ASYMPTOTICS FOR SUMS OF CENTRAL VALUES OF CANONICAL
HECKE L-SERIES

RIAD MASRI

ABSTRACT. Let K = Q(v/—D) be an imaginary quadratic field of discriminant —D with
D >3 and D = 3 mod 4. Let Ok be the ring of integers of K, let £ be the quadratic
character of K of conductor /—DOk, and let ¢, be a Hecke character of K of conductor
vV —DOg satisfying

Ur(aOk) = e(@)a® ™!, for (aOk,vV—DOk)=1, k€ Zs.
Let h(—D) be the class number of K, and let ¥;, be the set of h(—D) Hecke characters of

the form . If L(¢x,s) denotes the L-series of ¢y, then its central value is L(¢x, k). In
our main theorem we establish for each even integer k > 2 an asymptotic formula for the

average
1 L(¢w, k)
57 2 (b
WD) 2 L((-2).1)
as D — oco. We then use this formula to prove that there exists an absolute constant § > 0
such that the number of nonvanishing central values in the family {L(¢x, k) : ¥ € Ui}

is > D% as D — oo.

1. INTRODUCTION AND STATEMENTS OF RESULTS

Formulas which give asymptotics for averages of families of automorphic L—functions are
of great interest in analytic number theory. While such formulas are of intrinsic interest,
they also have a wide range of important applications, including to the study of lower bounds
for L-functions, nonvanishing of critical values and their twists, and Landau-Siegel zeros
(see e.g. [Bl, BFH, IS, KMV, RR]). In this paper, we will establish an asymptotic formula
for the average of central values of L—series associated to canonical Hecke characters of
imaginary quadratic fields. We then use this formula to prove a quantitative nonvanishing
theorem for these central values.

The setup for this paper is as follows. Let K = Q(v/—D) be an imaginary quadratic
field of discriminant —D with D > 3 and D = 3 mod 4. Let Ok be the ring of integers
of K. The group of units O = {+1}. Let CL(K) be the ideal class group of K and let
CL2(K) be the subgroup of CL(K) of exponent 2. The class of an ideal a is denoted by [a].
Let CL®)(K) = CL(K)/CLy(K), which is isomorphic to CL?(K) under the map [a] — [a?].
Unless otherwise stated, all ideals are assumed to be integral. An ideal is primitive if it is
not divisible by a rational integer > 1. Any primitive ideal a can be written as

)

a= , (1.1)
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where a = N(a) is the norm of a and b is an integer defined modulo 2a which satisfies the
congruence b> = —D mod 4a. Conversely, given any such pair of numbers a, b, equation
(1.1) defines a primitive ideal of norm a.

Let e(n) = (—=D/n) = (n/D) be the Kronecker symbol associated to K (that the Kro-
necker symbol equals the Legendre symbol follows from the quadratic reciprocity law). We
also view ¢ as a quadratic character of (O /v/—DOk)* via the isomorphism

Z/DZ — O /V—DOk.
Let 1)y, be a Hecke character of K of conductor /—DQOy satisfying
Yr(aOk) = e(@)a®*7t for (aOg,vV—DOk) =1, k& Zs.
Assume in addition that 1 satisfies
r(a) = Yp(a) for all ideals a prime to v—DOk. (1.2)

Let h(—D) be the class number of K and let CL(K)" be the group of ideal class group
characters of K,

X

¢:CL(K) - Q.
Let Uy, be the set of Hecke characters of the form . This set consists of h(—D) characters,
and if vy, is any one of them,

Uy, = {¢né : € € CL(K)"}.
The L—series of vy, is defined by

1
L(vy, s) Zwk , for Re(s)>k+ 2

where the sum is over nonzero 1deals. It is known that L(vg, s) has an analytic continuation
to C and satisfies a functional equation under s — 2k — s with root number

w(hy) = (~1)F

(see e.g. [FI, pg. 674]). The central value is L(vy, k).
We now state our main results. Define the theta series

ko1 4\t
0 (2) = 2y~ Y () Hi_y(n/mg/De(n?2/8), y=Tm(2) >0,

n
n>1
n odd

where

_ (k—1)! j (k—1)—2j
Hi 1(x E 1)/ (22
k 1( ) N ] ((k 1) 2]) ( ) ( )

is the Hermite polynomial of degree k — 1 and e(z) = €>™*. In Proposition 6.1 we will prove
that for each even integer k > 2 the theta series 0, _1 (z) is a real analytic modular form
2

(holomorphic for k& = 2) of weight k — % for S Lo(Z) with multiplier system and exponential
decay in the cusp at oo of the modular curve X = SLy(Z)\H. Define the square of the
Peterson norm of 6,_1(z) by

2
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where du(z) = (3/m)dxdy/y? is the invariant hyperbolic measure of mass 1 on X.
The main result of this paper is the following asymptotic formula for the average of
L(@Z)k,kr)/L((Q) ,1) over Uy as D — oo.

Theorem A. Let k > 2 be an even integer and assume that (—1)¥ =1 (i.e. the root
number of Yy is 1). Then for all § < 1/28,

1 L(y, k) 237k~! L
A=D) wkezwk (L), ~ 11k d Ohg)pe + Ors(D70)

as D — co. The implied constant in the term Oy s(D %) is ineffective.

We will use Theorem A to prove the following quantitative nonvanishing theorem for
central values in the family {L(¢x, k) : ¢ € Ui}

Corollary B. Let k > 2 be an even integer and assume that (71)% = 1. Then for all
J < 1/60,

{r € Uy o Ly, k) > 0}] > D°
as D — oco. The implied constant in the lower bound >, s is ineffective.

Remark 1.1. Results similar to those in Theorem A and Corollary B have been obtained
recently by the author and Tonghai Yang [MaY, M] for central values and central derivatives
of L—series associated to quadratic twists of subfamilies of Hecke characters 1 in Wy.

Remark 1.2. In [MV], Michel and Venkatesh proved (among other things) that if ¢ is a
prime which is inert in K and f is a holomorphic Hecke-eigen cuspform of weight 2 on
I'o(g), then for all 6 < 1/2700,

[{¢ € CL(K)": L(f ®&,1/2) # 0} 5, D°

as D — oo. Here the L—function L(f ® &, s) is the Rankin-Selberg convolution of f with
the theta series 0¢(2) = > 1qco, §(a)e(N(a)2).

Remark 1.3. By a theorem of Rogawski [Ro] (see also [Y1]),

Lk, k) 2
R g ) (D,
L((=2),1)
where ¢ is an explicit constant, ¢ € S(Qy) is a Schwartz function on the adele ring Qa,
Nk—1 is a character (depending on 1)) of the norm 1 subgroup K}g of the adele ring K, and
0s(nk—1)(1) is an integral over K'\ K} given by a theta lift from the unitary group U(1) to
itself.

The Hecke characters v, are examples of canonical Hecke characters of K in the sense
of Rohrlich [R2]. Interest in these characters is motivated in part by the fact that the order
of vanishing of L(v¢,s) at s = 1 is related to the Mordell-Weil rank of Q-curves (see e.g.
[MY]). More generally, the order of vanishing of L(iy,s) at s = k for k > 2 is related
by the Bloch-Beilinson conjecture to the dimension of the image of an étale version of the
Abel-Jacobi map on the Chow group of a Kuga-Sato variety (see section 2).

The nonvanishing of the central values L(v¢y, k) and their quadratic twists has been
studied extensively in [R1, R2, MR, RV1, RV2, RVY, Y2, MY, LX]. In these papers it is
assumed that there is one orbit of the action of Gal(Q/K) on ¥y. This allows these authors
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to prove there exists a 1, € Wy, for which L(¢g, k) # 0, and to use a well-known theorem of
Shimura [Sh| to conclude that L(vy, k) # 0 for all ¢y € Vy. The strongest possible result
under this hypothesis is due to Yang [Y2].

If there is more than one orbit of the action of Gal(Q/K) on W) (which happens if
ged(2k — 1, h(—D)) > 1), the existence of one nonvanishing central value no longer implies
that all of the central values are nonvanishing. It then becomes of interest to understand
how the number of nonvanishing central values in the family {L(¢y, k) : ¢ € Wi} grows
with the discriminant —D. Corollary B is the first result of this type.

Note that if k = 2 and D = 59 so that h(—59) = 3 and the root number w(1;) = (—1)16 =
1, Rodriguez-Villegas [RV2] found that there are two distinct L-series in {L(v2,s) : 12 €
Uy} which wvanish at s = 2 to order at least 2 (the corresponding cusp forms fy, have
weight 4). One reason for interest in examples of this type is that primitive cusp forms
whose L—series have high order of vanishing at the critical center s = 1/2 yield effective
lower bounds for the class number h(—D) (see [IK, pg. 541]).

To prove Theorem A we use a combination of arithmetic and spectral methods. Essential
use is made of the following two deep results: a formula of Rodriguez-Villegas and Zagier
[RV1, RVZ, RV2] for the central value L(iy, k), and Duke’s theorem [D] on the equidistribu-
tion of CM points with respect to the measure du(z) on X. The Rodriguez-Villegas-Zagier
formula expresses L(1y, k) as the absolute value squared of a linear combination of non-
holomorphic derivatives of half-integral weight theta series evaluated at CM points (see
Theorem 4.1). One immediate consequence is that L(iy, k) > 0.

To prove Corollary B we combine Theorem A with a deep subconvexity bound of Duke,
Friedlander, and Iwaniec [DFI1] for GL(2) automorphic L-functions associated to normal-
ized cusp newforms f of weight & > 2 and level ¢ with trivial nebentypus.

Acknowledgments. I would like to thank Gergely Harcos, Christian Kaiser, Fernando
Rodriguez-Villegas, and Don Zagier for helpful discussions regarding this work. In addition,
I would like to thank the anonymous referee for remarks that led to a much improved
exposition. Finally, I thank the Max-Planck-Institut fiir Mathematik in Bonn and the
Institut des Hautes Etudes Scientifiques for financial support during the preparation of this
work.

2. THE BLOCH-BEILINSON CONJECTURE

One reason for interest in the central values of L—series of Hecke characters of weight > 1
is that there exists a natural generalization of the Birch and Swinnerton-Dyer conjecture
to L—functions of motives of CM forms.

Let 93, ,, be the unitary Hecke character of K of conductor V—DOy associated to vy, (see
section 8). By Hecke’s converse theorem, 1y, corresponds to a normalized, primitive, CM
newform fy, . of weight 2k and level D?. Let F = Q(a(1),a(2),...) be the totally real field
generated by the Fourier coefficients of fy, ,. By Scholl [S] and Nekovar [N, Proposition
3.1] one can associate to fy, , a motive M = M(fy, ,) over Q with coefficients in F’ and an
L-function L(M(—1),s) such that the L—series

L(M(-1),s) = L(fy, .,s +k—1) = > _a(n)n >~
n=1

Let N > 3 be an integer. Let Y = )??Vk_z be the nonsingular compactification of the
(2k — 1)-dimensional Kuga-Sato variety over the modular curve My over Q parameterizing
4



elliptic curves with full level N structure. Let p be a prime not dividing 2(2k — 2)IN¢(N).
One can define an étale version of the Abel-Jacobi map (see [N, pg. 104])

o : CHYY/K)y — HL (K, H* 1Y © K,Z,(k)))

cont

where CH*(Y/K)g is the Chow group of homologically trivial cycles of codimension & on

Y defined over K, modulo rational equivalence. The Abel-Jacobi map ® induces a map
q)flﬁk,u’K : H(CHk(Y/K)O ® Zp) - Hclont(Ku A)

where [] is a certain projector and A is a Galois module which is a higher weight analogue
of the Tate module of a modular elliptic curve (see [N, pg. 105]).

One version of the Bloch-Beilinson conjecture relates the order of vanishing of L(M (—1), s)
at the critical center s = 1 to the dimension of the image of the induced map Py e K

Conjecture 2.1 (Bloch-Beilinson, cf. [J]).
dim(@p (Im(q)f%bk,u’K) (%9 Q) = Ords:kL(ﬁl}k,uv 8) (: OrdSZkL(Q/)k, S))

3. GENUS THEORY

In this section we elaborate on [RV2, section 3|, where a genus &,, is associated to each
Hecke character ¢y, € Wy. In particular, we will use the map (3.1) to perform the averaging
procedure in section 5.

Each element of CLg(K) is associated to a factorization of the discriminant —D as follows.
Given U € CLg(K), there are ideals ©; and D4 such that /—DOg = D1 - Dy and U =
[©1] = [D2]. Let Dy = N(®;) and Dy = N(D3), so that —D = D; - (—D3). Choose
D1 =1 mod 4 and Dy = 3 mod 4, determining them uniquely. Note that D1 > 0, Dy > 0,
and ged(D1, Do) = 1.

One can associate to each such factorization a genus character by defining

xu([a]) = <Z\g1a)> ., ac [a] prime to vV—DOk.

This map is a homomorphism in each variable. A genus is a set of ideals of K whose classes
lie in a fixed coset of CL®)(K). The genus group is CL(K)/CL?*(K). Every character
¢ € CLy(K)" determines a unique genus &, as follows. Define a map

CLy(K)" = {¢: CLy(K) — {#1}} — CL(K)/CL¥(K)
by
¢ — &y ={a: xu([a]) - ¢(U) =1, for every U € CLa(K)}. (3.1)
One can use genus theory to show that the map ¢ — &4 is a bijection.
Proposition 3.1. The map defined by (3.1) is a bijection.
Proof. First, we fix some notation. For a number field L and ideal a C Oy, let
Idy(a) = {fractional ideals of L prime to a}.

Let H be the Hilbert class field of K.
By genus theory, there exists a bijection

{D1: Di|D, D; =1 mod 4} — {unramified quadratic extensions of K = Q(v—D)}
5



given by
Di— K (\/ Dy).
We have the following diagram:

CL(K) & Gal(H/K) 22> Gal(K (vD1)/K)

NK/Q(.)\L Resl
Idg(Dy) —2"- Gal(Q(v/D1)/Q)
M {£1}

Again, by genus theory, D10y = D% for some D1 € Idg (D) and {D1} = CLy(K). We
have a pairing

Idg (D) x CLy(K) — {£1}

o (5m) = (57,

By the preceding facts, this pairing factorises to a perfect pairing

CL(K)/CL*(K) x CLy(K) — {%1},

given by

i.e. the induced map

CLy(K) — (CL(K)/CL(K))"

o~ (5))

is a bijection. O

given by

Choose a primitive ideal a prime to v/—DOg such that a®; = (p), where pp = (mD; +
ny/—D)/2 with integers m,n of the same parity. Given a Hecke character iy, € ¥y, define

@) = (20) () vz, (32)

where /D; > 0. Because 4N (a) = m2Dy + N2Ds is prime to D, m is prime to Do and n
is prime to D1, and therefore xy, (U) # 0.
By [RV2, Proposition A], the map

Yo : CLa(K) — {1}

defined by (3.2) is a well-defined homomorphism. Therefore, by (3.1) one can associate to
each 1, a unique genus

Gy, ={a: xv(la]) - xyp, (U) =1, for every U € CLy(K)}.

Note that for any character { of CL(K), xep, = Xy, Where £ here is restricted to
CLa(K).
6



4. A FORMULA FOR THE CENTRAL VALUE L(ty, k)

In this section we state a formula of Rodriguez-Villegas [RV2] for the central value
In order to evaluate the theta series 6, _1(z) on CM points, Rodriguez-Villegas and Zagier

2
impose congruence conditions on the bases of ideals (see [RVZ, pgs. 86-87 and pg. 89)).

Fix the choice
v—D
Lo _bEVED g
2a
with
[ b++—D
a=|a, ———
2
which is well-defined modulo 87Z.
Define § = 0 or 1 by (D + 1)/4 = § mod 2, or equivalently, (—1)° = (=D/2).

Theorem 4.1 (Rodriguez-Villegas [RV2]). Let k be a positive integer, 1y, € Uy, &y, be the
genus associated to ¢y, a1 be a primitive ideal in &y, prime to /—DOg, and t(D) be the
number of prime factors of D. Then

:|7 (a,2) =1, and b=1mod 16,

2

LWg k) =g | > <_4>6W19k1<z<%>, (4.1)
)i~z N(a) 3\ e

where
WkDgfﬁ
ck = 1)
Remark 4.2. In Remark (1) on [RV2, pg. 436] it is explained that

—4)° -1 @
(i) @ 10y )

depends only on 1, a1, and the ideal class of a, and that the right hand side of (4.1) is
independent of a;. See also the corollary on [RVZ, pg. 90].

5. THE AVERAGE VALUE OF L(ty, k)

In this section we use Theorem 4.1 to obtain an explicit formula for the average of L(y, k)
over V.

Proposition 5.1. For each integer k > 1 we have

LStk =a YD Oy G (5.1
ks = Ckg _ 1 :
M(=D) PreVy [a]€eCL(K) N(a)k 2

Proof. Fix a Hecke character ¢ 0 € Ui. Then W) = {¢;0f : € € CL(K)"}, which yields
the decomposition

Mo Lk = > Lkoe& k)= > > L(roé k).
Y€V £€CL(K)N #ECLa(K)N €€CL(K)"
loLy(r) =%



Recall that a; € &,, depends on v, (and hence on ¢). We now expand (4.1) and use

Yr.0€(a) = i o€ (a)

and
Pr.0(@)Yro(a) = N(a)*~!
to obtain
Z L0, k)
€€CL(K)N
Slery 0 =
(2) O
— ﬂ Z Z ( —4 >6( —4 )6Qk—;(zal(@c@)ek—%(zal(¢)a/2
N(a1<¢))k_% ﬁECL(K)A [a],[a’]ECL(Q)(K) N(a) N(a/) d)k‘,og(a)q/}k,Of(a/)
loLy ()~
2) 2
B c2UD)-1 Z ‘Hk_%(zal(@aQ) Z 1
. s ank_L = =
N(al(¢))k 2 [a]ECL(Z)(K) ¢k,0(a)¢k,0(a) €€CL(K)" S(a)f(a)
g‘CL2<K):¢
(2) O
+ Y < = )5 01 (2, (5)02)0-1 (24, () 0) > bt
N(ad’ 3 / = S
jecig) ) Veo(@)Yeo(®) eedrgion (@)
[a]#[’] €L, (k) =®

Ck2t(D)—1

= > ‘ek—l(zal(wa?)

N(ai(¢))*2

(2) 2
—4 J Qk_l(z 2)9k_l(z /2)
S <N )) o L O g (6 0,d) o

[a],[a']€CL®) (K)
[a]#[a']

where

1
S((Z), a, a’) = =Ne
T

Slon, i) =?
By orthogonality,

S(¢,a,d') = |CLP(K)|0q.q

where



and by genus theory (see e.g. [12, pg. 221]),
JTHCL®N(K)| = [CLy(K)| - |[CL®N(K)| = h(=D).

Hence the inner sum simplifies to

2
0, (2% )
cph(—D k-1 (¢)a2
> L(W,O&@Z% > ‘ ];(aglzkj )
£€CL(K)" N ()™ (gecrm )
5‘CLz(K):(z)

or equivalently,

l_ 2
> Lke& k) =ah(=D) Y N(w(9)a)i o, 1 (P, L]
£€CL(K)" [a]eCL®) (K)
Slory ) =?

Using that the map ¢ — &, defined by (3.1) is a bijection, we sum over all ¢ € CLy(K)"
in the inner sum to obtain

> D LWk k)

¢ECLa(K)N £€CL(K)N
Slon, () =?

=ah(-D) 3N Ny )

#€CL2(K)" [a]eCL®) (K)
1_ 2
= cxh(—D) 3 S N(wa?)z k‘ek_§< g1L2>

[a1]€CL(K)/CL?(K) [a]eCL%(K)

16,1 (=)
= cph(—D) E ’“27“1
k—1

weornk) V(@) T2

6. DERIVATIVES OF MODULAR FORMS
In this section we review some facts from [RVZ, Section 2] and then prove that for each
even integer k > 2 the theta series 0, 1 (z) is a weight k — % modular form for SLy(Z) with
2

multiplier system and exponential decay in the cusp at oo of SLo(Z)\H.
Define

N

z :\z\%e%, if z:\z|ei6, —r<f<m,

and zF = (z%)% for a half integer k € £ + Z. Let I' C SLy(R) be a modular group and let
M (T',m) be the space of real analytic modular forms f : H — C of weight k € % +Z for T
with multiplier system m : I' — C. Thus, f is a real analytic function satisfying

foA=m(A)f forall A= <: g) €T,

where the slash operator |, A is defined by

i A(z) = (72 +6) 7" f(Az).
9



Define the differential operators

1 d
= —— 6.1
2wy dz (6:1)
and
k
O =D — —.
Ay
It is known that the operator Jy satisfies
ak(f‘kA) = (8kf)|k+2A forall Ael. (6.2)
A simple calculation using (6.2) shows that
O : My (T,m) — M (T, m).
More generally, one can define the differential operators
O = Or20—20 Opy20-0 0020k, L E L,
and then
Oh + Mi(Tym) — M5y (T, m). (6.3)
The following formula for 9;, can be proved by induction (see [B]),
0 0—i
NT(+ k) (—1) b
aﬁ — . : - DJ. 6.4
g ;<J>F(1+k) dmy (64)
In particular, if f € M}(I',m) has a Fourier expansion of the form
oo
> a(n)e(nz),
n=0
then
> (-1 &
ar, Z a(n)e(nz) | = )t a(n)Lif_l(élwny)e(nz) (6.5)
n=0 n=0
where

TR S e e

—\e-j) !

is the ¢-th generalized Laguerre polynomial. Note that for kK = 1/2 one has the identity

_1
L, 2(2) = (=1/4) Ha(V2) /1, (6.6)
and for k = 3/2 one has the identity
1
LE(2) = (—1/4) Houa (vV3) /2030, (6.7
where
! . .
Hy(x)= ) ﬁ(_ly(%)pﬂ]v p € Z>o,
o<j<p2 P T

is the p-th Hermite polynomial.
10



Define the weight 1/2 holomorphic theta series

bro(z) = 3 e(n?z/8).
n>1
n odd

and the weight 3/2 holomorphic theta series

Oaa(s) = 3 <_n4> ne(n2z/8).

n>1
n odd

Using (6.5) and (6.6) one obtains

f
((My)i' ; L2 (en2y/2)e(n?2/8)
n odd

Z Hyy(n/my/2)e(n?z/8).
n>1
n odd

8%/291/2(2') =

167Ty

Similarly, using (6.5) and (6.7) one obtains

(—1)¢e!
(4my)t 4
n de

\/217T7y (167y)° Z ( )HzeJrl(n\/m) (n z/8).

n odd

8§/293/2(z) = n

(_4> nL;/Q(ﬂn2y/2)e(n2z/8)
>1

These computations show that the Fourier expansions of the functions (9 ( ) defined by
0 1 (2) = 80 jy01/2(2) if p =20, L € Lo,
Pta 8565/293/2(@ if p=20+1, £ € Zs>o,
can be given by the uniform formula

1 —4\"?
Op1(2) = (gl nz>:1 (n) p(ny/my/2)e(n’z/8).

n odd

Let Si(I',m) C M;(I',m) be the subset of modular forms with exponential decay in each
cusp of I"\H.

Proposition 6.1. (i) The theta series
01 +20 < M1+2€(F0(2),)\) fO?" le ZZO7

where the multiplier system X\ is given by

A = (D estotan i a= (2 7) eruca

11



where (%) 18 the Jacobi symbol if 0 < d =1 mod 2, extended to all 6 =1 mod 2 by
N_ (O ~
(5) ~ (—5) voazh
(0 )1 =41
§) 10 otherwise,

p(A) =6 —1+463, and eg(n) = e(n/8) forn € Z.
(73) The theta series

0%+2£ S S§+2é(SL2(Z),’l93) for (e ZZO,
where ¥ is the multiplier system for the Dedekind eta function n(z) (see equation (6.8)).

Proof. (i) It is known that the Jacobi theta series 0; /() is a holomorphic modular form of
weight 1/2 for I'g(2) with multiplier system A (see [W]). Thus we have 0, 5 € M7, (To(2), M),
and by (6.3)

81/2 1/2(F0(2) )\) —)M1+2[( (2)7>\)7
so that
01 20(2) = 804101 o(2) € M5, (To(2), )

for all ¢ € Z>q.
(4i) First observe that the theta series 03/5(2) can be expressed as

93/2(2) = 773(2),

where
o0
n(z) = e(z/24) H 1—e(nz)

is the Dedekind eta function. It is known that 7(z) is a holomorphic cusp form of weight
1/2 for SLy(Z) with multiplier system 9 (see [I2, pg. 45]). In particular,

n(Az) = 9(A)(vz + 6)2n(z) if A= (3 ?) € SLy(Z), (6.8)

0 1

 (a+d6—=3y 1 ) _(a B
V(A) =e ( YR 25(5, 'y)> if A= <’Y 5) , v >0.
Here, s(d,7) is the Dedekind sum

s =3 °p <5n>

0<n<vy v v

where 9(—A) = e(1/4)9(A) for any A, 9(A) = e(3/24) if A — <1 ﬁ), and

where P(z) =z — [z] — 1.
Because 9 is a multiplier system of weight 1/2 for SLo(Z), 93 is a multiplier system of

weight 3/2 for SLy(Z) (see [12, pg. 42]). It follows from (6.8) that 03,5(z) = 7*(z) is a
12



holomorphic modular form of weight 3/2 for SLy(Z) with multiplier system 3. Thus, we
have 035 € M§/2(SL2(Z), ¥3), and by (6.3)

B3y Miy)n(SLa(Z),9°) — M3

§+25(SL2(Z)7 193)1

so that
O3 5¢(2) = 805 035(2) € M3 5y (SL(2), 9%)

for all £ € Z>o.
It remains to show that H%Jr%(z) has exponential decay in the cusp at co of SLa(Z)\H. Let

f € M} (I',m) be a holomorphic modular form of weight % for a modular group I' C SL2(R)
with multiplier system m (by holomorphic we mean f is holomorphic in HU {cusps for T'}).
Let = be a cusp for I', I'; < I' be the stabilizer of x, and o, € SL(R) be a scaling matrix
so that 0,00 = z and o, 'T';0, is the group of integral translations generated by

11
p=(o1)
together with —B if —I € I'. Then S, = 0,Bo, ' generates the stabilizer I',, together with
-5, if —I eT.
Write the slash operator |;A as |4. By the calculation on [I2, pg. 43] we have

No, (B2) = 0(S2) i, (2)- (6.9)

Set
m(S;) = e(ky) with 0<k, < 1.

Then by (6.9), e(—#22)f),, (2) is periodic of period 1, and therefore

e(—ka2) f|,, (2) = g(e(2))

where g(g) is holomorphic in the punctured plane C*. By definition, f(z) is holomorphic at
the cusp z if g(q) is holomorphic at ¢ = 0. In this case the power series expansion of g(q)
at ¢ = 0 yields

flo, (2) = €(522) > Fu(n)e(nz), (6.10)
n=0
where the complex numbers f;(n) are the Fourier coefficients of f(z) at the cusp x, and

> falne(nz)
n=0

is the Fourier expansion of f(z) at x.

We now specialize to f(2) = 03/5(2), ' = SLa(Z), and m = 93 the multiplier system for
05 /2(2). There is one cusp x = oo, for which we have oo, = I and S, = B. Therefore, by
the definition of ¥, ¥3(Sw) = e(1/24)® = e(1/8), and in particular, rk = 1/8. It follows
from (6.10) that

Ooo

O3/2(2) = 313 (2) = e(2/8) Y O35, (n)e(n2)
n=0

13



where the complex numbers 9/3\/200(71) are the Fourier coefficients of f3/5(2) at the nonsin-
gular cusp oo, and

z) = Z 9/3\/200(71)6(712
n=0

is the Fourier expansion of 63/5(2) at co. This yields the expression
03 490(2) = 8°05 0372 (2) = 8°05 5 (e(2/8)h(2)) - (6.11)

Using (6.1) and (6.4) we can express the differential operator 95 /o 8S

= (\TU+3) (1N T @
%:=2 )5 \amy)  \ami) @
=0 T2
By the Leibniz rule,

(el = (/9 5 ( ) < ‘>mh(‘7—m)(z).

m=0
Apply these facts to the right hand side of (6.11) to obtain

-t S (YRR () () G

=0 m=0 I+
from which it follows that 0% 4o¢(2) has exponential decay in the cusp at co for all £ €
L. O

w\w l\')\O.J

7. PROOF OF THEOREM A

Define the function
Fi(2) = Im(2)" 2|6, _1 ()%
2
By Proposition 6.1, 6, 1 € M} ,(I'ym), where I' = SLy(Z) and m = 93 if k > 2 is even,
2 -3

and I' =T'9(2) and m = A if k£ > 1 is odd. In either case for A = <3 ?) € I we have

1 2
0,1 (A) = Im(A)2 (72 + )3 | 16,y (=)

= bz + 6% 6,1 ()2

and

Im(z)
Im(Az) = ——
m(Az) et 0P

so that
Fi(Az) = Tm(A2)5 =210, (Az)[?
_ Im(z)F 2
|z + ]2k

s+ 32710, s ()2

14



Hence Fj(z) is I'-invariant and defined on the modular curve X = I'\H.
Recall that a = N(a), so

@) b++—D

T TON(a)

and

It follows that

or equivalently,

(2)y)2
ok—3 101 (za")]
e (o) = =2 (7.1)
271 N(a)¥ 2
Substitute (7.1) in (5.1) and use the calculation
9k—3 WkDg_% ok—3 Qgﬂkfl s

* it T2k -1 pii (k-DIVD

and the Dirichlet analytic class number formula

_ mh(=D)
L((=D/-)),1) = 75
to obtain
Skl
Z Ly, k) = ?k_l)'L((—D/.),l) Z F (29, 73
Rt . [a]eCL(K)
or equivalently,
: Byl 2 e
A=) mze;vk L((=2).,1) ~ (k—1)!A(-D) ME%:(K) Fi(za")- (7.3)

From here forward we assume that k& > 2 is even, which by Proposition 6.1, part (i),
implies that 6, 1 € S7  (SLy(Z),93). Thus Fj, € C®°(X,du = di‘;y) with exponential
2 —3
decay in the cusp at oo of X = SLy(Z)\H, and in particular,

FpeL*(X,dy)={F: X - C: / |F(2) dp < oo}
X

So, by the spectral decomposition of L?(X,du) with respect to the hyperbolic Laplacian
A= —y2 (88722 + 38722) , we obtain the spectral expansion

[e.9]

1 [ 1 1

Fi(z) = F, — Fi,E(-, = +1it)), E(z, = +it)dt 7.4

)= 3 (ot ) + = | (PuBCG i) rind (1)

which is convergent in the L*norm (see [I1, pg. 112]). Here, ug(z) = vol(X)~'/2 = \/3/x

is the constant eigenfunction for A corresponding to the eigenvalue Ao = 0, {un(2)}72 is
15



an orthonormal basis of Maass cusp forms satisfying Awu, = A,u, where the eigenvalues A,

are ordered so that 0 < A\ < Ay < ---, and F(z, s) is the nonholomorphic Eisenstein series
corresponding to the cusp at oo,
E(z,s) = Z (Im(v2))®, z€H, Re(s)>1.
€T 00 \SL2(Z)

Because A%Fj, € C*°(X,du) with exponential decay at oo for each integer a > 1, the
spectral expansion (7.4) converges absolutely and uniformly on compact subsets of H (see
[I1, pg. 112]), and one can use standard spectral methods to establish the following estimates
for the coefficients in the spectral expansion,

Cnge = (Fiyun)y < A% n>1, (7.5)
and
1 . 1 2\—a
ck(t> = <FkaE('7§+Zt)>2 < (Z—i_t ) ) (76>

for each integer a > 1. The implied constants depend on Fj and a.
Sum over CM points in (7.4) to obtain

S RGY) =h(-D)3[meor+ > car Y. un(2d) (7.7)

[a]eCL(K) n=1 [a]eCL(K)
1 [ @2 1 .
+ - _oock(t) > E(z 5 Hit)dt.
[a)eCL(K)

To estimate the contribution of the discrete spectrum we use the following estimate for
the Weyl sums associated to the Maass cusp forms u,(2), n > 1 (see [DFI2, pg. 35])

S w2 < ASpaTaste, (7.8)
[a]eCL(K)

The proof of (7.8) relies on Duke’s [D] nontrivial bound for the Fourier coefficients of weight
1/2 Maass cusp forms.

To estimate the contribution of the continuous spectrum we use the following estimate
for the Weyl sum associated to the Eisenstein series F(z, s),

Z E(zg2),s) < |s]2D%7%+5, for Re(s) = % (7.9)
[(]eCL(K)
To prove (7.9) one begins with the formula (see [Z])
C(2s) 3] B(=x”.8) = (D/A)*C(5)L((=D/"). ), (7.10)
[a]eCL(K)

where ((s) is the Riemann zeta function, and applies the Burgess subconvexity bound ([Bu])

1
L((=D/),9)| < |s| D37567¢, for Re(s) = 7,
together with a trivial upper bound for ((s) and a classical lower bound for {(2s) (see [T])

in (7.10).
Apply (7.5), (7.6), (7.8), and (7.9) in (7.7), together with Siegel’s theorem

h(—D) > Dz e,
16



to obtain

h(_lD) Z Fk<2g2)) = \/3/700,/% + Ok#;(D*‘S) (7.11)

for all § < 1/28. By Siegel’s theorem the implied constant in (7.11) is ineffective.
Now,

Cok = \/3/7/)( F(2)dp,

so that by definition of Fj(z),

VaJras= [ Aau) = [ 104 P mE ) = 0y 0,y

2

where du(z) = (3/m)dp is the invariant hyperbolic measure of mass 1 on X. Finally, combine
(7.3) and (7.11) to obtain

1 LYy, k) _2%71']‘3_1 s
M=D) ; L(D).0) ~ (k11 i g e+ Ora(D7)

for all § < 1/28. This completes the proof.

8. PROOF OF COROLLARY B

Let k > 2 be an even integer. First observe that (7.2) is equivalent to

Sk )2
> Lk = o ey o B 8.1)

YrEVk [a]CL(K)
As a consequence of (7.11) we have
1 ®)
h(=D) Z Fi(zq") = /X Fo(2)dp(2)(1 + ox(1)) (8.2)
[a)eCL(K)

as D — oo, where the term og (1) is ineffective. Furthermore, by Siegel’s theorem,

h(\_/g)Q > D2, (8.3)
Apply estimates (8.2) and (8.3) in (8.1) to obtain
fnk n(_D)? 1
> Lk = oyt 2 [ R0+ D) B DY (5

Y€V

where the implied constant in (8.4) is ineffective. Note that the estimate (8.4) proves that
for D sufficiently large there exists a Hecke character ¢, € ¥y such that L(v¢y, k) > 0.
Let 1y, ,, be a unitary Hecke character of K of conductor v/ —DOk satisfying

(07

2%k—1
(00K ) = e(a) ( ) , for (aOk,v—DOgk)=1, kecZ>.

|
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Assume in addition that 1y, satisfies (1.2). Let ¥y, be the set of unitary Hecke characters
of the form y,. This set consists of h(—D) characters, and if ¢, is any one of them,
{tku€ : € € CL(K)"}. A straightforward calculation yields

1
L(wk) s+ k — 5) = L(wk,ua 5)7
so that

Lk, k) = L(Ygu, 1/2).
Define the completed L-series

_ s 1
AW ) = (2m)*(D2)ET(s + o = 5) (b 5).
Then A(t 4, s) is entire, bounded in vertical strips, and satisfies the functional equation

A(I/)k,uv 5) = w(¢k,u)A(¢k,m 1- 8)7

where w(ty,) = %1 is the root number of ¥4, (which is the same as the root number of
Y1) In the functional equation we used that vy, satisfies (1.2).
Define the Fourier series

o
_1
Fora(2)=>_nF2xy  (n)e(nz),
n=1
where the Hecke eigenvalues are given by
M) = D Wi(a)-

N(a)=n

By Hecke’s converse theorem, fy, , is a normalized, primitive, CM newform of weight 2k
and level D? with trivial nebentypus Xfin. = 1 (see e.g. [FL, pg. 674]).

Duke, Friedlander, and Iwaniec [DFI1, Theorem 3| established the following deep subcon-
vexity bound for GL(2) automorphic L-functions of normalized cusp newforms of weight
k > 2 and level ¢ with trivial nebentypus.

Theorem 8.1. Let f be a normalized cusp newform of weight k > 2 and level q with trivial
nebentypus. Then for every integer j > 0 and complex number s such that Re(s) = 1/2 we
have

LY(f,s) < ¢, (8.5)
where 0 = 47/192 and the implied constant depends on s, j, and €.
Let (n, D?) =1, and let
a(n, k) = nkiéAwk,u (n)

be the eigenvalue of the Hecke operator T;, for the eigenfunction fy, . Because the eigen-
value a(n, k) is given in terms of a Hecke Grossencharakter, one can show that

Z a(n,k)* > (D*)~°L
n<L
(n,D?)=1

18



(see the remark preceding [DFI1, Corollary 5, pg. 223]). Therefore, hypothesis (15) in
[DFI1] is satisfied, and one can take § = 29/120 in (8.5). It follows from (8.5) with ¢ = D?
that

L(wk,m 1/2) <e D%féJre_

A simple estimate now yields

S LWk 1/2) <e [t € Wit Lltia, 1/2) > 0}D27 w4 (8.6)

"/}k,u e‘llk,u

Finally, combine estimates (8.4) and (8.6) to obtain

{kw € Uhw: L(tbgu, 1/2) > 0} 15 D°
for all 6 < 1/60. This completes the proof.
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