ON THE L-FUNCTIONS OF THE CURVES 3> =2‘+ A

RIAD MASRI

ABSTRACT. Let £ > 3 be an odd prime and A be an integer not divisible by ¢. Let Ca
be the non-singular projective model over Q of the affine curve Ca : y? = z* + A. In this
paper we use the theory of Hilbert modular Eisenstein series to obtain a formula for the
central value of the Hasse-Weil L—function L(Ca, s) of the curve Ca when the cyclotomic
field Q({¢) has ideal class number 1.

1. INTRODUCTION AND STATEMENTS OF RESULTS

Let ¢ > 3 be an odd prime and A be an integer not divisible by ¢. Let C4 be the
non-singular projective model over Q of the affine curve

Cy: y2 =2’ + A

The arithmetic of the curves C'4 and their Jacobians J4 has been studied extensively by
M. Stoll and T. Yang in [S1, S2, S3, SY]. In [S3], Stoll investigated properties of the Hasse-
Weil L-function L(Cg4,s). Let ¢, be a primitive ¢-th root of unity and let L = Q(¢;) and
F=Q(C+¢ ). The Jacobian J4 has complex multiplication by the ring of integers
Or = Z[¢] of L. A possible CM type for J4 is {o1,...,04}, where o : L — C is the
embedding ¢, — €2™*/¢ and d = (¢ — 1)/2 is the dimension of J4. By [L, Section 1.7], this
CM type is simple, which by [L, Theorem 1.3.5] implies that J4 is absolutely simple. By
Milne [M, Theorem 4], one has

L(Ca,s) = L(Ja,s) = L(na,s)

for some Hecke Grossencharakter ng4 of L. Here, L(Ca,s) = L(Ja,s) because both L-
functions can be defined in terms of the Galois action on the first étale cohomology groups,
and H},(Cy4) and H),(J4) are canonically isomorphic. Stoll explicitly determined the char-
acter 74 and calculated its root number.

In [Y1], Yang developed a powerful method for obtaining formulas for central values of
Hecke L—functions using theta lifts. Stoll and Yang [SY] used the expression for n4 and
methods similar to those in [Y1, RVY, Y2] to express the central value L(Cap,1) of the
curve Ca5: y? = 2° + A in terms of the value of a theta series for F' = Q(+/5) (depending
on A) evaluated at a CM point coming from L. Upon specializing to A = 1, they showed
that L(Ci5,1) # 0 and used a 2-descent as in [S2] to conclude that J;(Q) is finite (of order
10).

In this paper, we will use the expression for n4 and the theory of Hilbert modular Eisen-
stein series to obtain a different type of formula for the central value L(C4, 1) for all curves
Cy:y? ="+ A with £ =5,7,11,13,17, or 19 (this last condition insures that L = Q((y)
has ideal class number 1). See Corollary 1.5. The formula for the central value should be
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useful for numerical calculations. Moreover, we believe it is possible that the formula can
be combined with an analysis of the zeros of Hilbert modular Eisenstein series similar to
that in [Ba, H] to prove that L(Cy,1) # 0 for certain Cy.

We will derive the formula for the central value as follows. First, in Proposition 1.2
we relate L(C4,s) to a twisted Hilbert modular Eisenstein series E(¢, z, s) evaluated at a
CM point. Along the way, we determine the automorphy factor arising from the action
of GL1(2,0r) on E(¢,z,s). Next, in Theorem 1.3 we compute the Fourier expansion of
E(¢, z,s) and use this in Corollary 1.4 to obtain an analytic expression for L(C4, s). Upon
specializing to s = 1 and computing certain integrals in a sum of divisors, we obtain the
central value formula. Note that the analytic expression for L(Cy4, s) provides an alternate
proof that L(C4,s) has an analytic continuation to an entire function on C.

Although it is not our primary focus here, this paper also constitutes part of our effort
to prove the Bloch-Beilinson conjecture for the curves C'4. Our strategy is to follow the
original approach by Bloch [B]] for elliptic curves with complex multiplication by the ring of
integers of an imaginary quadratic field of class number 1. To do this, one must first relate
the special value L(Cy,2) to a Hilbert modular Kronecker-Eisenstein series. This follows
from Proposition 1.2 (with s = 2). Roughly speaking, one must then relate the Hilbert
modular Kronecker-Eisenstein series to the image of a suitable ‘regulator’ on Ko(Cy). We
believe that the Fourier expansion in Theorem 1.3 will be useful for this purpose.

We now describe our main results. Throughout this paper we assume that L = Q({) has
ideal class number 1. Recall that if £ > 3 is an odd prime, the class number h(Q(¢,)) =1
if and only if £ =5,7,11,13,17, or 19 (see [W, Theorem 11.1]).

Let d := (£ —1)/2. Let H be the complex upper half-plane, and let z = x + iy =
(21,...,2q) € H. Let F = Q(¢ + Cg_l) be the maximal totally real subfield of L, let
{71,...,74} be the d real embeddings of F', and define

d
N(az +b) = [[(rj(a)z; + (b)) for a,be OF.
j=1

We then define the twisted Hilbert modular Eisenstein series

E(¢, 2, 5) = S G(a,b)N(az +b)|N(az + )%, = € H, Re(s) >
(a,b)EOpXOF/O;;

)

| W

where / denotes the sum over nonzero elements, Op x Op/ (’); denotes the sum over a
complete set of representatives (a,b) € Or x Op with respect to the equivalence relation
(a,b) ~ (a/,b') modulo OF if and only if there exists a unit e € O such that (a,b) =
(ed',eb), and ¢ : Op x Op — C is a doubly periodic function associated to the finite part
na,f : (Op/m)* — C* of the Gréssencharakter n4 of L of modulus m determined by Stoll
in [S3] (see Section 3).

Define the group

GL4(2,0Fp) ={A € GL(2,0F) : det(A) is totally positive }.
We will determine the automorphy factor arising from the action of GL1 (2, Or) on E(¢, z, s).
Proposition 1.1. With notation as above we have

E(¢, Az,s) = det(A)' " N(yz +8) 7" [N (72 + 8)[* E(6, 2, 9)
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Fix the CM type ® = {o1,...,04} for L/F and define the CM point
zon = B(Ce) = (01(Ce), - -, 0a(Ce)) = (Cos - -, ¢f) € HY.

Recall that the L—function of n,4 is defined by

Lnass) = > na@)Npg@) ", Re(s) >
ACOL,

Y

N W

where the sum is over nonzero integral ideals. We will establish the following fundamental
identity.

Proposition 1.2. With notation as above we have

1

L(na,s) = W
L F

E(¢,zcm, s). (1.1)

Let {b1,...,bn} be a complete set of coset representatives of Op/m N Op. Define the
L—functions

S G0, b)N (b)Npyg(() ",

beOFp /O}:

and

Ldns)= > élab)Nejg((@) s 1=1,...,N

aEOF/O;

which are absolutely convergent for Re(s) sufficiently large.

Let {a1,...,an} be (another) complete set of coset representatives of Op/m N Op, and
let a(m N Op) denote the sum over a complete set of representatives a € O with respect
to the equivalence relation a ~ o’ modulo m N O if and only if there exists a unit € € O}
such that e =1 mod mN Of and a = ea’.

We will compute the Fourier expansion of E(¢, z, s).

Theorem 1.3. The twisted Hilbert modular Eisenstein series E(¢,z,s) has the Fourier
expansion

E(¢,z,s) = L(¢,2s)

. onl(2s 2 92-2s )4 N
+NF/@(mﬂOF)D}F/QemmN(y)Q28{ at ) } Z (¢1,2s —

I'(s—

+ NF/Q(m N OF)DI/Qeﬂid/QN(y)z_zs

X ZZ¢ a, by) ZI oj(k,l,y,s)exp{2miT (gz)}

k=1 1=1 (mﬁOF)



where the sum of divisors o5(k,l,y,s) is defined by

o5k, l,y,s) = Z H h(277i(agy); s — 1,s)N(a)* 2% exp{2miT (gh;)}.

g=ag
ge(mNOFp)*
a=ar mod mNOp
a(mNOr)

Here Dp is the absolute discriminant of F, T is the trace, (m N Op)* is the dual of the
lattice m N Op, and

h(y;s —1,s) := /(1 —it) |1 —it| *e"™dt, Re(s) >2, yeER,
R

which extends to C by meromorphic continuation (it is entire if y # 0).

By combining Theorem 1.3 with the fundamental identity (1.1) and the fact that the
L-series L(¢,s) and L(¢;,s) have analytic continuations to entire functions on C (see [F,
pg. 171]), we obtain the following corollary.

Corollary 1.4. The L-function L(na,s) can be expressed as
‘O>L< : O;’L(UAJ) = L(¢7 28)

‘ 271T2s—222 2514 N
+ NF/Q(m N OF)D};/zedemN(yCM)QiQS { ( } Z ¢l7 2s —

I'(s—1r
+NF/Q(mﬂ OF) 1/2 wzd/QN(yCM)Q—Qs
/
X ZZqﬁ(ak,bl) Z o5k, l,yom, s) exp{2miT (gxcm)}-

k=1 I=1 Ge(mNOp)*

Furthermore, this expression provides an analytic continuation of L(na,s) to an entire
function on C.

By computing the integrals h(277;(agycar); 0, 1) appearing in the sum of divisors o5(k, 1, ycnr, 1)
we will obtain the following formula for the central value L(Cy, 1).

Corollary 1.5. The central value of the L—function L(Cg4,s) is given by

N
|05 : OF| L(Ca, 1) = L($,2) + Npjg(m N Op) D} e (27)¢ > " L(¢1,0)
=1

+ NF/Q(m N OF)D;/ZGMCI/Q

N
x> dlag b)Y og(k, L you, 1) exp{2miT (Gxcn) }

k=1 ge(mNOFR)*
where
ok, lycm, 1) = E x(agycnr) exp{2miT (gby) }
g=ag
ge(mMNOp)*
a=a mod mNOp
a(mﬂOF)
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and
0 if Tj(ag) > 0 for some j,

X(ag}’CM) = {(27r)dexp{27TT(agy0M)}, Zf Tj(ag) <0 fo’]"j = 1, . ,d.

Finally, we will make Corollary 1.5 more explicit for the curve C 5 : y? =2+ 1.

Corollary 1.6. The central value of the L—function L(C15,s) is given by

N
0f - OF|L(C15,1) = L(¢,2) + 20V/5e™(2m)* >~ L(¢y, 0)
=1

N N
. /
+2o\/Se7”§ :E :qﬁ(ak,bl) § : o5k, 1, your, 1) exp{2miT(§xcnr)}
k=1 =1 §€(2\/50F)*

where

o5k, yon, 1) = > Xlagyewm)exp{2miT(gh)}.
g=ag
9€(2v50p)*
a=a;, mod 2v/50p
a2V50r

As discussed, Stoll and Yang [SY] used different methods to prove that L(C;5,1) > 0.
Acknowledgments. 1 would like to thank Fernando Rodriguez-Villegas for several
helpful discussions, and the referee and editorial advisor for detailed comments leading to

improvements in the paper. The author was supported by the IHES and CRM-Montréal
during the preparation of this work.

2. THE L-FUNCTIONS OF THE CURVES y2 = 2! + A

As discussed in the introduction, by Milne [M, Theorem 4] the L—function of Cy4 is a
Hecke L—function, and Stoll [S3] explicitly determined the Grossencharakter 14 appearing
in the Hecke L—function. The Grossencharakter 14 is a multiplicative character on the
group of ideals prime to its modulus m. We extend 14 by zero to all nonzero integral ideals
of L. Let ’ denote the sum over nonzero elements. The Hecke L—series of 14 is defined by

Lna,s) = > na@)Npg(@)~*, Re(s) > 3/2, (2.1)
ACO,

where the sum is over (nonzero) integral ideals 2 of L and Ny () = |Of : . If (o) C O,

is principal then Ny, q((a)) = | H?;ﬁ oj(a)|, where the product is over the automorphisms
oj € Gal(L/Q).

Let a, 3 € Op. We say that a and § are associate modulo O if there exists a unit
e € OF such that a = €. It is clear that the principal ideals (o)) = () if and only if o and
(3 are associate modulo OF .

Since we have assumed that L has ideal class number 1, Oy, is a principal ideal domain. It
follows that there is a one-to-one correspondence between ideals of O and principal ideals
generated by elements of O which are non-associate modulo O;. Let O /O; denote a
complete set of elements of O, which are non-associate modulo O . Then using that

na((ea)) =na((e)) for ec O,
5



and
Nijo((eq)) = Nijo((@)),
we can express the L—function (2.1) as
/
L(na,s)= Y na((@)Np(e) ™
OtEOL/OZ
1

T o708 Z/ na((@))Np ()" (2.2)
L F

aEOL/O;
3. A DOUBLY PERIODIC FUNCTION ASSOCIATED TO nNA

Let m be an integral ideal of L, and let J™ be the group of all ideals of L which are
relatively prime to m. Define

O(Lm) ={a€0r: (a,m)=1}.
Since 14 is a Grossencharakter modulo m, we know that 14 is a multiplicative character
na:J™— C*
for which there exists a pair of characters
naf: (Op/m)* — C*, e : LL — C~
such that
na((@) = na,s(@)neo(a)

for all « € (’)(Lm). The ideal m is called the modulus of n4.
Write A = 2°B with B odd. By [S3, Proposition 3.3] the modulus of 74 is

m = 23(1 - ¢)*B.
In [S3, Section 3], Stoll explicitly determined the characters 4, 5 and 7.

It is known that Of, = Z[(/] is a free, rank 2 module over Op = Z[(, + ¢, '] with basis
{1,¢e} (see [W, pg. 44]). Write

Or = 0rC + Of.
Proposition 3.1. Define the function
¢:0p xOp —-C
by
o) = {Zj”(a@ e

Then ¢ is periodic modulo m N O in each argument.

Proof. Observe that a = o’ mod mN Op implies aly+b = a’¢y+ b mod (mN Op)Oy, implies
ale+b=d'¢;+bmod m. In addition, if af;+b = a’¢;+b mod m and (a; + b, m) = 1, then
(a’Cg+b, m) = 1. Because each element « € (’)Em) determines a well-defined class in (O /m)*,
and 04,5 : (Op/m)* — C*, we conclude that ¢(a,b) = na s(als +b) = na(a'+b) =
¢(a’,b). On the other hand, if (al, + b,m) # 1, we have ¢(a,b) = ¢(a’,b) = 0. A similar
argument works for ¢(a, -). O



4. PROOF OF PROPOSITION 1.1
Recall that the twisted Hilbert modular Eisenstein series is defined by

E(¢,z,8) = Z/ d(a,b)N(az +b)|N(az +b)| 7>, 2 € HY, Re(s) >
(a,b)EOFXOF/O;i

| W

It can be shown using the definition of the character 4 r in [S3, Section 3] that ¢(ea, eb) =
N(e)¢(a,b) for all € € O, and hence the Eisenstein series E(¢, z, s) is well-defined.
We want to compute the automorphy factor arising from the action of

GL4(2,0p) ={A € GL(2,0F) : det(A) is totally positive }

on E(¢, z,s).
Let S = {a1,...,an} be a complete set of coset representatives of (Or/(mNOr)Opr)*.

Lemma 4.1. Let o € O, a; € S, and fix decompositions a = aly+b, a; = a;(p+b;, where
a,b,a;,b; € Op. Then a = a; mod (m N Op)Oy, if and only if a = a; mod m N Op and
b=b;, mod mnNOf.

Proof. = Using the decomposition
O =0r¢ + OF
we obtain
(mNOp)OrL =(mNOF)Op( + (mNOp)OF.
Then a = a; mod (mNOp)Oy, if and only if & — a; € (MmN Op)Of which implies a — a; =

aly + b for some &,i) € m N Op. From the decompositions for «, c; in the statement of the
lemma, we also have a — a; = (a — a;)(y + (b — b;) where a — a;,b—b; € Op. Since {1, (s} is
a basis for the module Of, over O, it follows that @ = a — a; and b = b — b; which implies
a=a; mod mNOr and b=0b; mod mN OF.

< By hypothesis, a — a;,b —b; e mNOp C (MmN OFp)Oy,. Since (mNOp)Oy, is an ideal
of Op, it follows that o — a; = (@ — a;)¢¢ + (b — b;) € (m N Op)Or, which implies o = o
mod (mﬁ(’)F)(’)L O
Lemma 4.2. Suppose that o,y € O(L(mmOF)OL)
such that o« = ey. Then e =1 mod mN Op.

,a=~ mod (mNOF)Or, and € € O is

Proof. Observe that a = v mod (m N Op)Or, implies ey = v mod (m N Op)Or, implies
(e —1)y € (mN Op)Oy implies (m N Op)Op|(e — 1)y. However, (y,(mNOp)Or) =1, so
e—1€(mNOp)Or. Since e —1 € Op, we havee —1 € (mNOp)O, NOp =mNOp. O

Let (a,b)(mNOp) denote the sum over a complete set of representatives (a,b) € Op x Op
with respect to the equivalence relation (a,b) ~ (a’,b") modulo m N Op if and only if there
exists a unit € € O such that e =1 mod m N Op and a = ea’,b = eb’. Define the Hilbert
modular Eisenstein series of level m N Op by

Ei(z,s) = Z/ N(az+b)|[N(az+b)|7%, z € HY, Re(s) >

(a,b)EOFxOF
a=a; mod mNOp
b=b; mod mNOp

(a,b)(mNOF)

| W

See [F, pg. 161].



Now, using the periodicity of ¢ and Lemmas 4.1 and 4.2 we obtain the decomposition

M
E(¢,2,8) =Y _ ¢lai, bi)Ei(z, 5). (4.1)
i=1

The automorphy factor in the proposition can now be obtained by combining (4.1) with [F,
Lemma 4.2].

5. AN ALGEBRAIC IDENTITY FOR 75 N7 /g

Let Gal(L/Q) = {o1,...,00-1} where 0;(¢) = C; for j=1,...,£ —1. We have
-1
(Tj:(r_l:(fg,j for jzl,...,d:T.

By considering the action of the automorphisms {o; }?; on the generator ¢, + ¢, Lof F/Q,
we find that 7; := Tj|p = Ol—j|, forj=1,...,d.

Let H be the complex upper half-plane, let z = x+iy = (21,...,2q) € H%, let {r1,..., 74}
be the d real embeddings of F', and define

d
N(az +0b) = H(Tj(a)zj +75(b)) for a,be Op.
j=1

Fix the CM type ® = {01, ...,04} for L/F and define the CM point
zoas = (Ge) = (01(C0)s -, 0a(G) = (o ¢F) € HY.

By [S3, Section 3] the character 7 is given by

Noo(r) = a’

where
d
0=> o0j€ZGal(L/Q)]
j=1
is the Stickleberger element associated to the CM type ®.
Lemma 5.1. With notation as above we have
Noo(ale + b) N o((ale + b)) = N(azcy + b) [N (azowm + b))

—2s

Proof. First we compute

Moo (ale + b) = (ale + )"



Next, using 0; = 0y_;, 7 1= aj‘ = 00| and that F'/Q is totally real, we compute

Nyjo((ade +b)) H (ale +b)

I
E&

(0j(a)a;(Ce) + (b)) (or—j(a)oe—;(Ce) + o0—j(D))

<.
Il
-

Il
=~

(mj(a)o;(Ce) + 7(b))(7j(a)T5(Ce) + 75(b))

.
Il
=

(7j(a)aj(Ce) + 75()) (75 (a)a;(Ce) + 75(D))

Il
=~

<.
I
—

(1j(a)aj(Ce) + (b))
2

(tj(a)a;(Ce) + 75(b))

Il
=

<.
Il
—

I
,:j&

7j=1
= |N(azcar +b)|?.

6. PROOF OF PROPOSITION 1.2

We are now in a position to express the L—function L(74, s) in terms of the twisted Hilbert
modular Eisenstein series F(¢, z, s) evaluated at the CM point zcpr = (¢, - - - 7C2i) e HY.

Using (2.2), the decompositions 14 = 74, and Or, = Op(y + OF, and Lemma 5.1, we
obtain

1 ’ s
L(na,s) = W Z 1A ((a))NL/Q((a))
a€0L/OF
1 / e
=oron 2 sl bn(aG +b)Nejg((aG +b)
(a, b)EOFXOF/OX
1 ! _og
=107 0% > #(a,b)N(azcar + b) |N(azen + b)| 2
(a b)EOFXOF/OX
1
=————F .
‘OZ O;’ (¢7ZCM7S)

7. A FUNCTION PERIODIC MODULO m N Of

Define the function f : H? — C by
f2)= Y N@E+9)INE+9)[™*, Re(s)>

gemNOp

l\’)\w

We will compute the Fourier expansion of f(z).
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Let t be a lattice in R?. Then
t=Zri+- -+ Zrg
for linearly independent vectors 7, ...,rq € R%. The set
d
PZ{JJERd: x:thrj, Oﬁtjfl}
j=1

is a fundamental parallelotope for the lattice t. The dual lattice is defined by

t* = {a € R?: T(ax) € Z for all z € t},

where

d
T = Z ajxj
Jj=1

is the trace.
Let V C R? be an open connected domain. Then

D={zeC%: yeV}
is the tube domain corresponding to V' (here z = x + iy).
Define the integral
h(y;s —1,s) = /(1 —it) |1 —it| % e ™dt, Re(s) >2, yeR.
R
By [F, Lemma 4.4] we know that h(y;s— 1, s) has a meromorphic continuation to C (entire
if y # 0). Furthermore, by [F, Lemma 4.4 (a)] we have the following special value
27T(25 — 2) s
h(0;s — 1,5) = 0 922
(055 = L,8) = T 13m0y
Let P be a fundamental parallelotope of the lattice m N Op. The volume of P is given
by the formula

(7.1)

VOl(P) = 4/ |diSC(mﬂ OF) = D;‘/QNF/@(THQ OF)

where disc(m N Op) is the discriminant of the ideal mN Op and Dp is the absolute discrim-
inant of F'.
Now,

HY={2cC%: yecRL}

is the tube domain corresponding to the open connected domain Rio- We know that f(z)
is holomorphic on H? and that

fz+9)=f(2)
for all g € m N Op. Then by [F, Proposition 4.5], f(z) has the Fourier expansion
f(2) = Npjg(mn Op) D22 37 hy(y. s) exp{2miT (gz)) (7.2)

ge(mMNOFp)*
10



where

d
he(y,s) = N(y)* > [ [ h(2rri(gy)is — 1,9).
j=1

8. PROOF OF THEOREM 1.3

In this section we compute the Fourier expansion of E(¢, z, s)
We begin with the decomposition

E(g,z8)= > ¢0.5)NbB)Npg((h) >

beOR /O

+ Z’ Z é(a,b)N(az + b) |N(az + b)| ">

anF/O;; beOr

Let {b1,...,bn} be a complete set of coset representatives of Op/m N Op. Using that ¢
is periodic modulo m N OF we find that

Z ¢(a,b)N(az +b) |N(az + b)|725

beOp
N

=> ¢(a,by) > N(az +b)|N(az+b)| %
=1 b=b; mod mNOp
N

=> éla,b) > N(az+b+g)|N(az+b+g)| >

=1 gemNOF

Let z — az + by in (7.2). Then

3" Nlaz+b+g)[N(az+ b +g)| >

gEmﬂOF
= Npjg(mnN C’)F)Dllr;ﬂe’”'d/2 Z hg(ay, s) exp{2miT (g(ax + b))}
g€(mNOF)*
where
d
hy(ay, s) = N(a)* 2N (y)*~% H h(2rTi(agy);s — 1, s).
j=1

Using the special value (7.1) we obtain

o . [27T (25 — 2)22-25) ¢
tofas) = N 2N { PR
11



Then from the formula for hg(ay, s) we find that

N
S N 6ab) Y N(az+bi+9)[Naz+b+g) >

a€OFR/OF =1 gemNOF

27T (25 — 2)2272 }d

X Z Z ¢(a, b)) Npg((a)) =2

I=14c0p/0F

+ NF/Q(m N OF) 1/2 ﬂ-id/Q

X Z Z o(a,by) Z/ hg(ay, s) exp{2miT (g(azx + b;))}.

=1 4c0p/0% g€(mNOp)*

Let {a1,...,an} be (another) complete set of coset representatives of O /mNOFp, and let
a(mNOF) denote the sum over a complete set of representatives a € O with respect to the
equivalence relation a ~ a’ modulo mNOp if and only if there exists a unit ¢ = 1 mod mNOp
such that a = ea’. Then using that ¢ is periodic modulo m N O we have

N
Z Z ¢(a,by) Z hg(ay, s) exp{2miT (g(ax + b;))}

=1 acOp /0% ge(mMNOF)*
N N , ,
=Y b)Y S hylay, s) exp{2miT(g(az + b))}
k=1 1=1 a=ap, mod mNOFr ge(mNOp)*
a(mNOF)

Using the definition of hg, additivity of the trace 7', and combining terms with fixed ag, we
obtain

/ /
Z Z hg(ay, s) exp{2miT (g(ax + b;))}
a=aj mod mNOFp ge(mNOp)*
a(mNOF)

/
= N(y)*~2 Z o5k, y,s)exp{2miT (gz)}
GE(mNOF)*

where the sum of divisors o5(k,l,y, s) is defined by

o5k, l,y,s) = Z H h(277i(agy); s — 1,5)N(a)* 2% exp{2miT (gh;)}.
g=ag
g€(mNOF)*
a=ar mod mNOp
a(mﬂOp)

Define the L—functions
!
L(g,s) = > ¢(0,b)N(b)Npg((b)
beOR/OF
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and
! —S
L(gr.s)= Y ¢(a,b)Npjg((a))™®, 1=1,...,N,
aEOF/O;

which are absolutely convergent for Re(s) sufficiently large. By combining the preceding
analysis we obtain the Fourier expansion of FE(¢, z, s) in the theorem.

9. PROOF OF COROLLARY 1.5

Let s =1 in Corollary 1.4 to obtain the following formula for the central value L(n4,1),

N
05 OF|L(a, 1) = L(6,2) + Npjg(m N Op) D2 2(2m) 3" L(¢y, 0)
=1

+ Npjg(m N OFp) D}/ *emd/?

N N
xZqu(ak,bl) Z/ ok, 1, yom, 1) exp{2miT (gxcnm )}

k=11=1 ge(mNOp)*

where

d
ok, Lycwm, 1) = Z H h(2rTi(agycm);0,1) exp{2miT (gb;)}.
g=ag  j=1
gE(mﬁOF)*
a=ar mod mNOp
a(mﬁ(”)F)
It remains to compute the integrals h(277;(agycn); 0, 1) appearing in the sum of divisors

Ug(k, leC’Ma 1)

Lemma 9.1. With notation as above we have

d 0, if Tj(ag) > 0 for some j,
jl_I1 h2nj(agy);0.1) = {(27r)d exp{2nT(agy)}, ifTj(ag) <O forj=1,...,d.

Proof. By [F, Lemma 4.4 (b)], if 7;(ag) > 0 we have
h(2n7j(agy);0,1) = exp{—2n7;(agy) } Fo.1 (277 (agy))
where Py 1(x) =0, and if 7j(ag) < 0 we have
h(277;(agy);0,1) = h(—277;(agy); 1,0) = exp{2n7j(agy)} P1o(—277;(agy))
where P o(x) = 2. O

10. PrROOF OF COROLLARY 1.6

Recall that the conductor f of 774 is the smallest divisor fjm such that n4 is the restriction
of a Gréssencharakter modulo §f. By [S3, Proposition 3.3] the conductor of n; is

f:m:2(1—C5)
We will need the following lemma.

Lemma 10.1. We have (i) f N O = 2v/50F and (ii) 2/507, C §.
13



Proof. (i) By [N, Lemma 10.1], we have 501, = (1—(5)*Or, where (1—(5)Oy, is prime. Now,
(v501)? = 50 = (1 — (5)*Or. Consider the prime decomposition V50, = P{*--- P,
Then (vV50r)? = P2'... P2 so by uniqueness of prime decompositions in Dedekind
domains we have P, = (1 — (5)Or, e; = 2, and ¢; = 0 for ¢ = 2,...,n. In particular,
V501, = (1 —(5)%20y, which implies that the prime (1 — (5)O, lies above v/5OF if and only
if (1 —(5)O0r N Op = v/50F, which implies that f N Op = 2v/50kF.

(4i) From the proof of (i) we have 2v/507, = 2(1 — (5)201 C 2(1 — (5)Or = §. O

It follows from Lemma 10.1 (i) that m N O = 2v/50F. Furthermore, it follows from
Lemma 10.1 (i¢) and an argument similar to that in Lemma 3.1 that ¢ : Op x Op — C is

periodic modulo 250 in each argument.
Now, since F' = Q(v/5) we have

Npo(mNOp) = Npg(2vV50F) = |11(2V50p)m(2v/50F)| = 20

and Dp = 5. From Corollary 1.5 with A = 1, d = 2, zom = (5, ¢2), mN Op = 250k,
and Np/g(mN OF)D},/ 2= 204/5, we obtain the formula in the corollary.
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