QUANTITATIVE NONVANISHING OF L-SERIES ASSOCIATED TO
CANONICAL HECKE CHARACTERS

RIAD MASRI

ABSTRACT. We prove quantitative nonvanishing theorems for central values and central
derivatives of L—series associated to canonical Hecke characters of imaginary quadratic
fields. These results have applications to the study of Chow groups of Kuga-Sato varieties.
Some key ingredients in the proofs are bounds for /-torsion in class groups obtained recently
by Ellenberg and Venkatesh [EV], and subconvexity bounds for automorphic L—functions
due to Duke, Friedlander, and Iwaniec [DFI].

1. INTRODUCTION AND STATEMENTS OF RESULTS

1. Let K = Q(v/—D) be an imaginary quadratic field of discriminant —D with D > 3
and D = 3 mod 4. Let Op be the ring of integers of K, € be the quadratic character of K
of conductor /—DQOp, and ¥, be a Hecke character of K of conductor /—DQOp satisfying

Yr(aOp) = e()a®~L for (aOp,V—DOp)=1, k€ Zs.

Assume in addition that vy satisfies

Yr(a) = Yr(a) for ideals a prime to v—DOp. (1.1)

Let d = 1 mod 4 be a squarefree integer relatively prime to D, and ¢q 1 = (d/N(-))Yx
be the Hecke character of K of conductor dv/—DQOp given by the quadratic twist of ¢y, by
(d/N(-)). Clearly, ¥q also satisfies (1.1). Let W, be the set of Hecke characters of the
form g . This set consists of h(—D) characters, where h(—D) is the class number of K.
Finally, let L(tq,, s) be the L-series of 14 . Its central value is L(vq, k).

The Hecke characters 14, are examples of canonical Hecke characters of K in the sense
of Rohrlich [R2]. These characters are arithmetic in nature, and are associated to CM
motives. For example, when k = 1, they are associated to the so-called Q-curves A(D) first
studied by B. Gross in [G]. In particular, the nonvanishing of the central values L(tg1,1)
has applications to the study of the Mordell-Weil rank of these curves (see e.g. [MY]). More
generally, there is a natural generalization of the Birch and Swinnerton-Dyer conjecture to
L-functions of CM motives, where the nonvanishing of the central values L(v¢qp, k) for
k > 2 is related via the Bloch-Beilinson conjecture to the dimension of the image of an étale
Abel-Jacobi map on the Chow group of a Kuga-Sato variety (see e.g. [M]).

The nonvanishing of the central values L(tq , k) has been studied extensively by Rohrlich
[R1, R2], Montgomery and Rohrlich [MR], Rodriguez-Villegas [RV1, RV2], Rodriguez-
Villegas and Zagier [RVZ], Rodriguez-Villegas and Yang [RVY], Yang [Y], Miller and Yang
[MY], and Liu and Xu [LX]. In these papers it is assumed that there is one orbit of the
Galois action on ¥;j. This allows these authors to prove there exists a ¥4 € Vg for
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which L(¢qp, k) # 0, and to use a well-known theorem of Shimura [Sh] to conclude that
L(va, k) # 0 for all g € Yap.

If there is more than one orbit of the Galois action on ¥, , the existence of one nonva-
nishing central value no longer implies that all of the central values are nonvanishing. It
then becomes of interest to understand how the number of nonvanishing central values in
the family {L(¢qk,k) : Yar € Yar} grows with the discriminant —D. In this paper we
will address this problem by obtaining lower bounds of the form

{Yar € Tap: L(Yap, k) # 0} > D° (1.2)

for some absolute constant(s) 6 > 0.

To obtain bounds of the form (1.2) one must resort to methods different from those in the
above cited papers. We will develop two methods for obtaining such bounds. Briefly, the
first of these combines results on Galois conjugacy of unramified twists of Hecke characters
due to Rohrlich [R3] with bounds for ¢-torsion in class groups obtained recently by Ellenberg
and Venkatesh [EV]. The second of these uses subconvexity bounds for automorphic L—
functions due to Duke, Friedlander, and Iwaniec [DFI]. A more detailed description of our
methods is given in subsections 1.3 and 1.4. Our main results are stated in subsection 1.4.

2. The setup for this paper is as follows. Let K = Q(v/—D) be an imaginary quadratic
field of discriminant —D with D > 3 and D = 3 mod 4. Let Op be the ring of integers
of K. Let ¢(n) = (—=D/n) = (n/D) be the Kronecker symbol associated to K (that the
Kronecker symbol equals the Legendre symbol follows from the quadratic reciprocity law).
We also view ¢ as a quadratic character of (Op/v/—DOp)* via the isomorphism

7/DZ — Op/v—DOp.
Let v, be a Hecke character of K of conductor /—DQOp satisfying
Yr(aOp) = e()a®*7t, for (aOp,vV—DOp)=1, k€ Z>.

Throughout this paper we assume that v satisfies (1.1).
Let d = 1 mod 4 be a squarefree integer relatively prime to D. Then (d/N(-)) is a
primitive Hecke character of K of conductor dOp. Let

Yar = (d/N(-))x

be the Hecke character of K of conductor dv/—DQOp given by the quadratic twist of ¢ by
(d/N(-)). Clearly, 14 also satisfies (1.1).
Let CL(K) be the ideal class group of K, h(—D) be the class number of K, and CL(K)"
be the group of ideal class group characters of K,
¢:CL(K) - Q".
Let W;5 be the set of Hecke characters of the form 4. This set consists of h(—D)
characters, and if ¢4, is any one of them,

Uap = {¢aré : €€ CLK)"}.
The L-series of 14 is defined by

L(Wagos) = 3 var(@N (@)™, for Re(s) > k+ 3,

where the sum is over nonzero ideals a. The L—series L(1)q, s) has an analytic continuation

to C and satisfies a functional equation under s — 2k — s with central value L(1q, k) and
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root number w(1q;) = £1. By a slight generalization of the calculation in [G, Theorem
9.1.1], one can show that
+1

. D+1
w(var) = (~1)" 'sign(d)(~1) . (1.3)
The root number formula (1.3) is crucial to the proofs of our main results (see the second

paragraph of subsection 1.4). Therefore, for the convenience of the reader, we will give a
proof of (1.3) in the Appendix.

3. Throughout this subsection we assume that either D = p is prime or ged(D, 2k—1) = 1.
Let N = K((ar—1) be the proper cyclotomic extension of K obtained by adjoining a
primitive (2k — 1)-st root of unity (a1 to K. The Galois group Gal(Q/N) acts on ¥4 by

a— wd,k(a)", S Gal(@/N).
For ¢ € Vag, let Oy, be the Galois orbit
O¢d,k = {¢g,k HIRARS Gal(@/N)}.

Let CLak_1(K) be the (2k — 1)-torsion subgroup of CL(K). We will make use of results of
Rohrlich [R3] to prove the following proposition.

Proposition 1.1. Assume that either D = p is prime or ged(D,2k — 1) = 1. Then for all
Yar € Yar we have

Oyap = {taré: € € CL(K)", ¢ is trivial on CLgk_1(K)}. (1.4)
By results of Shimura [Sh],
if L(Z/J(Lk, k) 7é 0 for some 'Lﬂdyk S \I/ng, (*)

then
L(yg ., k) # 0 for all 0 € Gal(Q/N).
Thus, assuming condition (x) is satisfied we have

W=D) > {Yar € Vi o L(tag, k) # 0} > |Oy,..| - (1.5)

The study of the nonvanishing of the central values L(1q, k) can now be divided into
two cases.

Case 1: Assume that ged(2k — 1, h(—D)) = 1. Then CLgj_1(K) = {1}, so by (1.4) there
is one orbit Oy, , of size ‘O¢d,k‘ = h(—D). Thus, if condition (x) is satisfied, (1.5) implies
that

{¥ar € War : L(Yax, k) # 0} = h(=D). (1.6)
As remarked, this case has been studied extensively in [R1, R2, MR, RV1, RV2, RVZ, RVY,
Y, MY, LX]. The strategy in these papers is to impose the hypothesis gcd(2k—1, h(—D)) =
1, prove by some method that condition (x) is satisfied for some (possibly ineffective) range

of discriminants —D, and conclude that (1.6) holds for —D in this range. The best result
in this case is due to Tonghai Yang [Y], who proved that (1.6) holds for D = 7 mod 8 and

d < D1~ (with d > 0 and d = 1 mod 4).
Case 2: Assume that ged(2k — 1, h(—D)) > 1, which is the primary case of interest in
this paper. Then by (1.4) there are |CLgy_1(K)| orbits Oy, ,, each of size
h(=D)
Ovan] = Ly
|CLag—1(K)]
3
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In this case it is of interest to obtain quantitative information about the growth of the
number of nonvanishing central values in the family {L(¢qx, k) : Yar € Yar} as D — oc.
That is, we seek a lower bound of the form

{tar € Var: L(tag, k) # 0} > D°
for some absolute constant § > 0.

4. We now state our main results.
First, observe that by (1.3) we have w(¢gr) = w(ygr) for all & € CL(K)". Then

proceeding exactly as in [LX] one finds that for |d| < D13~ there exists a Hecke character
Yak; € Yqr such that LU (@Z}d kj,k) # 0 for j = 0,1. Thus, condition (*) is satisfied by the
central values and central derivatives of L(ak,s)-

We will use (1.5), (1.7), Siegel’s theorem, and bounds for ¢-torsion in class groups due
to Ellenberg and Venkatesh [EV] to prove the following quantitative nonvanishing theorem
for the central values of L(9q, s).

Theorem 1.2. Assume that sign(d) = (— )k+ T (i.e. the root number of gy is 1).
Furthermore, assume that either D = p is prime or ged(D,2k — 1) = 1.

(a) For |d| < D127 we have
{ta2 € Was: L(ta2,2) # 0} 5 D°
for all 6 < 1/6.
(b) Let k > 3. Then assuming GRH, for |d| < D12~ we have

{tar € Var: L(Yag, k) # 0} > D°
forall o <1/2(2k —1).
We will replace Shimura’s theorem with a result of Zhang [Z] to prove an analogue of

(1.5) for the central derivatives of L(t4,s). We then proceed as in Theorem 1.2 to prove
the following quantitative nonvanishing theorem for the central derivatives of L(tq, s).

Theorem 1.3. Assume that sign(d) = (— )’“Jr T (i.e. the root number of gy is —1).
Furthermore, assume that either D = p is prime or ged(D,2k — 1) = 1.

(a) For |d| < D¢ we have
{tha2 € Waz: L'(a2,2) # 0} 5 D°
for all § < 1/6.
(b) Let k > 3. Then assuming GRH, for |d| < D12—¢ we have

[{tak € Var: L'(har, k) # 0} >5 D°
forall o <1/2(2k —1).

There is an alternate approach to quantitative nonvanishing. We will combine lower
bounds for the averages

Z ’L(J)(wd,lmk)’a for .] = Oa 17

Va,k€EVq,k

with subconvexity bounds for LU (1/1d k, k) due to Duke, Friedlander, and Iwaniec [DFI] to
prove the following quantitative nonvanishing theorems for the central values and central
derivatives of L(%q, s).
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Theorem 1.4. Assume that sign(d) = (—1)k+%. Then for all 6 < 1/60 we have
{var € Yo+ L(Yar k) # 0} >ars 9(D)
where
g(D) ~ c¢(k)D° as D — oo
for some ineffective constant c¢(k) > 0.

Theorem 1.5. Assume that sign(d) = (—1)’“*%. Then for all 6 < 1/60 we have
[{ar € Yar: L'(Yak, k) # 0} >aps D°

as D — oo.

Remark 1.6. It is important to emphasize that the lower bounds in Theorems 1.2 and 1.3

hold for all d in the range |d| < DT1276, whereas the lower bounds in Theorems 1.4 and 1.5
depend on a fixed d. The implied constants in all of these lower bounds are ineffective.

Remark 1.7. Quantitative nonvanishing theorems stronger than Theorems 1.2 and 1.4
have recently been obtained by the author and Tonghai Yang in [M, MaY] (for example,
the function g(D) in Theorem 1.4 is replaced by D° for some absolute § > 0). These
quantitative nonvanishing theorems are corollaries of asymptotic formulae for averages of
the central values L(t4x, k), which are proved using explicit formulae for the central values
L(vqx, k) and the equidistribution of Galois (sub) orbits of Heegner points on modular
curves. See also the recent work of Michel and Venkatesh [MV].

Acknowledgments. I would like to thank Christian Kaiser and Tonghai Yang for
several very helpful discussions regarding this work. In addition, I would like to express my
gratitude to the anonymous referee for carefully reading the manuscript, for directing me to
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2. THE SIZE OF THE GALOIS ORBIT Oy, ,

In this section we prove Proposition 1.1.
Let I(dv/—DOp) be the group of nonzero fractional ideals a of K prime to dv/—DOp.
Then

Yar: [(dV=DOp) — Q"
is a homomorphism satisfying
bax(@0p) = (@)™, for (aOp,dv"DOp) = 1.
Define a map
CL(K) — CL(K)
by



Let CLgg_1(K) denote the kernel of this map and G denote the inverse image of CLag_1(K)
in I(dy/—DOp). Thus G < I(dy/—DOp) is the subgroup of all a such that a? =1 is
principal. We view a class group character of K as a homomorphism
¢:I(dv=DOp) — Q"
trivial on principal ideals prime to dv/—DOp. For ¢ € Gal(Q/K), let Y4 ;. denote the Hecke
character of K given by
ar— wdyk(a)”.

Let N = K({ar—1) be the proper cyclotomic extension of K obtained by adjoining a
primitive (2k — 1)-st root of unity (51 to K. We claim that the values of 14 on G lie in
N. To see this, let a € G. Then a?*~! = aOp for some o € K*, so that

Ya (@) = (0 = Yy (aOp) = e(a)a® L
Clearly, this implies
Yar(a) = £Ca

for some ¢ € pog—1, i.e. Ygr(a) € N.
The following proposition is now a consequence of Rohrlich [R3, Theorem 2].

Proposition 2.1. Assume that the following condition holds for all a in I(dv/—DOp):
if a> € G and Ygx(a) € N, then a € G. (2.1)

Then the characters ¥g ;. with o € Gal(Q/N) are precisely the characters 1€ with & an
ideal class character of K trivial on Cligg_1(K).

It follows from Proposition 2.1 that to prove Proposition 1.1, it suffices to prove that
condition (2.1) is satisfied by all ¥q1 € Wq.

First, assume that D = p is prime. Then h(—p) is odd, so CL(K) contains no elements
of order 2, and condition (2.1) is satisfied by all g € Vg .

Next, assume that ged(D,2k — 1) = 1. We will prove that

if a? is principal and 14 x(a) € N, then a is principal,

and hence that condition (2.1) is satisfied by all g € V.
Assume that

a’> = (a), forsome a€ K*. (2.2)
Then
Yar(a)® = ar(a®) = Yar((@) = e(a)a® ' € K, (2.3)
so that
(Pak(a))” = (Pax(a)?) = (@*71) = ()1 = a®**D,
Taking square roots, we obtain
a1 = (¢ p(a)).

We will use the hypotheses ged(D, 2k — 1) =1 and ¢4 (a) € N to prove that ¢qx(a) € K.
Thus

Cl2 - (Oé) and an_l - (wd,k(a)>7 for Oéawd,k(@ S KX:
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from which it follows that a is principal.

It remains to prove that 14(a) € K. Assume that g (a) is not in K. We will derive a
contradiction in two steps. In step one we prove that the quadratic extension K (1q(a))/K
is unramified at all primes not dividing 2. In step two we use the hypotheses ged(D, 2k—1) =
1 and 94 (a) € N to prove that K(¢q(a))/K is ramified at some prime not dividing 2.

Step 1: Assume that 1, (a) is not in K. We know by (2.3) that ¢gx(a)? € K, thus
K(¢gqx(a))/K is a quadratic extension. Therefore, if p does not divide 2,

K (tax(a))/K is unramified at p if and only if 2valy (g x(a)?).

Using equations (2.3) and (2.2) we compute

valy(Yak(a)?) = valy(e(a)a® 1)
=(2k—1)
— (26— 1)

valy(a

valy(a?).

Clearly, 2|valy(a?). Thus K (1qx(a))/K is unramified at primes p not dividing 2.
Step 2: By assumption ¢4(a) € N, thus K(¢gr(a)) C N. This yields the following

field diagram:

Q(¢or—1)
a))
K \

In the diagram L = K (¢4 (a)) NQ((2x—1). We claim that L has degree 2 over Q. Clearly,
[L : Q] =2 if and only if K is not contained in Q({2x—1). We know that K/Q is ramified
at some prime, and Q({2;—1)/Q is ramified at precisely those primes p|2k — 1. Therefore, if
K C Q(Cok-1), K/Q is ramified at some prime p|2k — 1. This contradicts the assumption
ged(D,2k —1) = 1.

N

K(Yar(

L

Q
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Since L C Q((2x—1), L/Q is ramified at some prime p|2k—1 (p # 2). Because ged(D, 2k —
1) =1, we have ged(p, D) = 1. Thus K/Q is unramified at p. It follows from the diagram

K(Yar(a))

N

L

Q
that K (¢q(a))/K is ramified at some prime p|p which does not divide 2.

3. QUANTITATIVE NONVANISHING VIA BOUNDS FOR /-TORSION

In this section we prove Theorems 1.2 and 1.3.
Proof of Theorem 1.2. Assume that w(t4) = 1. We observed in subsection 1.4 that

for |d| < DT12_€, there exists at least one Hecke character v such that L(vqy, k) # 0.
By Weil’s converse theorem, 14, is associated to a normalized, primitive, CM newform f
of weight 2k and level d?D? (see section 4). It follows from Shimura [Sh, Theorem 2 and
Proposition 4] that

LY. k) #0 forall o€ Gal(Q/N).
We now see that for |d| < D%_i

{var € Yag: L(Yar k) # 0} = |Oy,, |- (3.1)
Assume that either D = p is prime or ged(D, 2k — 1) = 1. Then by Proposition 1.1,

O?/Jd,k = {¢d,k€ s €€ CL(K)A, §|CL2k_1(K) — 1}.

There is a (non-canonical) isomorphism

{¢ € CL(K)": §|CL%71(K) =1} = (CL(K)/CLg_1(K))" = CL(K)/CLgr_1(K).
Thus
_ ___h(=D)
|Oyur| = |CL(K)/CLgj1(K)| = [CLor 1 (K] (3.2)
From (3.1) and (3.2) we find that for |d| < DT ¢,
| )
Hvaxr € Vg : L(tpgp, k) # 0} > m (3.3)

In beautiful recent work, Ellenberg and Venkatesh [EV] established unconditional and
conditional bounds for ¢-torsion in class groups. The following theorem is a consequence of
special cases of [EV, Propositions 1 and 2].

Theorem 3.1. (a) |CL3(K)| < Dste,

(b) Let k > 3. Then assuming GRH, |CLo,_1(K)| < D%_2<2’€1—1>+6.
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By combining (3.3) with Siegel’s theorem
h(—D) >, D2~¢
and the upper bounds for |CLgg_1(K)| in Theorem 3.1, we obtain Theorem 1.2.

Proof of Theorem 1.3. Assume that w(tq4x) = —1. We observed in subsection 1.4 that

for |d| < D%_E, there exists at least one Hecke character ¢4 such that L'(¢g, k) # 0. Tt
follows from Zhang [Z, Corollary 0.3.5] that

L'(Yg;,k) #0 forall o Gal(Q/N).

Here we have again used Weil’s converse theorem to associate 14 to a primitive, weight
1
2k newform f. Thus, for |d| < D1z7¢ we have

{ar € Yar: L'(Yan k) # 0} > |0y, |-

Assume that either D = p is prime or ged(D,2k — 1) = 1. Then arguing as in the proof
of Theorem 1.2, we obtain Theorem 1.3.

4. QUANTITATIVE NONVANISHING VIA SUBCONVEXITY BOUNDS

In this section we prove Theorems 1.4 and 1.5.
Using War = {¢a i : £ € CL(K)"} and orthogonality one obtains the identity

> L(¥ag:s) = h(—=D)L(¢ar, s, [Op)), (4.1)
Va,kEYa kK

where

L(thap 5 [00) = 3 war(@N(@™, for Re(s)>k+ =,

2
ac[Op]

is the partial Hecke L-series associated to the ideal class [Op].
Define

af)(d,k) = LY (W, b, [Op]), for j=0,1.
Let 94, denote the unitarization of 14 . By combining (4.1), the identity

Lo + k= ) = Lahars)
and Siegel’s theorem
h(-D) >, D2,
we obtain the estimate
> LWk 1/2)] > o (d. k)| D2 (42)
Yd,k,u€¥d,k,u

By Weil’s converse theorem, v 1. ,, is associated to a normalized, primitive, CM newform
fipa ... of weight 2k and level d?>D? with trivial nebentypus Xfpy, =1 (see [I, pg. 213]).

Then by a deep theorem of Duke, Friedlander, and Iwaniec [DFI, Theorem 3], one has the
subconvexity bound

L(J) (fdld,kyua 1/2) <<d,6 D%_%—i_e-
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A straightforward estimate now yields

Yo Y Wagu1/2)]

Y kuw€Yd Kk u

<ap {aru € Yapu: LY (Wapa, 1/2) # 0} D2 w0 e, (4.3)
Combine estimates (4.2) and (4.3) to obtain
{Wdnn € Yaru: LY Waju1/2) # 0} Sans [aP) (d, k)| D° (4.4)

for all 6 < 1/60.

Proof of Theorem 1.4. Assume that w(v¢q%) = 1. Using the estimates for I; and Iy
given in [LX, Sections 2 and 3|, we find that

0y (d.k)| > 2(1 — |1a]) > 2/1(D) (45)

where

F1(D) = cie, k) |d| " D¢ — eae)k4¥ |d|iTe D—Tote,
Note that for € < 1/16 we have

fitD)—0 as D — oc.
However, for € < 6 (< 1/60),
g(D) == f1(D)D° ~ ¢1(e,k)D°~¢ as D — oco.

It follows from estimates (4.4) and (4.5) that for all € < ¢ < 1/60,

{Yanku € Yaku: L(Waku,1/2) # 0} >aks 9(D)

where

g(D) ~¢1(e, k)D€ as D — oo.

Proof of Theorem 1.5. Assume that w(vqx) = —1. Using the estimates for Ry, and C
given in [LX, Sections 5 and 6], we find that

1
a5 (d, k)| > 2(|Ry| — |C)
> 2[0351 - ca(e)(d] D) — cu(h, ) ]+ D

=2 [.0351 — D T ey(e) |d| 7161 + eu(ky €) |d\%+€}]
> 2f2(D) (4.6)
where
f2(D) = .0351 — ¢5(k, ) |d]3T¢ D16+,
For € < 1/16 we have
f2(D) — .0351 as D — .

Therefore, from estimate (4.6) we find that for e < 1/16,
inf |aM(d, k) >2 inf fo(D)>0. (4.7)
DTz >4 DTz |d]
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Finally, it follows from estimates (4.4) and (4.7) that for all § < 1/60,
{Wakw € Yakw: L'(Yaku1/2) # 0} >apse D°

as D — oo.

5. APPENDIX

In this Appendix we calculate the root number w(t4y). As remarked in the introduction,
the calculation is a mild generalization of [G, Theorem 9.1.1], the differences being that in
[G] the quantity D is a prime > 3 rather than a product of distinct odd primes, and the
quantity k is 1 rather than an arbitrary positive integer.

Let 1y, ,, be a unitary Hecke character of K of conductor /—DOp satisfying

2k—1
¢k7u(a(’)p) = E(Oé) (Oé) , for (CYOD, vV —DOD) = 1, ke Zzl'

|

Assume in addition that vy, satisfies (1.1). Let

d
Vi ku = <N()> Vi

be the Hecke character of K of conductor dv/—DOg given by the quadratic twist of 1y,
by (d/N(:)). Clearly, 141, also satisfies (1.1).

Let W41 . be the set of all Hecke characters of the form v, ,,. This set consists of h(—D)
characters, and if 1)q 1, is any one of them,

apu = {Varué: €€ CLK)"}.
Now, a straightforward calculation yields
1
LYap,s +k = 3) = L(dku, s), (5.1)
so that
L(wd,lm k) = L(¢d,k,u7 1/2)
Let
—S S 1
Aagu, s) = 2m)~*(|d] D)T(s +k = S)L(¥aku, 5)-
Then A(tq k., s) is entire, bounded in vertical strips, and satisfies the functional equation

A pus 8) = W k) MWV kus 1 — 5)

where w(1q ) is the root number of g 1, ,, (which is the same as the root number of 14 ).
Because 1) 1, satisfies (1.1),

L(Yapu,s) = L(VakusS)-
Therefore,
A ks s) = W Wd k)N Vaku, 1 — 5) (5.2)

with w(l/Jd,k,u) = +1.
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Because the Hecke character 9q . ,, is primitive of weight 2k —1 and conductor dv/—DOp,
it follows from [I, pg. 211, equation (12.26)] that
W) = i~ VW (Yapu)N(dV=DOp)~1/?
iR DW (g p)(1d) D)2, (5.3)
where W (1q..,) is the Gauss sum of 9 .
Recall that if ¢ is a primitive Hecke character of K of weight r and conductor f, the
Gauss sum W(v) is defined as follows (see [I, pg. 210, equation (12.21)]). Let ¢ be an

integral ideal in the class of §~! such that (¢, §) = Op. Thus cf is principal. Let c¢fo = vOp
for some v € Op (here 0 is the different of K, which is a principal ideal). Then

we = 3 v () (2m) e(=5): 64

acc/cf

where e(z) = €2™*. The sum is independent of the choice of ¢ and 7.

We aim to compute W (1q,) by reducing this (in essence) to the computation of the
Gauss sum W (¢, ).

First, suppose that & and & are primitive Hecke characters of K of conductors m; and
mg, respectively, and that (m;, my) = 1. It follows from [I, pg. 210, equation (12.23)] that

W (&1€2) = &1(m2)&a(my) W (&)W (&2). (5.5)

By definition of 14, we have

Ya ku = §162,

o= (30)

is a primitive Hecke character of K of conductor my = dOp, and
52 = wk,u

is a primitive Hecke character of K of conductor my = v/—DQOp. Furthermore, we have
assumed that (d, D) = 1, thus (m;, mg) = 1. Then using (5.5), the definition of ¥y ,, and
quadratic reciprocity, we obtain

W (Yaku) = <N \/d—oD > (W‘)%_lW((]\;é.)))W(wk’u)
~(5) (D) () (o
<ld!> (Ncé ) W) (5.6)

Now, because the Dirichlet character (d/-) is primitive of conductor |d|, it follows from

I, Lemma 12.4] that
(5 )= () (5) ()7

X
() (2)e

where



where we have used that the Gauss sum 7((d/-)) is given by

(<d>) d>, d>0
T — =
: ild2, d<o.

We need to compute the Gauss sum W (1 ,,) (see also [FI, pg. 673]). Because the Hecke
character vy, is of weight r = 2k — 1 and has conductor which is principal and given by

0 = v/—DOp, equation (5.4) simplifies to

o\~ a+a

a mod 0

Furthermore, because all classes &« mod 0 are represented by rational integers modulo D,

W (Yru) = Z Vreu((n <’Z’)(2kl)e(2g>. (5.8)

n mod D
Substitute

Yeu(() = £(n) (”)k

n (5.8) to obtain

It is well-known that

n mod D

where 7(¢) is the Gauss sum of the primitive Dirichlet character £(-) = (=2) of conductor
D. Because (ﬂ) is odd,

(‘D>:(_1)Df and (c) = iD}.

Therefore
+1

W (tr) = (—1)73 D3, (5.9)
Substitute (5.7) and (5.9) in (5.6) to obtain

v = (2" (52

Then substitute (5.10) in (5.3) to obtain
d 0\ 2k1
wlana) =i ()
d|

(3
= (%)~ (=D (;ll')% <|dl|)> D) (-1
d

= (—1)k1 (TdD> ( (1), (5.11)
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<d> d(—1) " iD3. (5.10)



Suppose that d > 0 in (5.11). Then using d = |d| and quadratic reciprocity we find that
1. D+1
w(Waku) = (—1)" Tsign(d)(~1) 7
Finally, suppose that d < 0 in (5.11). Then using d = — |d|, quadratic reciprocity, and
the fact that
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