
Answers and Hints

(71)

∫

xn lnx dx =
xn+1 ln x

n + 1
− xn+1

(n + 1)2
+ C.

(72)

∫

eax sin bxdx =
eax

a2 + b2
(a sin bx − b cos bx) + C.

(73)

∫

eax cos bx dx =
eax

a2 + b2
(a cos bx + b sin bx) + C.

(77)
∫ π

0
sin14 xdx = 13·11·9·7·5·3·1

14·12·10·8·6·4·2 π

(78)
∫

cosn xdx = 1
n

sin x cosn−1 x + n−1
n

∫
cosn−2 xdx;

∫ π/4

0
cos4 xdx = 7

16
+ 3

32
π

(79) Hint: first integrate xm.

(80) x lnx − x + C

(81) x(lnx)2 − 2x ln x + 2x + C

(83) Substitute u = ln x.

(84)
∫ π/4

0
tan5 xdx = 1

4
(1)4 − 1

2
(1)2 +

∫ π/4

0
tan xdx = − 1

4
+ ln 1

2

√
2

(90) 1 + 4
x3−4

(91) 1 + 2x+4
x3−4

(92) 1 − x2+x+1
x3−4

(93) x3−1
x2−1

= x + x−1
x2−1

. You can simplify this further: x3−1
x2−1

= x + x−1
x2−1

= x + 1
x+1

.

(94) x2+6x+8 = (x+3)2−1 = (x+4)(x+2) so 1
x2+6x+8

= 1/2
x+2

+ −1/2
x+4

and
∫

dx
x2+6x+8

= 1
2

ln(x+2)− 1
2

ln(x+4)+C.

(95)
∫

dx
x2+6x+10

= arctan(x + 3) + C.

(96) 1
5

∫
dx

x2+4x+5
= 1

5
arctan(x + 2) + C

(97) We add

A

x
+

B

x + 1
+

C

x − 1
=

A(x + 1)(x − 1) + Bx(x − 1) + Cx(x + 1)

x(x + 1)(x − 1)

=
(A + B + C)x2 + (C − B)x − A

x(x + 1)(x − 1)
.

The numerators must be equal, i.e.

x2 + 3 = (A + B + C)x2 + (C − B)x − A

for all x, so equating coefficients gives a system of three linear equations in three unknowns A, B, C:






A + B + C = 1

C − B = 0

−A = 3

so A = −3 and B = C = 2, i.e.
x2 + 3

x(x + 1)(x − 1)
= − 3

x
+

2

x + 1
+

2

x − 1

and hence ∫
x2 + 3

x(x + 1)(x − 1)
dx = −3 ln |x| + 2 ln |x + 1| + 2 ln |x − 1| + constant.
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(98) To solve

x2 + 3

x(x + 1)(x − 1)
=

A

x
+

B

x + 1
+

C

x − 1
,

multiply by x:
x2 + 3

(x + 1)(x − 1)
= A +

Bx

x + 1
+

Cx

x − 1

and plug in x = 0 to get A = −3; then multiply by x + 1:

x2 + 3

x(x − 1)
=

A(x + 1)

x
+ B +

C(x + 1)

x − 1

and plug in x = −1 to get B = 2; finally multiply by x − 1:

x2 + 3

x(x + 1)
=

A(x − 1)

x
+

B(x − 1)

x + 1
+ C,

and plug in x = 1 to get C = 2.

(99) Apply the method of equating coefficients to the form

x2 + 3

x2(x − 1)
=

A

x
+

B

x2
+

C

x − 1
.

In this problem, the Heaviside trick can still be used to find C and B; we get B = −3 and C = 4. Then

A

x
− 3

x2
+

4

x − 1
=

Ax(x − 1) + 3(x − 1) + 4x2

x2(x − 1)

so A = −3. Hence
∫

x2 + 3

x2(x − 1)
dx = −3 ln |x| + 3

x
+ 4 ln |x − 1| + constant.

(117)
∫ a

0
x sin xdx = sin a − a cos a

(118)
∫ a

0
x2 cos xdx = (a2 + 2) sin a + 2a cos a

(119)
∫ 4

3
x dx√
x2−1

=
[√

x2 − 1
]4

3
=

√
15 −√

8

(120)
∫ 1/3

1/4
x dx√
1−x2

=
[
−
√

1 − x2
]1/3

1/4
= 1

4

√
15 − 1

3

√
8

(121) same as previous problem after substituting x = 1/t

(153) Use Taylor’s formula : Q(x) = 43 + 19(x − 7) + 11
2

(x − 7)2.

A different, correct, but more laborious (clumsy) solution is to say that Q(x) = Ax2 + Bx + C,, compute Q′(x) =
2Ax + B and Q′′(x) = 2A. Then

Q(7) = 49A + 7B + C = 43, Q′(7) = 14A + B = 19, Q′′(7) = 2A = 11.

This implies A = 11/2, B = 19 − 14A = 19 − 77 = −58, and C = 43 − 7B − 49A = 179 1
2
.

(168) T∞et = 1 + t + 1
2!

t2 + · · · + 1
n!

tn + · · ·

(169) T∞eαt = 1 + αt + α2

2!
t2 + · · · + αn

n!
tn + · · ·

(170) T∞ sin(3t) = 3t − 33

3!
t3 + 35

5!
t5 + · · · + (−1)k32k+1

(2k+1)!
t2k+1 + · · ·

(171) T∞ sinh t = t + 1
3!

t3 + · · · + 1
(2k+1)!

t2k+1 + · · ·

(172) T∞ cosh t = 1 + 1
2!

t2 + · · · + 1
(2k)!

t2k + · · ·

(173) T∞
1

1+2t
= 1 − 2t + 22t2 − · · · + (−1)n2ntn + · · ·

(174) T∞
3

(2−t)2
= 3

22 + 3·2
23 t + 3·3

24 t2 + 3·4
25 t3 + · · · + 3·(n+1)

2n+2 tn + · · · (note the cancellation of factorials)

(175) T∞ ln(1 + t) = t − 1
2
t2 + 1

3
t3 + · · · + (−1)n+1

n
tn + · · ·

(176) T∞ ln(2 + 2t) = T∞ ln[2 · (1 + t)] = ln 2 + ln(1 + t) = ln 2 + t − 1
2
t2 + 1

3
t3 + · · · + (−1)n+1

n
tn + · · ·

(177) T∞ ln
√

1 + t = T∞
1
2

ln(1 + t) = 1
2
t − 1

4
t2 + 1

6
t3 + · · · + (−1)n+1

2n
tn + · · ·
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(178) T∞ ln(1 + 2t) = 2t − 22

2
t2 + 23

3
t3 + · · · + (−1)n+12n

n
tn + · · ·

(179) T∞ ln
√(

1+t
1−t

)
= T∞

[
1
2

ln(1 + t) − 1
2

ln(1 − t)
]

= t + 1
3
t3 + 1

5
t5 + · · · + 1

2k+1
t2k+1 + · · ·

(180) T∞
1

1−t2
= T∞

[
1/2
1−t

+ 1/2
1+t

]

= 1 + t2 + t4 + · · · + t2k + · · · (you could also substitute x = −t2 in the geometric

series 1/(1 + x) = 1 − x + x2 + · · · , later in this chapter we will use “little-oh” to justify this point of view.)

(181) T∞
t

1−t2
= T∞

[
1/2
1−t

− 1/2
1+t

]

= t + t3 + t5 + · · · + t2k+1 + · · · (note that this function is t times the previous

function so you would think its Taylor series is just t times the taylor series of the previous function. Again, “little-oh”
justifies this.)

(182) The pattern for the nth derivative repeats every time you increase n by 4. So we indicate the the general terms
for n = 4m, 4m + 1, 4m + 2 and 4m + 3:

T∞ (sin t + cos t) = 1 + t − 1

2!
t2 − 1

3!
t3 +

1

4!
t4 + · · · + t4m

(4m)!
+

t4m+1

(4m + 1)!
− t4m+2

(4m + 2)!
− t4m+3

(4m + 3)!
+ · · ·

(183) Use a double angle formula

T∞ (2 sin t cos t) = sin 2t = 2t − 23

3!
t3 + · · · + 24m+1

(4m + 1)!
t4m+1 − 24m+3

(4m + 3)!
t4m+3 + · · ·

(184) T3 tan t = t + 1
3
t3. There is no simple general formula for the nth term in the Taylor series for tanx.

(185) T∞
[
1 + t2 − 2

3
t4

]
= 1 + t2 − 2

3
t4

(186) T∞[(1 + t)5] = 1 + 5t + 10t2 + 10t3 + 5t4 + t5

(187) T∞
3
√

1 + t = 1 + 1/3
1!

t + (1/3)(1/3−1)
2!

t2 + · · · + (1/3)(1/3−1)(1/3−2)···(1/3−n+1)
n!

tn + · · ·
(188) Because of the addition formula

sin(α + β) = sin α cos β + sin β cos α

you should get the same answer for f and g, since they are the same function!

The solution is

T∞ sin(x + a) = sin a + cos(a)x − sin a

2!
x2 − cos a

3!
x3 + · · ·

· · · + sin a

(4n)!
x4n +

cos a

(4n + 1)!
x4n+1 − sin a

(4n + 2)!
x4n+2 − cos a

(4n + 3)!
x4n+3 + · · ·

(191)

f(x) = f (4)(x) = cos x, f ′(x) = f (5)(x) = − sin x, f ′′(x) = − cos x, f (3)(x) = sin x,

so

f(0) = f (4)(0) = 1, f ′(0) = f (3)(0) = 0, f ′′(0) = −1.

and hence the fourth degree Taylor polynomial is

T4{cos x} =
4∑

k=0

f (k)(0)xk

k!
= 1 − x2

2!
+

x4

4!
.

The error is

R4{cos x} =
f (5)(ξ)x5

5!
=

(− sin ξ)x5

5!
for some unknown ξ between 0 and x. As | sin ξ| ≤ 1 we have

∣
∣
∣
∣
cos x −

(

1 − x2

2!
+

x4

4!

)∣
∣
∣
∣
= |R4(x)| ≤ |x5|

5!
<

1

5!

for |x| < 1.

(208) The PFD of g is g(x) =
1

x − 2
− 1

x − 1
.

g(x) = 1
2

+
(
1 − 1

22

)
x +

(
1 − 1

23

)
x2 + · · · +

(
1 − 1

2n+1

)
xn + · · · .

So gn = 1 − 1/2n+1 and g(n)(0) is n! times that.
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(209) You could repeat the computations from problem 208, and this would get you the right answer with the same
amount of work. In this case you could instead note that h(x) = xg(x) so that

h(x) = 1
2
x +

(
1 − 1

22

)
x2 +

(
1 − 1

23

)
x3 + · · · +

(
1 − 1

2n+1

)
xn+1 + · · ·

Therefore hn = 1 − 1/2n.

The PFD of k(x) is

k(x) =
2 − x

(x − 2)(x − 1)
cancel!

=
1

1 − x
,

the Taylor series of k is just the Geometric series.

(211) T∞eat = 1 + at +
a2

2!
t2 + · · · + an

n!
tn + · · · .

(212) e1+t = e · et so T∞e1+t = e + et + e
2!

t2 + · · · + e
n!

tn + · · ·
(213) Substitute u = −t2 in the Taylor series for eu.

T∞e−t2 = 1 − t2 +
1

2!
t4 − 1

3!
t6 + · · · + (−1)n

(2n)!
t2n + · · ·

(214) PFD! The PFD of 1+t
1−t

is 1+t
1−t

= −1 + 2
1−t

. Remembering the Geometric Series you get

T∞
1 + t

1 − t
= 1 + 2t + 2t2 + 2t3 + · · · + 2tn + · · ·

(215) Substitute u = −2t in the Geometric Series 1/(1 − u). You get

T∞
1

1 + 2t
= 1 − 2t + 22t2 − 23t3 + · · · + · · · + (−1)n2ntn + · · ·

(216)

T∞
ln(1 + x)

x
=

x − 1
2
x2 + 1

3
x3 + · · · + (−1)n−1 1

n
xn + · · ·

x

= 1 − 1

2
x +

1

3
x2 + · · · + (−1)n−1 1

n
xn−1 + · · ·

(217)

T∞
et

1 − t
= 1 + 2t +

(
1 + 1 + 1

2!

)
t2 +

(
1 + 1 + 1

2!
+ 1

3!

)
t3 + · · · +

(
1 + 1 + 1

2!
+ · · · + 1

n!

)
tn + · · ·

(218) 1/
√

1 − t = (1 − t)−1/2 so

T∞
1√

1 − t
= 1 + 1

2
t +

1
2

3
2

1 · 2 t2 +
1
2

3
2

5
2

1 · 2 · 3 t3 + · · ·

(be careful with minus signs when you compute the derivatives of (1 − t)−1/2.)

You can make this look nicer if you multiply top and bottom in the nth term with 2n:

T∞
1√

1 − t
= 1 +

1

2
t +

1 · 3
2 · 4 t2 +

1 · 3 · 5
2 · 4 · 6 t3 + · · · + 1 · 3 · · · (2n − 1)

2 · 4 · · · 2n
tn + · · ·

(219)

T∞
1√

1 − t2
= 1 +

1

2
t2 +

1 · 3
2 · 4 t4 +

1 · 3 · 5
2 · 4 · 6 t6 + · · · + 1 · 3 · · · (2n − 1)

2 · 4 · · · 2n
t2n + · · ·

(220)

T∞ arcsin t = t +
1

2

t3

3
+

1 · 3
2 · 4

t5

5
+

1 · 3 · 5
2 · 4 · 6

t7

7
+ · · · + 1 · 3 · · · (2n − 1)

2 · 4 · · · 2n

t2n+1

2n + 1
+ · · ·

(221) T4[e
−t cos t] = 1 − t + 1

3
t3 − 1

6
t4.

(222) T4[e
−t sin 2t] = t − t2 +

1

3
t3 + o(t4) (the t4 terms cancel).

(223) PFD of 1/(2 − t − t2) = 1
(2+t)(1−t)

=
− 1

3

2+t
+

1
3

1−t
. Use the geometric series.

4



(224) 3
√

1 + 2t + t2 = 3
√

(1 + t)2 = (1+ t)2/3. This is very similar to problem 218. The answer follows from Newton’s
binomial formula.

(227) 1/2

(228) Does not exist (or “+∞”)

(229) 1/2

(230) −1

(231) 0

(232) Does not exist (or “−∞”) because e > 2.

(233) 0.

(234) 0.

(235) 0 (write the limit as limn→∞
n!+1

(n+1)!
= limn→∞

n!
(n+1)!

+ limn→∞
1

(n+1)!
= limn→∞

1
n+1

+ limn→∞
1

(n+1)!
).

(237) Use the explicit formula (13) from Example 16.13. The answer is the Golden Ratio φ.

(239) The kth derivative of g(x) = sin(2x) is g(k)(x) = ±2ksoc(2x). Here soc(θ) is either sin θ or cos θ, depending on
k. Therefore kth remainder term is bounded by

|Rk[sin 2x]| ≤ |g(k+1)(c)|
(k + 1)!

|x|k+1 =
2k+1|x|k+1

(k + 1)!
|soc(2x)| ≤ |2x|k+1

(k + 1)!
.

Since limk→∞
|2x|k+1

(k+1)!
= 0 we can use the Sandwich Theorem and conclude that limk→∞ Rk[g(x)] = 0, so the Taylor

series of g converges for every x.

(243) Read the example in §18.4.

(244) −1 ≤ x < 1.

(245) −1 < x < 1.

(246) −1 ≤ x ≤ 1.

(247) − 3
2

< x ≤ 3
2
. Write f(x) as f(x) = 1

2
1

3
2
−(−x)

and use the Geometric Series.

(262) (a) arg(1 + i tan θ) = θ + 2kπ, with k any integer.

(b) zw = 1 − tan θ tan φ + i(tan θ + tan φ)

(c) arg(zw) = arg z + arg w = θ + φ (+ a multiple of 2π.)

(d) tan(arg zw) = tan(θ + φ) on one hand, and tan(arg zw) =
tan θ + tanφ

1 − tan θ tan φ
on the other hand. The conclusion is

that

tan(θ + φ) =
tan θ + tan φ

1 − tan θ tan φ

(263) cos 4θ = real part of (cos θ + i sin θ)4. Expand, using Pascal’s triangle to get

cos 4θ = cos4 θ − 6 cos2 θ sin2 θ + sin4 θ.

sin 4θ = 4 cos3 θ sin θ − 4 cos θ sin3 θ.

cos 5θ = cos5 θ − 10 cos3 θ sin2 θ + 5 cos θ sin4 θ

sin 6θ = 6 cos5 θ sin θ − 20 cos3 θ sin3 θ + 6 cos θ sin5 θ.

(266) To prove or disprove the statements set z = a + bi, w = c + di and substitute in the equation. Then compare
left and right hand sides.

(a) Re(z) + Re(w) = Re(z + w) TRUE, because:

Re(z + w) = Re(a + bi + c + di) = Re[(a + c) + (b + d)i] = a + c and
Re(z) + Re(w) = Re(a + bi) + Re(c + di) = a + c.

The other proofs go along the same lines.
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(b) z + w = z̄ + w̄ TRUE. Proof: if z = a + bi and w = c + di with a, b, c, d real numbers, then

Re(z) = a, Re(w) = c =⇒ Re(z) + Re(w) = a + c

z + w = a + c + (b + d)i =⇒ Re(z + w) = a + c.

So you see that Re(z) + Re(w) and Re(z + w) are equal.

(c) Im(z) + Im(w) = Im(z + w) TRUE. Proof: if z = a + bi and w = c + di with a, b, c, d real numbers, then

Im(z) = b, Im(w) = d =⇒ Im(z) + Im(w) = b + d

z + w = a + c + (b + d)i =⇒ Im(z + w) = b + d.

So you see that Im(z) + Im(w) and Im(z + w) are equal.

(d) zw = (z̄)(w̄) TRUE

(e) Re(z)Re(w) = Re(zw) FALSE. Counterexample: Let z = i and w = i. Then Re(z)Re(w) = 0 · 0 = 0, but
Re(zw) = Re(i · i) = Re(−1) = −1.

(f) z/w = (z̄)/(w̄) TRUE

(g) Re(iz) = Im(z) FALSE (almost true though, only off by a minus sign)

(h) Re(iz) = iRe(z) FALSE. The left hand side is a real number, the right hand side is an imaginary number: they
can never be equal (except when z = 0.)

(i) Re(iz) = Im(z) same as (g), sorry.

(j) Re(iz) = iIm(z) FALSE

(k) Im(iz) = Re(z) TRUE

(l) Re(z̄) = Re(z) TRUE

(267) The number is either 1
5

√
5 + 2

5
i
√

5 or − 1
5

√
5 − 2

5
i
√

5.

(268) ’t is 1
3

√
3 + i.

(270) e(ln 2)(1+i) = eln 2+i ln 2 = eln 2(cos ln 2+ i sin ln 2) so the real part is 2 cos ln 2 and the imaginary part is 2 sin ln 2.

(271) ez can be negative, or any other complex number except zero.

If z = x + iy then ez = ex(cos y + i sin y), so the absolute value and argument of ez are |z| = ex and arg ez = y.
Therefore the argument can be anything, and the absolute value can be any positive real number, but not 0.

(272)
1

eit
=

1

cos t + i sin t
=

1

cos t + i sin t

cos t − i sin t

cos t − i sin t
=

cos t − i sin t

cos2 t + sin2 t
= cos t − i sin t = e−it.

(275) Aeiβt + Be−iβt = A(cos βt + i sin βt) + B(cos βt − i sin βt) = (A + B) cos βt + i(A − B) sin βt.

So Aeiβt + Be−iβt = 2 cos βt + 3 sin βt holds if A + B = 2, i(A−B) = 3. Solving these two equations for A and B we
get A = 1 − 3

2
i, B = 1 + 3

2
i.

(281) (a) z2 + 6z + 10 = (z + 3)2 + 1 = 0 has solutions z = −3 ± i.

(b) z3 +8 = 0 ⇐⇒ z3 = −8. Since −8 = 8eπi+2kπ we find that z = 81/3e
π

3
i+ 2

3
kπi (k any integer). Setting k = 0, 1, 2

gives you all solutions, namely

k = 0 : z = 2e
π

3
i = 1 + i

√
3

k = 1 : z = 2e
π

3
i+2πi/3 = −2

k = 2 : z = 2e
π

3
i+4πi/3 = 1 − i

√
3

(c) z3 − 125 = 0: z0 = 5, z1 = − 5
2

+ 5
2
i
√

3, z2 = − 5
2
− 5

2
i
√

3

(d) 2z2 + 4z + 4 = 0: z = −1 ± i.

(e) z4 + 2z2 − 3 = 0: z2 = 1 or z2 = −3, so the four solutions are ±1,±i
√

3.

(f) 3z6 = z3 + 2: z3 = 1 or z3 = − 2
3
. The six solutions are therefore

− 1
2
± i

2

√
3, 1 (from z3 = 1)

− 3

√
2
3
, 3

√
2
3

(
1
2
± i

2

√
3
)
, (from z3 = − 2

3
)
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(g) z5 − 32 = 0: The five solutions are

2, 2 cos 2
5
π ± 2i sin 2

5
π, 2 cos 4

5
π ± 2i sin 4

5
π.

Note that 2 cos 6
5
π + 2i sin 6

5
π = 2 cos 4

5
π − 2i sin 4

5
π, and likewise, 2 cos 8

5
π + 2i sin 8

5
π = 2 cos 2

5
π − 2i sin 2

5
π. (Make

a drawing of these numbers to see why).

(h) z5 − 16z = 0: Clearly z = 0 is a solution. Factor out z to find the equation z4 − 16 = 0 whose solutions are ±2,
±2i. So the five solutions are 0, ±2, and ±2i

(282) f ′(x) = −1
(x+i)2

. In this computation you use the quotient rule, which is valid for complex valued functions.

g′(x) = 1
x

+ i
1+x2

h′(x) = 2ixeix2

. Here we are allowed to use the Chain Rule because h(x) is of the form h1(h2(x)), where h1(y) = eiy

is a complex valued function of a real variable, and h2(x) = x2 is a real valued function of a real variable (a “221
function”).

(283) (a) Use the hint:
∫

(
cos 2x

)4
dx =

∫ (
e2ix + e−2ix

2

)4

dx

= 1
16

∫ (

e2ix + e−2ix
)4

dx

The fourth line of Pascal’s triangle says (a + b)4 = a4 + 4a3b + 6a2b2 + 4ab3 + b4. Apply this with a = e2ix, b = e−2ix

and you get
∫

(
cos 2x

)4
dx =

1

16

∫
{
e8ix + 4e4ix + 6 + 4e−4ix + e−8ix}

dx

=
1

16

{ 1

8i
e8ix +

4

4i
e4ix + 6x +

4

−4i
e−4ix +

1

−8i
e−8ix}

+ C.

We could leave this as the answer since we’re done with the integral. However, we are asked to simplify our answer,
and since we know ahead of time that the answer is a real function we should rewrite this as a real function. There
are several ways of doing this, one of which is to carefully match complex exponential terms with their complex
conjugates (e.g. e8ix with e−8ix.) This gives us

∫
(
cos 2x

)4
dx =

1

16

{ e8ix − e−8ix

8i
+

e4ix − e−4ix

i
+ 6x

}
+ C.

Finally, we use the formula sin θ = eiθ−e−iθ

2i
to remove the complex exponentials. We end up with the answer

∫
(
cos 2x

)4
dx =

1

16

{
1
4

sin 8x + 2 sin 4x + 6x
}

+ C = 1
64

sin 8x + 1
8

sin 4x + 3
8
x + C.

(b) Use sin θ = (eiθ − e−iθ)/(2i):
∫

e−2x
(
sin ax

)2
dx =

∫

e−2x
( eiax − e−iax

2i

)2
dx

=
1

(2i)2

∫

e−2x
(
e2iax − 2 + e−2iax

)
dx

= − 1
4

∫
(
e(−2+2ia)x − 2 + e(−2−2ia)x

)
dx

= − 1
4

{ e(−2+2ia)x

−2 + 2ia
︸ ︷︷ ︸

A

−2x +
e(−2−2ia)x

−2 − 2ia
︸ ︷︷ ︸

B

}
+ C.(†)

We are done with integrating. The answer must be a real function (being the integral of a real function), so we have
to be able to write our answer in a real form. To get this real form we must expand the complex exponentials above,
and do the division by −2+2ia and −2− 2ia. This is still a fair amount of work, but we can cut the amount of work
in half by noting that the terms A and B are complex conjugates of each other, i.e. they are the same, except for the
sign in front of i: you get B from A by changing all i’s to −i’s. So once we have simplified A we immediately know
B.
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We compute A as follows

A =
−2 − 2ia

(−2 − 2ia)(−2 + 2ia)

(
e−2x+2iax

)

=
(−2 − 2ia)e−2x(cos 2ax + i sin 2ax)

(−2)2 + (−2a)2

=
e−2x

4 + 4a2
(−2 cos 2ax + 2a sin 2ax) + i

e−2x

4 + 4a2
(−2a cos 2ax − 2 sin 2ax).

Hence

B =
e−2x

4 + 4a2
(−2 cos 2ax + 2a sin 2ax) − i

e−2x

4 + 4a2
(−2a cos 2ax − 2 sin 2ax).

and

A + B =
2e−2x

4 + 4a2
(−2 cos 2ax + 2a sin 2ax) =

e−2x

1 + a2
(− cos 2ax + a sin 2ax).

Substitute this in (†) and you get the real form of the integral
∫

e−2x(
sin ax

)2
dx = − 1

4

e−2x

1 + a2
(− cos 2ax + a sin 2ax) +

x

2
+ C.

(284) (a) This one can be done with the double angle formula, but if you had forgotten that, complex exponentials
work just as well:

∫

cos2 xdx =

∫
( eix + e−ix

2

)2
dx

= 1
4

∫
{
e2ix + 2 + e−2ix

}
dx

= 1
4

{
1
2i

e2ix + 2x + 1
−2i

e−2ix}
+ C

= 1
4

{ e2ix − e−2ix

2i
+ 2x

}
+ C

= 1
4

{
sin 2x + 2x

}
+ C

= 1
4

sin 2x +
x

2
+ C.

(c), (d) using complex exponentials works, but for these integrals substituting u = sin x works better, if you use
cos2 x = 1 − sin2 x.

(e) Use (a − b)(a + b) = a2 − b2 to compute

cos2 x sin2 x =
(eix + e−ix)2

22

(eix − e−ix)2

(2i)2
= 1

−16
(e2ix + e−2ix)2 = 1

−16
(e4ix + 2 + e−4ix)

First variation: The integral is
∫

cos2 x sin2 x dx = 1
−16

( 1
4i

e4ix + 2x + 1
−4i

e−4ix) + C = 1
−32

sin 4x − 1
8
x + C.

Second variation: Get rid of the complex exponentials before integrating:

1
−16

(e4ix + 2 + e−4ix) = 1
−16

(2 cos 4x + 2) = − 1
8
(cos 4x + 1),

If you integrate this you get the same answer as above.

(j) and (l): Substituting complex exponentials will get you the answer, but for these two integrals you’re much
better off substituting u = cos x (and keep in mind that sin2 x = 1 − cos2 x.)

(k) See (e) above.

(293) y(t) = 2
Aet + 1

Aet − 1

(294) y = Ce−x3/3, C = 5e1/3

(295) y = Ce−x−x3

, C = e2

(296) Implicit form of the solution tan y = −x2

2
+ C, so C = tan π/3 =

√
3.

Solution y(x) = arctan
(√

3 − x2/3
)

8



(297) Implicit form of the solution: y + 1
2
y2 + x + 1

2
x2 = A + 1

2
A2. If you solve for y you get

y = −1 ±
√

A2 + 2A + 1 − x2 − 2x

Whether you need the “+” or “−” depends on A.

(298) Integration gives
1

2
ln

∣
∣
∣
∣

y − 1

y + 1

∣
∣
∣
∣
= x + C. Solve for y to get y−1

y+1
= ±e2x+2C =

(
±e2C

)
e2x.

Let B = ±e2C be the new constant and you get
y − 1

y + 1
= Be2x whence y =

1 + Be2x

1 − Be2x
.

The initial value y(0) = A tells you that B = A−1
A+1

, and therefore the solution with initial value y(0) = A is

y =
A + 1 + (A − 1)e2x

A + 1 − (A − 1)e2x
.

(299) y(x) = tan
(
arctan(A) − x

)
.

(300) y = xesin x + Aesin x

(301) Implicit form of the solution 1
3
y3 + 1

4
x4 = C; C = 1

3
A3. Solution is y = 3

√

A3 − 3
4
x4.

(305) General solution: y(t) = Ae3t cos t + Be3t sin t. Solution with given initial values has A = 7, B = −10.

(306) y = Aet + Be−t + C cos t + D sin t

(307) The characteristic roots are r = ± 1
2

√
2 ± 1

2

√
2, so the general solution is

y = Ae
1
2

√
2t cos 1

2

√
2t + Be

1
2

√
2t sin 1

2

√
2t + Ce−

1
2

√
2t cos 1

2

√
2t + De−

1
2

√
2t sin 1

2

√
2t.

(308) The characteristic equation is r4 − r2 = 0 whose roots are r = ±1 and r = 0 (double). Hence the general
solution is y = A + Bt + Cet + De−t.

(309) The characteristic equation is r4 + r2 = 0 whose roots are r = ±i and r = 0 (double). Hence the general
solution is y = A + Bt + C cos t + D sin t.

(310) The characteristic equation is r3 + 1 = 0, so we must solve

r3 = −1 = e(π+2kπ)i.

The characteristic roots are

r = e(
π

3
+ 2

3
kπ)i

where k is an integer. The roots for k = 0, 1, 2 are different, and all other choices of k lead to one of these roots.
They are

k = 0 : r = eπi/3 = cos
π

3
+ i sin

π

3
=

1

2
+

i

2

√
3

k = 1 : r = eπi = cos π + i sin π = −1

k = 2 : r = e5πi/3 = cos
5π

3
+ i sin

5π

3
=

1

2
− i

2

√
3

9



1

2
+

i

2

√

3

1

2
−

i

2

√

3

−1

1

2

The real form of the general solution of the differential equation is therefore

y = Ae−t + Be
1
2

t cos

√
3

2
t + Ce

1
2

t sin

√
3

2
t

(311) y = Aet + Be−
1
2

t cos
√

3
2

t + Ce−
1
2

t sin
√

3
2

t

(312) y(t) = c1e
√

3t + c2e
−
√

3t + A cos t + B sin t.

(313) Characteristic polynomial: r4 + 4r2 + 3 =
(
r2 + 3

)(
r2 + 1

)
.

Characteristic roots: −i
√

3,−i, i, i
√

3.

General solution: y(t) = A1 cos
√

3t + B1 sin
√

3t + A2 cos t + B2 sin t.

(314) Characteristic polynomial: r4 + 2r2 + 2 =
(
r2 + 1

)2
+ 1.

Characteristic roots: r2
1,2 = −1 + i, r2

3,4 = −1 − i.

Since −1 + i =
√

2eπi/4+2kπ (k an integer) the square roots of −1 + i are ±21/4eπi/8 = 21/4 cos π
8

+ i21/4 sin π
8
. The

angle π/8 is not one of the familiar angles so we don’t simplify cos π/8, sin π/8.

Similarly, −1 − i =
√

2e−πi/4+2kπi so the square roots of −1 − i are ±21/4e−πi/8 = ±21/4
(
cos π

8
− i sin π

8

)
.

If you abbreviate a = 21/4 cos π
8

and b = 21/4 sin π
8
, then the four characteristic roots which we have found are

r1 = 21/4 cos
π

8
+ i21/4 sin

π

8
= a + bi

r2 = 21/4 cos
π

8
− i21/4 sin

π

8
= a − bi

r3 = −21/4 cos
π

8
+ i21/4 sin

π

8
= −a + bi

r4 = −21/4 cos
π

8
− i21/4 sin

π

8
= −a − bi

The general solution is

y(t) = A1e
at cos bt + B1e

at sin bt + A2e
−at cos bt + B2e

−at sin bt

(317) Characteristic equation is r3 − 125 = 0, i.e. r3 = 125 = 125e2kπi. The roots are r = 5e2kπi/3, i.e.

5, 5(− 1
2

+ i
2

√
3) = − 5

2
+ 5

2
i
√

3, and 5(− 1
2
− i

2

√
3) = − 5

2
− 5

2
i
√

3.

The general solution is

f(x) = c1e
5x + c2e

− 5
2

x cos 5
2

√
3x + c3e

− 5
2

x sin 5
2

√
3x.
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(318) Try u(x) = erx to get the characteristic equation r5 = 32 which has solutions

r = 2, 2e
2
5

πi, 2e
4
5

πi, 2e
6
5

πi, 2e
8
5

πi,

i.e.

r0 = 2

r1 = 2 cos 2
5
π + 2i sin 2

5
π

r2 = 2 cos 4
5
π + 2i sin 4

5
π

r3 = 2 cos 6
5
π + 2i sin 6

5
π

r4 = 2 cos 8
5
π + 2i sin 8

5
π.

r0

r1=a+bi

r4=a-bi

r2=p+qi

r3=p-qi

1-1 2

i

-i

Remember that the roots come in complex conjugate pairs. By making a drawing of the roots you see that r1 and r4

are complex conjugates of each other, and also that r2 and r3 are complex conjugates of each other. So the roots are

2, 2 cos 2
5
π ± 2i sin 2

5
π, and 2 cos 4

5
π ± 2i sin 4

5
π.

The general solution of the differential equation is

u(x) = c1e
2x + c2e

ax cos bx + c3e
ax sin bx + c3e

px cos qx + c3e
px sin qx.

Here we have abbreviated
a = 2 cos 2

5
π, b = 2 sin 2

5
π, p = 2 cos 4

5
π, q = 2 sin 4

5
π.

(320) Characteristic polynomial is r3−5r2 +6r−2 = (r−1)(r2−4r+2), so the characteristic roots are r1 = 1, r2,3 =

2 ±
√

2. General solution:

y(t) = c1e
t + c2e

(2−
√

2)t + c3e
(2+

√
2)t.

(322) Characteristic polynomial is r3 − 5r2 +4 = (r− 1)(r2 − 4r− 4). Characteristic roots are r1 = 1, r2,3 = 2± 2
√

2.
General solution

z(x) = c1e
x + c2e

(2+2
√

2)x + c3e
(2−2

√
2)x.

(323) General: y(t) = A cos 3t + B sin 3t . With initial conditions: y(t) = sin 3t

(324) General: y(t) = A cos 3t + B sin 3t. With initial conditions: y(t) = −3 cos 3t

(325) General: y(t) = Ae2t + Be3t. With initial conditions: y(t) = e3t − e2t

(326) General: y(t) = Ae−2t + Be−3t. With initial conditions: y(t) = 3e−2t − 2e−3t

(327) General: y(t) = Ae−2t + Be−3t. With initial conditions: y(t) = e−2t − e−3t

(328) General: y(t) = Aet + Be5t. With initial conditions: y(t) = 5
4
et − 1

4
e5t

(329) General: y(t) = Aet + Be5t. With initial conditions: y(t) = (e5t − et)/4

(330) General: y(t) = Ae−t + Be−5t. With initial conditions: y(t) = 5
4
e−t − 1

4
e−5t

(331) General: y(t) = Ae−t + Be−5t. With initial conditions: y(t) = 1
4

(
e−t − e−5t

)
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(332) General: y(t) = e2t
(
A cos t + B sin t

)
. With initial conditions: y(t) = e2t

(
cos t − 2 sin t

)

(333) General: y(t) = e2t
(
A cos t + B sin t

)
. With initial conditions: y(t) = e2t sin t

(334) General: y(t) = e−2t
(
A cos t + B sin t

)
. With initial conditions: y(t) = e−2t

(
cos t + 2 sin t

)

(335) General: y(t) = e−2t
(
A cos t + B sin t

)
. With initial conditions: y(t) = e−2t sin t

(336) General: y(t) = Ae2t + Be3t. With initial conditions: y(t) = 3e2t − 2e3t

(337) Characteristic polynomial: r3 + r2 − r + 15 = (r + 3)(r2 − 2r + 5). Characteristic roots: r1 = −3, r2,3 = 1± 2i.
General solution (real form) is

f(t) = c1e
−3t + Aet cos 2t + Bet sin 2t.

The initial conditions require

f(0) = c1 + A = 0, f ′(0) = −3c1 + A + 2B = 1, f ′′(0) = 9c1 − 3A + 4B = 0.

Solve these equations to get c1 = −1/10, A = 1/10, B = 3/10, and thus

f(t) = − 1
10

e−3t + 1
10

et cos 2t + 3
10

et sin 2t.

(339) y = −2 + Aet + Be−t

(340) y = Aet + Be−t + tet

(341) y = A cos t + B sin t + 1
6
t sin t

(342) y = A cos 3t + B sin 3t + 1
8

cos t

(343) y = A cos t + B sin t + 1
2
t sin t

(344) y = A cos t + B sin t − 1
8

cos 3t

(346) (i) Homogeneous equation: try z(t) = ert, get characteristic equation r2 +4r + 5 = 0, with roots r1,2 = −2± i.
The general solution of the homogenous equation is therefore zh(t) = c1e

−2t cos t + c2e
−2t sin t.

To find a particular solution try zp(t) = Aeit. You get (i2 + 4i + 5)Aeit = eit, i.e. (4 + 4i)A = 1, so A = 1
4+4i

=
1
4

1
1+i

= 1
4

1−i
2

= 1
8
− i

8
. So the general solution to the inhomogeneous problem is

z(t) =
1 − i

8
eit + c1e

−2t cos t + c2e
−2t sin t.

(348) Let X(t) be the rabbit population size at time t. The rate at which this population grows is dX/dt rabbits per
year.

5
100

X from growth at 5% per year
2

100
X from death at 2% per year

−1000 car accidents
+700 immigration from Sun Prairie

Together we get

dX

dt
=

3

100
X − 300.

This equation is both separable and first order linear, so you can choose from two methods to find the general solution,
which is

X(t) = 10, 000 + Ce0.03t.

If X(1991) = 12000 then

10, 000 + Ce0.03×1991 = 12, 000 =⇒ C = 2, 000e−0.03×1991(don’t simplify yet!)

Hence

X(1994) = 10, 000+2, 000e−0.03×1991e0.03×1994 = 10, 000+2, 000e0.03×(1994−1991) = 10, 000+2, 000e0.09 ≈ 12, 188. . . .
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(349) (a) Separate variables or find an integrating factor ( dT
dt

− kT = −kA). Both methods work here. You get

T (t) = A + Cekt, where C is an arbitrary constant. Since k < 0 one has limt→∞ ekt = 0, and hence limt→∞ T (t) =
limt→∞ A + Cekt = A + C · 0 = A.

(b) Given T (0) = 180, A = 75, and T (5) = 150. This gives the following equations:

A + C = 180, A + Ce5k = 105 =⇒ C = 105, 5k = ln
75

105
= ln

5

7
= − ln

7

5
.

When is T = 90? Solve T (t) = 90 for t using the values for A, C, k found above (k is a bit ugly so we substitute it at
the end of the problem):

T (t) = A + Cekt = 75 + 105ekt = 90 =⇒ ekt =
15

105
=

1

7
.

Hence

t =
ln 1/7

k
= − ln 7

k
=

ln 7

ln 7/5
.

The limit as t → ∞ of the temperature is A = 75 degrees.

(350) (a) Let y(t) be the amount of “retaw” (in gallons) in the tank at time t. Then

dy

dt
=

5

100
y

︸ ︷︷ ︸

growth

− 3
︸ ︷︷ ︸

removal

.

(b) y(t) = 60 + Cet/20 = 60 + (y0 − 60)et/20.

(c) If y0 = 100 then y(t) = 60 + 40et/20 so that limt→∞ y(t) = +∞.

(d) y0 = 60.

(351) Finding the equation is the hard part. Let A(t) be the volume of acid in the vat at time t. Then A(0) =
25% of 1000 = 250gallons.

A′(t) = the volume of acid that gets pumped in minus the volume that gets extracted per minute. Per minute 40%
of 20 gallons, i.e. 8 gallons of acid get added. The vat is well mixed, and A(t) out of the 1000gallons are acid, so if
20 gallons get extracted, then A

1000
× 20 of those are acid. Hence

dA

dt
= 8 − A

1000
× 20 = 8 − A

50
.

The solution is A(t) = 400 + Ce−t/50 = 400 + (A(0) − 400)e−t/50 = 400 − 150e−t/50.

The concentration at time t is

concentration =
A(t)

total volume
=

400 − 150e−t/50

1000
= 0.4 − 0.15r−t/50.

If you wait for very long the concentration becomes

concentration = lim
t→∞

A(t)

1000
= 0.4.

(352) P is the volume of polluted water in the lake at time t. At any time the fraction of the lake water which is
polluted is P/V , so if 24 cubic feet are drained then P

V
× 24 of those are polluted. Here V = 109; for simplicity we’ll

just write V until the end of the problem. We get

dP

dt
= ”in minus out” = 3 − P

V
× 24

whose solution is P (t) = 1
8
V + Ke−

24
V

t. Here K is an arbitrary constant (which we can’t call C because in this
problem C is the concentration).

The concentration at time t is

C(t) =
P (t)

V
=

1

8
+

K

V
e−

24
V

t =
1

8
+

(
C0 − 1

8

)
e−

24
V

t.

No matter what C0 is you always have

lim
t→∞

C(t) = 0

because limt→∞ e−
24
V

t = 0.

If C0 = 1
8

then the concentration of polluted water remains constant: C(t) = 1
8
.
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(365) (a) Since

(
1
2

)

+

(
x
x

)

=

(
1 + x
2 + x

)

the number x would have to satisfy both 1 + x = 2 and 2 + x = 1. That’s

impossible, so there is no such x.

(b) No drawing, but ~p =

(
1
2

)

+

(
x
x

)

=

(
1
2

)

+ x

(
1
1

)

is the parametric representation of a straight line through the

points (1, 2) (when x = 0) and (2, 3) (when x = 1).

(c) x and y must satisfy

(
x + y
2x + y

)

=

(
2
1

)

. Solve x + y = 2, 2x + y = 1 to get x = −1, y = 3.

(366) Every vector is a position vector. To see of which point it is the position vector translate it so its initial point
is the origin.

Here
−→
AB =

(
−3
3

)

, so
−→
AB is the position vector of the point (−3, 3).

(367) One always labels the vertices of a parallelogram counterclockwise (see §45.4).

ABCD is a parallelogram if
−→
AB +

−−→
AD =

−→
AC.

−→
AB =

(
1
1

)

,
−→
AC =

(
2
3

)

,
−−→
AD =

(
3
1

)

. So
−→
AB +

−−→
AD 6= −→

AC, and ABCD

is not a parallelogram.

(368) (a) As in the previous problem, we want
−→
AB +

−−→
AD =

−→
AC. If D is the point (d1, d2, d3) then

−→
AB =





0
1
1



,

−−→
AD =





d1

d2 − 2
d3 − 1



,
−→
AC =





4
−1
3



, so that
−→
AB +

−−→
AD =

−→
AC will hold if d1 = 4, d2 = 0 and d3 = 3.

(b) Now we want
−→
AB +

−→
AC =

−−→
AD, so d1 = 4, d2 = 2, d3 = 5.

(373) (a) ~x =





3
0
1



 + t





−1
1
1



 =





3 − t
t

1 + t



.

(b) Intersection with xy plane when z = 0, i.e. when t = −1, at (4,−1, 0). Intersection with xz plane when y = 0,
when t = 0, at (3, 0, 1) (i.e. at A). Intersection with yz plane when x = 0, when t = 3, at (0, 3, 4).

(374) (a) ~p = (~b + ~c)/2, ~q = (~a + ~c)/2, ~r = (~a + ~b)/2.

(b) ~m = ~a + 2
3
(~p − ~a) (See Figure 18, with AX twice as long as XB). Simplify to get ~m = 1

3
~a + 1

3
~b + 1

3
~c.

(c) Hint : find the point N on the line segment BQ which is twice as far from B as it is from Q. If you compute this
carefully you will find that M = N .

(376) To decompose ~b set ~b = ~b⊥ +~b//, with ~b// = t~a for some number t. Take the dot product with ~a on both sides

and you get ~a • ~b = t‖~a‖2, whence 3 = 14t and t = 3
14

. Therefore

~b// =
3

14
~a, ~b⊥ = ~b − 3

14
~a.

To find ~b// and ~b− ⊥ you now substitute the given values for ~a and ~b.

The same procedure leads to ~a⊥ and ~a//: ~a// = 3
2
~b, ~a⊥ = ~a − 3

2
~b.

(377) This problem is of the same type as the previous one, namely we have to decompose one vector as the sum of
a vector perpendicular and a vector parallel to the hill’s surface. The only difference is that we are not given the
normal to the hill so we have to find it ourselves. The equation of the hill is 12x1 +5x2 = 130 so the vector ~n = ( 12

5 )
is a normal.

The problem now asks us to write ~f grav = ~f⊥ + ~f //, where ~f⊥ = t~n is perpendicular to the surface of the hill, and
~f // id parallel to the surface.

Take the dot product with ~n, and you find t‖~n‖2 = ~n • ~f grav =⇒ 169t = −5mg =⇒ t = − 5
169

mg. Therefore

~f⊥ = − 5

169
mg

(
12
5

)

=

(
− 60

169
mg

− 25
169

mg

)

, ~f // = ~f grav − ~f⊥ =

(
− 60

169
mg

144
169

mg

)

,
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(379) (i) ‖~a−~b‖2 = ‖~a‖2 − 2~a •~b + ‖~b‖2; (ii) ‖2~a−~b‖2 = 4‖~a‖2 − 4~a •~b + ‖~b‖2; (iii) ‖~a + ~b‖ =
√

54, ‖~a − ~b‖ =
√

62

and ‖2~a − ~b‖ =
√

130.

(381) Compute
−→
AB = −−→

BA =

(
1
1

)

,
−−→
BC = −−−→

CB =

(
−2
2

)

,
−→
AC = −−→

CA =

(
−1
3

)

. Hence ‖−→AB‖ =
√

2, ‖−−→BC‖ =

√
8 = 2

√
2, ‖−→AC‖ =

√
10.

And also
−→
AB • −→AC = 2 =⇒ cos ∠A =

−−→
AB•−−→AC

‖−−→AB‖ ‖−−→AC‖
= 2√

20
= 1√

5
.

A similar calculation gives cos ∠B = 0 so we have a right triangle; and cos ∠C = 2√
5
.

(382)
−→
AB = ( 2

1 ),
−→
AC =

(
t−1
2−t

)
,
−−→
BC =

(
t−3
1−t

)
.

If the right angle is at A then
−→
AB • −→

AC = 0, so that we must solve 2(t − 1) + (2 − t) = 0. Solution: t = 0, and
C = (0, 3).

If the right angle is at B then
−→
AB • −−→

BC = 0, so that we must solve 2(t − 3) + (1 − t) = 0. Solution: t = 5, and
C = (5,−2).

If the right angle is at C then
−→
AC • −−→BC = 0, so that we must solve (t − 1)(t − 3) + (2 − t)(1− t) = 0. Note that this

case is different in that we get a quadratic equation, and in that there are two solutions, t = 1, t = 5
2
.

This is a complete solution of the problem, but it turns out that there is a nice picture of the solution, and that the
four different points C we find are connected with the circle whose diameter is the line segment AB:

A(1,1)

B(1,1)

C (t=0)

C (t=5)

C (t=1.0)

C (t=2.5)

(383.i) ` has defining equation − 1
2
x + y = 1 which is of the form ~n • ~x =constant if you choose ~n =

( −1/2
1

)
.

(383.ii) The distance to the point D with position vector ~d from the line ` is ~n•(~d−~a)
‖~n‖ where ~a is the position vector

of any point on the line. In our case ~d = ~0 and the point A(0, 1), ~a =
−→
OA = ( 0

1 ), is on the line. So the distance to

the origin from the line is
−~n • ~a

‖~n‖ =
1

√

(1/2)2 + 12
= 1/

√
5.

(383.iii) 3x + y = 2, normal vector is ~m = ( 3
1 ).
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(383.iv) Angle between ` and m is the angle θ between their normals, whose cosine is cos θ = ~n• ~m
‖~n‖ ‖ ~m‖ = −1/2√

5/4
√

10
=

− 1√
50

= − 1
10

√
2.

(388.i) ~0 (the cross product of any vector with itself is the zero vector).

(388.iii) (~a + ~b)××× (~a − ~b) = ~a××× ~a + ~b××× ~a − ~a××× ~b − ~b××× ~b = −2~a ××× ~b.

(389) Not true. For instance, the vector ~c could be ~c = ~a + ~b, and ~a ××× ~b would be the same as ~c××× ~b.

(390.i) A possible normal vector is ~n =
−→
AB ××× −→

AC =
( −4

4
−4

)

. Any (non zero) multiple of this vector is also a valid

normal. The nicest would be 1
4
~n =

( −1
1
−1

)

.

(390.ii) ~n • (~x−~a) = 0, or ~n • ~x = ~n •~a. Using ~n and ~a from the first part we get −4x1 +4x2 − 4x3 = −8. Here you

could replace ~a by either ~b or ~c. (Make sure you understand why; if you don’t think about it, then ask someone).

(390.iii) Distance from D to P is ~n•(~d−~a)
‖~n‖ = 4/

√
3 = 4

3

√
3. There are many valid choices of normal ~n in part (i) of

this problem, but they all give the same answer here.

Distance from O to P is ~n•(~0−~a)
‖~n‖ = 2

3

√
3.

(390.iv) Since ~n • (~0 − ~a) and ~n • (~d − ~a) have the same sign the point D and the origin lie on the same side of the
plane P.

(390.v) The area of the triangle is 1
2
‖−→AB ×××−→

AC‖ = 2
√

3.

(390.vi) Intersection with x axis is A, the intersection with y-axis occurs at (0,−2, 0) and the intersection with the
z-axis is B.

(391.i) Since ~n =
−→
AB ××× −→

AC =
( −3

1
1

)

the plane through A,B, C has defining equation −3x + y + z = 3. The

coordinates (2, 1, 3) of D do not satisfy this equation, so D is not on the plane ABC.

(391.ii) If E is on the plane through A, B, C then the coordinates of E satisfy the defining equation of this plane, so
that −3 · 1 + 1 · 1 + 1 · α = 3. This implies α = 5.

(392.i) If ABCD is a parallelogram then the vertices of the parallelogram are labeled A, B, C, D as you go around

the parallelogram in a counterclockwise fashion. See the figure in §43.2. Then
−→
AB +

−−→
AD =

−→
AC. Starting from this

equation there are now two ways to solve this problem.

(first solution) If D is the point (d1, d2, d3) then
−−→
AD =

(
d1−1
d2+1
d3−1

)

, while
−→
AB =

(
1
1
0

)

and
−→
AC =

(
0
3
−1

)

. Hence

−→
AB +

−−→
AD =

−→
AC implies

(
d1

d2+2
d3−1

)

=
(

0
3
−1

)

, and thus d1 = 0, d2 = 1 and d3 = 0.

(second solution) Let ~a,~b,~c, ~d be the position vectors of A, B, C, D. Then
−→
AB = ~b − ~a, etc. and

−→
AB +

−−→
AD =

−→
AC

is equivalent to ~b − ~a + ~d − ~a = ~c − ~a. Since we know ~a,~b,~c we can solve for ~d and we get ~d = ~c − ~b + ~a =
(

1
−1
1

)

−
(

2
0
1

)

+
(

1
2
0

)

=
(

0
1
0

)

.

(392.ii) The area of the parallelogram ABCD is ‖−→AB ×××−−→
AD‖ =

∥
∥
∥

( −1
1
3

)∥
∥
∥ =

√
11.

(392.iii) In the previous part we computed
−→
AB ××× −−→

AD =
( −1

1
3

)

, so this is a normal to the plane containing A,B, D.

The defining equation for that plane is −x + y + 3z = 1. Since ABCD is a parallelogram any plane containing ABD
automatically contains C.

(392.iv) (−1, 0, 0), (0, 1, 0), (0, 0, 1
3
).

(393.i) Here is the picture of the parallelepiped (which you can also find on page 103):
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base

H

A

C

B

F

G

D

E

Knowing the points A,B, D we get
−→
AB =

( −1
2
0

)

,
−−→
AD =

( −2
0
1

)

. Also, since EF GH
ABCD

is a parallelepiped, we know that

all its faces are parallelogram, and thus
−−→
EF =

−→
AB, etc. Hence: we find these coordinates for the points A, B, . . .

A(1, 0, 0), (given); B(0, 2, 0), (given); C(−2, 2, 1), since
−→
AC =

−→
AB +

−−→
AD =

( −3
2
1

)

; D(−1, 0, 1), (given); E(0, 0, 2),

(given)

F (−1, 2, 2), since we know E and
−−→
EF =

−→
AB =

( −1
2
0

)

G(−3, 2, 3), since we know F and
−−→
FG =

−−→
EH =

−−→
AD =

( −2
0
1

)

H(−2, 0, 3), since we know E and
−−→
EH =

−−→
AD =

( −2
0
1

)

.

(393.ii) The area of ABCD is ‖−→AB ×××−−→
AD‖ =

√
21.

(393.iii) The volume of P is the product of its height and the area of its base, which we compute in the previous and

next problems. So height= volume
area base

= 6√
21

= 2
7

√
21.

(393.iv) The volume of the parallelepiped is
−→
AE • (

−→
AB ×××−−→

AD) = 6.

Sketching Parametrized Curves

(395) The straight line y = x + 1, traversed from the
top right to the bottom left as t increases from −∞ to
+∞.

(396) The diagonal y = x traversed from left to right,
from upwards.

(397) The diagonal y = x again, but since x = et can
only be positive we only get the part in the first quad-
rant. At t = −∞ we start at the origin, as t → +∞
both x and y go to +∞.

(398) The graph of y = ln x, or x = ey (same thing),
traversed in the upwards direction.

(399) The part of the graph of y = 1/x which is in the
first quadrant, traversed from left to right.

(400) The standard parabola y = x2, from left to right.

(401) The graph x = sin y. This is the usual Sine
graph, but on its side.

(402) We remember that cos 2α = 1− 2 sin2 α, so that
~x(t) traces out a part of the parabola y = 1−x2. Look-
ing at x(t) = sin t we see ~x(t) goes back and forth on
the part of the parabola y = 1 − 2x2 between x = −1
and x = +1.

(403) The unit circle, traversed clockwise, 25 times
every 2π time units. Note that the angle θ = 25t is
measured from the y-axis instead of from the x-axis.
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(404) Circle with radius 1 and center (1, 1) (it touches
the x and y axes). Traversed infinitely often in coun-
terclockwise fashion.

(1,1)

t

(405) Without the 2 this would be the standard unit
circle (dashed curve below). Multiplying the x com-
ponent by 2 stretches this circle to an ellipse. So ~x(t)
traces out an ellipse, infinitely often, counterclockwise.

(406) For each y = t3 there is exactly one t, namely,

t = y1/3. So the curve is a graph (with x as a function
of y instead of the other way around). It is the graph

of x = y2/3 = 3
√

y2.

y = x3/2

y = −x3/2

The curve is called Neil’s parabola.

(407) If θ is the angle through which the wheel has

turned, then ~x(θ) =

(
θ − a sin θ
1 − a cos θ

)

.

(410) Here’s the picture:

The arc AB has length θ, and we are told the line
segment BX has the same length. From this you get

~x(θ) =

(
cos θ + θ sin θ
sin θ − θ cos θ

)

This curve is called the evolute of the circle.

(415.i) ~x(0) = ~a, ~x(1) = ~c so the curve goes from A to

C as t increases from t = 0 to t = 1. ~x′(0) = 2(~b − ~a)
so the tangent at t = 0 is parallel to the edge AB, and

pointing from A to B. ~x′(1) = 2(~c−~b) so the tangent
at t = 1 is parallel to the edge BC, and pointing from
B to C. For an animation of the curve in this problem
visit Wikipedia at

http://en.wikipedia.org/wiki/File:Bezier_2_big.gif

(415.ii) At t = 1/2. If you didn’t get this, you can
still get partial credit by checking that this answer is
correct.

(417.i) Horizontal tangents: t = 1/4; Vertical tan-
gents: t = 0; Directions: SouthEast −∞ < t < 1/4,
NorthEast 1/4 < t < 0, NorthWest 0 < t < ∞.

(417.ii) This vector function is 2π periodic, so we only
look at what happens for 0 ≤ t ≤ 2π (or you could take
−π ≤ t ≤ π, or any other interval of length 2π).
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Horizontal tangents: t = π
4
, 3π

4
, 5π

4
, 7π

4
; Vertical

tangents: t = π
2
, 3π

2
;

Directions: NE 0 < t < π
4
, SE π

4
< t < π

2
, SW

π
2

< t < 3π
4

, NW 3π
4

< t < 5π
4

, SW 5π
4

< t < 3π
2

,

SE 3π
2

< t < 7π
4

, NE 7π
4

< t < 2π.

The curve traced out is a figure eight on its side, i.e.
the symbol for infinity “∞”.

(417.iii) Very similar to the previous problem. In fact
both this vector function and the one from the previ-
ous problem trace out exactly the same curve. They
just assign different values of the parameter t to points
on the curve.

(417.iv) Horizontal points: t = ±√
a; Vertical

points: t = 0; . Directions: SE −∞ < t < −√
a, NE

−√
a < t < 0, NW 0 < t <

√
a, SW

√
a < t < ∞.

The curve looks like a “fish” (with some imagination.)

(417.v) No horizontal points; Vertical point: t = 0.
Directions: NE −∞ < t < 0, NW 0 < t < ∞.

(417.vi) This one has lots of horizontal and ver-
tical tangents. If you replace the numbers 2
and 3 by other integers you get curves called
“Lissajous figures”. Get a graphing cal-
culator/program and draw some. Or go to
http://en.wikipedia.org/wiki/Lissajous_curve .

(417.vii) Horizontal point: t = 0; Vertical points:
t = ±1; . Directions: SW −∞ < t < −1, SE
−1 < t < 0, NE 0 < t < 1, NW 1 < t < ∞.

It sort of looks like this

(But this is really the graph of ~x(t) =
(

t/(1+t4)

t2

)

.)

(417.ix) This vector function traces out the right half
of the parabola y = 2(x−1)2 (i.e. the part with x ≥ 1),
going from right to left for −∞ < t < 0, and then back
up again, from left to right for 0 < t < ∞.
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