = [gn] if
and only if the projective class of {g,e;} is the same as that of {g,e;}.

Given {[gn]} € (G/H)YN and T € G, we extend g, quasi-periodically as g, n =
Tg,, and let v = {7, } be the unique lift of the projective class of {g e} to R™
satisfying |yn, - -« Ynem-1| = 1 and yu4n = Ty, (See also Proposition 3.3.) In this
way we construct a unique vy € M} of monodromy T' from any given element of
(G/H)N, as illustrated in the following diagram:

(G/HN — RE"HY — My

Hon}]l — Algme]™} — {m},

where [gre1]™ denotes the projective class of the first column of g,.

Note that, if p={pn}, pn = (Yn,-- s Yn+m-1), is the left-moving frame of ~, then
{[pn]} ={[gn]}, since the first columns of p,, and g, belong to the same projective
class. In this way, an arc length parametrized twisted polygon ~ is identified with
the equivalence class of its left-moving frame p, that is, M} is (at least) locally®
identified with (G/H)Y x G. We remark that a section of the quotient (G/H)" in
a neighborhood of the identity can be locally identified with G_1, as illustrated in
the following diagram:

@Y — @YY G
T (1) € [gnel]ﬂ'
(o] — (el — (3 ) Y

Group description of the moduli space. Next, consider the quotient space GV /HY
where H™ acts on G via the right discrete gauge action (20), and introduce the
map

K:(G/HNxG — GN/HN

({lgn]},T)  — [{gntion}]s

(21)

TWe will not need more than local identification.
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where we define g,y = Tgn.t If m, = g7 gns1, then {m,} is periodic of period
N and mimgy...my = T. The map K is well-defined since, if [§,] = [gn], i-e.
Jn = gnhn, and both are extended with the same monodromy 7', then K({[g,]},T) =
{9t gnhn}] = K([gn], T). Also, if [{m;1}] € GN/HY has a representative m
satisfying myma...my = T and m™t € [{m;'}] is a different representative of
the same equivalence class, then 77y ...y = h{'Thyy = hi'Th; belongs to
the H-conjugacy class Cr of T. It follows that K is a surjective map; in fact,
given [{m;'}] € GN/HY and choosing an arbitrary representative {m,'} with
mims...my =T, we can solve recursively gni+1 = gnmn, and recover an N-gon of
monodromy 7', up to an overall left action by the symmetry group, amounting to
the selection of g;.

Remark. It is a general fact that the cardinality of the conjugacy class of T is the
index of the isotropy subgroup of 7T'. It follows that, there is a natural foliation of
GN/HN | where the dimension of the stabilizer of the monodromy of an element in
GN /HN equals the co-dimension of the leaf of that element. This foliation coincides
locally with the symplectic foliation of the reduced bracket defined below, described
in Proposition 3.6.

Finally, let v € M} define a local section of (G/H )™ by means of the equivalence
class representative given by its left-moving frame p. Let {K,} = {p;' pns1} be its
left Maurer-Cartan matrix. Since K({[pn]},T) = [{pni1on}] = [{E;'}] = [{Ln}],
{L,} defines a smooth local section of GN¥/H™. On the other hand, the Maurer-
Cartan matrix of a twisted N-gon in R™ is uniquely determined by the geometric
invariants of the polygon (see (27)). Thus, GN/HY can be locally identified with
the moduli space of M} (or, by projectivizing, with the moduli space of twisted
polygons in R]P’m_l) and the geometric invariants can be used as invariant coordi-
nates on the moduli space. We will return to the map K later on.

When gradations are compatible, the Poisson bracket (18) - defined via the first
gradation - can be reduced to the quotient G /H?”, to obtain a Poisson structure
on the moduli space. The following paraphrases Theorem 5.5 in [12].

Theorem 3.5. Given G = SL(m,R), let g =g, ®ho®g- = g1 ® go ® g1 be the
two compatible gradations of its Lie algebra described above. Let H be the subgroup
with Lie algebra b = go ® g1, and assume HY acts on GV wia the gauge action (20).
We also require gn+nN = gn, Yn. Then, the twisted Poisson structure (18) defined
on GN with r as in (17) is locally reducible to the quotient M = GN[H™N .

We will denote the reduce bracket with { , }g.

Remark. We note that Semenov’s twisted Poisson bracket(18) is defined in terms
of the right action instead of the left action. For computations explicitly involving
(18) (such as in Section 3.3), we will then need to work with smooth sections of
M given by right Maurer-Cartan matrices (the inverses of the left Maurer-Cartan
associated to our choice of frame), in order to preserve each symplectic leaf and be
able to reduce the bracket to the quotient space. This is the price we pay for using
a more “canonical” choice of moving frame.

iRight invariance is used in the description of GN/HN, since the twisted bracket on this
quotient space is defined for right gauges; while left invariance is used for (G/H)Y, as it is
standard for homogeneous spaces.
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A second Poisson bracket arises from a companion bracket to (18) found in [12],

as a reduction of the tensor:

N
@) OFHL) = 5 AT (V) ~ (V)1 (T F).

e
to M = GN/HN. Here, F,H : G - R are differentiable functions. While tensor
6 is not a Poisson bracket on G, its reduction to M is a Poisson bracket in any
dimension m, as shown in [12]. The origin of this second bracket, which will be
denoted by { , }o, has remained elusive and proof of its compatibility with the
reduced twisted bracket could only be achieved in dimension m = 3.

As consequences of our main results from Section 4, we will show that 6 can
be interpreted as the invariant version of a Poisson bracket at the curve level,
explaining why its reduction to the moduli space is a Poisson bracket. We will also
provide a straightforward proof of the compatibility of the two Poisson structures
in any dimension (Theorem 4.6).

Proposition 3.6. The symplectic leaves of the reduced bracket from Theorem 3.5
are locally classified by the conjugacy class of the associated monodromy.

Proof. The symplectic leaves of (18) are gauge orbits of the discrete action of GV
on itself [6]; therefore, the symplectic leaves of the reduced bracket { , } g are the
projection of the gauge orbits. This is only true locally, since the reduction itself is
local, and additional global discrete invariants may exist for the projected leaves.
Let {m,} and {7, } belong to the same gauge orbit, i.e. 1, = g, ' Mngns1, gn € G
with gp+n = gn, and let T = mymso...my be the monodromy of {m,}. Then
M1y ...y = g7 Tgn+1 = g1 Tg1 belongs to the conjugacy class of T.
Conversely, given {m,,} with m;ms...my =T, for any TY = gT'g"! in the con-
jugacy class of T we can find {[g,]} € (G/H)Y such that K({[gn]},T9) = [{mn.}].
In fact, g, can be constructed recursively from g¢,+1 = g,m, with g1 = g. Then,
gn+1 = 1T = (gTg V) g, i.e., locally, elements of each leaf—before projection onto
GN/HY —have the same monodromy class; the same will remain locally true on
the quotient GV /H™ after projection. O

The relationship between Hamiltonian flows induced by the reduced bracket
{, }r and polygon evolutions in centro-affine R™ is described next.

3.3. Polygon evolutions and Hamiltonian flows in the moduli space. We
first describe the set-up for arbitrary dimension m; much of this is adapted from [12]
for a different choice of moving frame.

Let G be a Lie group acting on a manifold M by left (or right) action. A vector
field V on M is left (or right) invariant if the associated flow ®; is equivariant with
respect to the left (or right) group action, i.e. g-®:(x) = ®4(g9-x), g € G,x € M.
Let Vv ¢ TMy denote the left invariant vector fields on My, and let V}V c TM}V
be the subspace of arc length-preserving left invariant vector fields. (Recall that
MY € My is the subset of non-degenerate N-gons parametrized by centro-affine
arc length.)

3.3.1. Evolution of moving frames. Given v = {v,} € MY, we introduce the left
moving frame p: MY ~ SL(m, R)™, p(7) = {pn(7)}Y., with components

(23) Pn (7) = (’Yn, Yn+ly .- a7n+m71)'
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As discussed in Section 2, this moving frame is gauge equivalent to the one used
in [12], thus many of the results in that work will apply to our context. In particular,
the generating set of geometric invariants will be used to coordinatize the moduli
space. The geometric invariants are defined via the following relation:

(24) Yn+m = a?717n+m—1 4o+ a}z’YnJrl 4 (_1)’m71,yn7

where the coefficient of 7,, comes from specializing (-1)"1d,,;1/d,,, with d,, as in
(15), to v € M},. This gives

r+1
) PRSGEN
(25) an = |’Yn; <oy Yntr=1y Yn+m o Ynt+r+ly - .- 7’)’n+m71|~
The discrete equivalent of the Serret-Frenet equations is:
(26) Pn+l = anna
of  (-1)m .
(27) Kn - (Iml an ’
where I,,,_1 is the (m —1) x (m —1) identity matrix, O the zero vector in R™"!, and
a, = (a}L az ... a?_l)T the vector of invariants at vertex «,. We will also need
the inverse of the Maurer-Cartan matrix K:
-1 ._ 7 _ _ (_1)man L.
(28) K :=L={L,}, L, = ((_1)m_1 o” )

The components of an invariant vector field X = {X,,} | € Vi, can be expressed
as linear combinations of the components of v whose coefficients only depend on
the geometric invariants:

m—1
(29) Xn= rhvnie = puta, vl = (0, el
=0

The induced evolution on 7 is (component-wise):
d

(30) %

Tn =X,.

d
From (29) and (26), one gets e = Priitnsl = pnKprny1 and, in general,

— Y+t = P Kni1 - Kpyo-1Tnee. Thus, the evolution of the left-moving frame is

dt
given by
d
31 7. Pn = Pnl¥n,
(31) gl =@
where
(32) Qn = (rn Kyrpnyr KpKpprpee o0 KpKpgr... Kn+m—2rn+m—1) .

The Frenet-Serret equations (26) and the frame evolution (31) are compatible pro-
vided
d
(33) &Kn = KnQrHl - QnKn
Arc length preservation during the evolution amounts to |y, v1 -..Yn+m-1| =1 for

all times. This condition is more conveniently expressed as

(34) tr(Qn) =0,
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and uniquely determines 70 in terms the other entries of r as shown in the following:

Proposition 3.7. For N, m co-prime integers, and X as in (29), X € V}V if and
only if 1 = R,,(r), where R, is an algebraic function of the ri’s.

Proof. From (32) we compute
m—1

(35) tr(Qn) = Y, el K. Kppso1Tpss + 10,
s=1

where the coefficient of 70, _ is obtained as follows:

n+s
ezﬂKnKml o Kpps1e1 = eZ+1Kn o Kpis0e0=...= eZ:rlKnes = ezﬂesﬂ =1.
Then X €V}, if and only if
tr(Qn)=(1+T+--+T" )2+ R, =0,

where R is a function of ri. . i,s=1,...m-1. The operator R=1+T +---+ 7™}
is invertible if and only if N and m are co-prime (see Lemma 3.1 in [12]). The
claim follows, since its inverse, though non-local, can be expressed as an algebraic
function of 7. O

3.3.2. Poisson brackets. In the rest of this section, G = SL(m,R) and we will work
with two gradations of its Lie algebra: the standard gradation g =g, ® ho ® g- and
the gradation g = g1 ® go ® g-1, both described in Section 3.2.

For H the subgroup whose Lie algebra is h = g1 @ go, let f: GY/HY - R be a
smooth functional on the moduli space and F : GY - R an extension of f to GV,
invariant under the discrete gauge action (20) of H”.

As discussed in Section 3.2, we will work with the smooth sections of the moduli
space M = GV /H" defined by the right Maurer-Cartan matrices L = {L,} as in
(28), using the invariants a/, j = 1,...,m - 1,n = 1,..., N, as coordinates of M.
Here ( , ) denotes the standard inner product on g" defined by

~ N ~ ~
(36) <£a€> = Z tr(gngn)v §,§¢€ gN~
n=1

Lemma 3.8. For fized n, the vector d, f of variational derivatives of f with respect
to the geometric coordinates al’s, j = 1,...,m — 1, and the left gradient of its
extension F satisfy the following relation:

* *
Moreover, the gy-component of the right gradient satisfies:

—1)™ T
(39) @n=(o Cono).
m-1

Proof. Recall that the left gradient of F at L = {L,} € GV is defined by:

T .7:( exp(ef)L) = (VF(L),E), veegh.

e=0
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In particular, choosing & of the form V) := {Vn(k)} with Vrfk) = ( 0(;'%_1 _g") Ok

we compute

Im— _evnén (_1)m(an + GVn(Sn ) Im—l
(k) _ 1 k _ k
exp(eVn )L” - ( OT 1 )Ln - ( (_l)m—l OT .

Since F is an extension of a function defined on the moduli space, we must have

that .7-'( exp(eV<k))L) = f({an + evnénk}). Differentiating both sides with respect
to € and evaluating at € = 0, we obtain

N
Spf v = (VF, VY = 3 er(v, FVP) = te(v, FV),

n=1
where §i f - vy is the dot product of v with the vector of variational derivatives of

A,.1 b
f with respect to the components of a;. Writing VF in block form ( (’:"T ! d),we

compute the right-hand side as (V}",V(k)) = —c? - v, and (after replacing k with
n) relation (37) follows. Finally, (38) can be obtained by direct verification using
the relation (16) between the left and right gradient. O

Lemma 3.9. Let F be an invariant extension of a smooth functional f : GV JHYN —
R. Let T denote the left shift operator. Then

(39) T_lvnf— anf €9d1,

Proof. The gauge action of HY on K: K,, - h,‘llKnhnH component-wise, induces
the action L,, - h;,}; L, h,, on the inverse L = K~!. Since F is an invariant extension
of f, it must be constant on the gauge orbits, i.e. F(h-L) = F({htLyhn}) =
F(L),Yh e HY. Choosing h = exp(ef) with &, n = &,

0= —
de

_4a
" de

F({exp(_€€n+1)Ln eXp(egn)})

e=0
d
» F({exp(=€&ni1)Ln}) + 4

. f({Ln exp(e{n}))

N N ) N
== Y t1(VaF&nsr) + 2 tr(VLFE) = Y tr((-T 'V F + VL, F)En)
n=1 n=1 n=1

must hold for any ¢ € HY. It follows that 7'V, F - v/ F must belong to the
annihilator of the subalgebra b, which is the dual of g_; & gg, namely g;. O

Remark. Conditions (37), (39) determine VF uniquely in terms of the geometric
invariants and the variational derivatives d,, f. The proof of this fact can be found
in [12].

Moreover, these conditions lead to a concrete representation of the reduction of
the twisted Poisson bracket (18) to the moduli space G /H™:

(40) {f;h}r(a) ={F, H}(L),

with f,h smooth functionals on G /HY  F H their invariant extensions to GV,
{,}asin (18),a={a,} e GN/H"N, and L = {L,} € GV as in (28).
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Proposition 3.10. Given f,h,F,H as above, the reduced bracket (40) has the
following explicit representation:

(41)  {fihr=((VF =TV F)1,(VH)-1) = ]Zf: tr((VnF = TV, F)1(VaH)-1),

where the subscripts indicate the components w.r.t. the gradation g =g1 ® go ® g-1-

Proof. Using (18), with (£ An) = 1tr(&(ns —n-)) and r(§ @ n) = tr(&n,), we
compute

N

(Fh)n = % > tr((90F)- (V2 H).) ~ (T H)- (V. F).)
N

o5 2 (VL) (T, H).) - u((VhH)-(V4F))

N
- 2w (T(VF)-(VaH)s ) + (T (V1) (Vo F)s).
n=1
Since g; c g4, condition (39) implies that 7'V, F - V. F € g, and therefore that

(TV,F)-=(VpF)-. Similarly, (TV,H)- = (V,H)-. Using these relationships we
get

N
{f.h g = % Zjltr((vnf)+(vm)_) —tr((VaH)+(VnF)-)

= tr((VL F)+ (Vi H)-) + tr (VR H) (V5 F)-).
Using condition (39) for H, we have

N
S tr((VaF)+ (VaH)-) - tr((VLF)+ (VL H)-)

=1 N
= 2 tr((VaF)(VaH)-) = (T F) T (VaHh)-)
= % tr((Vn}_— TV;Lf)+a (VnH)*)'
Similarly,

N
2 (V) o (VF)-) = (7 H)+(77,5)-)

= szj tr((VaH = TV, H) (VaF)-).
n=1

On the other hand, from the identity tr(£;£_) = tr(£1€-1) and the fact that F and
H satisfy (39), we rewrite the expression of the reduced bracket as

{f,h}r= % Izvj tr((VanF = TVLF)1(VaH) 1) = tr((VaH = TV H) 1 (Vi F)-1).

Since V,H — TV, H € g1, the second term becomes
tr((VaH = TV H)1(VaF)-1) = tr((VoH - TVLH)VLF)
== t1(Va FTVLH) + t2(VaH Vi F) = —tr(V, FTVLH) + tx(V,H V., F),
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where in the last step we used relation (16) and the invariance of the trace under
conjugation. It follows that the operator V — TV’ is skew-symmetric on the set of
invariant extensions. In fact, shifting indices appropriately and using (39),

N N
S tr((VaH - TVLH)1(VaF)o1) = >, —te(VaF TV H) + tr(VL,H YV, F)

n=1

M= T

N
~tr((VaF =TV, F)TVLH) == Y tr((VaF = TVLF )1 (TVH)-1)
n=1

n=1

S ((VaF - TILF) (T ).

n=1

This finally gives

{f:h}r = % tr((VnF = TVLF)1 (VaH)-1).-
(]

The companion Poisson bracket, obtained in [12] as the reduction of the right
tensor 6 to the moduli space, also has the following explicit representation:

N
(12) (o= 3 6((ThF) o (ThH)0) -~ e((VhH) 1 (ThF)).

n=1

3.3.3. Invariant Hamiltonian flows. Next we study the relation between Hamilton-
ian flows induced by the reduced bracket {,}r on the geometric invariants a’,’s,
viewed as coordinates of the moduli space of M}, and the associated polygonal
evolutions.

Assume that a = {a, } evolves according to the Hamiltonian evolution

(43) %an = {fa an}R»

for given Hamiltonian f: GV /HY - R. The following key result relates the matrix
Q = {Q,} defining both polygon and frame evolution to the right and left gradients
of an invariant extension F of f.

Lemma 3.11. Let v = {y,} e M} and Q = {Q,} as in (32). Then, the polygon
evolution (30) (equivalently, the evolution (31) of its left moving frame) induces the
Hamiltonian equation (43) if and only if

(44) (Qn+1)-1 = (VnF)-1.

Proof. Given an arbitrary smooth functional h: GV /HY - R, we use the following
form the compatibility condition (33)

d

0,,-1 —a, _ _

(45) ( Tl dtoa ) = Qn+1 - KlenKn = Qn+l - LnQnLnl,
0

and expression (37) of the left gradient of h’s invariant extension H to write
d

_ -1 _
3= (LQL™ -TQ,VH),

gh(a) = i onhT
dt B n=1 "
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If the a,’s evolve according to (43), using the explicit representation (41) of the
reduced bracket, we also have

%h(a) (B = (VF =TV F)1, (VH) 1),
Rewriting
(LQL™ - TQ,VH) = (LQL™',VH) - (TQ,VH) = (Q, L' VHL) - (TQ,VH)
={Q,V'H) - (TQ,VH)=(TQ, TV'H) - (TQ,VH)=(TQ,TV'H - VH),
and
(VF=TV'F)1,(VH)-1) = ~((VH - TV'H) 1, (VF)_1) = (VF, TV'H - VH),

. . d .
and comparing the two expressions for ah(a)7 we obtain

(TQ-VF, TV'H-VH)=0.

Since TV!,H — V., H € g1 for any invariant H, then (Qn4+1 — V,F)-1 must vanish
and (44) follows. O

Remark. The right gradient of F satisfies the analogous relation

(46) (Qn)-1=(VF)-1,
derived directly from using condition (39) in (44).

Since
(47)
-1 -1
Qn = Pn (Xn Xn+1 e Xn+m—1) = Pn (pnrn Pn+1Tn+1 .- pn+m71rn+m—1)
= (I'n p;zlpn+1rn+1 e pﬁlpn+m—1rn+m—1)7
where the vector field X,, = p,r, r? = (70 ... 7™1) defines the polygon evolu-

tion (30), the entries r’, i =1,...n+m—1 of r are uniquely determined by (Q,)-1,
while the remaining entry r° is determined by the arc length preservation condition
as in Proposition 3.7. From this observation and relation (44) it follows that:

Theorem 3.12. Given a smooth function f: GN/HYN — R, there erists a unique
invariant vector field X/ on MY that induces the evolution (43) on the geometric
invariants {a,} with Hamiltonian f.

The g;-component of the matrix Q := Qf, associated with the unique vector field
X7, can be identified with the vector of variational derivatives of the Hamiltonian
f. This result will be used in Section 4 to relate the reduced brackets to a pair of
pre-symplectic forms on M.

Proposition 3.13. Let X/ be the unique vector field given by Theorem 3.12 and
Q' be as in (47). Then

(48) (@)1= (g (‘1)m‘s”fT).

01
Proof. Writing @ in the following form
(49) Ql=(D% D, ... D),
with D?L =Ty, Dfl =Kpn...Kpiio1Tpai, 1=1,...m—1, one has

(50) K,D.., =D  i=0,...m-1.
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We will also make use of the following easily verifiable identities:
Lyep=e,_1, k=2,...,m, e%Ln = (—1)’”_1e?.

First, it is easy to verify by direct computation that components 2,...m of the
top row of K,V,FK,! are the components of (-1)"6, 7, i.e.

of

s—1"’
das;

el K, V,FK, e, = (-1)" s=2,...m.

Next, relation (44): (wal),l = (V,F)-1, can be written as

VaFer = D2+1 +cpeq,
for some ¢y € R. Multiplying the above on the left by K, and using (50), we get
(51) K,V,Fe, =K,D",, +cyKnel = D} +cyes.

It follows that
el D! = el K, v, FK;'K,e, =el K,V,FK, e, = (—1)’”;—{.
an
Shifting indices in (51), we write
KniVnpi1Fer = D711+1 + Cp €.
Its left-hand side can be rewritten as

-1 -1
Kn+lvn+1fKn+1Kn+lel = Kn+lvn+1~7:Kn+192 =V,Fes +cies,

for ¢ € R, where we used relation (16) between the right and left gradient combined
with condition (39) to give (K,11Va1 FK, 1)1 = (VF)1. Multiplying by K, on
the left, we arrive at

(52) Knvn]:eg +cie3 = KnD71H_1 +cCcpesz = DZ + Cp e3.

Then,

)
e{Di = e?K"V"fK;LlK”eQ = e?Knvan;Lle3 = (_1)m67‘];.
an
The claim follows by induction.
O

Using the results in this section, one can rewrite formula (41) for the reduced
Poisson bracket as follows:

1 N m-1 T 1 Sh
Uma@ =3 3T (o (L.Q1L - Tl enr
(53) n=1 r=1 6f n
— e (L, Q"L - TQ e, .
e'r ( n-n TQn)e (5(12
Remark. The Hamiltonian equation (43) can be written as
(54) ga =Pindnf
dt n = T1nUnJ/,

for a skew-symmetric operator Py, explicitly computable from the “atomic” brack-
ets {a%,a’ } r.
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Corollary 3.14. Given X € V}V, let Q% define the associated frame evolution (31).
Write

_(0 (-1)"p}
(59 @i-(p o).
Then
(56) aan = Pnpn-

Proof. The statement is true if X = X/ comes from a Hamiltonian f as in Theo-
rem 3.12. In this case, Proposition 3.13 and equation (54) give p = 4§, f.

For the general case, (Q); together with the compatibility condition (33)) com-
pletely determine Q. Since the construction is algebraic, given (55), we can simply
replace d,, f in (54) with p,,. O

Example 3.15 (m = 3). For sake of readability, we drop the subscript n. Given
expression (48) for the gi-component of Q7 we write:

a —0kf —0rf
Qf =lc -a-b» e |,
g b

>

where (k,7)T is the vector of invariants, 0 f = 6f/6k,, and &, f = 6f/67,. With

-k 1 0
L={-r 0 1],
1 0 0

kopf-a-b e+kd,f -ka+c+k(kdpf—-a-b)+71(kd f+e)
LQ'LY = g+710nf b+76.f —ar+h+(70kf+9)k+T(10.f+b) |.
—0k f =0 f ~kbpf -7 f +a

Since 7Q - LQf L' is determined by (45), we set all but components (3,1) and
(3,2) to zero, getting:
a=R (A +Tképf+76,f), b=-R ™ (Tkdpf+ (A +T)715,f),
Th=-0pf, Tg=-0-f, Te=70f-T '6.f, e+kd f=-T 'onf

where R = 1+ 7 + T2. Using formula (53), we compute the reduced bracket
J Skh
{fvh}R: Z((Skf 6Tf)Pl S-hl’
n=1 o
where

T —1T+kRYT? -1k T-T2+kRYT-1)T
(57) Py = ,

T?2-T 4+ RY(T-Dk Tk-kT1+rRYT?-1)7
is the same tensor as in (14).
The companion bracket found in [12]:

N
{f.h}o(k,7) = 0(F  H)(L) = 3 (V. F AVLH),

n=1
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can be similarly computed as

N
Oxh
{fah}O(kaT): Z((Skf 6Tf)P2 (5kh)a
n=1 o
where
Tlr—rT T-T72

(58) 772—(7-2_7——1 0 )
The skew-symmetric operators P; and Ps define compatible Poisson structures and
form a Hamiltonian pencil for the second Adler-Gelfand-Dikii flow, an integrable
discretization of the Boussinesq equation [12].

4. LIFTING HAMILTONIAN STRUCTURES TO THE MODULI SPACE OF TWISTED
POLYGONS

In higher dimension, the counterparts of brackets { , } g, { , }o are also Poisson
brackets on the space of geometric invariants, as shown in [12]. However, a proof
of their compatibility beyond dimension 2 could not be attained: on the one hand,
tensor € (see (22)) is neither a Poisson tensor nor compatible with the twisted
bracket (18); on the other hand, the reduction process becomes too complicated
to allow a direct or a theoretical argument. As discussed in this section, lifting
the brackets to the moduli space M} produces a far simpler pair of pre-symplectic
forms on V};, in terms of which proof of compatibility becomes elementary. We first
illustrate the main ideas by continuing the discussion of the 3-dimensional case.

4.1. Example (m = 3). Let X,Y € Vi be arc length-preserving left invariant
vector fields. At a given v € MY, and write their components as

Xn = CnYn + b Yna1 + GnYns2, Yo = Covn + bn Vo1 + GnYnse,
With @n, G, by bp, Cny G periodic functions of the invariants {kn},{mn} satisfying
the arc length preservation condition (8).

For Z e Vi, let J,,(Z) = Zy, + knZyps1 + TnZns2, and define the following 2-forms
on Mk

N
wl(ny) = Z |Jn(Y)7Xn+137n+2| + |Jn(Y)a"Yn+17Xn+2|

n=1
- |Jn(X)7Yn+17’7n+2| - |Jn(X)77n+17Yn+2|
+ |Xn7'7n+17 Yn+2| + h’ann-%-la Yn+2| - |Yn;’7n+17Xn+2| - |’Y’ru Yn+17Xn+2|;

N
UJ2(X7Y) = Z |Yn7Xn+1a’Vn+2| + |Yn7’Yn+17 Xn+2| - |Xm Yn+177n+2| - |Xm'7n+17 Yn+2|a

n=1

Theorem 4.1. Let Py, Py be the tensors defined by (57), (58). Denote with QX
(resp. QY ) the matrices associated with vector field X (resp. Y) as in (7), and
write the g1-components as

+ —pt -
Qf:(x— I:n)’ QZ:(* I:n)’

With Pn, Prn € R?. Then

N N
(59) Wl(XaY) = Z pzplnf)n; WQ(X,Y) = Z pZ'P2nf)n
n=1

n=1
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Proof. We prove the result for wo, the simpler of the 2-forms. Using the expression
Qn = (rn K,rn1 KnKn+1rn+2), with r,, = (¢, bp a,)T and K, given by (4),

T
Py = €] Kyrp _ Gn+1
“Pn — T = .
€] KnKn+1rn+2 bn+2 + Tp+1Qn+2
. L . _ T
Setting vy, = Gny1, Wy = bpy2 + Toy1Gna2 (as in Section 2~1)7 we get p, = _(U'mwn) .
Next, using the fact that dp,/dt = (X, Xn+1, Xn+2) = pnQn, we compute
Y X Y X
|Yna Xn+1 5 rYn+2| + ‘Yna Yn+1, Xn+2| = |ann e, ann €2, pne3| + |ann €1, Pne2, ann e3|
Y X Y X N a
= |Qn €, Qn €, e3| + |Qn €1,e, Qn 63| = |rnv Knrn+17 93‘ + |rna €2, KnKn+1rn+2|
~ T 7 T ~ T ~ T
= (CneQ Kty —bpey Knrn+1) + (Cneg KnKyi1Tne2 — an€y KnK'rH—lrn+2)

= éTL(Cn+1 tCpy2 T (1 + T)knvn + ann) - vnwn—Q - ﬁn—lwn + Tn—lvnﬁn—l

. (T, -T72\(on
:_Cncn+(vn 'LUn) _T_l 0 ’lI}n s

where, in the last step, we used the arc length preservation condition (8) to write
Cnt1 * Cna2 + (L+ Tkpvn + 1wy, = —cp,.

Swapping X and Y in the computation above amounts to interchanging the hat
symbol; subtracting the resulting expression, we get:

T_l n - nT T_T_2 An An
(’Un wn) ( TQT_ ,711 0 ) (Z;)n) = (vn wn)Pgn (:;} ) .

n

Summing over n completes the proof for ws. The formula for w; can be obtained
in a similar way, with a similar, slightly more involved computation. O

Let h be a smooth functional on G¥/H" and let Y = X" be the unique vector
field in V3, given by Theorem 3.12. Then, using (48), we replace P, = d,h and
obtain

N
wl(X, Xh) = Z prln(th
n=1

On the other hand, assume that dv,/dt = X,,, and let 7 : M — GV /HN  7(7) = a,
be the projection of MY to the moduli space. Then,

d N d
d(hom)(X)=X(hor) = &h(aoy) =2 5nhT&an.
n=1

Using (13) to replace da,, /dt = =Py, pn, we write

N T d N T ol T
Z (5nh &an = — Z (th Plnpn = Z pn'Pln(th,
n=1 n=1

n=1
finally giving
(60) d(hom)(X) =wi (X, X"), VXeV}.

Remark. As we will show in the general case, w; is a pre-symplectic form, i.e. a
closed 2-form with non-trivial kernel, thus Hamiltonian vector fields are only defined
up to addition of elements in the kernel. Nevertheless, equation (60) selects X" as
the natural representative of the class of Hamiltonian vector fields associated to h
via wy.
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4.2. The general case. We are now ready to discuss our main results. Given
X,Y € V3, we introduce the following pair of 2-forms on MY

1 N m-1 ,—TjL
Wl(Xv Y)(’Y) :25 Z Z (|Jn(Y)a'Yn+17 <oy Ynar—1, Xn+r y Ynr+ly .- a7n+m—1|
n=1 r=1
1
(61) ==
- |Jn(X)7’7n+17 e Yntr-1, Yn+r7’7n+7‘+17 s 77n+m—1|
r r

- |’Yn7 cee ,Xnﬂ”*la e .,Yner,l‘ + |’7na o '7Yn+r—1a s 7Xn+m—1|)a

m—1
where J,(X) = (-1)™! > at, Xnve, with ad = (-1)™1;
=0

r+1

1 N m-1 —_——
WZ(va)(’Y) ::5 Z Z (|Yn7’yn+17~~~ s Yn+r—1, Xn+r s Yn+r+1 ~~v’7n+m71|
n=1 r=1

(62)
r+1
—

- |Xn7 Tn+ls - Vn+r-1, Yn+r s Yntr+1 - - - a7n+m—1|)-

Proposition 4.2. Given the 1-form

1 N
(63) OQ(X) = 5 Z |Xn7’yn+17--~a7n+m—1|a
n=1

defined on M}V, then wo = dfs.
Proof. The verification of this fact is straightforward:

d05(X,Y) = X(02(Y)) - Y (02(X)) - 62([X.Y])

M=

|[X7Y]na7n+17~ .. a77L+m—1| +CO2(X,Y) _92([X7Y]) = wQ(X7Y)~

1
2

Il
—

n

Corollary 4.3. The 2-form wo is a closed form on M.

Remark. Also w; can be rewritten in terms of the 1-form 6,. If we introduce the
operator L(X) = {L,(X)} with

Lo(X) = (-1)™ ((-1)" Xy + ap Xs1 + -+ + @l Xparm = Xnama1) -
Then,
(64)  w2(X,Y) = X(02(L(Y))) - Y (02(L(X))) - b2 (XL(Y) - YL(X))).

Theorem 4.4. Let f,h be smooth functionals on GV JHY and let X7, X" be the
unique vector fields in V5 given by Theorem 3.12. Then,

w2 (X, XM () = {f, 1} o(a(n)),
where { , }o is the reduction of the right tensor defined in (42).
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Proof. In formula (42), we use (46) to replace (V/,F)_; with (Q/)_;, and (38)
together with (48) in Proposition 3.13 to write (V/,F)1 = (Q{)1, and do the same
for (V) H).1. Writing QF = (DS D) ... D”H), Qh=(R% R, ... R,
and denoting with (D, )j (resp. (R%);), 5 =0,...,m~1, the j-th component of the
i-column of Qf (resp. RI), we compute:

lel

> 2 (D)) h—(R))k0) f =

m 1
{f,h}o(a) = (-1) 72 L 3

5 S DR (D

On the other hand, X/:Jrr = pn D" and X" =p,R". Replacing these expression in
formula (62) for wo, we get

1
1 N m-1 0 r—rj—T
) (X7 Y)('Y) :5 Z (|ann7 Tn+ly - Tntr-1, anna'Yn+r+1 cee 77n+m—1|
n=1 r=1
1
r+

0 T
- |ann,7'Yn+17 s Tnar-1, Panv"Ym+r+1 cee 7'Yn+m—1|)-

Computing, e.g., the first of the two determinants, we get

r+1
0
T
|ann7 Tn+ls - Yn+r-1, annafYn+T+1 s 77n+m—1|
r+1
m-1 —_—

= Z |(R9L)j'}/ja7n+17 <oy Tnar-1, (D:L)k'}/kvr)/nﬂwl ce 7'7n+m—1| = (REL)O(D;)T - (Rg)T(D:L)O
i k=0
Finally,
m—1 m—1 i 1 N m-1 i i
('S 00,000 E )+ 3 55 00, o - 0
r=1

n=1 r=1

3

1 N
LUQ(X Y 5 Z
1 S . 0 T 0 T
5 Z: (Dn)T(Rn)O_(Rn)T(Dn)O’
since tr(Q') = tr(Qh) =0 implies

B0 S (D), — (D00 S (RL), = ~(R2)0(D%)o + (DD)o(R2)o = 0
r=1 r=1
O

Theorem 4.5. Let f,h be smooth functionals on GV JH™ and let X7, X" be the
unique vector fields in lev given by Theorem 3.12. Then

(65) wi (X, XM () = {f, P} r(a(7))-
Proof. Recall formula (61) for wy:

r+1
m—1 —_——

1 N
Wl(X7Y)(’7) 5 Z Z (|Jn(Y)>’7n+17~"7'7n+r—17 Xn+r77n+r+17”~7’7n+m—1|
n=1 r=1

r+1
—
- |Jn(X)a’Yn+17 v Yntr-1, Yn+ra7n+r+17 s a7n+m—1|
r T

—_—— —
- |'an v 7Xn+r717 .. '7Yn+m71| + |’7na .. ‘7Yn+r717 .. '7Xn+m71|)7
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We first shift indices in last term:

ZZh/n) e Yoo 1ye-es Xntm- 1| ZZ|7¢L+17~-'aYn+€7~-'aXn+m|-

Substituting

d d m= m—1
Xn+m = &7n+m = di Z n7n+k = Z a Xn+k + Z a (CL )t7n+k:

= (-1 (X)) + Z (ah)eVnsk
k=0
in the above, we obtain

ZZWna”- n+f— 17--~7Xn+m—1|

:ZZL]TL(X)a’Ynﬂv-”aYn+Z7-~-7'Yn+m 1|+ZZ Z (an)t|’7n+17-~- Yoies - Ynskl -
n /£ n

The first term of the formula above cancels the second term in the expression
for wy. Also, the second term in the above can be rewritten, by swapping columns,
as

m—1 m—1
Z Z (an)t |’Yn+17~'~ n+£7~'~;’yn+£| = (_1)m—12 Z (afL)t |Yn+£77n+1a~"7’7n+m—1|'
n f=1 n (=1

Up to a sign, this expression is the dot product of the first row of Q}: with
its first entry removed with the vector (a’);. Now assume that a evolves by a
Hamiltonian flow with Hamiltonian f with respect to the reduced bracket, i.e.
(at)i = X' =P,5,f. WhenY = X9, the first row of Q¢ with its first entry removed

is equal to (~1)"0,g, giving ¥, X721 (a8t [Ynsts -+ Yo - Yneel = {f, g} - The
remaining terms produce another copy of the same, which takes care of the factor
of 1/2 in the definition of w. O

We are now ready for one of the main results of this work.
Theorem 4.6. The bracket
{f.9} ={f.9kr+{f.9}o

is a Poisson bracket. Therefore, the reduced Poisson brackets { |, }r and { , }o
are compatible.

Proof. We only need to verify the Jacobi identity. From (60),
X(g) = d(gom)(XT) =wn (X7, X9) = {f.g}rom,
and from Theorem 4.4,
w2 (X7, X9) = {f,9}0 0.

Denoting cyclical summations with Z:
O

YU gtr+{f b0 hyr+ {9t + {930  hYo = Y {{f g}, W+ {{f, 9} R, P }o
O O

=S{{fatohyrom+ {{figtr hloom == X (w2 (X7, X9)) +wo (X /977 X1).
O O
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Now, recall that
(X7, X9 (hor) = X/ (X9(hom)) - XI(X/ (hom)) = X' ({g,h}rom)) - X! ({f,h}rom))
={fAg.hrtrom—{g,{f, h}r}rom=~{h,{f,g}rtroT= X{f’g}R(hoﬂ)~

Therefore,

Y g r+{f9%0, By r+ {{f 9 r + {f 9}0. h}o,h}o
O

= (XM (wa (X7, X))~ wn ([X7, X9], X™)) = dwa(XF, X9, XM =0,
O

since wsy is a closed form. O

While Theorem 4.6 demonstrates the compatibility of the reduced brackets in
a simple and direct way, the implications on integrability are not yet clear since
w1 and wy have non-trivial kernels. We next investigate whether we have a bi-
Hamiltonian pair. We begin by proving that w; is also a closed 2-form; the proof
relies on a general expression for wy that is valid for arbitrary (not necessarily arc
length-preserving) vector fields X,Y € Vy.

Proposition 4.7. Assume X,Y € Vy and let QX and QY define the associated
frame evolutions as in (31). Then,

_ 1 o Y HX -1y HX
wl(X7Y) 2 Z—:l{[ n’Qn ]m,m+(Kn [ n7Qn ]Kn)m,m
(66) ~tr(Q) QY )mm — (K QY K mm)

(@D (@ mm = (K QX K)o )}
where (M); ; denotes the (i,j)-th entry of matriz M.

Remark. The second and third lines of (66) vanish whenever X and Y are arc
length-preserving vector fields.

P’I"OOf. By replacing Tn+r-1 = Pn€r, Xnyr-1 = any)fera and Y, _1 = anZera we
compute:

T T

—— —
|7na . ‘7Xn+r—1, .. ~aYn+m—1| - |’Vna ce ;Ynﬂ"—lv s 7Xn+m—1|
K_L f_;r‘H
:|e17"'7QnXe’r'a"'7Q7}:em|_|e17-~'aQ7}:e7'7"'7Q§e7n|
T T
—~ ——
= (Q§)7',7‘(Q7};)7n,m|ela ey €y 7e7n| + (QnX)m,T'(QZ)T,’NAel) N R 7er|

- (terms with X replaced by Y)

= (@) (@Y )imm = (@7 )imr (Q )rm — (terms with X replaced by Y).
This gives

m-1 —, —_
Z (|’7na .. -7Xn+r—17 s 7Yn+m—1| - |’Yn7 e >Yn+r—1a s 7Xn+m—1|)

r=1

= tr(Qf)(QZ)m,m - tr(Qz)(Qf)m,m + [QX7 Qf]m,wr

(67)
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A slightly longer, but straightforward computation, making use of the relations:

m—1
Y 4 Qen + (1) Qe = Q) Knep,  (-1)" e Q) = el K'QY
=1
yields
(68)
r+1 r+1
m-—1 . m-1 P —_— —_——
{(_1)m Z an(|Yn+€7 ey Xn+r 5o 77n+m—1| - |Xn+fa RS Yn+r7- .. a'Yn+m—1|)
r=1 (=1
r+1 r+1
—— —
+ ‘Yna DRI Xn+r PR a7n+m—1) - |Xna DRI Yn+r7~ .. a7n+m—1|}

= (KHQY, Q1K)+t (@)K —w(@)(KG QY K

Formula (68) is valid for arbitrary (1,m)-entry of K,, i.e. when |v,,..., Yn+m-1]
is not a constant. Replacing (67) and (68) in the expression (61) for w; gives
formula (66).

,m

O
The 2-form ws also has an analogous representation as described by the following

Proposition 4.8. Assume X,Y € Vy and let Q% and QY be the matrices define
the associated frame evolutions as in (31). Then,

N

(69) wa(X,Y) = 3 [Qn.Qx ], -

n=1

The proof is similar to the proof of Proposition 4.7.

Remark. It is a natural to wonder whether any of the 2-forms
N

wr+s(X7Y): Z[Q’HY,7Q5L(] s2r,

r,s’
n=1
which can be easily shown to be closed, induce a Poisson bracket on the moduli
space G /HY . In particular for s = r, in which case the 2-form ws, is also exact:

r+1
—

N
W2r:d02ra 027"(X) = Z |'Yna7n+1;~--a X7L+r7-~-a'7n+m—1|-
n=1

1
2
However, in dimension m = 3, a quick calculation shows that w,.,s defines a Poisson
bracket only when r = s = 1. We conjecture that w; and ws are the only two Poisson
brackets that can be generated in terms of entries of the commutators [ Yox ]

We now proceed with computing the differential of w;.

Given an invariant vector field X € Vy, with (X|,)n = 272" 74 ymse we introduce
the reparametrization operator &2 : Vi — Vi

(70) (PX)p =Py + iy + ™ i1,

where the coefficients 70’s are uniquely determined by the arc length preservation
condition (34). Since (Z2X)nir — Xnsr = (70, =7, IVnir = (P2, =70, ) pners1,
and Qi =p,' (X0 Xns1--- Xpem-1), then

(71) Q% = Qn +da(X),
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where d,,(X) is the diagonal matrix
(72) d,(X) = diag(7?2 =2 70 =10, .. 70 -0 ).

ny ' n+l n+1> s n+m—1

Since #X is arc lengh-preserving, computing the trace of both sides of (71), we
obtain

(73) 0=tr(Q)) + (L+ T +... 7™ )0 -12),

which can be solved uniquely for 70, n =1,..., N, since N and m are assumed to
be co-prime.

Remark. From now on, we will use the notation X := 22X to denote the reparametrized
vector field.

Lemma 4.9. Assume X,Y,Z ¢ V), are commuting vector fields and let v € M.
Then,

(74) dw1|’y(y7?72):ZZ(V)WI(Xv}?N’Y'

Proof. Let X,Y,Z be commuting vector fields in Vp, not necessarily arc length-
preserving. Substituting expression (71) into formula (66) and using [d,(X),d,(Y)] =
0, we compute the exterior derivative of w; as follows:
(75)
dwy(X,Y,2) = 3 Zwi(X,Y)

O

—QE:sz{—[ 2 () = [0 (), Q0 Jonm = (K21 [Q1 dn COYKG)
5% ,
(K (). Q1K)+ tr(dn CON (@ )mm — (K3 QU K) ]
@ [@Dn - (K7005K) )

First, note that [ Z,dn(X)]m,m = [dn(Y),QnX]m,m =0, since d,(X), d,(Y) are
diagonal matrices. Also, when X = X is an arc length-preserving vector field, (71)
implies d,, (X ) = 0; it follows that the only non-vanishing terms left in expres-

sions such as Z, (K [QY,d,.(X)]K ) when evaluated at X = X, will be
(K [ naZTL(dn(X))]Kn)m,m-

Writing
di:Xna d&:Yna %:va
dt; dt,y dts
and taking the traces of the relations
d x_d 7 Z HX d _d oz Z Y
dt3Qn _dtlQn+[Qn7Qn]7 dt Qn _dtan+[Qn7Qn]7

we compute

X_i Z i Y_i Z
@) = (@D, gn(@)) = 3on(@).
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Since (71) implies tr(QX) = —tr(d, (X)) and similar identities when X is replaced
with Y and with Z, then

() = d(2), (V) = S n(d(2))

Again from (71) and the invertibility of 1+ 7T +...7™ ', it also follows that

d d d d
W) = rda(2), da(Y) = Gdn(2).

Using these relations it is straightforward to check that all remaining terms in
the second cyclic sum vanish, giving

dwi(X,Y,2) = Zwi (X,Y).
O

Evaluating both sides at XY, Ze lev concludes the proof. ([l

Theorem 4.10. The 2-form wy is a closed form on M.

Before providing an abstract proof of this result, we derive a simplified formula
for dw; and use it in a computational proof for dimension 2.
For XY, Z arc lenght-preserving vector fields, formula (74) reduces to

N
@ (XY, 2) =3 5 2 2(1QF. @ Tman + (K11QF. Q1K) )
n=1 O

The identity [QY, QX ] = X(QY)-Y (Q) implies that Y. Z,([Q),Q; ]) = 0. More-
O

over, one can check that the m-th row of K ;'Z(K,) is the zero vector. It follows
that

n=1

dn(X,Y,2) =~ > %(K;f[ o Qn12(Kn)),, .,
Finally, using the identities:
el K= (1) ey,  Z(Kn)em = (8 Z(gn))e’” :jiz(a{l—l)ej,
we get the simplified formula

>

n=1

(76) Ao (X,Y,2) = -2 3 53 2(alM[QY, QX i
O

Jj=2

| =

0 -1

Example 4.11. (2-dimensional case) From K,, = (1 a

) and the condition
4 d 0 da,/dt _
KnldtKn = (O “ / ) Qn+1 KlenKna

we obtain the following general expression

0, = R angn ™)
" —Aqn-1 _R_l QnQn
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For some ¢,. (Note that R = 1+ T is invertible for odd period N.) Writing
= Qn(q), Q) = Qu(p), Q7 = Qu(r), We compute

[ QY] ann 1~ 4nPn-1 2(an_1anQn - QnR_lanpn)
2(pn 1R AnQGn — LIn—lR_lanpn) Pn-14n — qn-1Pn ’
and )
0 7rpe1—7n-1+a,R(T = Dayr,
Qn+1 K Q K (O + 0 ( ) ,

giving
Z(an) = Tne1 = o1 + anR™HT = Dapry,.

with al = a, becomes

6)
N
Z Z anQ )1,22(0%)

1o

Then, equation (7

d(.d1(X,Y) =-

l\D\»—l

N
ZZ R AnPn — an an‘]n)(rrwl Tn- 1+an 1(T 1)anrn)
n=l 0

Using the identity R™*(7 - 1) =1-2R"L, it is easy to check that

Z(QnR_lanpn - an_lanQn)anR_l (T - 1)a7Lrn
O

= Z [airn(QnR_lanpn - an_lanQn) - 2ap (R_lanrn)(QnR_lanpn - an_lanQn)] =0.
O

N

For the remaining cyclical sum Z Z(an_lanpn = PR Y angn) (rps1 — 1), we
n=1

group its terms as follows:

N
Z (Tn+1QnR71anpn - 7ﬂn+1an71anQR - pn71r71R71anQn + anlrnRilanpn)

M=

(Tn+1(ZnR_1anpn - Tn+1an_1anQn ~ PnTn+1 R_lTanQn + QnTn+1R_lTanpn)

Il
[ui

n
N 1 L N

= Z (T7L+1an_ (1 + T)anpn ~Tn1Pn (1 + T)anQn) = Z (rn+1Qnanpn - Tn+1Qnanpn) =0,
n=1 n=1

using 1 +7 =R. The remaining terms are dealt with in a similar way.

Proof of Theorem 4.10. Let v € MY and assume for simplicity that X,Y,Z are
commuting vector fields in V}, i.e. X = X, Y = }7, Z = Z. From Lemmae 4.9,
dw1 (XY, 2)(7) = 2 Z(1)wr (X, Y) ().
O
We now recall Theorem 4.5 and its implications. The Poisson bracket { , }g is
a reduction of Semenov-Tian-Shansky’s twisted bracket (18). Since its symplectic
leaves (at the invariant level) are the G™-orbits under the gauge action
hin > gnarhngy'

it follows that the tangent space to a symplectic leaf (before reduction) comprises
the Lie algebra invariant elements of the form

Pn+1hn - hnpn
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hn, € G, P, € g. A complement to the leaves is then obtained by solving P, =
h ' Pyhy, ¥n. When the twisted bracket restricted to 7, and reduced, its symplectic
leaves are described in terms evolutions of Maurer-Cartan matrices K, and the
complement is given by solutions of Q41 = p,;' @y pn, for which dK,,/dt = 0.

Next, split Vzlv|v into vector fields in the kernel of wy (i.e. describing directions
in Vy|, for which dK,/dt vanishes), and vector fields whose push forwards on
the invariant manifold are tangent to the symplectic leaves of { , }g. We can
assume that the latter are also Hamiltonian vector fields on the space of geometric
invariants of -, since they generate the tangent space to the symplectic leaf. We
can now consider three scenarios.

If X,Y and Z are all tangent to a given symplectic leaf, then, since w; is the
pull-back of the symplectic structure defined on the corresponding symplectic leaf,
it must be a closed form. Hence

dwr (X, Y, Z)(7) = 0.

If two or three of X,Y,Z are in the kernel of w;, then we immediately have
dwi(X,Y,Z)(v) = 0. The remaining case is when only one vector field, say Z,
belongs to the kernel of wy. The only term we need to compute is Z(v) (w1 (X,Y)),
since the other terms will vanish. By assumption, dv,/dt = Z(7), induces the
stationary flow dK,,/dt = Qn+1 — K,,'Q, K, = 0 on the geometric invariants a’,’s.
Since wy(X,Y) is an invariant function of the a’’s, then Z(v) (w1(X,Y))=0. O

Remark. If «y is not arc length parametrized, dws |, in general will not vanish. We
will discuss this point in the next section.

This proof provides a good understanding of the role of w;. Elements of its
kernel push forward to transverse sections to the symplectic leaves of { , } g under
the map X - Q%, where Q¥ is the matrix defining the associated frame evolution.
Whereas, the restriction of w; to tangent vector fields that push forward to the
symplectic leaf, coincides with the natural symplectic structure on the orbit.

5. THE KERNELS OF THE PRE-SYMPLECTIC FORMS

Shifting the point of view from the AGD flows on geometric invariants to the
associated polygonal evolutions presents several advantages. On the one hand,
not all vector fields on the Poisson space of geometric invariants will admit a lift
to invariant—monodromy preserving—geometric flows (i.e. an invariant polygonal
evolution). On the other hand, given a geometric flow , then the induced flow on the
space of geometric invariants is automatically tangent to the leaves of the Poisson
structure. In addition, as both w; and wsy are trivially reducible to the moduli
space, they will induce Poisson structures on the submanifolds of fixed monodromy
conjugacy class, [T'] = const.

In this final section we describe the kernels of w; and ws, show that w; is a
symplectic form on submanifolds where [T'] = const, and discuss how we may tackle
the construction of an integrable hierarchy of vector fields for polygonal flows.

5.1. The kernel of w;.

Theorem 5.1. Assume v = {v,} € ML is a twisted polygon with monodromy
T e SL(m,R). Then, the dimension of the kernel of wil|, equals the dimension of
the isotropy subgroup of T (under the adjoint action).
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Furthermore, if a belongs to the isotropy subalgebra, and we define Q1 = a, Qpni1 =
K;'Q,K,, then the vector field X = {X,} € V}, with components X,, = Qe
belongs to the kernel of wy.

Proof. Recall, from Theorem 3.12 and Proposition 3.13, that the matrix QfL as-
sociated to a Hamiltonian functional f satifies (Q7)_; = (V! F)_1, where F is an
invariant extension of f. Then, letting f,h be smooth functionals on G /HY and
X/, X" be the unique vector fields in V}, given by Theorem 3.12,

N
wi(XT, XM = 3 (V)1 = T (VR F)1, (Q)1)-

n=1
Since condition (39), relating the right and left gradients, and condition (45), deter-
mining @, are algebraic conditions, and since V. F depends solely on §f via (38),
one can replace df in (38) with an arbitrary vector and proceed to determine the
remaining entries of the matrix using (45). The resulting matrix will not in general
correspond to a gradient. Proceeding as described, for X,Y € V}; and given Q~, QY
the associated matrices, we let S be the solution of

(77) (S%)-1 = (QX)-1; Sy - K'SY K, e g1
(Note that, if X = X/, then S¥X = v/F.) Then,

N
U.}]_(X,Y) = Z((Kr_zlsr)z(Kn - S’r)f-e—l)l ) (Qr{)—l)
n=1
Assume X is an element of the kernel of wy, i.e. wy(X,Y)=0,VY € V). Since an
arbitrary Y € V) arbitrary implies an arbitrary QY, then X belongs to the kernel
of wy if and only if (K;lstn - Sﬁl)l =0, Vn. Since SX,, - K;'SX K, € g1, we
obtain the condition

SX ., =K,'S*K,, Vn,
giving
Spn=Koiny K'USX Ky Kpen-t = (07T pn) i (00 Ton) -

Since 7, is a twisted polygon of period N and monodromy 7', then S, \ = S| so
(P T pn, S ] =0. This proves the first claim.

For the second claim, we only need to check that [p7*Tpy,S5%] = 0, since S =
Q™ which is the case because S;* = a, an element of the isotropy subalgebra. [

Corollary 5.2. The kernel of wy is generated by the infinitesimal rigid motions
that leave the monodromy invariant.

Proof. Given an element of the isotropy subalgebra a € sl(m,R), denote by g4(t) :=
e'® the associated one-parameter subgroup of SL(m,R). For a given (twisted)
polygon {v,}, the corresponding variation is {gq(¢)vn}. The n-th component of
the variation vector field is computed as follows:

d
78 = — gDVl = av,.
(78) ¥ dtgu( )Y Ly

Note that the vector field (78) is, by construction, locally arclength preserving.
This can be also checked directly by differentiating |ga (¢) (Yn, - - -, Ynem-1)| = 1 and
Computing |a7na s 37n+m—1| + |’Yn7 teey ClP}/nJrTn—ll =0.
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From (78), we have

Pn = QP = PnP;laPn = anna Qn = p;Llapn-

MOI’GOVQL from ann = apn, compute pn+1Qn+1 =0Ppy1 — annQ'rHl = aanru
giving

Qn+1 = Ky_lenKn

The choice p; = Id (identity matrix) as initial condition, gives Q1 = a. It follows
from Theorem 5.1, that (78) is in the kernel of wy, conversely, every element in the
kernel is an infinitesimal rigid motion as defined by (78). O

Lemma 5.3. The Hamiltonian functional associated to an infinitesimal rigid mo-
tion by means of ws is given by

N
(79) ha(’y) = Z |a'yn7’yn+17~--7’yn+m—1|;
n=1

where a € sl(m,R) belongs the isotropy subalgebra of the monodromy.

Proof. Given gq(t) := €'® € SL(m,R), the one-parameter subgroup generated by a,
the following holds for every ¢:

(80) |ga(t)vna YGa (t)vn+1a cee 79a(t)vn+m—1| = |Un7 Un+ly--- 7Un+m—1|a

and for any m-tuple of vectors v; € R™. As before, differentiating both sides of (80)
with respect to ¢ and evaluating at ¢t = 0, one gets

m-1 r+1
(81) |ClUn, Un+ls---s Un+m—1| + Z |Una Un+lye--y WUnyr, .-,y Un+m—1| =0.
r=1

Let now Y = {Y,,} € Vi, and let X, = {a7y,} be the infinitesimal rigid symmetry
vector field generated by a. Then, using (81),

r+1

1 N  m-1
LUQ(Y,Xu) =75 Z ( z |Yna7n+17 sy WY nr s e 5’7n+m—1|
2 n=1 " r=1
r+1
m-1 ——
- Z |a’7na7n+1y vy Yoip, o 77n+m—1|)
r=1
r+1
1 N m—1 —_——
= 5 Z (|aYnaPYn+la e ,’)/n+m—1| + Z ‘awn;7n+1> ceey Yn+ra e 77n+m—1|)
n=1 r=1
=dhq[Y],
where dh,[Y] denotes the differential of h, at Y. O

Corollary 5.4. Let v € MY. Given the symmetry vector field Xo = {ay,}, there
is mo vector field Wy € Vi satisfying

Wl(Wa7Y)|’Y:W2(Xa7Y)|'y7 VYEV}\%

(That is, there are no “negative” flows generated by the symmetry vector fields.)
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Proof. If such W, existed, then
0= wl(Wu,Xb) = WQ(Xu,X[,).

where b is a different element of the isotropy subalgebra. However, the right-hand-
side is never zero. In fact,

1 N m—1 ,—er
WQ(XuaXb) :5 Z (|ab7n77n+1a cee 77n+m—1| + Z |a7n7'7n+17 e DY, - 77n+m—1|)
n=1 r=1
1 N
== 2 |[a7 b]’yna’yn+l7 e 7’7n+m—1‘,
2 n=1
which is non-zero since the center of sl{(m,R) is trivial. O

5.2. The kernel of ws. We now show that the kernel of ws, when evaluated on a
pair of vector fields in V), is 2-dimensional. First recall that, given the vector field
X ={X,}, with
X, = vg% + vi’yml +oeee st U?717n+m—1 = PnVn,
the components of the associated matrix @), defining the frame evolution, are
Qn = (Vn Knvn+1 KnKn+1Vn+2 s KnKn+1 v Kn+m72vn+m—1) .

When X € V}\,, the condition that @, is traceless can be restated as

m—1
T T
(82) eV, + Z €1 Kn K1 Kpio-1Vne = 0.
=1

Theorem 5.5. In arbitrary dimension m, the kernel of wy is generated by the
vector fields

(83) XTIL = Yn+l T QpYn, X72L = Yn+2 T bn’Yn%—l + Bn’)/ny

where a,, and By, are uniquely determined from the arc-length preservation condi-
tion, and where b, is the unique solution of the equation

(84) by, — bpam = a;";:; - a,'?_l.

Proof. First, we verify that the vector fields X!, X2 described in (83) are elements
of the kernel of ws. For general vector fields X,Y € Vi, X, = pnVa, Yo = pnWy, We
compute (see, e.g., proof of Theorem 4.4)

le—l

wr(X,Y) = 5 S S el Koo KparoaWoar —whel Koo Kparo1Viar.
n=1 r=1
Since e{Kn...Kmr_lel = elTKneT = elTeHl =0 for r = 1,...,m -1, the above
is independent of the first component of both v,, and w,,. Thus, we can assume
v2 = w? = 0 for now, with no loss of generality.
Setting v} =1 and v/ =0 for r=2,...,m -1, we get

N m-1
we(X,Y) = Z (eipanml - Z whel K, . ..Knﬂ,,leg)
r=1

n=1

T T
(el ann+1 - e1 ann)~

M=

N . m~-1 T
T
= Z (el Kywny1 — Z wy€q Kne7'+1) =
n=1 r=1

n=1

=(-1 m—1 = m-1 _  m-1y _
- ( ) Z (wn+1 wn ) - 0
n=0
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This shows that X = ~,1 belongs to the kernel of ws, and so does its reparametriza-
tion X; = PX, since we(X,Y) is independent of v0.

Assume now vl =b,,v2 =1, and v =0, for r=3,...,m 1. Then
m—1
w2(X7 Y Z [b e1 nwn+1 + e{KnKn+1Wn+2 - Z (w;e{Kn B Kn+r—1(e3 + bn+r92)) ]
n=1 r=1
N m—1
Z (b €y K nWn+l = Z w bn+re1 K n€r+1 + € K Kn+1wn+2 - Z w,, n€1 K Kn+1e7‘+1)
n=1 r=1

M=

T T T T
(bnel ann+1 - bn+m—le1 ann +e; KnKn+lwn+2 - € KnK7L+1wn)

n=1
N

= Z [( nm 1(bnwn+1 = bpym-1wy," 1)+e1K Kn+1((wn+2 - 2)em 1 +(wn+2 _wzl_l)em)]
n=1
al 1 1 1 2 2 1 1
= > (D)™ (bpet = bpam-) w4 (A1) (wits —wi ) + (1) (wy - wptDany')
n=1

M=

(( ]-)m 1(bn 1~ n+m—1 +a;n:11 - n+1 )’U}m 1)7

S
I

which vanishes for all w,, if and only if b,_1 = by1m-1 — aZI__ll + aﬁ"ll.
In order to prove that X' and X2 are the generators of the kernel of wsy, we have

recourse to the algebraic relation obtained in Theorem 4.4
w2(ngXh) = {ga h}07

with X9, X" the vector fields associated with the Hamiltonians g, h, and study the
kernel of the Poisson bracket

N
{gvh}o = Z hZ;PQ’ngn7
n=1

where g, h,, are invariant (m —1)-dimensional vectors and P, is a skew-symmetric
tensor.

An explicit expression for P is given in (58) for dimension m = 3, and can
be found in reference [12] for arbitrary m, written in terms of alternative, but
equivalent coordinates (here denoted with k):

e Tk -kZT! - A e e e A I A A
Tkd - k3 T? T3l gl 2 T2 o7 0
T2 - k;fL‘QT‘(m‘B) T2t - k:’;”_lT‘(m‘B) T8 (=) . 0
TRt gl (me2) T2 _7(m-2) 0 . 0
T —7-(m=1) 0 0 0.

For our purposes, it suffices to show that the kernel of Py is 2-dimensional.
Looking at the terms along the diagonal of (85), if g, = (¢},...¢™ )7 is in the
kernel of Py, then

gn+1 gn m+1» Vn:l,-..7N,

which can be solved uniquely as g} = ¢!, ¢! a constant, since m and N are assumed

to be coprime. Going back to Ps,, we see that gfL must satisfy the relation

(86) Gom = go+ (kS =K,
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which admits a unique solution if, and only if ¥V, (k™' =k72') = 0. The telescopic
sum is indeed zero, because the k,,’s are periodic. Also, the next entry g3 must
satisfy

3 3 _1.m-1_2 m—1_2 1/7.m—2 m—2
In-m+3 ~ Gn+3 = kn+2 In+2 ~ kn In-m+3 + € ( n+l — kn )

These equation admits a unique solution if and only if

< 12 12 1 2 2 < 12 12

> (kia e =k g s + € R =R )) = 2 (W 92 = K Ghnes) = 0.
n=1 n=1

We will show that this equation has no solution unless ¢! = 0, which implies that
g2 = % and g2 is the solution of an equation of the same form as (86) with c*
replaced with c?.

In fact, we will prove a stronger result: assume

(87) gn—m:gn+c(bn—1_bn—f)> 521,...7771,—1,

where c¢ is a constant. Then, generically,

N
(88) Z bngn - bn—égn—m-#l =0
n=1

if and only if, £=m - 1.
This result implies that the only elements of the kernel are of the form g, =
(0,...,0,0,¢) and g, = (0,...,0,h™ 2 ¢), where c is constant and g2 satisfies

m-2 _ m-2 m—1 m—1
In-m = 9n + c(kn+1 - kn+m—1)'

It follows that the kernel of ws is 2-dimensional.
Let us proceed to prove this result. Given b = {b,}_,, we write {b, 1} = Eb in
terms of the N-dimensional permutation matrix

(=3

0 0
1 0 0

E=]o

P w0
0 ... 0o 1

=E=R2

Then, formula (87) can be written as
(E™-1)g = c(E - E)b.
If g,, are not all equal to the same constant, rewriting the above as
(E-I)(E™ ' +E™?+...4)g=cE(I-E)I+E+---+E“?)b,

we can solve for g, since E™ 1 + E™ 2 4+ ... + [ is invertible when m and N are
coprime:

g=—c(E™ '+ E™ 2 4. s DB+ E+---+ E?)b.
Equation (88) becomes

0=((I-E"™") g=b"(1-E™")g
= (W (I-E™ Y E™ Y+ E™ 24 s D)TIEJ + E+---+ E)0.

Since b is arbitrary, we must have

(89) (I-E™"YWE™ +E™ 2 4. .+ )'E(I+E+---+E"%) =0.
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Permuting the first two terms (the E’’s are circulant matrices and thus commute
with one another) and multiplying by E™ ! + E™ 2 + ... + I on the left, equation
(89) reduces to

(I-E™ " )E(I+E+-+E"?) = (B+E*+ - +E" )~ (E™ "+ E™ " 4.+ E™72) = 0.

Since the E’’s, j = 1,..., N are the circulant matrices generators, the equation
above holds if and only if £ =m - 1. O

As in the case of the kernel of wy, the generators X' and X? of the kernel of ws
have rather simple Hamiltonians with respect to wy.

Proposition 5.6. The Hamiltonian functions associated to the vector fields X*
and X? in (83) by means of wy are given by
N

N N
A ==Y ar =m Y an, Ja() = 15n-
n=1 n=1 n=

m
2

Proof. We first find the associated matrices QX " and QX 2, and use (48) to find the
wi-Hamiltonians. (See also the Remark following (60).)

Since X} = p,r,, with r,, = (@, 1,0,...,0)T, we compute
Kntnn=(0 ana 1 0 ... 0),
T
KoKpi1.. Knym-—3Tnim-2 = (0 o 0 anime2 1) , and
KKyt - Knim-2Tnem-1 :](nem'+(0 .. 0 an+nk2)T-

Then, from (32), we get

o, 0 0
(90) oX -k, +| Y onn 0
0 e 0 Apym—1

A longer, but similar calculation gives

Bn O ... 0 S 0

(o) @X =V Pre e 0 g O b + KK
b ) 0 ﬁm.mfl 0 . 0 bm;n,l

Requiring tr(foj) =0,j =1,2, determines a,, and ,:

(92)  ap=-R7'al,  Bu=-R Nl ?+alT +a)  (bpsm-1 +ali7)),

where R =1+ 7 +...+ 7™ . Matching g;-components of (90) and (91) with the
right-hand side of (48), gives the gradients of f; and fy (assuming such Hamiltoni-
ans exist):

Vaf1=(0,0,...,0,-1)T, Vofo=1(0,0,...,0,-1, =bpsm-1 — a7,

The f; chosen above has the correct gradient, since

N N N N
fl(V) = - 2: GZVJ': 2: 72(yn = }:((yn +(ln+1'+"'+(ln+np4) =m }:‘)n.
n=1 n=1

n=1 n=1
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To justify the choice for fo, we need more work. First, (91) suggests an f5 of the
form

S m—2 ith ag =b m-1
- Z Ay, - g(a)a wit me1 _ In+m-1 ta,471 -
Oan

Equation (84), determing b,, up to a constant, can be rewritten as (shifting indices)
R(by =by-1) = ap —apy = (L=T)(L+T)ap’

Since neither b, nor a;’ ~1 are in the kernel of 1 -7, substltutlng R(bn —bp-1) =
—(1=T)by-1, we arrive at

(93) by =R a™ 1 +a™ ) = ap + anea,

which gives

_ 1 _ 1 -1 m-1
bn+m 1+ an+1 =-R" (a’n+m 1t a’n+m) + CLnJrl =-R"~ (a‘n+1 + an+2 +oeet a’n+m—2)'
Let ¢, = R7'a™! and compute

N m—1 n
gy Oy 0T 5 O
m—1 - m-1"
(‘3cn =1 Oa” ocy, rena(m-1) oal

where we used a™ ! = Re,, = cp+epi1+ +Cnymo1. From 0g/0a™ ™t = by 1 +a™
we then obtain

69 T n

_ -1 m—1 m—1 _ m—1 m—1

a - Z R (ar+1 + ar+2 toee At ar+m—2) - Z ( n+1 + Cn+2 +oeet Cn+m—2)
Cn r=n—-(m-1) r=n—-(m-1)

(m - 2)(cn+1 +cp, + cn,l) +(m- 3)(cn+2 + cn,g) +...

-t 2(Cn+m—3 + Cn—(m—S)) + Cntm-2 t Cn—(m-2)»
which is the gradient of the function

N

m-—2
g(a) = Z 5 ci +en ((m=2)epr + (m—=3)cpsa+ -+ 2Cn4m-3 + Cnam—2) -
n=1

However, g(a) = % Zf:’:l a™ Y (bpsm-1 +a™7'), in fact

N

m-1 m—1 -1 m—1
Z An ( n+m-1 +a“n+1) Z anp, R” ( n+1 +an+2 +- +an+m—2)
n=1

(Cn tCpy1 Tt Cn+m—1)<cn+1 tCpy +o t Cn+m72)

M=

1

S
Il

(m-2)c + 20n((m = 2)eps1 + (M =3)Cppo + -+ 2Cn1m-3 + Cn+m—2)~

M=

1

S
Il

Combining this with

mN 1N N )
o 2 Pn=5 YR ==Y ay T -
2n:l 2n:1 n=1

completes the verification for fs. ([l

N
Z anm_l(bn+m—1 + a:::._ll),
n=1

DN | =

The generators of the kernel of wy are commuting vector fields with respect to
the symplectic structure defined on the moduli space of M}V by w;.

Theorem 5.7. Let X' and X? be as in (83). Then
wi (X X?%) =0.
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Proof. We only need to show that X! preserves the w;-Hamiltonian associated with
X2 ie.

N
5 2 X (B) =0,
n=1

Using (92)) and (93), the above is equivalent to verifying that

N N

Z Xl(am_2+a?+_12+a?_l(bn+m_1 +am:11)) = Z X1(2a;”_2—a;”_1(an+1 4 ~+an+m_2)) =0.
n=1 n=1

Substituting X1(7n+r) = Yntr+1 + QnarYner from equation (83),
a:L = |77L7 v Yntr=1 Yn+ms Yn4r+ly .- 77n+m—1| fI‘OHl equation (25)7 a’nd Yn+m+1 =
YA  Ynise1 + (=1)" i1, we compute
m—2
Xl (a;n—l) = ZO (|’Yn7 ey Yntr=1s Yn+r+1 + AOntrVYn+rs Yn+r+ls - -5 Yn+m—-2, fYn+7rL|
r=

+ h’nv sy Yn4m=25 Yn+m+1 t CYﬂ%”}"rﬁm')

m—-1_m-1
n+1 an )

m-2
_ . m-1 m—1 m—2 m—2
=al' Y (per +a) O —a C Hal P +a
r=0
Since Yy sy = —a™ 7, equivalently «,, = ~R™1a”"!, the expression can be fur-
ther simplified to

m=2 _ am—2

Xl(a?_l) = a?_l(an - an+m—1) ta,.q n 5

which also gives X'(a,) =-R1a™ 1. A similar calculation leads to

X1 (@) = (0t — Qo) + a1 -

Combining the various identities, we get

N N
S X202 =l (Gt + o+ Onam2)) = ) [za;n-Q(an - Oem—2)
n=1 n=1

- a?_l(an = Qpim-1)(Qng1 + 0+ Qpymo2) = (avT+_12 - a;n_Q)(anﬂ +ot Qpame-2)

m-145-1 m-—1 m—1
+a, R ((anJrl - an+m)an+1 +eot (an+m—2 - an+2m—3)an+m72

+ am—2 2172

m—2 m-—2 m—2 m-1
n+1 — @ Tlpig —Apyg o0+ Q a )]7

n+m-2 "~ Yn+m-3
where the last telescopic sum simplifies to

m-2 _ _m-2 m-2

-2 -2 -1 -2 -2
n+1 ap, Tapio — a?+1 +etag) i - "

a n+m-—

and

N N
Z (a;n+—12 - a:zn_Q)(OénH +eet O‘n+m—2)) = Z a;n_2(an - a'rz+m—2)'
n=1 n=1

We briefly outline the rest of the proof, omitting the details for sake of brevity.
One need to show that: 1. the terms involving a2 vanish; this requires careful
accounting, aided by introducing R* = 7 ™R such that (R™1)* = R717™L. 2.
the terms involving a™ ! also vanish; the procedure is lengthier (but still fairly
straightforward) and makes use of a™! = - ¥ | a,,, = to show that

Z a?_l(an - O471-%—m—1)(04n+1 + Qpig t 00+ an+m—2) =0.
n
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DiscussioN AND OPEN QUESTIONS

By lifting the Hamiltonian structures from the space of invariant curvatures to
the space of arc length parametrized polygons, not only we prove that the Pois-
son brackets derived in [12] form a bi-hamiltonian pair on the space of geometric
invariants, but we also provide a framework for studying the integrability of the
geometric flows that reveals several interesting features.

The 2-form w; is symplectic on the moduli space of MY, since its kernel is gener-
ated by the infinitesimal rigid motions, which preserve the monodromy class. Thus
wy provides, through relation (60), a natural correspondence between Hamiltonians
and Hamiltonian vector fields. On the other hand, the 2-form wy has a non-trivial
kernel, so it remains an open question whether a hierarchy of commuting vector
fields can be constructed by means of a Lenard-Magri type of scheme.

In two dimensions, the 2-form wsy is a straightforward discretization of Pinkall’s
symplectic form on the space of star-shaped planar curves [14]. For m = 3, wy can
also be regarded as a straightforward generalization of the 2-form introduced in [4]
for curves in centro-affine R3. Its expression is very simple in arbitrary dimension
(see also Proposition 4.8) and, for m > 3, its kernel is generated by two interesting
vector fields: X!, a natural discretization of the translation flow (i.e. the discrete
counterpart of 7, in the continuous case), and X2, which could be interpreted as a
discretization of the second derivative. Both X! and X? have been reparametrized
to make them arc length-preserving. Moreover, we find that there are no negative
flows generated by the infinitesimal symmetries (Corollary 5.4), and that X! and X2
commute with respect to the wi-Hamiltonian structure. This parallels the case of
the integrable curve evolutions in centro-affine R® discussed in [4], where geometric
realizations of the Boussinesq hierarchy are constructed as a double hierarchy of
commuting vector fields whose headers are the elements of the kernel of the pre-
symplectic form. The fact that, also in the discrete case and in arbitrary dimension
(not just for m = 3), the integrable flows are generated by a pair of vector fields, is
intriguing and suggests that wo and its continuous counterparts should be further
investigated.

We conclude with some remarks on the construction of integrable hierarchies,
which we are currently investigating.

Define ‘71\1, to be the wi-complement of the kernel of ws, that is

Vv = {X e Vy [ wi (X, X1) = wi (X, X?) =0}
Theorem 5.7 implies that X7, X5 € 17]\1[ From a standard linear algebra argument,
if X € V3, then there exists Y € Vi such that
wi(X,2)=wa(Y,Z), NZeVy.

Given also that w; is symplectic on the moduli space of M}, this suggests the
following

Conjecture 5.8. Let X1, X5 € ‘7]\1[ and define Xy12 € Vy as
w1 (Xk, Z) = wa(Xgs2, 2).
Then Xy e Vi, for all k=1,2,3,. ...

If the conjecture is true, taking Xj = X*, k = 1,2, as seeds, generates an inte-
grable double hierarchy of commuting flows. We remark that the associated flows
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on the space on invariants are different from the hierarchy of flows conjectured in
[12]. The study of this new hierarchy is in progress.
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