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Abstract
In this paper, the theory for curves in centro-equiaffine symplectic
geometry is established. Integrable systems satisfied by the cur-
vatures of curves under inextensible motions in centro-equiaffine
symplectic geometry are identified. It is shown that certain
non-stretching invariant curve flows in centro-equiaffine symplectic
geometry are closely related to the matrix KdV equations and
their extension.
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1 Introduction

Integrable systems solved by the inverse scattering method have many interesting
properties, such as they have Lax-pair, infinite number of conservation laws, sym-
metries and multi-solitons, Bäcklund transformations and bi-Hamiltonian structure
etc [1]. It has been shown that some integrable systems are closely related to the
invariant curve or surface flows [2-29]. This provides a geometrical interpretation
for integrable systems. Thus it is helpful to study invariant geometrical flows in
terms of the properties of integrable systems. On the other hand, we are able to
study integrable systems by using the properties of invariant geometric flows.

So far, a huge number of integrable equations have been derived from shallow
water wave, physics, optical communication and applied sciences etc. However,
very limited integrable systems were found to arise from invariant geometric flows
in a natural way. So it is of great interest to provide geometric interpretations to
those integrable systems through invariant geometric flows and geometric structure
equations. The pioneering work on this direction is due to Hasimoto [2], he showed
that the integrable Schrödinger equation iφt + φss + |φ|2φ = 0 is equivalent to the
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system

κt = −2τκs − κτs,

τt =
κsss

κ
− κsκss

κ2
− 2ττs + κκs

(1.1)

via the so-called Hasimoto transformation φ = κ exp(i
∫ s

τ(t, z)dz). Indeed, the
system (1.1) is equivalent to the vortex filament equation

γt = γs × γss = κB, (1.2)

where κ and τ are respectively the curvature and torsion of the curve γ in R3, B is
the binormal vector of γ. It is interesting to note by Beffa, Sanders and Wang [12]
that Hasimoto transformation is a gauge transformation relating the Frenet frame
{T,N,B} to the parallel frame {T1,N1,B1}, given by




T1

N1

B1


 =




1 0 0
0 cos θ − sin θ
0 sin θ cos θ







T
N
B


 .

The Hasimoto transformation, also called the gauge transformation, has been gen-
eralized in [13] to the n-dimensional Euclidean space and the Riemannian manifold,
which was used to identify the corresponding integrable equations associated with
the invariant non-stretching curve flows in n-dimensional Euclidean space and Rie-
mannian manifold. The parallel frames and other kinds of frames were also used by
Anco et al [16, 17, 20, 21] to derive bi-Hamiltonian operators and associated hier-
archies of multi-component soliton equations from invariant flows of non-stretching
curves in constant curvature manifolds and Lie group manifolds. Accordingly, the
choice of suitable frames for curves in various geometries is important in establish-
ing the correspondence between invariant curve flows and integrable systems.

It has been shown in [7, 8] and [11, 25, 26] that the KdV equation and Sawada-
Kotera equation arise naturally from non-stretching plane curves respectively in
centro-equiaffine and affine geometries. The theory for curves in affine symplectic
geometry has been established in [28, 29], which can be thought as an extension
in affine geometry. Similarly, the theory for curves in centro-equiaffine symplectic
theory can be regarded as an extension in centro-equiaffine geometry, will be estab-
lished in this paper. A question arises: what integrable equations are associated
with invariant curve flows in centro-equiaffine and affine symplectic geometries?

The KdV equation, as a typical example of integrable equations, has been stud-
ied extensively. Its higher-dimensional extension contains the KP equation, and its
multi-component extensions are vector or matrix KdV equations. Those integrable
equations have been studied extensively in a number of literatures (please see [1,30-
35] and references therein). It seems that there was no geometric interpretation to
the KP equation through an invariant geometric flow. A further question arises:
can we provide a geometric interpretation to the matrix KdV equations by using
the invariant geometric flows?

The study of local symplectic invariants of curves in affine symplectic geometry
was initialed by Chern and Wang [28]. Recently, Kamran, Olver and Tenenblat [29]
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developed the results and obtained explicitly the symplectic invariants and Frenet
frames for curves in affine symplectic geometry by successively differentiating the
tangent vector of the curve and using the non-degenerate inner product associated
to the symplectic form. Interestingly, the moving frame method due to Fels and
Olver [36, 37] was also used to obtain the Frenet frames in [29]. This approach
yields not only the invariants but also the Frenet frames. The theory for curves in
2n-dimensional affine symplectic geometry is then established.

The aim of this paper is to establish the theory for curves in centro-equiaffine
symplectic geometry and study the relationship between integrable systems and
non-stretching curve flows in centro-equiaffine symplectic geometry. We will show
that the matrix-KdV equations arise from the non-stretch curve flows in centro-
equiaffine symplectic geometry. The outline of the paper is as follows. In Section
2, we give a brief account of curves in centro-equiaffine symplectic geometry. In
Section 3, we introduce the Frenet frame for curves in centro-equiaffine symplectic
geometry and obtain the Frenet formulae. In Section 4, we use the moving frame
method due to Fels and Olver [36, 37] to obtain the differential invariants and the
Serret-Frenet formulae in the centro-equiaffine symplectic geometry. In Section
5, the gauge transformation associating with the Frenet frame and the parallel
frame is given. In Section 6, we study the invariant curve flows in centro-equiaffine
symplectic geometry, and show that the matrix KdV equations are equivalent to
certain non-stretching curve flows in centro-equiaffine symplectic geometry. Finally,
Section 7 contains concluding remarks on this work.

2 Curves in centro-equiaffine symplectic geome-

try

Let us give a brief account of the symplectic space [28, 29]. The symplectic space
(M = R2n, Ω) is the vector space R2n endowed with the standard symplectic form Ω,

given in global Darboux coordinates by Ω =
n∑

i=1

dxi∧dyi. Each tangent space is thus

endowed with the symplectic inner product defined for u = (x1, · · · , xn, y1, · · · , yn)
and v = (ξ1, · · · , ξn, η1, · · · , ηn) written in canonical basis by

< u; v > = Ω(u, v) = utJv

=
n∑

i=1

(xiηi − yiξi),

where

J =

(
0 In

−In 0

)
.

The isometric group of the symplectic space is the symplectic group Sp(2n,R),
that is the subgroup of GL(2n,R) which preserves the symplectic inner product

Sp(2n,R) = {M ∈ GL(2n,R) : M tJM = J},
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where

M =

(
A B
C D

)
,

which satisfies

AtC = CtA, BtD = DtB, AtD − CtB = In,

where A, B, C and D are n× n matrices.
The corresponding Lie algebra of Sp(2n,R) is the vector spaces of all matrices,

given by

sp(2n,R) = {
(

U V
W −U t

)
},

where U , V and W are n × n matrices satisfying W = W t, V = V t, and the Lie
bracket is given by the usual matrix commutator.

A symplectic frame is by definition a smooth section of the bundle of linear
frames over R2n which assigns to every point u ∈ R2n an ordered basis of vectors
{a1, · · · , an, b1, · · · , bn} such that

< ai; aj >=< bi; bj >= 0, 1 ≤ i, j ≤ n,

< ai; bj >= 0, 1 ≤ i 6= j ≤ n,

< ai; bi >= 1, 1 ≤ i ≤ n.

(2.1)

The structure equations for a symplectic frame are thus of the form

dai =
∑

k

ωikak +
∑

k

θikbk,

dbi =
∑

k

φikak −
∑

k

ωkibk, 1 ≤ i ≤ n,
(2.2)

where ωik, θik and φik are called the relative components of the frame, are Pfaffian
forms in the parameter of the frames, and they satisfy

θij = θji, φij = φji, 1 ≤ i, j ≤ n.

Thus the matrix valued 1-from

Θ =

(
ω θ
φ −ωt

)

takes the value in the Lie algebra sp(2n,R).
Through out this paper, we will refer to the symplectic group G = Sp(2n,R)

as our fundamental group of rigid motions. Here the rigid motion T ∈ Sp(2n,R)
is the ordinary linear transformation acting on the points u ∈ R2n via

u → Tu.
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One can easily verify that G acts transitively and effectively on the punctured
vector space R2n

0 = R2n/{0} and keeps the origin fixed.
From group-based point of view, the planer centro-equaiaffine symplectic geom-

etry is defined by the linear action of group SL(2,R) on R2, and Sp(2n,R) can be
viewed as one possible generalization of the group SL(2,R) = Sp(2,R). Therefore,
it is natural to investigate the geometry defined by the linear action of Sp(2n,R) on
R2n. This geometry is called the centro-equiaffine symplectic geometry. One of the
main object of the study is the differential geometry of parametrized curves under
the group of symplectic motions. We shall discuss the symplectic invariants and
the Serret-Frenet formulae for parametrized curves u : I → R2n in centro-equiaffine
symplectic geometry, where the parameter space I ⊆ R.

Given two parametrized curves u : I → R2n and ū : I → R2n in the centro-
equiaffine symplectic space M = R2n, the basic reparametrization equivalence prob-
lem (see [23]) is to determine whether there exists a local diffeomorphism φ : I → I,
i.e., a change of parameter and a symplectic motion g ∈ G = Sp(2n,R) such that
ū = g · (u◦φ). This requires equivalence under the pseudo-group G = G×Diff(1),
where Diff(1), the reparametrization pseudo-group, denotes the full diffeomor-
phism of the parameter space. In order to solve the reparametrization problem, we
first consider a simple case, i.e., the fixed parameter equivalence problem. In this
case, two curves are said to be equivalent (congruent) if there exists a symplectic
motion g ∈ G = Sp(2n,R) such that ū(x) = g · u(x). This requires equiva-
lence with respect to the group G. Next, we consider the reparametrization case,
which requires equivalence with respect to the infinite-dimensional pseudo-group
= G×Diff(1). In both cases, the solution to equivalence problem is governed by
a complete system of differential invariants associated to the corresponding groups.

Let Jk = Jk(R,M) be the curve jet bundle of order k, that is, the set of equiv-
alence classes of curves in M up to kth order of contact. We introduce coordinate
x on R, and u = (u1, u2, · · ·, u2n) on M . Let ui = diu/dxi, 0 ≤ i ≤ k, represent the
derivatives of the dependent variable u with respect to the independent variable x.
Then local coordinates on Jk that can be represented by u(k) = (x, u, u1, u2, · · ·, uk).

The group G acts naturally on the parametrized curves in M , therefore it acts
naturally on the jet space via so-called prolonged action [34]. In particular, for the
fixed parameter case, it becomes quite simple, the group action is given by

g · u(k) = (x, g · u, g · u1, g · u2, · · ·, g · uk),

where g · ui, i = 1, 2, · · · , k means the linear action of the group element g on the
jet coordinate ui.

Definition 2.1. A function I(x, u, u1, u2, · · ·, uk) on the jest space Jk(R,M) is
called a kth order semi-symplectic differential invariant if it is invariant with respect
to the prolonged action of G, and it is called a kth-order symplectic differential
invariant if it is invariant with respect to the prolonged action of G. A semi-
symplectic differential invariant I is said of degree s if

φ∗I = (φs
xI) ◦ φ−1
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holds for any change of variable y = φ(x) and some integer s.
One can easily verify the following facts.

(1). The functions K̂i =< ui; ui+1 >= uT
i Jui+1, i = 0, 1, · · ·, 2n − 1, provide a

complete generating system of semi-symplectic differential invariants of order i + 1
and degree 2i + 1 respectively.

(2). The functions K̂i/K̂
2i+1
1 , i = 1, · · ·, 2n − 1, provide a complete generating

system of symplectic differential invariants, of order i + 1 respectively.

Definition 2.2. A curve u(x) : I → R2n is said to be a star-shaped centro-
equiaffine symplectic curve if

K̂0 =< u; u1 >6= 0.

Definition 2.3. A curve u(x) : I → R2n is said to be a regular star-shaped
centro-equiaffine symplectic curve if

K̂i =< ui; ui+1 >6= 0, i = 0, 1, · · ·, 2n− 1.

In this paper, we shall concentrate ourself on regular star-shaped curves. By
using the semi-symplectic invariant k̂0 =< u0; u1 >, which is of degree one and
of the lowest order, one can define an G-invariant one-form and the corresponding
invariant derivative, they are given respectively by

ds = k̂0dx,

and

d

ds
=< u; u1 >−1 d

dx
.

The symplectic arc-length parameter is then defined by

s =

∫ x

x0

< u; ux > dx

One can easily verify that a curve is parametrized by the arc-length parameter if
and only if it satisfy

< u; us >= 1.

3 Centro-equiaffine symplectic frames and Frenet

formulae

In this section, we define the Frenet frame of star-shaped symplectic curves in
the punctured space R2n by successively differentiating the position vector to the
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curve and using the Grammer-Schmidt method associated to the symplectic or-
thonormality. For any such curve, we can associate an adapted symplectic frame
(a1, · · · , an, an+1, · · · , a2n). The procedure is carried out in the following steps.
(1). Determine the zero-th and 1th-order frames. For centro-equiaffine symplectic
geometry, one can sets the position vector as a1 = u, and an+1 is defined as its
derivative with respect to the arclength, that is

a1 = u, an+1 =
du

ds
= u′. (3.1)

Clearly, < a1; an+1 >=< u; u′ >= 1. It follows that a1, an+1 forms a 2-dimensional
symplectic subspace.
(2). The vector a2 is defined as

a2 = a′n+1− < a′n+1; an+1 > a1− < a1; a
′
n+1 > an+1. (3.2)

Note that

< a1; a
′
n+1 >=< a1; an+1 >′= 0.

We define

K1 =< a′n+1; an+1 > .

Thus we have

a2 = a′n+1 −K1a1,

which gives

a′n+1 = K1a1 + a2. (3.3)

It is easily to check that

< a1; a2 >=< a2; an+1 >= 0. (3.4)

Let

an+2 =
1

H2

[a′2− < a′2; an+1 > a1− < a1; a
′
2 > an+1], (3.5)

where H2 is defined by

H2 =< a2; a
′
2 > . (3.6)

By virtue of (3.3-3.4), we obtain

< a′2; an+1 >= − < a2; a
′
n+1 >= − < a2; K1a1 + a2 >= 0,

< a1; a
′
2 >= − < a′1; a2 >= − < an+1; a2 >= 0.
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Therefore (3.5) becomes

an+2 =
1

H2

a′2. (3.7)

Note that

< a2; a1 >=< a2; an+1 >=< an+2; a1 >

=< an+2; an+1 >= 0,

and

< a2; an+2 >= 1.

It follows that a1, a2, an+1 and an+2 form a four-dimensional symplectic subspace
along the curve. Hence we arrive at the Frenet formulae

a′1 = an+1, a′n+1 = K1a1 + a2, a′2 = H2an+2. (3.8)

(3). The frame {a3, an+3, · · · , an, a2n} can be defined recursively. Assume for each
2 ≤ j ≤ n− 1, we have obtained the frame vectors a1, an+1, a2, an+2, · · · , aj, an+j

satisfying the orthonormality relations

< ai; al >= 0,

< ai; an+l >= − < an+l; ai >= δil,

< an+i; an+l >= 0, 1 ≤ i, l ≤ j,

(3.9)

and

a′i =Hian+i, 1 ≤ i ≤ j,

a′n+i =(1− δi1)ai−1 + Kiai+1 + ai+1, 1 ≤ i < j,

where Hi and Ki are defined by

Hi =< ai; a
′
i >, 1 ≤ i ≤ j,

Ki =< a′n+i; an+i >, 1 ≤ i < j.

It means that {a1, an+1, · · · , aj, an+j} form a 2j-dimensional symplectic sub-
space. The vector aj+1 is defined by taking derivative of the frame vector an+j

with respect to s, and subtracting its symplectic orthonormal projection on the
2j-dimensional symplectic subspace, that is

aj+1 = a′n+j −
j∑

l=1

< a′n+j; an+l > al −
j∑

l=1

< a′n+j; al > an+l. (3.10)

In view of (3.9), we obtain

j∑

l=1

< a′n+j; an+l > al = < a′n+j; an+j > aj −
j−1∑

l=1

< an+j; a
′
n+l > al

= < a′n+j; an+j > aj −
j−1∑

l=1

< an+j; (1− δl1)al−1 + Klal + al+1 > al

= < a′n+j; an+j > aj + aj−1,
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j∑

l=1

< a′n+j; al > an+l =

j∑

l=1

< a′l; an+j > an+l

=

j∑

l=1

< Hlan+l; an+j > an+l

= 0.

Here we define

Kj =< a′n+j, an+j > .

Thus (3.10) becomes

aj+1 = a′n+j −Kjaj − aj−1. (3.11)

It is easily to see that

< aj+1; al >= 0, < aj+1; an+l >= 0, 1 ≤ l ≤ j. (3.12)

Similarly, we define an+j+1 as

an+j+1 =
1

Hj+1

[a′j+1 −
j∑

l=1

< a′j+1; an+l > al −
j∑

l=1

< al; a
′
j+1 > an+l],

where we define Hj+1 =< aj+1; a
′
j+1 >. By using (3.12), one can easily verify that

j∑

l=1

< a′j+1; an+l > al = −
j∑

l=1

< aj+1; a
′
n+l > al

=

j∑

l=1

< (1− δl1)al−1 + Klal + al+1; aj > al

= 0.
j∑

l=1

< al; a
′
j+1 > an+l =

j∑

l=1

< aj+1; a
′
l > an+l

=

j∑

l=1

< aj+1; Hlan+l > an+l

= 0.

Hence we have

an+j+1 =
1

Hj+1

a′j+1, 1 ≤ j ≤ n− 1. (3.13)
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(4). In a similar fashion, we get a symplectic frame {a1, · · · , an, an+1, · · · , a2n}
satisfying

a′i = Hian+l, 1 ≤ l ≤ n,

a′n+l = (1− δl1)al−1 + klal + al+1, 1 ≤ l ≤ n− 1.
(3.14)

Using it, one gets

< a′2n; an+j >= − < a2n; a′n+j >

= − < a2n; aj+1 + Kjaj + aj+1 >

= δj+1,n,

and

< aj; a
′
2n >= − < a′j; a2n >

=< Hjan+j; a2n >= 0, 1 ≤ j ≤ n.

Now we define Kn =< a′2n; a2n >. It follows that

a′2n =
n∑

j=1

< a′2n; an+j > aj +
n∑

j=1

< aj; a
′
2n > an+j

= an−1 + Knan.

Consequently, we arrive at the Frenet formulae




a1
...

a2n




s

= B




a1
...

a2n


 , (3.15)

with

B =




1
H2

H3

. . .

Hn

K1 1
1 K2 1

1 K3 1
. . . . . . 1

1 Kn




.

Similar to the affine symplectic case [29], one can prove an existence and unique-
ness theorem for centro-equiaffine symplectic regular curves, which is given by the
following theorem.
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Theorem 3.1. Let H2, · · · , Hn and K1, · · · , Kn be 2n − 1 smooth real valued
functions defined on an interval with Hj 6= 0 for all 2 ≤ j ≤ n − 1. There exists,
up to a centro-equiaffine symplectic motion, a unique regular symplectic curve
u : I → R2n, parametrized by the centro-equiaffine symplectic arclength, whose
local centro-equiaffine symplectic invariants are the given functions H2, · · · , Hn

and K1, · · · , Kn.

4 Moving frame method

The ordinary moving frame method, due to E. Cartan, is a powerful tool to deal
with problems of differential calculus of curves and surfaces. Recently, Fels and
Olver [36, 37] developed the approach in an excellent way and defined the moving
frame as the group-equivariant map. The moving frame method has a wide range
of applications. For instances, it provides an effective way to study the equivalence
problem and produce a generating set of differential invariants in certain geometries
[37, 39, 40]. More interestingly, it can be used to generate integrable Poisson flows
in soliton theory [22-27].

Let M be a m-dimensional manifold, and G be a finite-dimensional Lie group
acting transitively on the manifold M . We are now going to describe how to im-
plement the equivariant method of moving frames [36, 37] to parametrized curves
u : I → M on a m-dimensional manifold M . Here “parametrized”, means that
we don’t identify curves that have different parametrizations (we call this case the
fixed parametrization case). Comparing with this case, we shall see that the method
works equally well for the ”reparametrization curves” if one just replaces the group
G with the pseudo-group G = G ×Diff(1), where G acting on M and Diff(1),
the pseudo-group of full diffeomorphism of the parameter space, reparametrizing
the parameter (for more details, please see [36, 37, 29]). Here we are interested in
establishing the theory for regular star-shaped symplectic curves in cento-equiaffine
symplectic geometry by using the moving frame method [36, 37, 25].

Definition 4.1. ([36, 37]) A map

ρ : Jk(R,M) → G

is said to be a left (resp. right) moving frame if it is equivalent to with respect to
the prolongation action of G on Jk(R,M) and the left action (resp. right) of G on
itself.

Suppose that G acts (locally) effectively on subsets of M and k be sufficiently
large in order that G acts freely on an open subset of Jk ([36, 37]). Under these con-
ditions, a right moving frame can be algorithmically constructed by the so-called
normalization process.

Theorem 4.1. ([36, 37]) Let G acts freely and regularly on Jk(R,M) and let
C(k) ⊂ Jk be a local cross-section to the group orbits. For any u(k), let g = ρ̃(u(k))
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be the unique group element that maps u(k) to the cross-section

g · u(k) = ρ̃(u(k)) · u(k) ∈ C(k).

Then ρ̃ : Jk → G is a kth-order right moving frame.
Indeed, one can choose the following standard normalization equations

g · u = c0, g · u1 = c1, g · u2 = c2, · · · , g · uk = ck,

where ck are some normalization constants and k be sufficiently large such that a
right moving frame g = ρ̃(u(k)) can be constructed explicitly by solving the group
parameter in the normalization equations. It is also remarked in [15] that this
method works well if one replaces the constants by suitable differential invariants.

Once a right moving frame is prescribed, substituting the moving frame formulas
g = ρ̃(u(k)) for group parameters into all the components of (g ·u)i (i = 0, 1, 2, · · · )
will produce a complete system of generating differential invariants, which are the
fundamental differential invariants

I0 = c0 = ρ̃(u(k)) · u, I1 = c1 = ρ̃(u(k)) · u1, · · · ,

Ik = ck = ρ̃(u(k)) · uk, Ik+1 = ρ̃(u(k+1)) · uk+1, · · · .

Evidently, some entries of I0, I1, · · · Ik are constants, these constants are called
phantom invariants [36, 37]. Any other differential invariants can always be written
as a function of the non-phantom differential invariants and their derivatives with
respect to x. An important notion in the approach is the left moving coframe,
which is the pull back of Maurer-Cartn form g−1 · dg under the left moving frame
map ρ(u(k)) : Jk → G, i.e., ρ∗(g−1 · dg) = ρ−1(u(k)) · dρ(u(k)). Let Kρdx be its
horizontal component, that is

Kρ = ρ−1 · ρx ∈ g,

which is called left Serret-Frenet matrix [36, 37] for the left moving frame ρ. A
complete set of generating differential invariants can already be found among the
coefficients of the group-based Serret-Frenet matrix.

Given a left moving frame ρ, one can directly compute the corresponding Serret-
Frenet matrix Kρ by its definition. But this is not always the simplest way. Indeed,
one can also find the explicit form of Serret-Frenet matrix Kρ by using the so-called
recurrence relation [37]. In [25], Beffa provided the following result.

Theorem 4.2. ([25]) Let Kρ be the left Serret-Frenet matrix associated to left
moving frame ρ. Let ρ be determined by the normalization equations of the form
ρ−1 · ui = ci. Then Kρ satisfies the following equation

Kρ · Ii = Ii+1 − I ′i, i = 0, 1, 2 · · · .

We are now calculating the group-based moving frame and the associated Serret-
Frenet formulae for suitable regular star-shaped curves in four-dimensional centro-
equiaffine symplectic geometry. This geometry is defined by the linear action of
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group G = Sp(4,R) on R4, it acts transitively on the punctured space M = R4/{0}
and keeps the origin point. Assume that u : R→ M = R4/{0} is suitably regular
curves. We shall consider the two cases: the fixed parameter and the reparametriza-
tion. For the the fixed parameter case, we have the following result.

Theorem 4.3. For any regular star-shaped curve u parametrized by the fixed
parameter x, there exists along it a left moving frame ρ = (ρ1 = u, ρ2, ρ3 =
u1/K̂0, ρ4) ∈ Sp(4,R), such that the corresponding Serret-Frenet matrix is given
by

K̄ρ = ρ−1ρx =

(
0 K̄
H̄ 0

)
, (4.1)

where

H̄ =

(
K̄0 0
0 K̄2

)
, K̄ =

(
K̄1 K̄0

K̄0 K̄3

)
.

The invariants K̄0, K̄1, K̄2 and K̄3 form a system of functionally independent
differential invariants of the curve.
Proof. To prove this theorem, we use the modified normalization process [25].
Namely, we choose instead of constants ci by differential invariants of order less
than i and their derivatives as our normalization terms.

Let ρ ∈ Sp(4,R) be a left moving frame, then its inverse is a right moving
frame, denoted by ρ−1. We choose the first two normalization equations as

ρ−1 · u = e1, ρ−1 · u1 = K̂0e3, (4.2)

where K̂0 =< u; u1 > is determined by the condition ρ−1 ∈ Sp(4,R) (since
(ρ−1u)T J(ρ−1u1) = uT Ju1). The next two group equations are given by

ρ−1 · u2 = α21e1 + α22e2 + α23e3,

ρ−1 · u3 = α31e1 + α32e2 + α33e3 + α34e4.
(4.3)

By the condition ρ−1 ∈ Sp(4,R), one deduces that

α21 = −K̂1

K̂0

, α23 = K̂ ′
0, α31 = −K̂ ′

1

K̂0

, α33 = K̂ ′′
0 − K̂1

and the relation

K̂2 = α21α33 − α23α31 + α22α34. (4.4)

It implies that once α22 has been chosen, α34 can be determined by (4.4). Fur-
thermore, if α22 is an differential invariant of order less than that of K̂2, then
{K̂0, K̂1, α34} generates the same space of differential invariants as {K̂0, K̂1, K̂2}.

It follows that the four columns of moving frame ρ can be completely determined
for any choice of α22 and α32. So we are able to choose the two normalization terms
α22 and α32 to determine the simple Serret-Frenet matrix K̄ρ.
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As mentioned in above, one can relate the entries of K̄ρ and the invariants
Ii = ci = ρ−1 · ui by the so-called recurrence relation

K̄ρ · Ii = Ii+1 − I ′i, for any i. (4.5)

Using this formula, we immediately get

K̄ρ · I0 = Kρe1 = K̂0e3

and

K̄ρI1 = K̂0Kρe3 = α21e1 + α22e2.

By choosing

K̄1 =
α21

K̂0

= − K̂1

K̂2
0

, α22 = K̂2
0 , K̄0 = K̂0,

we deduce that

K̄ρe1 = K̄0e3, K̄ρe3 = K̄1e1 + K̄0e2 (4.6)

with K̄0 and K̄1 generating the same set of invariants as K̂0 and K̂1. It follows
that K̄ρI2 = I3 − I ′2 becomes

α22K̄ρe2 = (α32 − α′22 −
α22α23

K̂0

)e2 + α34e4.

By choosing

α32 = α′22 +
α22α23

K̂0

, K̄2 =
α34

α22

, (4.7)

we have

K̄ρe2 = K̄2e4. (4.8)

Notice that {K̄0, K̄1, K̄2} functionally generates the same set of differential invari-
ants as {K̂0, K̂1, K̂2}.

It is remarked that all the normalization terms have been determined in (4.2)
and (4.3). Therefore the moving frame ρ together with the left Serret-Frenet matrix
K̄ρ can be completely determined. Furthermore, from (4.6), (4.8) and the condition
K̄ρ ∈ sp(4,R), one can completely determine the last column of the g-block K̄ρ.
Namely K̄ρe4, except for one entry, i.e., the one in place (2,4).

On the other hand, since the entries of K̄ρ are known to generate all other
differential invariants. To obtain that, one needs, except for K̄0, K̄1, K̄2 at hand,
the fourth generating invariants of the same order as K̂3. We call K̄3 the entry in
place (2,4). Therefore the left Serret-Frenet matrix K̄ρ is given by (4.1).
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Notice that, if one writes the left moving frame ρ = (ρ1, ρ2, ρ3, ρ4) in column
form, then the four column of ρ can be determined by the normalization equations
(4.2) and (4.3). For example, multiply ρ to both side of the equations in (4.2), one
immediately deduces that

ρ1 = ρ · e1 = u, ρ3 = ρ · e3 =
u1

K̂0

.

For the reparametrization case, we have the following result.
Theorem 4.4. For any regular star-shaped curve u parametrized by the symplectic
arc-length s, there exists along it a left moving frame ρ = (ρ1 = u, ρ2, ρ3 = us, ρ4) ∈
Sp(4,R), such that the corresponding Serret-Frenet matrix is given by

K̄ρ = ρ−1 · ρs =

(
0 K
H 0

)
, (4.9)

where

H =

(
1 0
0 H2

)
, K =

(
K1 1
1 K2

)
, (4.10)

with

H2 =
K̄2

K̄0

, K1 =
K̄1

K̄0

, K2 =
K̄3

K̄0

form a complete system of functionally independent symplectic invariants for the
curve.
Proof. We shall use the moving frame method to this case, where this action group
is the extended group G = G×Diff(1) with G = Sp(4,R) acting on M together
with Diff(1) changing the parameter. Thus the action of G = G × Diff(1) on
M × R is given by

y = φ(x), U = g · u, (4.11)

where φ ∈ Diff(1), g ∈ G = Sp(4,R). The formula for prolonged action of g on
the jet space Jk = Jk(M,R) are given by implicit differentiation based on

dy = φ′(x)dx = λdx, Dy =
1

λ

d

dx
. (4.12)

The first of few are

Uy =
g · u1

λ
, Uyy =

g · u2

λ2
− λ1

λ3
(g · u1),

Uyyy =
g · u3

λ3
− 3

λ1

λ4
(g · u2)− (

λ2

λ4
− 3

λ2
1

λ5
)(g · u1), (4.13)

where

λ = φ′(x), λi =
diλ

dxi
, ui =

diu

dxi
, i = 1, 2, · · · .
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As before, we need to normalize U , Uy, Uyy and Uyyy to suitable G-invariants J0,
J1, J2 and J3, respectively.

We first normalize the group element g ∈ G = Sp(4,R) in the same way as that
in the proof of Theorem 3.1. This means that the resulting moving frame for the
group element g is still ρ−1, i.e., g = ρ−1(u(k)) and the normalization equations for
g · ui (i = 0, 1, 2, 3) are given by (4.2) and (4.3).

Next we normalize the pseudo group parameter λ to

λ = K̂0 =< u; u1 >, (4.14)

which is equivalent to the condition

< U ; Uy >= 1.

Substituting (4.14) into (4.12), one obtains the centro-equiaffine symplectic arc-
length element

ds = λdx = K̂0dx.

Furthermore, substituting g = ρ−1(u(k)) and λ = K̂0 into (4.13), we find that all
the terms of right-hand side in (4.13) are the semi-symplectic invariants of degree
zero. This means that all the terms U , Uy, Uyy and Uyyy are normalized to centro-
equiaffine symplectic invariants: J0, J1, J2 and J3. The resulting left moving frame
ρ and the corresponding moving coframe ρ−1dρ are the same as in Theorem 3.1.
The entries of the moving coframes are G-invariant one-forms. Hence the linear
dependency between the invariant horizontal component of ρ−1dρ and the basic G-
invariant one-form ds = K̂0dx = K̄0dx gives the G-invariant Serret-Frenet matrix
Kρ, namely

ρ−1ρsds = Kρds.

Using

ρ−1ρxdx = K̄ρdx,

we obtain

Kρ = K̄ρ
dx

ds
=

K̄ρ

K̄0

.

Hence we proved the theorem.

Remark 4.1. From above discussion, we see that the Serret-Frenet equations for
4-dimensional centro-equiaffine symplectic curves are given by

(ρ1, ρ2, ρ3, ρ4)s = (ρ1, ρ2, ρ3, ρ4)




0 0 K1 1
0 0 1 K2

1 0 0 0
0 H2 0 0


 .
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If one denotes the transportation of the frames by a1, a2, b1 and b2. Namely,
a1 = ρT

1 , a2 = ρT
2 , b1 = ρT

3 , b2 = ρT
4 , then one gets




a1

a2

b1

b2




s

=




0 0 1 0
0 0 0 H2

K1 1 0 0
1 K3 0 0







a1

a2

b1

b2


 ,

where a1 = uT , b1 = uT
s . This is just the formula we obtained in Section 3.

Similarly, we are able to obtain the Serret-Frenent formulae for curves in 2n-
dimensional centro-equiaffine symplectic geometry by using the mathematical in-
duction method.

5 Gauge transformation and natural frame

In this section, we introduce a new frame called natural frame, which will be help-
ful to study the relationship between the invariant curve flows in centro-equiaffine
symplectic geometry and integrable systems. We first have the following theorem.

Theorem 5.1. Let {a1, · · · , an, an+1, · · · , a2n} be Frenet frame along a regular
star-shaped symplectic curve with associate structure equation (3.15). Then there
exists another symplectic frame {ã1, · · · , ãn, ãn+1, · · · , ã2n}, which are called the
natural frame, obtained by a symplectic transformation T :




ã1
...

ãn

ãn+1
...

ã2n




=




1
1√

ε2H2

. . .
1√

εnHn

0 1
( 1√

ε2H2
)′

√
ε2H2

. . . . . .

( 1√
εnHn

)′
√

εnHn







a1
...

an

an+1
...

a2n




,(5.1)

where εi, i = 1, 2, · · · , n, is the signature of Hi, and the associated structure equa-
tion of the natural frame {ã1, · · · , ãn, ãn+1, · · · , ã2n} is given by




ã1
...

ãn

ãn+1
...

ã2n




s

=




1
ε2

. . .

εn

K̃1 P̃1

P̃1 K̃2
. . .

. . . . . . P̃n

P̃n K̃n







ã1
...

ãn

ãn+1
...

ã2n




, (5.2)
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where K̃i and P̃i are centro-equiaffine symplectic invariants satisfying

P̃i =
√
|HiHi+1| =

√
εiεi+1HiHi+1, 1 ≤ i ≤ n− 1,

K̃i = εi[HiKi − 1

2
(
Hi,ss

Hi

− 3

2

H2
i,s

H2
i

)], 1 ≤ i ≤ n. (5.3)

Proof. Denote the structure matrix in (3.15) and (5.2) by Θ(Ds) and Θ̄(Ds)
respectively. For convenience, we write them in a matrix block form

Θ(Ds) =

(
0 H
K 0

)
, Θ̄(Ds) =

(
0 E
K̄ 0

)
, (5.4)

where H, K, E and K̄ are the n × n matrices defined (3.15) and (5.2). Now we
assume that a symplectic transformation T takes the form

T =

(
A 0
C D

)
∈ Sp(2n,R), (5.5)

where A, B, C and D are n×n matrices, to be determined. Assume that T gauges
the Frenet matrix Θ(Ds) into the new structure matrix Θ̄(Ds), that is

Θ̄(Ds) = TsT
−1 + TΘ(Ds)T

−1. (5.6)

Substituting (5.4) and (5.5) into (5.6), after a direct computation, we obtain

As = AHD−1C, Ds = −CH, E = AHD−1,

K̄ = DKA−1 + CsA
−1 −DsD

−1CA−1 − CHD−1CA−1.
(5.7)

It implies that

C = E−1As,

D = E−1AH.
(5.8)

Differentiating the second one of (5.8) with respect to s and substituting it into
the second one of (5.7), we obtain

2AsH + AHs = 0. (5.9)

Then substituting (5.8) into the last equation of (5.7), we have

K̄ = E−1(AHKA−1 + AssA
−1). (5.10)

Hence T is determined by (5.8) and (5.9). Since H is diagonal, i.e.,
H = dig(H1, H2, · · · , Hn), (H1 = 1). In view of (5.9), we may take A = dig(a1, a2, · · · , an),
where ai > 0, i = 1, . . . , n. Thus from (5.9), one gets

2A−1As + HsH
−1 = 0,
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which gives

(log A2)s + (log(EH))s = 0. (5.11)

Solving this equation, we obtain

A2 = (EH)−1 = EH−1 = dig(1, ε2H
−1
2 , · · · , εnH

−1
n ),

or equivalently

H = EA−2.

Substituting it into (5.10), we arrive at

K̄ = A−1KA−1 + EAssA
−1. (5.12)

A direct computation yields

A−1KA−1 =




a−1
1 K1a

−1
1 a−1

1 a−1
2 0 . . . 0

a−1
2 a−1

1 a−1
2 K2a

−1
2 a−1

2 a−1
3 . . . 0

0 a−1
3 a−1

2 a−1
3 K3a

−1
3 . . . 0

...
. . . . . . . . . a−1

n−1a
−1
n

0 . . . . . . a−1
n a−1

n−1 a−1
n Kna

−1
n




,(5.13)

and

AssA
−1 = dig(a−1

1 a1ss, a
−1
2 a2ss, . . . , a

−1
n anss). (5.14)

Inserting (5.13) and (5.14) into (5.12), we obtain

K̄i = εiaissa
−1
i + Kia

−2
i ,

P̃i = a−1
i a−1

i+1.

Finally, substituting ai = (εiHi)
−1/2, i = 1, 2, · · · , n into the expressions for K̃i and

P̃i, we arrive at (5.3). Hence the theorem is proved. 2

6 Matrix KdV equations and curve flows in centro-

equiaffine symplectic geometry

In this section, we consider the non-stretching geometric flows for a regular star-
shaped curve in four-dimensional symplectic space R4 with non-degenerate curva-
ture H2 6= 0.

Let u(s, t) be a regular star-shaped curve parametrized by the centro-equiaffine
symplectic arclength s. By the result in the above section, the natural structure
equation is given by




ã1

ã2

b̃1

b̃2




s

=




1
ε2

K̃1 P̃

P̃ K̃2







ã1

ã2

b̃1

b̃2


 , (6.1)
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where (ã1 = u, ã2, b̃1 = us, b̃2) is the natural symplectic frame. For convenience, we
write equation (6.1) as

(
ã

b̃

)

s

=

(
0 E

K̃ 0

)(
a
b

)
. (6.2)

Assume that the general invariant curve flow in the four-dimensional symplectic
geometry is governed by

ut = f1ã1 + f2ã2 + g1b̃1 + g2b̃2, (6.3)

where f1, f2, g1 and g2 are functions depending on K̃1, K̃2 and P̃ and their deriva-
tives with respect to s.

Furthermore, assume that the induced evolution of the frame is governed by

(
ã

b̃

)

t

=

(
A B
C −At

)(
ã

b̃

)
, (6.4)

where A, B = Bt, C = Ct are the matrix with entries given by centro-equiaffine
symplectic invariants. Assume that the arclength s does not depend on time t,
then the compatibility condition between (6.2) and (6.4), i.e.,

(
ã

b̃

)

st

=

(
ã

b̃

)

ts

gives rise to the following systems

As = EC −BK̃,

At
s = CE − K̃B,

Bs = −(EAt + AE),

K̃t − Cs + K̃A + AtK̃ = 0.

(6.5)

From the first two equations of (6.5), after eliminating C, one gets

EAt − AE = ∂−1
s (BK̃E − EK̃B). (6.6)

By using (6.6) and (6.5), we obtain

A = −1

2
BsE − 1

2
∂−1

s (BK̃ − EK̃BE),

At = −1

2
EBs +

1

2
∂−1

s (EBK̃E − K̃B).
(6.7)

Inserting (6.7) into (6.5), we get

C = −1

2
(EBssE − K̃BE − EBK̃). (6.8)
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Thus, we immediately deduce the equation for curvatures by substituting (6.7) and
(6.8) into the last one of (6.5)

K̃t =− 1

2
EBsssE + EBsK̃ + K̃BsE +

1

2
EBK̃s +

1

2
K̃sBE

+
1

2
K̃∂−1

s (BK̃ − EK̃BE) +
1

2
∂−1

s (K̃B − EBK̃E)K̃.
(6.9)

Now, we consider two cases.
Case 1. H2 > 0. Namely, ε2 = 1, then E = Id2. In this case, (6.9) becomes

K̃t = −1
2
Bsss + {K̃, Bs}+ 1

2
{K̃s, B} − 1

2
[K̃, ∂−1

s [K̃, B]], (6.10)

where we used the notation

Γab = {a, b} , ab + ba,

Λab = [a, b] , ab− ba.

It implies that

K̃t =− 1

2
(∂3

s − ΓK̃∂s − ∂sΓK̃ + ΛK̃∂−1
s ΛK̃)B

≡− 1

2
ε2B,

(6.11)

where

ε2 = ∂3
s − ΓK̃∂s − ∂sΓK̃ + ΛK̃∂−1

s ΛK̃ (6.12)

is nothing but the second Hamiltonian operators of the matrix KdV equations [34].
Setting B = −2K̃, we get the well-known matrix KdV equation

K̃t = K̃sss − 3{K̃, K̃s}. (6.13)

From (6.7), we find A = Ks. So the corresponding geometric flow is given by

ut = K̃1sa1 − 2K̃1b1 + P̃sa2 − 2P̃ b2. (6.14)

This is a generalization to the KdV flow in the centro-equiaffine geometry [7, 8].
In terms of the curvatures K̃1, K̃2 and P̃ , the system (6.13) can be written as

K̃1t =K̃1sss − 3(K̃2
1 + P̃ 2)s,

K̃2t =K̃2sss − 3(K̃2
2 + P̃ 2)s,

P̃t =P̃sss − 3[P (K̃1 + K̃2)]s.

(6.15)

Its integrability has been studied in [34]. Indeed, from the condition that the
centr-equiaffine symplectic arc-length does not depend on time t, we have the other
operator

ε1 = ∂s.
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Notice that the operators ε1 and ε2 form a Hamiltonian pair of (6.13). So we obtain
the recursion operator of the matrix KdV system given by

R = ε2 ◦ ε−1
1 = ∂2

s − 2ΓK̃ − ΓK̃s
∂−1

s + ΛK̃∂−1
s ΛK̃∂−1

s . (6.16)

Applying this recursion operator recursively to the elementary symmetry B = K̃s,
we obtain a hierarchy of locally mutually commute higher-order flows [34, 41].
Case 2. H2 < 0, Namely, ε2 = −1. Taking B = −2EK̃E in (6.9), we obtain a
Jordan KdV system

K̃t =K̃sss − 3K̃sEK̃ − 3K̃EK̃s

= K̃sss − 3{K̃, E, K̃s},
(6.17)

or equivalently,

K̃1t = K̃1sss − 3(K̃2
1 − P̃ 2)s

K̃2t = K̃2sss − 3(P̃ 2 − K̃2
2)s,

P̃t = P̃sss − 3[P̃ (K̃1 − K̃2)]s.

(6.18)

It seems that this systems is a new one. The corresponding geometric flow is

ut = K̃1sã1 − 2K̃1b̃1 + P̃sã2 + 2P̃ b̃2.

Define A ∗B = AEB, then the system (6.17) can be written as

K̃t = K̃sss − 3K̃ ∗ K̃s − 3K̃s ∗ K̃. (6.19)

In general, setting B = −2EB0E, (6.9) becomes

K̃t = B0sss − 2B0sEK̃ − 2K̃EB0s −B0EK̃s − K̃sEB0

+ K̃∂−1
s (EK̃EB0 − EB0EK̃)− ∂−1

s (K̃EB0E −B0EK̃E)K̃,

that is

K̃t = B0sss − 2B0s ∗ K̃ − 2K̃ ∗B0s −B0 ∗ K̃s − K̃s ∗B0

+ K̃ ∗ ∂−1
s (K̃ ∗B0 −B0 ∗ K̃)− ∂−1

s (K̃ ∗B0 −B0 ∗ K̃) ∗K,

or equivalently

K̃t = (∂3
s − 2Γ∗

K̃
∂s − Γ∗

K̃s
+ Λ∗

K̃
∂−1

s Λ∗
K̃

)B0 ≡ D2(B0), (6.20)

where

Γ∗ab , aEb + bEa,

Λ∗ab , aEb− bEa,

D2 = ∂3
s − 2Γ∗

K̃
∂s − Γ∗

K̃s
+ Λ∗

K̃
∂−1

s Λ∗
K̃

.

It is easily to show that D2 is a Hamiltonian operator of (6.9) [34, 41]. The another
compatible Hamiltonian operator is D1 = ∂s. Similar to the Case 1, one can show
that D1 and D2 form a Hamiltonian pair. It follows that the operator

RE = D2 ·D−1
1 = ∂2

s − 2Γ∗
K̃
− Γ∗

K̃s
∂−1

s + Λ∗
K̃

∂−1
s Λ∗

K̃
∂−1

s

is a recursion operator of (6.17), which can be used to generate a hierarchy of flows
by applying the operator to the elementary symmetry B0 = K̃s, the first one is
just the Jordan KdV system (6.17).
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7 Concluding remarks

In this paper, a complete set of local symplectic invariants for curves in centro-
equiaffine symplectic geometry were obtained. Similar to the derivation for Frenet
frame of a curve in affine symplectic geometry, the Frenet frame of curves in centro-
equiaffine symplectic geometry was constructed. We also obtained a natural frame
which is gauge equivalent to the Frenet frame, which plays key role in the study
of relationship between the invariant curve flows in centro-equiaffine symplectic
geometry and integrable systems. Furthermore, we proved that the matrix KdV
equations arise naturally from certain invariant curve flows in centro-equiaffine
symplectic geometry.

In [29], Olver, Kamran and Tenenblat have established the theory for curves in
affine symplectic geometry. A natural question arises: what integrable equations
are relevant to the non-stretching invariant curve flows in the affine symplectic
geometry?
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