Exam 3 Review

1 Complex Numbers

We define ¢ = y/—1. Multiples of i are called imaginary numbers. Complex
numbers are sums of real numbers and imaginary numbers (z = = + iy).
When 1 + iy; = x9 + iys, we actually have the two equalities: z; = x5 (the
real part = the real part) and y; = y» (the imaginary part = the imaginary
part).

In chapter 11, we used Taylor Series to prove Euler’s Identity:

e = cosf +isinf

This gives another way to represent polar coordinates: x + iy = re? where
r=|zx+iy| = /22 +y? x =rcosf, and y = rsinf. This is exactly the same
thing as polar coordinates. It is worth mentioning that since cos and sin are
both 27-periodic (they repeat every 2r), we have that re? = re’®+2k™ where
k is an integer.

In general, we want to use the polar representation to do computations,
but the end result will be more useful in rectangular coordinates (z + iy).

Euler’s formula makes it much easier to multiply, divide, and take roots.
Let 21 = @1 + i1 = re® and 2o = 29 + o = r9e%. It is much easier to
compute the following:
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Furthermore, without Euler’s Formula, we would have no idea how to
find /x + iy. With Euler’s Formula this is easy:

Vreit = C/Fei%



The slightly confusing part is finding all of the roots. Since re? = re!(?+2m)

for all integers k, we have that

Vrei = Vreild+2km) — {L/Feiﬂ%

We only have to compute these values for enough k’s. If we are taking the
nth root, then we expect n values; hence, we may plugin k =0,1,...,n—1
to get all possible roots.

Another application of Euler’s Formula is de Moivre’s Formula:

(cos@ +isin )" = ()" = ™ = cos(nf) + i sin(nd)
The double angle formulas can be derived from this by letting n = 2:

cos(20) +isin(20) = (cos® +isinf)?

= cos?f —sin? @ + i(2sin f cos )
Comparing real parts and imaginary parts, we get
cos(260) = cos® — sin® 0

sin(260) = 2sin 0 cos 6.

The last topic in this section dealt with the graphs of equations in the
complex plane. The idea is to manipulate the equation until it becomes a
rectangular equation that you recognize.

With all of these problems, see the book for examples. Try to do them
all, and we’ll talk about them on Tuesday.

2 First Order Differential Equations

These were relatively easy, but I'm sure many of you have forgotten the
methods in the last 3-4 weeks. There are two types to be aware of.

The first are the seperable equations of the form 3y’ = f(z)g(y). To solve,
we seperate y = % to get % = f(x)dx and then integrate. These should
be fairly routine, but definitely do some examples. Also, dont forget the +c¢
if we want the general solution and know how to find an exact solution if you
are given initial conditions.

The other type is of the form ¢’ + P(z)y = Q(z). To solve these, we first
have to find the integrating factor v(z) = e/ @4 Then we multiply v(x)
to get v(z)y' + v(z)P(z)y = v(z)Q(z) and integrate. Note that -L(v(z)y) =
v(z)y + v(x)P(x)y (this always happens if v(z) is correct), so the equation
becomes v(x)y = [v(z)Q(z)dx.



Here is an example (p. 657, 10): x% = L — 2y with > 0. We must
first get this equation into the right form: % + %y = <52 Thus P(z) = %
and

U(.Qf) — efP(J:)dx _ ef %dz‘ _ 6211136 _ .TQ.

Multiplying by v(x) we get xQ% + 2xy = cosx. Integrating both sides we
get 2y = sin(z) so y = =BE.

Recall, that there were application problems in the homework. These
probably wont be on the test but if you know how to do them, they should
be easy. Read the section on Mixture Problems on pages 655-657 and try to
do problems 25 and 26 again. We’ll cover one of these in the review session
if there is interest.

3 Second Order Differential Equations
4 Conic Sections

5 Polar Coordinates



