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Abstract. We prove a power saving on average for the number of regular algebraic cusp
forms of fixed level and growing weight on GL3/Q, by adapting the methods of our earlier
paper on GL2.

1. Introduction

The purpose of this article is to prove a power saving over the trivial bound for the
number of regular algebraic cusp forms on GL3/Q of fixed level and growing weight. In
order to precisely define the spaces of forms we consider, we introduce some notation.

Let a ≥ b ≥ c be integers, and let V be the irreducible algebraic representation of GL3(R)
with highest weight (a, b, c). We say that an irreducible unitary representation π of GL3(R)
is regular algebraic of weight (a, b, c) if it is infinite dimensional, and has nonzero (g, K)-
cohomology H∗(g, K; π ⊗ V ) (where K = SO(3)). By a theorem of Borel and Wallach [4,
Ch II, Prop 6.12], in order for such a π to exist we must have b = 0 and c = −a (i.e. V must
be equal to its twist by the Cartan involution).

It therefore suffices to consider weights of the form (λ, 0,−λ). We let Vλ be the algebraic
representation of GL3(R) with highest weight (λ, 0,−λ), and abbreviate “regular algebraic
of weight (λ, 0,−λ)” to “regular algebraic of weight λ”. If π is regular algebraic of weight λ,
it is known that

H i(g, K; π ⊗ Vλ) =
{ C i = 2, 3,

0 i 6= 2, 3.

We shall say that a cusp form π on GL3/Q is regular algebraic of weight λ if π∞ has this
property.

Theorem 1. Fix a level subgroup K, and let Aλ be the set of cusp forms on GL3/Q that
are regular algebraic of weight λ and have level K. We have |Aλ| �K,ε λ

3−4/27+ε.

We shall deduce Theorem 1 from the following theorem on the cohomology of congruence
subgroups of SL(3,Z).

Theorem 2. Let Γ be a congruence subgroup of SL(3,Z). We have dimH2(Γ, Vλ) �Γ,ε

λ3−4/27+ε.

Theorem 2 will be proved using the methods of our previous paper [12], which relied heavily
on the theory of completed cohomology developed by Calegari and Emerton in [5, 8]. The
main new ingredient here is a bound for the invariants in certain noncommutative Iwasawa
modules for the group SL(3,Qp) (Proposition 4). We note that the methods used to prove
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Proposition 4 extend to other groups in a way that should, in principle, allow one to prove
some higher rank cases of our main theorems. However, at present there seems to be an
obstruction to deducing bounds for cohomology from these bounds for Iwasawa invariants.
We discuss this further in Sections 2.2 and 2.5.

We note that Theorems 1 and 2 represent a power saving over the trivial bound, which is on
the order of dimVλ ∼ λ3. These results may be interpreted as a bound for the multiplicity
of a tempered representation of SL3(R) in the space L2

cusp(Γ\SL(3,R)) for a congruence
subgroup Γ ⊂ SL(3,Z). There are few cases in which such a power saving for a tempered
multiplicity is known [6, 7, 12, 13], which is related to the fact that, at present, purely
analytic tools such as the trace formula are only able to obtain a logarithmic saving over
the trivial bound for tempered representations. One has a lower bound for |Aλ| of |Aλ| � λ
from symmetric square lifts, and the computations of [1] (and those of [9] in the analogous
case of SL2(C)) suggest that this is the main contribution so that in fact |Aλ| ∼ λ.

1.1. Proof of Theorem 1 assuming Theorem 2. Before proving Theorem 2, we show
how it implies Theorem 1 using the extension of Matsushima’s formula to noncompact
quotients proved in [2, 3]. Let Z+ be the positive scalar matrices in GL3(R), and define
X = GL3(Q)\GL3(A)/KZ+. We have X =

⋃
Γi\SL3(R), where Γi are congruence sub-

groups of SL(3,Z).
There is a unique irreducible unitary infinite dimensional representation πλ of SL3(R)

with H2(g, K; πλ ⊗ Vλ) 6= 0. This implies that if π ∈ Aλ then the restriction of π∞ to
SL3(R) must be isomorphic to πλ. Moreover, π∞ is trivial on Z+. If we let m(πλ, X)
denote the multiplicity with which πλ occurs in L2

cusp(X), it follows that |Aλ| ≤ m(πλ, X).
If Γ ⊂ SL(3,Z) is a congruence subgroup we let m(πλ,Γ) be the corresponding multiplicity
in Γ\SL(3,R). We have

m(πλ, X) ≤
∑
i

m(πλ,Γi),

so it suffices to prove that m(πλ,Γ)�Γ,ε λ
3−4/27+ε for any Γ. The extension of Matsushima’s

formula to noncompact quotients proved in [2, 3] implies that m(πλ,Γ) ≤ dimH2(Γ, Vλ),
and Theorem 2 completes the proof.

2. Proof of Theorem 2

The proof of Theorem 2 is based on the theory of completed cohomology developed by
Calegari and Emerton. Before describing how we use this theory, we introduce some notation.

2.1. Notation. We define Gn = {g ∈ SL(3,Zp) : g ≡ 1(pn)}, and let G = G1. We define
the non-commutative Iwasawa algebras ΛQp and Λ by

ΛQp = ΛZp ⊗Zp Qp, ΛZp = lim←−
k

Zp[G/Gk],

Λ = lim←−
k

Fp[G/Gk],

where the projections are given by the trace maps Zp[G/G′k]→ Zp[G/Gk] for k′ ≥ k.
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If M is a Λ module, we let M∗ denote its Fp-linear dual. We say that M is co-finitely
generated (resp. co-torsion) if M∗ is finitely generated (resp. torsion). We apply these
definitions to ΛQp and ΛZp modules in the natural way.

We let T and U be the diagonal and strictly upper triangular subgroups of G, and define
P (n) = TUGn. In this section, we will let hi = dimH i.

2.2. Outline of proof. Because the representations Vλ are defined over Q, we can and
will consider Vλ as a representation over Qp. We let n be the smallest integer such that
pn > 3λ, and choose a Zp-lattice Vλ ⊂ Vλ using Lemma 3. Choosing such a lattice allows us
to calculate H2(Γ, Vλ) using the theory of completed cohomology. This produces co-finitely

generated ΛZp modules H̃ i for each cohomological degree i, and a spectral sequence that
gives

h2(Γ, Vλ) ≤
∑
i+j=2

hi(G, H̃j ⊗Zp Vλ).

The congruence subgroup property for SL(3,Z) implies that the contributions from H̃0

and H̃1 may be ignored, so we are left with bounding h0(G, H̃2⊗Vλ). A reduction modulo p
argument converts this problem to one of bounding h0(G,M⊗Vλ/p), where M is a co-finitely
generated Λ module. Moreover, one may show that M is co-torsion because SL(3,R) does
not have discrete series. By the embedding Vλ/p ⊂ Fp[G/P (n)] given by Lemma 3, and
Shapiro’s Lemma, we have h0(G,M ⊗ Vλ/p) ≤ dimMP (n). After conjugating P (n) to be
closer to the diagonal torus in G, Theorem 2 follows from the bounds on invariants in Λ
modules proved in Section 3.

The fact that we only had to deal with h0(G, H̃2 ⊗ Vλ), and not a higher cohomology
group with respect to G, is essential to our argument, as it allows us to pass from Vλ/p to
Fp[G/P (n)]. This is the reason we are currently restricted to SL(3,R), as tempered forms
there contribute in the first degree above which the completed cohomology is known to be
small. We discuss an approach to removing this restriction in Section 2.5.

2.3. Choosing a lattice in Vλ. We now find the lattice Vλ ⊂ Vλ with the properties
mentioned above.

Lemma 3. If n ≥ 1 satisfies pn > 3λ, there is a lattice Vλ ⊂ Vλ such that Vλ/pVλ is
isomorphic to a submodule of Fp[G/P (n)].

Proof. Let w∗λ ∈ V ∗λ be a nonzero vector of highest weight. Vλ is isomorphic to the space of
functions on SL(3,Qp) of the form

f(g) = 〈π(g−1)vλ, w
∗
λ〉, v ∈ Vλ,

where SL(3,Qp) acts by [π(h)f ](g) = f(h−1g). We define Vλ to be the Zp-module of functions
whose values on G lie in Zp. This implies that Vλ/pVλ may be identified with the reductions
mod p of the functions in Vλ, and we must show that these reductions are right-invariant
under P (n).

If we let w−λ ∈ Vλ be a vector of lowest weight with 〈w−λ, w∗λ〉 = 1, then by considering
the action of the upper and lower triangular subgroups we see that 〈π(g−1)w−λ, w

∗
λ〉 is the

function
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 x11 x12 x13

x21 x22 x23

x31 x32 x33

→ xλ11 det

(
x11 x12

x21 x22

)λ
.

This implies that the functions in Vλ are polynomials of degree at most 3λ on SL(3,Qp).
A theorem of Lucas [11] states that if h(x) is an integer valued polynomial on Zp of degree
d, and d ≤ pt, then the reduction of h modulo p is constant on cosets of ptZp. This implies
that the functions in Vλ/pVλ are invariant under Gn. The invariance under TU follows from
our choice of w∗λ as a highest weight vector, which completes the proof.

�

2.4. Completed cohomology. We now carry out the argument outlined above. Let p > 3
be a prime. There is an injection φ : Γ → SL(3,Zp) such that φ(Γ) is open. By choosing p

sufficiently large and passing to a subgroup of Γ, we may assume that φ(Γ) = G. We may
also assume that Γ is torsion free. For k ≥ 1, define Γk = Γ ∩ Gk. Following Calegari and
Emerton, we define

H̃ i(Vλ) = lim←−
s

lim−→
k

H i(Γk,Vλ/ps).

We recall the following facts about H̃ i(Vλ).
(1) H̃ i(Vλ) is a p-adically complete and separated Zp-module.

(2) H̃ i(Vλ) has the structure of a co-finitely generated ΛZp-module that extends the
natural action of G by conjugation.

(3) Because SL(3,R) does not admit discrete series, H̃ i(Vλ) is a co-torsion ΛZp-module
for all i.

(4) H̃ i(Vλ) carries an action of SL(3,Qp) extending the action of G.

(5) There is a spectral sequence Ei,j
2 = H i(G, H̃j(Vλ)⊗Zp Qp) =⇒ H i+j(Γ, Vλ).

Because Vλ is continuous as a representation of G, for each fixed s, Vλ/ps is eventually
trivial on Γk. If we define

H̃ i = lim←−
s

lim−→
k

H i(Γk,Zp/ps),

we therefore have H̃ i(Vλ) = H̃ i ⊗ Vλ.
The spectral sequence (5) implies that

h2(Γ, Vλ) ≤
∑
i+j=2

hi(G, H̃j(Vλ)⊗Zp Qp) =
∑
i+j=2

hi(G, H̃j ⊗Zp Vλ).

Moreover, the terms in this sum with j = 0, 1 are small. One has H̃0 = Zp, and so

h2(G, H̃0 ⊗Zp Vλ) = h2(G, Vλ) = 0. Also, one has H̃1 = 0 by the congruence subgroup
property for SL(3,Z). We therefore have

h2(Γ, Vλ) ≤ h0(G, H̃2 ⊗Zp Vλ).
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We define H̃2
Qp

= H̃2⊗Zp Qp. If we let H̃2
tf be the quotient of H̃2 by its Zp-torsion submodule,

then H̃2
tf injects into H̃2

Qp
and forms a SL(3,Qp)-stable lattice. Moreover, if we define M to

be the Λ module M = H̃2
tf/pH̃

2
tf, then M∗ is finitely generated and torsion.

H̃2
tf ⊗ Vλ is a lattice in H̃2 ⊗Zp Vλ, and so we have

h0(G, H̃2 ⊗Zp Vλ) ≤ h0(G,M ⊗Fp (Vλ/p))
Lemma 3 gives h0(G,M ⊗Fp (Vλ/p)) ≤ h0(G,M ⊗Fp Fp[G/P (n)]), and by Shapiro’s Lemma

this is equal to dimMP (n). We now use the SL(3,Qp) action to conjugate P (n) so that it
is closer to TGn. If we assume that 3|n and define x = diag(pn/3, 1, p−n/3), then we have
xP (n)x−1 ⊂ TGn/3. We may now combine Proposition 4 and Lemma 6 to give

dimMxP (n)x−1 ≤ |TGn/3 : xP (n)x−1| dimMTGn/3

� (100p−4/9)n/3|G : xP (n)x−1|
= (100p−4/9)n/3p3n.

By our choice of n, (100p−4/9)n/3p3n � λ3−4/2710n, which completes the proof after choosing
p sufficiently large.

2.5. An extension to general groups. As mentioned above, we would be able to extend
Theorems 1 and 2 to some higher rank groups, or number fields other than Q, if not for the
fact that if A ⊂ B are G-modules, then one does not generally have hi(G,A) ≤ hi(G,B)
unless i = 0. In [12, Cor. 14], we circumvented this problem in the GL2 case by showing
that any Fp[x]-submodule V ⊂ Fp[x]/〈xpn〉 has an “efficient” filtration with subquotients of

the form Fp[x]/〈xpk〉 for varying k. The analogous result in the case of GL3/Q would be to
show that any submodule V ⊂ Fp[G/P (n)] has an “efficient” filtration with subquotients
isomorphic to Fp[G/P (k)]. We were able to do this in [12] because the polynomial rings
involved were one-dimensional, but do not know how to do it here.

We shall state the problem at hand more precisely in the simpler case of modules over
Fp[x, y], in the hope that others will suggest an approach to it.

Problem 1. Show that there exists ε, δ > 0 with the following property: If V is a Fp[x, y]-
submodule of Fp[x, y]/〈xpn , ypn〉, then it is possible to write V in the Grothendieck group

of Fp[x, y]-modules as
∑

i±Fp[x, y]/〈xpn(i)
, yp

n(i)〉 in such a way that
∑

i p
(2−δ)n(i) � p(2−ε)n,

where the implied constant is absolute.

3. Invariants of Λ modules

The purpose of this section is to prove the following bound on invariants of Λ modules,
which is a key ingredient in the proof of Theorem 2.

Proposition 4. Let M be a Λ module with M∗ finitely generated and torsion. Then we have

dimMTGn � (100p−4/9)n|G : TGn|
for all n.
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Note that one trivially has dimMTGn � |G : TGn|, so that Proposition 4 represents a
power saving over the trivial bound. Our starting point for the proof will be the following
theorem of M. Harris [10], which establishes an analogue of Proposition 4 for the uniformly
shrinking groups Gn.

Theorem 5. Let M be a module for either Λ or ΛQp with M∗ finitely generated and torsion.
We then have

dimMGn � p−n|G : Gn|.

To deduce Proposition 4 from Theorem 5, we shall show that one may stretch the subgroup
Gn into TGn while maintaining some of the power saving for the invariants, using the basic
method of [12, Prop 7]. Note that the argument we use should extend to some other low
rank cases, if T is taken to be a maximal split torus.

We begin with a lemma that will give us freedom to pass bounds for invariants between
subgroups of G.

Lemma 6. Let V be a finite dimensional representation of G over Fp, and let G ≥ H1 ≥ H2

be open subgroups of G. We have dimV H2 ≤ |H1 : H2| dimV H1.

Proof. By Lemma 7, it suffices to find a chain of normal subgroups H1 = J1BJ2B . . .BJi =
H2. We claim that the groups Jk = (H1 ∩ Gk)H2Gk+1 (which stabilize at H2 for k large)
suffice. First, one observes that these are in fact groups, as Gk/Gk+1 is central in G/Gk+1.
Next, we wish to show that [Jk−1, Jk−1] ⊂ Jk. As [Gk, G] ⊂ Gk+1, it suffices to check the
commutators [H2 ∩ Gk−1, H2 ∩ Gk−1], [H2 ∩ Gk−1, H1], and [H1, H1]. We have [H1, H1] ⊂
H1 ⊂ Jk, and [H2 ∩ Gk−1, H2 ∩ Gk−1] ⊂ H2 ∩ Gk ⊂ Jk. Finally, [H2 ∩ Gk−1, H1] ⊂ H1, and
[H2 ∩Gk−1, H1] ⊂ [Gk−1, G] ⊂ Gk. This completes the proof.

�

Lemma 7. Let J1 B J2 be two groups, with J1/J2 of order p. Let V be a finite dimensional
representation of J1 over Fp. Then dimV J2 ≤ p dimV J1.

Proof. The space V J2 carries a representation of J1/J2. If we let j ∈ J1/J2 be nontrivial,
then ker(1− j) = V J1 , and (1− j)p = 0. The lemma follows.

�

We shall prove Proposition 4 by building up the torus T one dimension at a time. We
define subtori S1 and S2 of T by

S1 =


 x

x
x−2

 : x ∈ pZp

 , S2 =


 x

x−1

1

 : x ∈ pZp

 .

As p is odd, we have S1S2 = T and S1 ∩ S2 = 1. We also define H to be the intersection
of G with the copy of SL(2,Zp) embedded in the upper left hand corner. It follows that
H commutes with S1, and S2 ⊂ H. The following Lemmas ?? and 10 are proven using the
same method as [12, Prop 7], and combining them will give Proposition 4.

Lemma 8. Let V be a finite dimensional representation of G over Fp, and suppose that
dimV Gk ≤ Cp7k for all 1 ≤ k ≤ n. Then dimV S1Gn ≤ C10np(7−2/3)n.
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Proof. For any k − 1 ≥ j ≥ 0, we define S(k, j) = (S1 ∩Gk−j)Gk. One may think of S(k, j)
as the subgroup of G obtained by stretching Gk by j steps in the S1 direction. We shall
prove by induction that

(1) dimV S(k,j) ≤ C(10p−2/3)j−1p7k

for all 1 ≤ k ≤ n and 0 ≤ j ≤ k − 1. This follows from the conditions of the lemma when
j = 0, 1.

Fix (k, j), and suppose that (1) holds for all (k′, j′) less than (k, j) in the lexicographic
ordering. We may assume that j ≥ 2. As in [12, Prop 7], we shall deduce (1) for (k, j)
from the cases (k − 1, j − 1) and (k, j − 1). It may be seen that S(k, j − 1) is normal in
S(k−1, j−1), and that the quotient X = S(k−1, j−1)/S(k, j−1) is Abelian and isomorphic
to the vector space F8

p. The image of S(k, j) in X is a line, which we denote by `. We define

N =

 1
1 pk−1

1

 , N =

 1
1

pk−1 1

 ,

and define W ⊂ X to be the subspace spanned by `, N , and N . Define U ⊂ W to be the
subspace spanned by N and N .

Lemma 9. If `′ ⊂ W is a line not contained in U , then there is g ∈ G whose action by
conjugation descends to X, and such that g`′g−1 = `.

Proof. This follows in the same way as [12, Lemma 9]. If we define

N ′ =

 1
1 pj−1

1

 , N
′
=

 1
1

pj−1 1

 ,

it may be checked that conjugation by N ′ and N
′
act on W by shearings that fix U pointwise

and act in the directions of N and N respectively.
�

If Y ⊂ X is any subspace, we let V Y be the vectors in V fixed by Y . Applying the same
inclusion-exclusion argument as in [12, Prop 7] gives

(2)

(
2m

m− 1
− 1

)
dimV ` ≤ 2m

m(m− 1)
dimV 0 +

m(m− 1)

2
dimV W ,

where m = bp2/3c. We have dimV W ≤ p5 dimV X by Lemma 6, and by our inductive
hypothesis (1) for (k − 1, j − 1) we have dimV X ≤ C(10p−2/3)j−2p7(k−1). Combining these
gives dimV W ≤ C(10p−2/3)j−2p7k−2. The inductive hypothesis for (k, j − 1) gives dimV 0 ≤
C(10p−2/3)j−2p7k, and substituting these into (2) gives(

2m

m− 1
− 1

)
dimV ` ≤ C(10p−2/3)j−2p7l

(
2m

m(m− 1)
+
m(m− 1)

2
p−2

)
.

By our choice of m, we have
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(
2m

m− 1
− 1

)−1(
2m

m(m− 1)
+
m(m− 1)

2
p−2

)
≤ 10p−2/3.

This completes the inductive step, and hence the proof.
�

Lemma 10. Let V be a finite dimensional representation of H over Fp, and suppose that
dimV Hk ≤ CRk for all 1 ≤ k ≤ n and some R ≥ 1. Then dimV S2Hn ≤ C10nR2n/3.

Proof. This follows in exactly the same way as [12, Prop 7], with the exception that at the
end of the proof one should choose j = k = bR1/3c+ 1.

�

By combining Lemma 8 with Theorem 5, we obtain

(3) dimMS1Gk ≤ C10kp(7−2/3)k for all k ≥ 1.

Because S1 and H commute, MS1Gn is a representation of H. We shall bound dimMS1GnHk

in order to apply Lemma 10. Applying Lemma 6 to the groups S1Gk ≥ S1GnHk gives

dimMS1GnHk ≤ dimMS1Gk |S1Gk : S1GnHk| = dimMS1Gkp4(n−k),

and combining this with (3) gives dimMS1GnHk ≤ C10kp4n+7k/3 for all 1 ≤ k ≤ n. We may
then apply Lemma 10 to V = MS1Gn with R = 10p7/3 to obtain

dimMTGn ≤ C10n+2n/3p4n+14n/9 ≤ C102np(6−4/9)n.

This completes the proof.

References

[1] A. Ash, D. Pollack: Everywhere unramified automorphic cohomology for SL3(Z), Int. J. Number Theory
4, No. 4 (2008), 113. 2

[2] A. Borel: Stable real cohomology of arithmetic groups II. Manifolds and Lie groups, J. Hano et. al. ed.
Progress in Maths., vol. 14, Birkhauser, Boston-Basel-Stuttgart (1981), 21-55. 2

[3] A. Borel, H. Garland: Laplacian and discrete spectrum of an arithmetic group, Amer. J. Math 105 (1983),
309-337. 2

[4] A. Borel, N. Wallach: Continuous cohomology, discrete subgroups, and representations of reductive
groups, Mathematical Surveys and Monographs 67, American Mathematical Society, Providence, R.I.
(2000). 1

[5] F. Calegari, M. Emerton: Non-abelian Fundamental Groups and Iwasawa Theory, London Math. Soc.
Lecture Note Ser., 393, 239257, CUP. 1

[6] F. Calegari, M. Emerton: Bounds for Multiplicities of Unitary Representations of Cohomological Type
in Spaces of Cusp Forms, Ann. of Math. 170 (2009), 1437-1446. 2

[7] W. Duke: The Dimension of the Space of Cusp Forms of Weight One, IMRN 2 (1995), 99-109. 2
[8] M. Emerton: On the ineterpolation of systems of Hecke eigenvalues, Inventiones Math. 164 (2006), 1-84.

1
[9] T. Finis, F. Grunewald, P. Tirao: The cohomology of lattices in SL(2,C), Experimental Math. 19 (2010),

no.1, 29-63. 2
[10] Harris, M: Correction to: ‘p-adic representations arising from descent on abelian varieties’ [Compositio

Math. 39 (1979), no. 2, 177-245], Compositio Math. 121 (2000), no. 1, 105-108. 6
[11] E. Lucas: Sur les congruences des nombres Eulériens et les coefficients différentiels des functions
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