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Abstract
In this paper we consider the cohomology of a closed arithmetic hyperbolic
3-manifold with coefficients in the local system defined by the even symmetric pow-
ers of the standard representation of SL.2;C/. The cohomology is defined over the
integers and is a finite abelian group. We show that the order of the 2nd cohomology
grows exponentially as the local system grows. We also consider the twisted Ruelle
zeta function of a closed arithmetic hyperbolic 3-manifold, and we express the leading
coefficient of its Laurent expansion at the origin in terms of the orders of the torsion
subgroups of the cohomology.

1. Introduction
Let G be a semisimple connected algebraic group over Q, let K be a maximal com-
pact subgroup of its group of real points G D G.R/, and let S D G=K be the asso-
ciated Riemannian symmetric space. Let � � G.Q/ be an arithmetic subgroup, and
let X D �nS be the corresponding locally symmetric space. Let � W G!GL.V / be a
rational representation of G on a Q-vector space V . Then there exists a latticeM � V
which is stable under � . Let M be the associated local system of free Z-modules over
X defined by the �-module M , and let H�.X;M/ be the corresponding sheaf coho-
mology. Since X has the homotopy type of a finite CW -complex, H�.X;M/ are
finitely generated abelian groups. The cohomology of arithmetic groups has impor-
tant connections to the theory of automorphic forms and number theory [Sch]. In this
respect, H�.X;M˝C/ has been studied to a great extent. Much less is known about
the torsion subgroup H�.X;M/tors. In a recent paper, Bergeron and Venkatesh [BV]
studied the growth of jH j .�N nS;M/torsj as N !1, where ¹�N º is a decreasing
sequence of normal subgroups of finite index of � with trivial intersection. This is
motivated by conjectures that torsion classes in the cohomology of arithmetic groups
should have arithmetic significance (see [AS], [ADP]). In this paper, we consider a
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similar problem in a different aspect. We fix the discrete group and vary the local
system. We also restrict attention to the case of hyperbolic 3-manifolds. However, we
expect that the results hold in greater generality.

Now we explain our results in more detail. Let H3 D SL.2;C/=SU.2/ be the
3-dimensional hyperbolic space, and let � � SL.2;C/ be a discrete torsion-free co-
compact subgroup. Then X D �nH3 is a compact oriented hyperbolic 3-manifold.
We are interested in arithmetic subgroups � which are derived from a quaternion
division algebra D over an imaginary quadratic number field F . The division algebra
D determines an algebraic group SL1.D/ over F which is an inner form of SL2 =F .
Moreover, the group of its F -rational points SL1.D/.F / is equal to

D1 WD
®
x 2D W N.x/D 1

¯
;

where N.x/D xx denotes the norm of x 2D. Let o�D be an order in D, and let
o1 D o \D1. Then o1 is a discrete subgroup of D1 D SL1.D/.F /. The quaternion
division algebra D splits over C; that is, there is an isomorphism ' W D ˝F C!

M2.C/ of C-algebras. Let � WD '.o1/. Then � is a cocompact arithmetic subgroup
of SL.2;C/. For n 2 N let V.n/D Sn.F 2/ be the nth symmetric power of F 2, and
let Symn be the nth symmetric power representation of SL2 =F on V.n/. It follows
from Galois descent that for every even n there is a rational representation

�n W SL1.D/=F !GL
�
V.n/

�

which is equivalent to Symn over F . Using this representation it follows that for each
even n there is a lattice Mn � V.n/ which is stable under � with respect to Symn.
Let Mn be the associated local system of free Z-modules over X . Then by [BW,
Chapter VII, Theorem 6.7] we have H�.X;Mn ˝ R/ D 0. Thus H�.X;Mn/ is a
torsion group. Let jHp.X;Mn/j denote the order of Hp.X;Mn/. The purpose of
this paper is to study the behavior of log jHp.X;Mn/j as n!1. Our main result is
the following theorem.

THEOREM 1.1
For every choice of �-stable lattices M2k in S2k.C2/ we have

lim
k!1

log jH 2.X;M2k/j

k2
D
2

�
vol.X/: (1.1)

Furthermore, for pD 1; 3 we have

log jHp.X;M2k/j � k logk (1.2)

uniformly over all choices of lattices M2k .
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Note that the left-hand side of (1.1) is a pure combinatorial invariant of X . So at
first sight it looks surprising that the volume appears on the right-hand side. However,
this is no contradiction, since we know by the Mostow–Prasad rigidity theorem that
the volume of a hyperbolic manifold is a topological invariant.

The proof of (1.1) is a consequence of the following theorem combined
with (1.2).

THEOREM 1.2
The alternating sum of log jHp.X;M2k/j is independent of the choice of a �-stable
lattice M2k in S2k.C2/, and we have

3X
pD1

.�1/p log jHp.X;M2k/j D
2

�
vol.X/k2CO.k/ (1.3)

as k!1.

The fact that
P3
pD1.�1/

p log jHp.X;M2k/j is independent of the choice of the
�-stable lattice M2k follows from the proof of (1.3), but it can also be seen in a more
elementary way (see the remark following (5.33)).

More generally for m;n 2N even, we may consider the local system

Mn;m DMn˝Mm;

where Mn is the local system attached to the complex conjugated latticeM n ofMn. If
n¤m, then nothing changes. We still have H�.X;Mn;m˝R/D 0. Thus for n¤m,
H�.X;Mn;m/ is a torsion group, and there is an asymptotic formula similar to (1.1)
as m!1 or n!1.

In [BV], Bergeron and Venkatesh established results of a similar nature but in a
different aspect. They studied the growth of the torsion in the cohomology for a fixed
local system as the lattice varies in a decreasing sequence of congruence subgroups.
Again the volume of the locally symmetric space appears as the main ingredient of
the asymptotic formulas.

Our next result is related to the Ruelle zeta function of X . In [De], Deninger
discussed a geometric analogue of Lichtenbaum’s conjectures in the context of Ruelle
zeta functions attached to certain dynamical systems. We establish a result of a similar
nature for the Ruelle zeta function of a compact arithmetic hyperbolic 3-manifold.

The Ruelle zeta function is a dynamical zeta function attached to the geodesic
flow on the unit tangent bundle of X . We recall its definition. Let � W �!GL.V / be
a representation on a finite-dimensional complex vector space. Given � 2 � , denote
by Œ�� the �-conjugacy class of � . For � 2 � n ¹eº let `.�/ be the length of the
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unique closed geodesic that corresponds to Œ��. Then the twisted Ruelle zeta function
is defined as

R.sI�/ WD
Y
Œ��¤e

prime

det
�
I��.�/e�s`.�/

��1
: (1.4)

The product runs over all nontrivial primitive conjugacy classes. The infinite product
converges in some half-plane Re.s/ > c and admits a meromorphic extension to C

[Fr, Section 7]. We note that the definition (1.4) differs from the usual one by the
exponent �1.

We consider the special case where � is the restriction to � of a finite-dimensional
representation � of SL.2;C/. We denote the associated twisted Ruelle zeta function
by R.sI�/. Note that the irreducible finite-dimensional representations of SL.2;C/,
regarded as a real Lie group, are given by

�m;n WD Symm˝Symn; m;n 2N (1.5)

(see [Kn, p. 32]). Our interest is in the behavior of R.sI�/ at s D 0. To describe it
we need to introduce the regulator associated to the free part of the cohomology of a
local system of free Z-modules.

Let � W SL.2;C/ ! GL.V / be a finite-dimensional real representation of
SL.2;C/, and assume that there exists a lattice M � V which is stable under � . Let
M be the associated local system. Let E be the flat vector bundle over X attached to
the restriction of � to � . By [MM, Lemma 3.1], the bundle E can be equipped with a
canonical fiber metric. Let H�.X IE/ be the space of E-valued harmonic forms onX
with respect to this metric in E and the hyperbolic metric on X . There is a canonical
isomorphism

H�.X IE/ŠH�.X;M˝R/:

We equip H�.X IM ˝ R/ with the inner product h�; �i induced by the L2-metric
on H�.X IE/. Let H�.X IM/free DH

�.X IM/=H�.X IM/tors. We identify H�.X I
M/free with a subgroup of H�.X IM ˝ R/. For each p D 0; 1; 2; 3 choose a basis
a1; : : : ; arp of Hp.X IM/free, and let Gp.M/ be the Gram matrix of this basis with
respect to the inner product h�; �i. Put Rp.M/ WD

p
jdetGp.M/j; this is called a “reg-

ulator.” This is not the standard notion of a regulator. For a discussion in a more
general context see [BV]. Put

R.M/ WD

3Y
pD0

Rp.M/.�1/
p

:

We can now state our result which describes the behavior of the Ruelle zeta function
at the origin.
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THEOREM 1.3
Let X D �nH3 be a compact oriented arithmetic hyperbolic 3-manifold. Let � W
SL.2;C/! GL.V / be an irreducible finite-dimensional representation of SL.2;C/.
LetM � V be a lattice which is stable under � , and denote by M the associated local
system of free Z-modules overX . LetR.sI�/ be the twisted Ruelle zeta function. Then
we have the following results.

(1) If �¤ 1, then the order of R.sI�/ at s D 0 is given by

ordsD0R.sI�/D
3X
qD1

.�1/qq rkH q.X IM/: (1.6)

If �D 1, then the order equals 2dimH 1.X;R/� 4.
(2) Let R�.0I�/ be the leading coefficient of the Laurent expansion of R.sI�/ at

s D 0. We have

jR�.0I�/j DR.M/�1 �

3Y
qD0

jH q.X IM/torsj
.�1/q : (1.7)

Moreover, if �D �m;m for some m 2N0, then (1.7) holds for R�.0I�/.

Recall that the irreducible finite-dimensional representations of SL.2;C/ are
given by (1.5). For each even n there is a �-stable lattice in Sn.C2/. Therefore, if
� D �m;n with m and n even, then there exist �-stable lattices in the space of the
representation.

We note that there is a formal analogy of (1.6) and (1.7) to Lichtenbaum’s conjec-
tures on special values of Hasse–Weil zeta functions of algebraic varieties (see [Li1],
[Li2]). To make this statement more transparent, we recall some details. Let X be
a regular scheme which is separated and of finite type over Spec.Z/. Let 	X.s/ be
the Hasse–Weil zeta function of X. It is given by an Euler product that converges
in some half-plane Re.s/ > c. The Euler product is expected to have a meromorphic
extension to the whole complex plane. This is known in some cases. Lichtenbaum’s
conjectures are concerned with the behavior of 	X.s/ at s D 0. First of all, Lichten-
baum conjectures the existence of a certain new cohomology theory for schemes over
Z, called “Weil–étale” cohomology. Let Hp

c .X;Z/ be the pth Weil–étale cohomol-
ogy group of X with compact supports and coefficients in Z. Then the conjectures of
Lichtenbaum are the following statements.

(1) The groupsHp
c .X;Z/ are finitely generated and vanish for p > 2dim XC 1.

(2) The order of 	X.s/ at s D 0 is given by

ordsD0 	X.s/D
X
p

.�1/pp rkHp
c .X;Z/:
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(3) The leading coefficient 	�
X
.0/ of the Laurent expansion of 	X.s/ satisfies

	�X.0/DR
�1 �

Y
p

jHp
c .X;Z/torsj

.�1/p ;

where R is the Reidemeister torsion of some acyclic complex associated to H�c .X;
R/, equipped with volume forms determined by the isomorphism H�c .X;R/ D

H�c .X;Z/˝ R and a basis of H�c .X;Z/free. We note that Denniger [De] first dis-
cussed a geometric analogue of the Lichtenbaum conjectures in the context of dynam-
ical systems.

Our approach to proving our main results is based on the study of the Reide-
meister torsion of X . Let �2k be the representation of � obtained by the restriction
of Sym2k W SL.2;C/!GL.S2k.C2// to � . Let �R

2k
be the underlying real represen-

tation. Denote by 
X .�R2k/ the Reidemeister torsion of X with respect to �R
2k

(see
Section 2 for its definition). Then the Reidemeister torsion satisfies


X .�
R
2k/D

3Y
pD1

jHp.X;M2k/j
.�1/pC1 :

This equality was first noted by Cheeger [Ch, (1.4)]. Now we apply [Mu2, Corol-
lary 1.2], which describes the asymptotic behavior of log 
X .�R2k/ as k!1. This
implies Theorem 1.2. To estimate log jHp.X;M2k/j for p D 1; 3, we use that
H 3.X;M2k/ is isomorphic to the space .M2k/� of coinvariants. To bound .M2k/�

we can work locally. This leads to (1.2). Together with Theorem 1.2 we obtain (1.1),
which proves Theorem 1.1.

To prove Theorem 1.3, we use [Mu2, Theorem 1.5]. Using this theorem we obtain
the statement about the order of R.sI�/ at s D 0. Moreover, it follows that the leading
coefficient of the Laurent expansion of R.sI�/ at s D 0 equals TX .�Ih/�2, where
TX .�Ih/ is the Ray–Singer analytic torsion ofX and �j� with respect to the canonical
fiber metric in the flat bundle E mentioned above. By [Mu1, Theorem 1], the analytic
torsion equals the Reidemeister torsion 
X .�Ih/. If there exists a �-stable lattice in
V , then the Reidemeister torsion satisfies


X .�Ih/DR.M/�1
3Y

pD0

jHp.X;M/torsj
.�1/pC1 : (1.8)

Combining these facts, we obtain Theorem 1.3.
The paper is organized as follows. In Section 2 we discuss the relation between

Reidemeister torsion and cohomology if the chain complex is defined over the inte-
gers. In particular, we prove (1.8). In Section 3 we collect a number of facts about
cocompact arithmetic subgroups of SL.2;C/ which are derived from quaternion divi-
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sion algebras. In particular, we prove that the even symmetric powers contain �-stable
lattices. In Section 4 we prove (1.2). In the final Section 5 we prove our main results.

2. Reidemeister torsion and cohomology
We recall some facts about Reidemeister torsion. Let V be a finite-dimensional real
vector space of dimension n. Set detV Dƒn.V /. A volume element in V is a nonzero
element ! 2 detV . Any volume element determines an isomorphism detV ŠR. Fur-
thermore, note that a volume element is given by ! D e1 ^ e2 ^ � � � ^ en for some
basis e1; : : : ; en of V .

Let

C � W 0! C 0
d0
�! C 1

d1
�! � � �

dn�1
�! C n! 0 (2.9)

be a complex of finite-dimensional R-vector spaces. Let

Bj WD dj�1.C
j�1/; Zj WD ker.dj /;

and denote byH j .C �/ WDZj =Bj the j th cohomology group of C �. Assume that for
each j we are given volume elements !j 2 detC j and �j 2 detH j .C �/. Let ! D
.!0; : : : ;!n/, and let �D .�0; : : : ;�n/. Then the Reidemeister torsion 
.C �;!;�/ 2
RC of the complex C � is defined as a certain ratio of volumes (see [Mi]). In [RS],
Ray and Singer gave an equivalent definition in terms of the combinatorial Laplacian,
which we recall next. In each C j we choose an inner product h�; �ij with volume
element !j . Let

d�jC1 W C
jC1! C j

be the adjoint operator to dj with respect to the inner products in C j and C jC1,
respectively. Define the combinatorial Laplacian by

�
.c/
j D d

�
jC1dj C dj�1d

�
j : (2.10)

Then �.c/j is a symmetric nonnegative operator in C j . We have the combinatorial
Hodge decomposition

C j D ker.�.c/j /˚ dj�1.C
j�1/˚ d�jC1.C

jC1/: (2.11)

It implies that there is a canonical isomorphism

ker.�.c/j /
Š
�!H j .C �/: (2.12)

The inner product in C j restricts to an inner product in ker.�.c/j /. Using the isomor-
phism (2.12) we get an inner product h�; �i in H j .C �/. Let h1; : : : ; hdj 2 H

j .C �/

be a basis such that �j D h1 ^ � � � ^ hdj . Let Gj be the Gram matrix with entries
hhk; hlij , 1� k; l � dj . Put
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V.�j /D

q
jdetGj j:

Denote by det0�.c/j the product of the nonzero eigenvalues of �.c/j . Then a slight
generalization of [RS, Proposition 1.7] gives the following.

LEMMA 2.1
We have


.C �;!;�/D

nY
jD0

V.�j /
.�1/j �

nY
jD1

.det0�.c/j /
.�1/jC1j=2: (2.13)

Now let

A� W 0�!A0
d0
�!A1

d1
�! � � �

dn�1
�! An �! 0 (2.14)

be a complex of free finite-rank Z-modules, and set C j WD Aj ˝ R. Then we get a
complex (2.9) of R-vector spaces such that each C j has a preferred equivalence class
of bases coming from bases of Aj . For any two such bases the matrix of change from
one to the other is an invertible matrix with integral entries. Thus C j is endowed with
a canonical volume element !j . Furthermore, with respect to any of the bases coming
from Aj , the coboundary operator dj is represented by a matrix with integral entries.
LetH j .A�/ denote the j th cohomology group of the complex (2.14). LetH j .A�/tors

be the torsion subgroup of H j .A�/, and let H j .A�/free DH
j .A�/=H j .A�/tors. We

identify H j .A�/free with a subgroup of H j .C �/. Let �j be a volume element of
H j .C �/. Put

R.�j / WD vol
�
H j .C �/=H j .A�/free

�
; (2.15)

where the volume is computed with respect to �j . Denote by 
.C �;�/ the
Reidemeister torsion of C � D A� ˝ R with respect to the canonical volume ele-
ment !, which is determined by A�, and the volume is the volume element � 2Qn
jD0 detH j .C �/. Finally, denote by jH j .A�/torsj the order of the finite group

H j .A�/tors. Then the following elementary lemma, which describes the relation
between Reidemeister torsion and the torsion of the cohomology of the complex A�,
is proved in [BV, Section 2].

LEMMA 2.2
We have


.C �;�/D

nY
jD0

R.�j /
.�1/j �

nY
jD0

jH j .A�/torsj
.�1/jC1 : (2.16)
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If �j is the volume element associated to the equivalence class of bases of
H j .C �/ coming from bases of the lattice H j .A�/free, we have R.�j /D 1. In this
case, (2.16) was first stated in [Ch, (1.4)] and proved for the case where A� is acyclic.

We now turn to the geometric situation. Let X be a compact n-dimensional Rie-
mannian manifold. Choose a base point x0 2 X . Let � WD �1.X;x0/ be the funda-
mental group of X with respect to x0, acting on the universal covering QX of X as
deck transformations. Let V be a finite-dimensional real vector space, and let

� W �!GL.V /

be a representation of � on V . It defines a flat vector bundle E over X .
Fix a smooth triangulation K of X . Let QK be the lift of K to a smooth trian-

gulation of QX . We think of K as being embedded as a fundamental domain in QK ,
so that QK is the union of the translates of K under � . Let C q. QKIZ/ be the cochain
group generated by the q-simplexes of QK . Then C q. QKIZ/ is a ZŒ��-module. Define
the twisted cochain group C q.KIV / by

C q.KIV / WD C q. QKIZ/˝ZŒ�� V:

From the cochain complex C �. QK;Z/ we get the twisted cochain complex

C �.KIV / W 0! C 0.KIV /
d0
�! C 1.KIV /

d1
�! � � �

dn�1
�! C n.KIV /! 0: (2.17)

Let H�.KIV / be the cohomology groups. They are independent of K and will be
denoted by H�.X IV /. The cohomology can also be computed by a different com-
plex. Let C q.KIE/ be the set of E-valued q-cochains [Wh, Chapter VI]. An element
of C q.KIE/ is a function that assigns to each q-simplex a section of E on that
simplex. The corresponding cochain complex of finite-dimensional R-vector spaces
computes the cohomology groups H�.KIE/DH�.X IE/. By [Wh, p. 278] there is
canonical isomorphism

H�.X IV /ŠH�.X IE/:

Assume that a volume element � 2 detV is given. Let qj , j D 1; : : : ; rq , be the ori-

ented q-simplexes ofK considered as a preferred basis of the ZŒ��-moduleC q. QKIZ/.
Let e1; : : : ; em be a basis of V such that � D˙e1 ^ � � � ^ en. Then ¹qj ˝ ek W j D
1; : : : ; rq; k D 1; : : : ;mº is a preferred basis of C q.KIV /. It defines a volume ele-
ment !q 2 detC q.KIV /. The volume element depends on several choices (see [Mu2,
p. 727]). Now assume that � is unimodular; that is, we have

jdet�.�/j D 1; 8� 2 �:
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Then ! is unique up to sign. Let � 2 detH�.X IV / be a volume element. Then we
can define the Reidemeister torsion 
.C �.KIV /I!;�/. It still depends on � 2 detV .
However, if the Euler characteristic ofX vanishes, then it is also independent of � (see
[Mu1, p. 727]). It is well known that 
.C �.KIV /I!;�/ is invariant under subdivision
(see [Wh]). Since any two smooth triangulations of X have a common subdivision,

.C �.KIV /I!;�/ is independent of K . Therefore we may put


X .�I�/ WD 

�
C �.KIV /I!;�

�
:

Now pick a fiber metric h on E . Let H�.X IE/ be the space of E-valued harmonic
forms on X . Then we have the Hodge–de Rham isomorphism

H�.X IE/ŠH�.X IE/ŠH�.X IV /:

Using this isomorphism, we get an inner product in H�.X IV / and a corresponding
volume element �h 2 detH�.X IV /. Let


X .�Ih/ WD 
X .�;�h/:

Now assume that there exists a lattice M � V which is invariant under � ; that
is, M is a free abelian subgroup of V such that V DM ˝ R and M is invariant
under � . Thus M is a finitely generated ZŒ��-module. It defines a local system M of
free Z-modules on X . Set

C q.KIM/D C q. QKIZ/˝ZŒ��M; q D 0; : : : ; n; (2.18)

and let H�.KIM/DH�.X IM/ denote the cohomology of the corresponding com-
plex. Now C �.KIM/ is a complex of finitely generated free Z-modules, and we have

C �.KIV /D C �.KIM/˝R:

So Lemma 2.2 applies to this situation. As above, we may also consider the set
C q.K;M/ of M-valued q-cochains (see [Wh, Chapter VI]). The complex C �.KIM/

computes the cohomology H�.KIM/DH�.X IM/, and we have a canonical iso-
morphism

H�.X;M/ŠH�.X;M/:

Each H q.X;M/ is a finitely generated Z-module. Let H q.X;M/tors be the torsion
subgroup, and

H q.X IM/free DH
q.X;M/=H q.X;M/tors:

We identifyH q.X;M/free with a subgroup ofH q.X;E/. Let h�; �iq be the inner prod-
uct in H q.X;E/ induced by the L2-metric on Hq.X;E/. Let e1; : : : ; erq be a basis
of H q.X;M/free, and let Gq be the Gram matrix with entries hek; eli. Put
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Rq.�;h/D

q
jdetGqj; q D 0; : : : ; n:

Define the “regulator” R.�;h/ by

R.�;h/D

nY
qD0

Rq.�;h/
.�1/q :

PROPOSITION 2.3
Let � be a unimodular representation of � on a finite-dimensional R-vector space E .
Let M � E be a �-invariant lattice, and let M be the associated local system of
finitely generated free Z-modules on X . Let h be a fiber metric in the flat vector
bundle E DM˝R. Then we have


X .�;h/DR.�;h/ �

nY
qD0

jH q.X;M/torsj
.�1/qC1 :

We also consider complex representations � W �1.X/!GL.V / of �1.X/. If � is
unimodular, the Reidemeister torsion 
X .�/ 2 RC is defined. In fact, one can define
the complex Reidemeister torsion 
cX .�/ 2 C

�=¹˙1º (see [Mi]) in the same way as
in the real case. Then 
X .�/D j
cX .�/j. On the other hand, let V R be the underlying
real vector space. Let i W GL.V /!GL.V R/ be the canonical embedding. Let

�R WD i ı �

be the associated real representation. If � is unimodular, then �R is also unimodular.
Thus 
X .�R/ is defined, and the relation with 
X .�/ is described by the following
lemma.

LEMMA 2.4
Let � W � ! GL.V / be a unimodular, acyclic representation in a finite-dimensional
complex vector space V . Then we have


X .�
R/D 
X .�/

2:

Proof
The p-simplexes of K form a basis of Cp. QKIZ/ as a ZŒ��-module. With respect to
these bases, the coboundary operator Qdp W Cp. QKIZ/! CpC1. QKIZ/ is given by a
matrix .aij / with aij 2 ZŒ��. Let � W ZŒ��! End.V / be defined by

�
�X
j

nj �j

�
D
X
j

nj�.�j /; nj 2 Z; �j 2 �:
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It follows that the coboundary operator d�p W Cp.KIV /! CpC1.KIV / is given by
the matrix .�.aij //. Choose an inner product in V . This gives rise to an inner product
in each Cp.KIV /. Let

��p D .d
�
p /
� ı d�p C d

�
p�1 ı .d

�
p�1/

�:

Since � is acyclic,��p is invertible. By a formula analogous to (2.13), the Reidemeis-
ter torsion is given by


X .�/D

nY
jD1

.det��j /
.�1/jC1j=2:

A similar formula holds for 
X .�R/. Thus to prove the lemma it suffices to prove that

det��
R

j D .det��j /
2, j D 1; : : : ; n. For a linear operator A W W !W in a complex

vector spaceW letAR denote the corresponding real operator inW R. By construction

we have ��
R

j D .�
�
j /

R. Thus it suffices to prove that for any linear operator A in a
complex vector space we have detAR D jdetAj2. Using the Jordan normal form of A,
the problem is reduced to the 1-dimensional case. LetA W C!C be the multiplication
by z D uC iv. Then AR D

�
u �v
v u

�
and therefore detAR D u2Cv2 D jzj2 D jdetAj2,

which proves the lemma.

3. Arithmetic groups
In this section we recall some facts about quaternion algebras and arithmetic sub-
groups of SL.2;C/ derived from quaternion algebras.

Let F be a field of characteristic zero. Every quaternion algebra over F can
be described as a 4-dimensional F -vector space with basis 1; i; j; k satisfying the
following relations:

i2 D a; j 2 D b; ij D k; j i D�k;

where a; b 2 F �. This algebra is denoted by H.a; bIF / or simply H.a; b/. Let x 2
H 7! x 2H be the involution defined by

x0C x1i C x2j C x3k D x0 � x1i � x2j � x3k:

Then the norm and the trace in H are defined by

N.x/D xx; Tr.x/D xC x; x 2H:

It follows from Wedderburn’s structure theorem for simple algebras that a quater-
nion algebra H over F is either a division algebra or is isomorphic to M2.F / (see
[Lam, Theorem II.2.7], [MR, Theorem 2.1.7]). In the latter case H is called split
over F .
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Let D be a division algebra over F of degree d2, d � 2. Let mD 2=d . There is
an associated almost simple semisimple algebraic group SLm.D/. It is defined as the
functor from F -algebras to groups which assigns to an F -algebra R the group

SLm.D/.R/ WD
®
x 2Mm.D˝F R/ W N.x/D 1

¯
:

The algebraic groups SLm.D/ are the forms of SL2 over F (see [PR, Section 2.3]).
If d D 1, we have D D F and SL2.D/D SL2. If d D 2, D is a quaternion division
algebra.

We consider SL2 as an algebraic group over F . For n 2 N let V.n/ WD Sn.F 2/
be the nth symmetric power of F 2, and let Symn W SL2!GL.V .n// be the nth sym-
metric power of the standard representation � W SL2! GL2 of SL2. The following
lemma is a special case of [Tit, Theorem 3.3]. For the convenience of the reader we
include the proof, which was kindly communicated to us by Skip Garibaldi.

LEMMA 3.1
Let G0 be a form of SL2 =F . For every even n there exists an F -rational representa-
tion of G0 on V.n/ which is equivalent to Symn over F .

Proof
First we observe that the Dynkin diagramA1 has no nontrivial automorphisms. There-
fore SL2 has no outer automorphims and

Aut.SL2/D PGL2 : (3.19)

Hence the forms of SL2 are classified by the Galois cohomology setH 1.F =F;PGL2/
(see [PR, Section 2.2, Theorem 2.9]). Let � W SL2.F /! G0.F / be an isomorphism
(which exists by assumption). For  2Gal.F =F / put

'� D �
�1 ı  ı� ı �1: (3.20)

Then '� is an automorphism of SL2 =F . By (3.19) there exists a� 2 PGL2.F / such
that '� D Int.a� /. As in [PR, Section 2.2.1], it follows that  2 Gal.F =F / 7! a� 2

PGL2.F / is the cocycle that represents G0. Let a0� 2 SL2.F / be any lift of a� . Let
n 2N be even. Then Symn is trivial on the center of SL2, and therefore the map

 2Gal.F =F / 7! Symn.a0� / 2GL
�
V.n/˝F

�

is a well-defined cocycle. By Hilbert’s Theorem 90, we have H 1.F =F;GLN / D 1
for every N . Hence there exists x 2GL.V .n/˝F / such that

Symn.a0� /D x
�1.x/; 8 2Gal.F =F /: (3.21)
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Define the map �n W G0!GL.V .n// by

�n WD Int.x/ ı Symn ı�: (3.22)

This is a representation of G0 over F which over F is equivalent to Symn. By (3.20),
the action of Gal.F =F / on G0.F / is given by

�
�
.g/

�
D Int.a� / � 

�
�.g/

�
; g 2G0.F /;  2Gal.F =F /: (3.23)

Using (3.21), (3.22), and (3.23), it follows that for all  2Gal.F =F / and g 2G0.F /
we get

�n
�
.g/

�
D Int.x/Symn

�
Int.a0� /.�.g//

�
D Int

�
x Symn.a0� /

�

�
Symn.�.g//

�
D Int

�
.x/

�

�
Symn.�.g//

�
D 

�
Int.x/Symn.�.g//

�
D 

�
�n.g/

�
:

Thus �n commutes with the action of Gal.F =F / and hence is defined over F .

Now let F be an imaginary quadratic number field, and let OF be the ring of
integers of F . Fix an embedding F �C. As explained above, every quaternion alge-
bra over F , which is not isomorphic to M2.F /, is a division algebra. This is the case
which is of interest for us. So let D be a quaternion division algebra over F . Put

D1 D
®
x 2D W N.x/D 1

¯
; D0 D

®
x 2D W Tr.x/D 0

¯
:

Let

G DRF=Q SL1.D/

be the algebraic group obtained from SL1.D/ by restriction of scalars. Then G is
defined over Q. We have

G.Q/ŠD1; G.R/Š SL1.D/.F ˝Q R/D .D˝F C/1; (3.24)

and there is an isomorphism of C-algebras

' W .D˝F C/1
Š
�! SL.2;C/: (3.25)

Let o be an order inD. Recall that this means that o is a finitely generated OF -module
which contains an F -basis of D and which is also a subring of D. Let

o
1 D

®
x 2 o W N.x/D 1

¯
; o

0 D
®
x 2 o W Tr.x/D 0

¯
:
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Then o1 �D1, and o0 �D0 is a lattice which is invariant under o1 with respect to
the adjoint action of SL1.D/ on D0. Thus by (3.24), it follows that o1 corresponds to
an arithmetic subgroup �1 �G.Q/. Put

� D '.o1/:

Then � is a discrete subgroup of SL.2;C/. Such a group is called an arithmetic sub-
group derived from a quaternion algebra. The following lemma is a consequence of
[EGM, Theorem 10.1.2].

LEMMA 3.2
Let � � SL.2;C/ be derived from a quaternion division algebra over F . Then the
quotient �nSL.2;C/ is compact.

By imposing further conditions on D, one can achieve that � is torsion-free (see
[EGM, Theorem 10.1.2]). Alternatively, we can pass to a normal subgroup of � of
finite index which is torsion-free.

Let V1.n/D RF=Q.V .n//. Then V1.n/ is a Q-vector space, and it follows from
Lemma 3.1 that for every even n there exists a Q-rational representation

�n W G!GL
�
V1.n/

�
which over R is equivalent to Symn of SL2. Since �1 is an arithmetic subgroup of
G.Q/, there exists a lattice L� V1.n/ which is stable under �1 (see [PR, Chapter 4,
Theorem 4.2]). Using the isomorphism (3.25) this implies the following proposition.

PROPOSITION 3.3
Let � � SL.2;C/ be an arithmetic subgroup derived from a quaternion algebra over
an imaginary quadratic number field. Then for each even n 2 N there exists a lattice
Mn � S

n.C2/ which is stable under � with respect to Symn.

We add some remarks about the classification of quaternion algebras over a num-
ber field F (for details see [Vig, Chapter III]). Let H be a quaternion algebra over F .
Given a place v of F , let

Hv DH ˝F Fv:

Over C every quaternion algebra splits; that is, there is an C-algebra isomorphism

' W H ˝F C
Š
�!M2.C/:

By the Frobenius theorem, a quaternion algebra over R is either split or isomorphic to
the Hamiltonian quaternions. If p is a finite place of F , then, up to isomorphism, there
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is a unique quaternion division algebra over Fp (see [Vig, Theorem II.1.1]). We call
H ramified at a given place v, if Hv is a division algebra. If H DH.a; bIF /, a; b 2
F �, the behavior at v is determined by the Hilbert symbol .a; b/v 2 ¹˙1º. We have
that Hv is split if and only if .a; b/v D 1. It follows from the Hasse–Minkowski
principle that H splits over F if and only if Hv splits for every place v of F (see
[MR, Theorem 2.9.6]). For H DH.a; bIF / this is equivalent to .a; b/v D 1 for all
places v. Furthermore the number of places where H is ramified is even. Denote by
Vf .F / and VR.F / the set of finite places and real places of F , respectively. Then for
every finite set S � Vf .F /[ VR.F / of even cardinality there is a quaternion algebra
H over F which is unique up to F -algebra isomorphism, such that the set of places
where H is ramified is equal to S .

Thus for an imaginary quadratic number field F , we can pick any nonempty
finite set S of finite places p with jS j even. Then up to isomorphism, there is a unique
quaternion division algebra D over F which is ramified exactly at the places p 2 S .

4. Bounds for torsion in cohomology
We now prove (1.2) of Theorem 1.1, which states that the contribution of the terms
with cohomological degree 1 and 3 to the alternating sum (1.3) is small. To begin with
the H 3 term, it is required to show that

log jH 3.X;M2k/j � k logk (4.26)

uniformly over all choices of lattice M2k . We first apply the isomorphism H 3.X;

M2k/' .M2k/� , which follows from computing H 3 by using a triangulation of X
and then observing that this is equivalent to computingH0.�;M2k/ by using the dual
triangulation. We then bound .M2k/� by working locally. Let V.2k/D S2k.F 2/. For
each prime p of F , let Vp.2k/ be the completion of V.2k/ at p, and let M2k;p be the
completion of the image of M2k . M2k;p is a �-stable lattice, and we have

log j.M2k/� j D
X
p

log j.M2k;p/� j: (4.27)

We divide the primes of F into two sets, which we call unramified and ramified.
The first set contains all primes with odd residue characteristic at which the division
algebra D is unramified and the closure of � in D1

p ' SL2.Fp/ is isomorphic to the
standard maximal compact, and the second contains the remainder. The following
lemma implies that the unramified primes whose residue characteristic is greater than
2k make no contribution to the sum.

LEMMA 4.1
If Fq is the field with q D pj elements, then the d th symmetric power representation
of SL2.Fq/ over Fq is irreducible for d < p.
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Proof
Denote this representation by .�;Vd /, and let N and N be nontrivial upper and lower
unipotent elements of SL2.Fq/. When �.N /� I and �.N /� I are expressed in the
standard monomial basis of Vd they are strictly upper (resp., lower) triangular, and
all their entries in the spaces lying immediately above (resp., below) the diagonal are
nonzero. It follows that the only subspaces of Vd which are invariant under both of
these operators are ¹0º and Vd .

Because F was imaginary quadratic, Lemma 4.1 implies that .M2k;p/� is trivial
when Np > 4k2, and so we may assume that Np � 4k2 in (4.27). The following
proposition gives a bound for j.M2k;p/� j at unramified primes which is uniform in
p and M2k and gives us the required bound (4.26) when summed over those p with
Np� 4k2. For ramified primes we adapt the proof of the proposition to give bounds
which are only uniform in the lattice, but this will be sufficient for our purposes as the
number of such primes is bounded independently of k.

PROPOSITION 4.2
LetK be a p-adic field, let O �K be the ring of integers inK , let$ be a uniformizer
of O, and let q D jO=$ j. Consider the 2kth symmetric power representation of G D
SL.2;O/ on a vector space V of dimension 2kC 1. If L� V is any G-stable lattice
and L=L0 is the largest G-invariant quotient of L, then we have

logq jL WL
0j � k=q;

where the implied constant is absolute, that is, independent of L and K .

Proof
The proof proceeds in two steps. First, choose a 2 O� to have the highest possible
order in all the quotient groups O�=.1C$ tO/, or equivalently so that a is a primitive
root in .O=$/� and aq�1 … 1C$2O. Define T to be the diagonal matrix

T D

�
a 0

0 a�1

�
:

We know that .T � 1/L�L0, so it would suffice to bound the order of L=.T � 1/L.
This is infinite, however, because T fixes the vector .xy/k . Instead, we shall prove
that if V0 is the space spanned by .xy/k and we define J and J 0 to be the intersections
of V0 with L and L0, then we have

logq jL WL
0j �

k

q
C logq jJ W J

0j: (4.28)
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The second step is to bound jJ W J 0j, for which we need to consider the action of the
unipotents on V .

We carry out the first step by decomposing V into a direct sum of subspaces Vi ,
for i 2 Z�0 and i D1. For i 2 Z�0, we define Vi to be the span of the eigenspaces
of T � 1 with eigenvalue � satisfying ord$ �D i , and we define V1 D span¹.xy/kº.
In other words, if Vt is the span of the monomial xkCtyk�t , we define

V0 D
M

2t 6�0.q�1/

Vt ;

Vi D
M

2tDj.q�1/pi�1

j 6�0.p/

Vt ;

V1 D V0:

Note that for 1� i <1 we have the bound

dim Vi � Ck=qp
i�1

for some absolute constant C . Let …i be the projection onto Vi , and define V 0i by

V 0i D
M
j>i;

jD1

Vj

so that V 0i is the span of the eigenspaces of T � 1 with eigenvalue � satisfying
ordp � > i . Let Li DL\V 0i , and let L0i DL

0 \V 0i . We prove (4.28) by using induc-
tion on Li , by establishing the inequalities

jL WL0j D jL0 WL
0
0j; (4.29)

logq jLi WL
0
i j � Ck.i C 1/=qp

i C logq jLiC1 WL
0
iC1j (4.30)

for all i � 0.
To prove (4.29), note that because T commutes with all coordinate projections

we have

.T � 1/…0L�…0L
0 �…0L;

and that all the above inclusions must be equalities because Im.…0/ D V0 and the
determinant of T � 1 restricted to V0 is a unit of O. The equality …0LD…0L

0 then
implies that the inclusion of exact sequences

0 ����! L00 ����! L0
…0
����! …0L

0 ����! 0??y ??y ??y
0 ����! L0 ����! L

…0
����! …0L ����! 0
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induces an isomorphism L0=L
0
0 'L=L

0. Likewise, we have

.T � 1/…iC1Li �…iC1L
0
i �…iC1Li ;

and taking determinants gives

logq j…iC1Li W…iC1L
0
i j � logq j…iC1Li W .T � 1/…iC1Li j

� .i C 1/dim ViC1 � Ck.i C 1/=qp
i ;

where i C 1 appears because it is the$ -adic valuation of the eigenvalues of T � 1 on
ViC1. The inequality (4.30) follows by combining this with the snake lemma for the
inclusion

0 ����! L0iC1 ����! L0i
…iC1
����! …iC1L

0
i ����! 0??y

??y
??y

0 ����! LiC1 ����! Li
…iC1
����! …iC1Li ����! 0:

On summing (4.29) and (4.30) we obtain

logq jL WL
0j �

iX
tD1

kt

qpt�1
C logq jLi WL

0
i j

�
k

q
C logq jLi WL

0
i j;

from which (4.28) follows by letting i!1.
To bound jJ W J 0j, we may assume that J is generated by .xy/k , and we act on

this monomial by an upper triangular elementN 2 SL.2;O/. Then .N �1/.xy/k will
contain a nonzero term of the form xkC1yk�1, and using the endomorphism algebra
generated by T , we may in fact show that L0 contains a monomial $ sxkC1yk�1

with s small. Repeating this argument with a lower triangular matrix N gives the
required bound on jJ W J 0j. The statement we require about the endomorphism algebra
generated by T is the following.

LEMMA 4.3
For � 2 O�, let E be the ring of endomorphisms of O2kC1 generated over O by
the diagonal matrix A with entries 1; �; : : : ; �2k . Then for 0 � j � 2k, E contains
pj .�

j /�j where �j is the projection onto the j th coordinate and pj .z/ is the poly-
nomial

pj .z/D
Y

0�i�2k;

i¤j

.z � � i /:
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Proof
This follows easily by considering the matrix pj .A/, whose only nonzero entry is
pj .�

j / in the .j; j /th coordinate.

Consider the polynomial xk.y C x/k � .xy/k 2 L0. Applying the lemma with
the choice of � D a2 and the projection onto the space spanned by xkC1yk�1, we see
that L0 contains

k
Y

�2k�2�2i�2k�2;

i¤0

.1� a2i /xkC1yk�1 D u$˛xkC1yk�1;

where u is a unit of O and ˛ 2 Z. In the product above, at most Ck=q terms are
divisible by $ , at most Ck=qp are divisible by $2 and so on, so that we may bound
˛ by

˛� logq kC
k

q
C

k

qp
C � � �

�
k

q
:

By applying the same argument to the monomial $˛xkC1yk�1, but now with an
element of the opposite unipotent, we see that $ˇ .xy/k 2 L0 with ˇ� k=q. This
gives the required bound on jJ W J 0j and completes the proof.

Using Proposition 4.2, we see that the contribution to the order of log j.M2k/� j

from unramified primes is at most a constant times

X
Np�4k2

k logNp

Np
� k logk:

As the number of ramified primes is bounded independently of k, in the remaining
cases it suffices to prove bounds of the form log j.M2k;p/� j � k, where the constant
is allowed to depend on p.

First, consider a prime p at which D is split but such that either the residue char-
acteristic of p is 2 or the closure of � inD1

p ' SL2.Fp/ is not isomorphic to SL.2;O/,
and denote this closure by G. As in the unramified case, let V be the 2kth degree
symmetric power representation of SL2.Fp/, let L� V be any G-stable lattice, and
let L=L0 be its largest G-invariant quotient. As G is open, we know it contains an
element

T D

�
a 0

0 a�1

�
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for some a 2O�. As in the unramified case, define Vi to be the sum of the eigenspaces
of T �1with eigenvalue � satisfying ord$ �D i , let V 0i be the sum of the eigenspaces
with ord$ � > i , and let J DL\V1 and J 0 DL0 \V1. Because we have inequal-
ities

dim Vi � C.a/
k

pi

uniformly in i and k, we may use these subspaces to perform the same reduction
argument which bounds jL WL0j in terms of jJ W J 0j to obtain

logq jL WL
0j � logq jJ W J

0j COa.k/:

G also contains upper and lower unipotent elements

N D

�
1 n

0 1

�
and N D

�
1 0

n 1

�

for some n 2O, and arguing as in the unramified case, we may use these to show that

logq jJ W J
0j �n logq kC

X
�2k�2�2i�2kC2;

i¤0

ord$ .1� a
2i /

�n;a logq kC
X
i�0

k

pi

�n;a k:

We therefore have an upper bound of logq jL W L
0j � k, where the constant may

depend on p.
Finally, suppose that D is ramified at p. We continue to denote the closure of

� in D1
p by G. Using the adjoint representation, we may realize D1

p as an algebraic
subgroup of GL3.Fp/. There is an open subgroup U of GL3.Fp/ such that the power
series log.1CA/ converges p-adically for 1CA 2 U , from which we see that there
is an open subgroup U 0 �D1

p on which we may define an inverse exponential map.
By applying this map to U 0\G we obtain a lattice N in the Lie algebra of D1

p which
annihilates L=L0. We may then extend scalars to a field over which Dp splits so that
we are again dealing with SL2, and apply the method of Proposition 4.2 to obtain an
upper bound of logq jL WL

0j � k. This completes the proof of (4.26).
In the case of H 1, we may apply the long exact sequence in cohomology associ-

ated to the short exact sequence

0�!M2k

�d
�!M2k �!M2k=d �! 0;
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of which one segment is

H 0.�;M2k=d/�!H 1.�;M2k/
�d
�!H 1.�;M2k/:

Therefore the torsion in H 1.�;M2k/ is bounded by the limit of the �-invariants in
M2k=d as d becomes divisible by arbitrarily high powers of every prime. We may
again bound this by working locally, and so wish to bound the order of the module of
�-invariants .M2k;p=$

tM2k;p/
� for each p and arbitrary t . If we let L be the inverse

image of .M2k;p=$
tM2k;p/

� in Vp.2k/, we see that � acts trivially on L=$ tM2k;p.
We may therefore apply our bounds for L� to obtain

log jH 1.�;M2k/j � k logk

as required.

5. Proof of the main results
Let X D �nH3 be a compact oriented hyperbolic 3-manifold defined by a cocom-
pact torsion-free discrete subgroup � � SL.2;C/. For m 2 N let �m W SL.2;C/!
GL.Sm.C2// be themth symmetric power of the standard representation of SL.2;C/.
We regard Sm.C2/ as an R-vector space. Let �Rm be the corresponding real represen-
tation. Let Em! X be the flat vector bundle associated to �m or �Rm, respectively.
By [BW, Chapter VII, Theorem 6.7] we have H�.X;Em/D 0. Therefore, the Reide-
meister torsions 
X .�m/ and 
X .�Rm/ of X with respect to the restrictions to � of �m
and �Rm, respectively, are well defined. By Lemma 2.4 we have


X .�
R
m/D 
X .�m/

2: (5.31)

Then it follows from [Mu2, Corollary 1.2] that

� log 
X .�
R
m/D

vol.X/

2�
m2CO.m/ (5.32)

as m!1.
Now let � � SL.2;C/ be an arithmetic subgroup derived from a quaternion divi-

sion algebra over an imaginary quadratic number field F . By Lemma 3.2 it is cocom-
pact. By passing to a normal subgroup of finite index we can assume that � is torsion-
free. Let m 2 N be even. By Proposition 3.3 there exists a lattice Mm � S

m.C2/

which is stable under � . Let Mm be the associated local system of free Z-modules
over X . Let Mm.R/ WDMm ˝ R. This is the local system associated to the restric-
tion of �m to � . Hence H�.X;Mm.R// Š H�.X;Em/, and it follows from the
remark above that H�.X;Mm.R// D 0. Therefore H�.X;Mm/ is a finite abelian
group. Note that H 0.X;Mm/ D M

�
m D 0. Denote by jHp.X;Mm/j the order of

Hp.X;Mm/, pD 1; 2; 3. Then by Proposition 2.3 we get
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X .�
R
m/D

3Y
pD1

jHp.X;Mm/j
.�1/pC1 : (5.33)

Combining (5.32) and (5.33), we obtain Theorem 1.1.

Remark 5.1
It follows from (5.33) that the quantity

P3
pD1.�1/

p log jHp.X;M2k/j is indepen-
dent of the choice of lattice M2k � V.2k/, but this may also be deduced in an ele-
mentary way from the long exact sequence in cohomology associated to any inclusion
of lattices M 0

2k
�M2k . Let T DM2k=M

0
2k

. The long exact sequence associated to

0�!M 02k �!M2k �! T �! 0

implies that

3X
pD1

.�1/p log jHp.X;M2k/j �

3X
pD1

.�1/p log jHp.X;M02k/j

D

3X
pD1

.�1/p log jHp.X;T /j: (5.34)

The groups Hp.X;T / are the cohomology groups of a complex ¹Cp.T /º, where
Cp.T / is the group of T -valued cochains of degree p in some triangulation of X .
Because X is 3-dimensional, its Euler characteristic �.X/ is zero and so we have

3X
pD1

.�1/p log jCp.T /j D �.X/ log jT j D 0:

This implies the same relation for the groups Hp.X;T /, and so (5.34) is zero as
required.

The proof of Theorem 1.3 follows from [Mu2, Theorem 1.5]. Let � W SL.2;C/!
GL.V / be an irreducible finite-dimensional complex representation of SL.2;C/,
regarded as a real Lie group. The Ruelle zeta function R�.s/ considered in [Mu2]
is related to the zeta function R.sI�/ by

R.sI�/DR�.s/
�1:

The restriction of � to � defines a flat vector bundle E�!X . By [MM, Lemma 3.1]
it carries a canonical fiber metric h. Let H�.X;E�/ be the de Rham cohomology of
E�-valued differential forms. Let � be the Cartan involution of SL.2;C/ with respect
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to SU.2/. Let �� WD 
 ı �. If �� 6Š �, then it follows from [BW, Chapter VII, The-
orem 6.7] that H�.X;E�/D 0. Let TX .�/ be the Ray–Singer analytic torsion of X
with respect to the restriction of � to � . Note that to define the analytic torsion, we
need to choose a fiber metric in E�. However, since H�.X;E�/D 0 and the dimen-
sion of X is odd, the analytic torsion is independent of the fiber metric (see [Mu1,
Corollary 2.7]), which justifies the notation. By [Mu2, Theorem 1.5, (1)] the Ruelle
zeta function R.sI�/ is regular at s D 0, and we have

jR.0I�/j D TX .�/
�2: (5.35)

Furthermore, by [Mu1, Theorem 1], the analytic torsion TX .�/ equals the Reidemeis-
ter torsion 
X .�/ of X and �j� . Let �R be the real representation associated to �.
Together with Lemma 2.4 we obtain

jR.0I�/j D 
X .�
R/�1: (5.36)

Now assume that �� D �. Then H�.X;E�/ may be nonzero. It follows from [Mu2,
Theorem 1.5, (2)] that the order of R.sI�/ at s D 0 is given by

ordsD0R.sI�/D 2
3X

pD0

.�1/pp dimHp.X;E�/; (5.37)

and the leading coefficient R�.0I�/ of the Laurent expansion of R.sI�/ at s D 0
equals the analytic torsion TX .�Ih/�2, where h is the canonical fiber metric h on
E�. Let 
X .�Ih/ be the Reidemeister torsion with respect to the L2-inner product
in H�.X;E�/ defined by the isomorphism with the space H�.X;E�/ of E�-valued
harmonic forms. Using again [Mu1, Theorem 1] and Lemma 2.4, we get

R�.0I�/D 
X .�
RIh/�1: (5.38)

Now assume thatM � V is a lattice which is stable under � with respect to �. Let M

be the associated local system of free Z-modules, and let M.R/DM˝R. If �� 6Š �,
we have H�.X;M.R//D 0. Combining Theorem 2.3 and (5.36) we get

jR.0I�/j D

3Y
pD0

jHp.X;M/torsj
.�1/p :

Now assume that �� D �. Then rankHp.X;M/ D 2dimHp.X;E�/. Let � ¤ 1.
Then it follows from (5.37) that

ordsD0R.sI�/D
3X

pD1

.�1/p rkHp.X;M/:



ON THE TORSION IN THE COHOMOLOGY OF ARITHMETIC HYPERBOLIC 3-MANIFOLDS 887

Using Theorem 2.3 and (5.38), we get

R�.0I�/DR.M/�1
3Y

pD0

jHp.X;M/torsj
.�1/p :

Finally, if �D 1 it follows from [Mu2, Theorem 1.5] that the order of R.sI1/ at s D 0
equals 2dimH 1.X;R/� 4.
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