THE SCATTERING MATRIX FOR THE HILBERT MODULAR GROUP

RIAD MASRI

ABSTRACT. In this paper, we compute the scattering matrix for the Hilbert modular group
over any number field K. We then express the determinant of the scattering matrix as a
ratio of completed Dedekind zeta functions associated to the Hilbert class field of K. This
generalizes work of Efrat and Sarnak [ES] in the imaginary quadratic case.

1. INTRODUCTION AND STATEMENTS OF RESULTS

Let X be a non-compact, finite volume quotient of a rank one symmetric space G/K by
a discrete subgroup I' < GG. The eigenvalues A\ corresponding to cuspidal eigenfunctions of
the Laplacian A in L?(X) form a discrete set. Let N(T) count the number of eigenvalues
A < T. In order to prove Weyl’s law for N(T"), one must estimate the contribution of the
continuous spectrum in the Selberg trace formula, which involves the logarithmic derivative
of the determinant of a scattering matrix ®(s) (see [Sa]). In particular, if one can prove that
¢(s) = det(®P(s)) is a ratio of entire functions of order one, standard methods from analytic
number theory can be used to deduce Weyl’s law. While this can be accomplished using
representation theoretic methods (see [R]), it is often useful to have an explicit formula for
¢(s), and for this purpose classical methods work best.

In this paper, we compute the scattering matrix for the Hilbert modular group over any
number field. In order to state our results, we fix the following notation. Let K be a number
field of degree N = rq + 2r9 over Q. Let Q%( be the symmetric space of positive 2-forms @)
over K, which consists of r; + ro-tuples Q = (Q(l), ceey Q(”J”"?)) of positive definite 2 x 2
matrices such that the first r; are real symmetric and the second ro are complex Hermitian.
Define the quotient X = SLa(Ox)\SQ%, where SQ?% is the determinant one subspace of
Q2. Tt is well-known that there is a bijection between the cusp classes [x;] of X and the
ideal classes [a;] of K. Let ¢l(Ok) be the ideal class group and h = #cl(Ok) be the class
number of K. There is an Eisenstein series E,,(Q, s) corresponding to each cusp class [z;]
which satisfies a functional equation under the involution (Q, s) — (Q~!,1 — s). Therefore,
the vector Eisenstein series

E (Q,5) = (B (@Q:5),-, By (@,9))

satisfies a functional equation of the form

E(Qs)=%(s)-E (Q ', 1-s)

for some h x h matrix ®(s). The scattering matrix is defined to be ®(s), and the scattering
determinant is defined to be ¢(s) = det(®(s)).
Let
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where dg is the absolute value of the discriminant of K. Let

N
QI = TT |det(@9)

j=1
be the norm of the determinant of Q, where Q(1+72+7) .= Q(ri+j) for j = 1,..., 7y, and
define the h x h diagonal matrix

QI

D(Q) =
eIl
Let
Cata) ()= D Nijg(b)™®, Re(s) > 1,

(0)#b€a; " ay]

be the ij-th entry of the h x h matrix (C[ ol Clj}(s)) of ideal class Dedekind zeta functions.

Finally, let P be the h x h permutation matrix corresponding to the involution of ¢l(Ok)
given by a — a*.

In the following theorem, we give an explicit formula for the scattering matrix ®(s) in
the functional equation satisfied by E (Q,s).

_
Theorem 1.1. The vector Fisenstein series E (Q, s) satisfies the functional equation

ﬁ(Q,s) :Q(s)-ﬁ(Q_l,l—s),

where the h x h scattering matriz ®(s) is given by
G(2(1 — —1
#(s) = AR VDQ T (G4 29) P Gy 201 - 9)-

Using that P? = I, we obtain from Theorem 1.1 the following functional equation for
D(s).
Corollary 1.2. The scattering matriz ®(s) satisfies the functional equation

d(s)®(1—s) =D(Q7H).

In the following theorem, we give an explicit formula for the scattering determinant
¢(s) = det(®(s)).
Theorem 1.3. Let m be the order of the group cl(Ok)[2] of 2-torsion in cl(Ok). Then

h—m h 2(1—s
o6) = (17 | EC =),

where £x(s) = G(s5)"Cy(s) is the completed Dedekind zeta function of the Hilbert class field
H of K.

Remark 1.4. In [ES], Efrat and Sarnak computed the scattering matrix and determinant
for PSL2(Op)\H? where H? is hyperbolic three-space and PSLs(Op) is the Bianchi group
corresponding to the imaginary quadratic field K = Q(v/—D), D # 1,3. Theorem 1.3
generalizes [ES, Theorem 1] to arbitrary number fields. Note that the Eisenstein series

E (w, s) studied in [ES] is scaled so that the critical line is Re(s) = 1 and normalized
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so that the fundameni?nl domain his; volume one. In Proposition 2.7, we give the precise
relationship between E (Q,s) and E (w, s).

Remark 1.5. It can be shown using genus theory that if K imaginary quadratic, m = 2¢=1,
where ¢ is the number of prime divisors of di (see [H, Theorem 132]).

Finally, in the following theorem we give an explicit formula for the trace of ®(s) at
o= 1
Theorem 1.6. With notation as above,
1

TH(@(5)) = ||| (m —2).

1
Remark 1.7. Suppose that K is imaginary quadratic and Q is in SQ%. Let 8 := v/2/ dy.
and define the normalized Eisenstein series

Ey)(Q, ) :=26°Ep,,)(Q, 5/2).

The dimension of the vector space V = span{E[mi}(Q, 1) : ¢ = 1,...,h} appears in the
Selberg trace formula and the Lax-Phillips-Sarnak scattering theory for automorphic func-
tions (see [LP, PS]). Using properties of the scattering matrix for the normalized vector
Eisenstein series, one can show that

_ h+ Ta(2(3))
—
It follows from Theorem 1.6 with ||Q7!|| =1 that dim(V) = 4™ — 1.

dim(V)

To compute the scattering matrix, one typically uses the Fourier expansions of the Eisen-
stein series in the various cusps. In work closely related to ours, Sorensen [So] computed the
scattering matrix for SLa(Ox)\(H?)™ x (H?)"2 where K is any number field by defining the
analog of the Eisenstein series E (w, s) for this quotient and using the Fourier expansions
of the Eisenstein series in the various cusps. In contrast, to compute ®(s) we relate E(Q, s)
to a vector Epstein zeta function

Z2(Q.5) = (Z2(Q. 1), ), -, Zo(Q, [an], 5))"

.
and then establish a functional equation for Z (@), s). This is very similar to the approach

taken by Efrat and Sarnak in [ES].
Acknowledgments. To be added.

2. SL(2)-EISENSTEIN SERIES

In this section we define the Eisenstein series to be studied in this paper (see also [Si, T)).

Definition 2.1. Let n be a positive integer. The symmetric space Q% of positive n-
forms over K consists of r1 4+ ro-tuples Q = (Q(l), ceey Q(“”Q)) of positive definite n X n
matrices such that the first 71 are real symmetric and the second r2 are complex Hermitian.
The determinant one subspace SQY% consists of Q in Q% such that det(Q(J)) = 1 for
j=1...,r1+ro.
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The group GL,(K) acts on Q} by
Q4] = (th(l)A(l)’ o ,A(Tl+T2)tQ(”+m)A(”+r2)) , A€ GLy(K),

where AY) means the j-th embedding of K is applied to each entry of A.

The projective line P1(K) = K U {oo} consists of the cusps for the fundamental domain
of the quotient SLa(Ox)\SQ%. The group SLo(Ok) acts on P'(K) by linear fractional
transformations, and this induces an equivalence relation on P'(K). The proof of the
following fact can be found in [Si].

Proposition 2.2. The action of SLe(Ok) on P1(K) divides P*(K) into h cusp classes.

Let {z1...,2p} < {a1,...,0a;,} denote the cusp, ideal class correspondence. Write x; =
pi/s; for some p;,s; € Ok, and assume without loss of generality that 27 = co = 1/0.
In the proof of Proposition 2.2, the cusp x; corresponds to the integral ideal a; = (p;, s;).
One can choose (not necessarily uniquely) p;, 3; € a; ! such that p;3; — s;p; = 1. Form the
corresponding the matrix

A= <p? ﬁi) € SLy(K).

S; §i
Let Uk be the group of units in K. The proof of the following fact can also be found in
[Si].

Proposition 2.3. The stabilizer of the cusp x; can be expressed as

T, = {A,» <g‘ ui) Alizea? ue UK}.

Each @ in Q%{ has a unique vector Iwasawa decomposition whose j-th component is given

by
A 10\ /o@® 0\ /1 o0
() q
@ (q(j) 1> ( 0 wm) <0 1 )

where v0), w) >0 for j =1,...,r1 +re, and

q(])e‘/‘;: R %f]:zl,...,rl,
C ifj=ri+1,....71 +ro.

Let v(Q) = (v(V,...,v("+72)) be the v-coordinate of the vector Iwasawa decomposition,
and
1472 AN
Ne@) = [T (v9)
j=1

be the norm of v(Q), where
N, = 1 ?f]::1,...77’1,
2 ifj=ri4+1,...,r1 + 1.
Definition 2.4. The Eisenstein series corresponding to the cusp x; is defined by
By (Q5) = Nijo(@)® 3 N@QRAD)™, Re(s)> 1.
WEin\SLQ(OK)
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Remark 2.5. We will show in the proof of Proposition 2.7 that Ej,,(Q,s) depends only
on the cusp class [z;].

We now form the vector Eisenstein series from the Eisenstein series corresponding to the
cusp classes.

Definition 2.6. The vector Eisenstein series is defined by

E) (Q’S) = (E[a:ﬂ (st) ye e aE[zh] (Qas))t :

In the reniz)zining part of this section we malg precise the relationship between the Eisen-
stein series E (Q, s) and the Eisenstein series E (w, s) studied by Efrat and Sarnak in [ES].

Fix an embedding of K = Q(v/—D) into C. Then I'p = PSL2(Op) is a discrete subgroup
of Isom™ (H?®) = PSLy(C) such that Xp = I'p\H? is a non-compact, finite volume arithmetic
orbifold. There is an identification of H? with the quaternionic upper half-plane

H  ={w=x1+ixo+jy+kt: z=mz1+ixe €C, y >0, t =0}

The group PSLy(C) acts on H€ by linear fractional transformations. Let 1 = o0, x2,. ..,z
be a complete set of cusps for the fundamental domain F of Xp and let I';, be the stabilizer
of the cusp x;. Assume that D # 1,3, so that I'p is torsion-free. One can choose (not
necessarily uniquely) o; € PSLy(C) such that o;(z;) = oo and

O‘il—‘xiO’ZI = {(é i) : ZELZ},

where L; is a lattice in C whose fundamental domain has volume one.
For w in HF€ let

w = cyw = (y(ozw), z(o3w)).

Then the Eisenstein series associated to the cusp z; is defined by
Ei(w,s) = Z yD(yw)®,  Re(s) > 2,
YETZ \T'p
and the corresponding vector Eisenstein series is defined by
E (w,5) = (Ey(w,s),..., Ex(w,s)).
The quaternions H are the elements of the division ring
H=Ra&Ri®dRj P RE

2

where ij = k = —ji, jk =i = —kj, ki = j = —ik, and i> = j2 = k> = —1. The norm of a

quaternion
w=uz+ixg+jy+ktecH
is defined by
N(w) = 22 + 23 + o> + 2.
Let a; be the integral ideal corresponding to the cusp z;. Define the Eisenstein series

Ei(w,s)=af Y <N(y> weH3, Re(s) > 2,

(cdicaxa cw + d)
(c,d):ai



1
where o; = N /Q(ai)\/i /dj is a normalizing factor chosen so that F has volume one. Efrat
and Sarnak [ES, Proposition 2.3] proved that E;(w,s) = Ej(w, s).

Proposition 2.7. Let K be imaginary quadratic. Then

28°E,, (Qw, ;) = Ei(w,s), w e H?, Re(s) > 2,

1
where 3 = ﬂ/d?(, and

(here w = z + jy and z = x1 + ixa).
Proof. There is a sequence of maps

H® — SLy(C)/SU(2) — SQ%

given by
w = gSU(2) = g7,
where
(7 )
0 vy
and

|22

_ + 2L
Qui=gg' =(Y"v ¥ ).
v )

By a straightforward calculation one can show that v(Q[v4;]) = Q[a], where a = (¢, d) is
the first column of vA;. As 7 runs over a complete set of representatives of I';,\SL2(Ok),
the columns a run over a complete set of generators of a; which are non-associate modulo
Uk (recall that a is associate to @’ modulo Uk if and only if there exists a unit e such that
a = ed'). Tt follows that

| <

1472
E)(@Q.5) = Njo(a)* > [[ @197, Re(s) > 1.
aca? U =1
(e, d)=u;
Note that the argument in the preceding paragraph shows that E[@-](Qa s) depends only
on the cusp class [z;].
For K imaginary quadratic, the Eisenstein series can be expressed as

Ep,(Q,8) = Nigjola)® Y Qlal™,
aECl,?/UK
(cvd):a’i

where we have used that the non-trivial embedding of K is complex conjugation.
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Let Q@ = Q. Then

2 ] oz oz |
=" (y+— | +Cd=+cd—+ —
Y ) ) Y

1
- (|c\2N(w) + 2Re(edz) + \d\Q) .
Y
We claim that

N(cw +d) = |¢|* N(w) + 2Re(cdz) + |d|?,
and thus

Combining these calculations yields

s\ Nijola)® y ’
By (Qu,2) = 252180 5~ <) .
( 2) |Uk| (e dicaxa N(cw + d)
(C’d):ai
Write Nk g(a;) = i/, and observe that since D # 1,3, #Uk = 2. Then

5\ _ @ y 1l
E[Q?Z] (Q’LU? 2) - 2/88 Z <N(Cw+d)> - 265E2(w78)7
(Cid)de)amai
c,d)=a;

or equivalently,

26 By (Qui 3 ) = Eilw, ).
It remains to prove the claim. Write ¢ = ¢y 4+ icy and d = d; + ids. Then
cw~+d = (c1 +icy)(z1 + iz + jy) + (di + ida)
= (c171 — com2 + di) +i(c172 + caz1 + da) + j(e1y) + k(cay),
where we have used that i> = —1 and ij = k in H. Therefore, after expanding, we find that
N(cw +d) = (c121 — como + d1)* 4 (c122 + comy + d2)* + (c1y)? + (c2y)?

= (¢} +3) (] + 23 +y?) + (di +d3) + 2(c1dix1 + codowy + c1daxs — codi 7o)

= |C|2 N(w) + |d’2 + 2(01(11:131 + cadoxy + c1daxo — ngll‘g).
Finally,

cdz = c1dix1 + codox1 + c1doxo — codixo + i(CldQ.Z'l —c1dizy — codix1 — CQdQ.%'Q),
so that

Re(édf) = c1di1x1 + cadoxy + c1doxy — codixa.



3. THE VECTOR EPSTEIN ZETA FUNCTION
Let R(a™) be a complete set of non-zero, non-associate elements of a”.

Definition 3.1. The ideal class Epstein zeta function associated to a positive n-form @ in
% is defined by

s § I | v v)1—Nus n
Zn(Q7 [Cl],S) = NK/Q(Q)2 Q( )[CL( )] N ) RQ(S) > Ea
a€ER(a™) VESso

where Sy, is a collection of 71 + r9 infinite places of K and N, = N; at the appropriate
places v.

Remark 3.2. The factor Ny g(a)® insures that Z,(Q,[a],s) depends only on the ideal
class [a].

Remark 3.3. The zeta function Z,(Q,[a],s) has been studied extensively by A. Terras
(see [T]). More recently, we used this zeta function to study effective lower bounds for class
numbers of CM fields (see [M]).

We will establish the following functional equation for Z,(Q, [a], s).

_N
2

1
Theorem 3.4. Let A=2""d}n and
F(Q,[a],s) = A*T(s)""['(25)"? Zn(Q, [a], ).

Then F(Q,[a],s) is analytic on C except for simple poles at s =0 and

T
F@Q.la).s) = [[@7|F F (@740, 5 —5).
One forms the vector Epstein zeta function of @ from the ideal class zeta functions.
Definition 3.5. The vector Epstein zeta function of () is defined by
Z,(Q.8) = (Za(Q. [o]. ). .. Zu(Q: [0 5))".

Using Theorem 3.4, we obtain the following functional equation for Zn(Q, s).

Theorem 3.6. The vector Epstein zeta function Zn(Q, s) satisfies the functional equation

Zua. =8N b e 7. (0 ). 1)

4. A THETA TRANSFORMATION FORMULA

We will need the following theta transformation formula in the proof of Theorem 3.4.

Proposition 4.1. Let t), ... tN) be positive real numbers with t(+7213) = ¢(n+3) for
j=1,...,r9. Then
1 _ _
Z exp (—nTr (Q[alt)) = —— % Z exp (77TTI“ (Q l[a']t 1)) ,
aca QI [[t]]2 d& we(aryn

where
N
Tr (Qla]t) = Z QW [aWt\),
j=1

8



Proof. Let K ®g R be the N-dimensional real Minkowski space. Then the function
g(z) = exp (—mTr(Q[z]t)), =€ (K ®qR)",

is in the Schwartz class S((K ®g R)").

The ideal a” is a lattice of full rank in (K ®gR)". Choose a Haar measure puy on
(K ®g R)"™ such that pgy (K ®g R)" /a™) =1

From the preceding observations, g(z) is ((K ®g R)", a™)-admissible in the sense of [W],

so that by Poisson summation,
S = 3 ),

acan” a’€(an)*

where the Fourier transform is defined by
~ —omiTr (2T 2
i@ = [ gy o),
(K®qR)

Let {a1,...,an} be a basis for a over Z. Then a = @jvzl Zaj and K @gR = @jvzl Ray;.
It follows that the map @Y i—1 Raj — ED”MQ Vj defined by

N
x:ijajH Zx] ; ). Zazarﬁrz) =y (4.1)
j=1

is an isomorphism.
Let d, be the absolute value of the discriminant of a. It can be shown that the absolute
value of the determinant of the Jacobian

0 (y(l), e ,y(rl),Re(y(”H)), Im(y(rl‘H)), e Re(y(r1+r2)), Im(y(r1+r2)))

1
=27"2d¢2.
0 (X1,...,XN) ¢

Thus we find that under the transformation (4.1), the Haar measure becomes

o T1tr2 '
dpp(z) = (2")2da > ] dy",
j=1

where dy?) is Lebesque measure on Vj". Furthermore, observe that the trace can be ex-
pressed as

r1+72

— Z N;QW[z1))¢)
j=1

By combining these facts, we find that the Fourier transform can be written as

=d;? H/ eXp [ (j)] (G )) e—zmTr(Zu)Ty(j))dy(j)
" H / exp 2 QU ) (])) 2T (200 Ty (2ndy(j))

j=ri+1
9



Using standard properties of the Fourier transform and the change of variables formula,
we find that

o I O RN O MG
/ exp( 7Q J)[ ] )) —27riTr(z(J)Ty(J)>dy(j):exp( QY [zj]t] )

t0)2  /|det(QW)]

)

and
/T (200" y —QWQ(j)_l[z(j)]t(j)_1>
— D1 G ,—2miTr 2Ty na () _ exp(

Substitute these integrals into the formula for § and take products to obtain
1

g9(z) = P T exp(—nTr (Q~ 2]t ).
QII= [1t]]> dg
The proposition follows by substituting the formula for g into the right hand side of the
Poisson summation formula. 0

5. PROOF OF THEOREM 3.4

Express the absolute value of the discriminant of a as dqy = N K/Q(a)QdK. By applying
the identity

sd

INE o0
(5) =/ exp(—a?y)y> L, a>0,
0 Yy

as

at the real and complex places as in the proof of the functional equation for Hecke L-
functions, we obtain the Mellin transform

F( / / > exp(—wd Ny QWY )I!yW

a€R(an) VESso
where
dy dy
lyll = J[ vb* and —= ] ==
VESso Y VES Yv
Define the multiplicative group G = [],cq.. (RY)", and the map |-| : K* — G by

la = (‘oz(”) i)l/GS . Observe that ker |-| is the group of roots of unity, and that V' = |Uk]| is a

discrete subgroup of the norm one hypersurface G¥ defined by G° = {y € G : ||y|| = 1} < G,
with compact quotient G°/V.

For y € G, write y = tVe uniquely by setting t = ||y|| and ¢ =

decomposition G = G° x (R)*.
Let d*c be the unique Haar measure on the multiplicative group GY such that the canon-

ical Haar measure dy/y on G becomes % = d*c X 7 We can now express the Mellin

1
Iyl ™~

transform as

s dt
F / / > exp(—m‘Nd ¥y NQRM[a™M) )d*ctzt

a€ER(am) VES~
10



Choose a fundamental domain E for the action of the group |Uk|* = {|¢|* : ¢ € Ux} on
G° which decomposes the norm one hypersurface into the disjoint union

GO = U n*E.

n€|Uk]|
Then

1
/ Z exp <—7Ttllvda N Z N,QW [a(”)]cy) d*c
GO

aG'R( Cln) VESso

_1
—/ wi Z exp (—Wt;fdaN Z N,,Q(”)[a(y)]cy> d*c (5.1)
E WK

a€a™\{0} v€Sso

where wg is the number of roots of unity in K.
Substitute (5.1) in the Mellin transform to obtain

S _ > 1 1 7% « §dt
F (Q?[a}vi) _/0 /EU)I( |:@7L <Q7a7tNda C> - 1:| d Ct277

where
1 _1
O, (Q,a,tlifdcl Nc) = Z exp (mflifda N Z NI,Q(”)[a(”)]c,,> .
acan V€S0
Now, a simple integration allows us to express the Mellin transform as
1 *
1 -1 sdt 2u*(E
F (Q, [a], f) —/ / —0, (Q,a,tflvdq Nc) drets & ZE (E) (5.2)
2 0 JE WK t WKS

& 1 _L s dt
—I—/ / — [@n <Q,a,tlifclcl Nc> - 1] d*ctz —,
1 E WK t

where p*(F) is the measure of the pullback of E.
Let t = 77! and dt = —d7/7? in the first integral on the right hand side of (5.2). Using
the invariance of d*c under the transformation ¢ — ¢!, the functional equation for the

theta function ©,(Q, a, z) given in Proposition 5.1, and another simple integration, we find
upon making the substitution s — 2s that

FQ, [d], ) :/1 /Ele [@n <Q,a,t11Vd;11Vc> _ 1] d*cﬁ% _ ’ju(:;) (5.3)
= rllet? e g 3 dt i B)]]Q7]]?
+/; /E WK |:@n<Q 7a7t da* C>—1]dct 7— wK(%_S) .

From (5.3), it is clear that F'(Q, [a], 5) is analytic on C except for simple poles at s = 0, 5.
Make the substitutions s — § —s, a — a*, and Q — Q! in (5.3) to complete the proof. [

In the following proposition, we give the functional equation for the theta function

6%(@7 a’ Z)'
Proposition 5.1. With notation as above we have
R R T A CARGR
On|Q,0,tNdg Ve | = —506, (Q ",a",t" Nd "¢ .
t2 [|Ql[?
Proof. This follows from a straightforward calculation using Proposition 4.1. O
11



6. PROOF OF THEOREM 1.1

We will need the following proposition (see also [T]).

Proposition 6.1. With notation as above we have

Z5(Q.5) = (o 10 (29)) - E(Q.9).

Proof. Recall from the proof of Proposition 2.7 that

Bipy(@Q,5) = Nisgla)™ > ] @™, Re(s) > 1.

a€R(a?) VESw

(a1,a2)=q;
Therefore,
Z3(Q,[ai],8) = Ngjg(a)*® > [ @™
ac€R(a; a?) V€S

= Nigja(e* > > J[ QW™

wlb aeR(6?) VESa
(a1,a2)=0b

— ZNK/Q(ai—lb)fQSNK/Q Z H Q N,,s

ailb a€R(62) VESeo
(a17a2) b

To complete the proof, let ¢ = a;lb and observe that ¢ runs through all integral ideals in
the class [a; 'a;]. O

We will also need the determinant of the matrix of ideal class zeta functions. Let y €

c@) := Hom(cl(Ok), T) be a character of the ideal class group. Define the h x h matrix
M = (X;(a;)) whose ¢, jth component ;(a;) is the complex conjugate of the character x;
evaluated at the ideal class representative a;. Further, define the class group L-function

Lx,s)= >, x(a)Ngsg(a)™®, Re(s)>1,
(0)#aCOx

and the h x h diagonal matrix of L-functions

L(x1,s)
L(s) =
L(xn, s)

Proposition 6.2. With notation as above we have

(C[azlm@) =M L(s) - M.

12



Proof. Let x € cl((’) ). Then

From Proposition 6.2 and class field theory (see [N]),

det (Curay®)) =TI LOes) = Culs). (6.1)
X€d(Ox)

Proof of Theorem 1.1: Let n = 2 in Theorem 3.6 and apply Proposition 6.1 to both
sides of the functional equation (3.1) to obtain

(C[azlaj]<25>)-ﬁ<@,s>=0%((12;s” DQ ) P (G120 -5)) - E@ 19,
(G

Because (7(2s) # 0 for Re(s) > 3, equation (6.1) implies that the matrix 23)) is
invertible for Re(s) > %. It follows that

G(2(1 —s)) -1

E(Q.s) = = DQ ) (Gura(29) P (G121 -9)) - E@ 7 1-3)

—
for Re(s) > 1. The Eisenstein series E(Q, s) has a meromorphic continuation to C (see
[La]). Theorem 1.1 follows by uniqueness of analytic continuation. O

7. THE DETERMINANT OF P

Proposition 7.1. Let m be the order of the group cl(Ok)[2] of 2-torsion in cl(Ok). Then
det(P) = (~1)"2"

Proof. Suppose that o is a permutation of ¢l(Ok) with corresponding permutation matrix
P,. Then det(P,) = (—1)!, where [ is the number of transpositions in the decomposition
of o as a product of transpositions. In terms of P,, [ = %, where we have divided
by two since one transposition corresponds to an exchange of two rows. Specializing to
o :a — a*, we see that it suffices to show that |Fix(c*)| = |cl(OK)[2]].

It is a deep theorem of Hecke that the different ® is a square in cl(Ok) (see [H,
Theorem 176]). Therefore, because a* = (a®x)~!, we need only consider the permutation
oy 1 x — 17 'g% where g is a fixed element of cl(O). But an element z in cl(Ok) is
fixed by o, if and only if 2% = ¢? if and only if = ag, where a®> = 1. We conclude that
Fix(a,)] = |el(O) 2] O
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8. PROOF OF THEOREM 1.3

Given the formula for ®(s) in Theorem 1.1, it suffices to compute the determinants of the
matrices P, /D(Q~1), and (C[afluj](s)) . We have computed the first and third of these

in Proposition 7.1 and equation (6.1), respectively, and a straightforward calculation yields
h
det (VD@ ) = [lQ7!|*. 0
9. PROOF OF THEOREM 1.6

We will need the following lemma, which follows from a calculation using the orthogo-

nality relations for the group characters x € cl(Ok).

Lemma 9.1. With notation as above we have

-1 1 1 1
1 1 1 --- 1
M-t -M:—g . I
hl: : :
1 1 1 1

Proof of Theorem 1.6: From Theorem 1.1 and Proposition 6.2 we find that

tr(e(s) =T (O B@T P (G 20 - o) - (Ga10(29) )

2(1 -
=Tr (W\/D(Q—l) ‘P-M 1 L(2(1-s) -L(2s)" - M> .
s
Using the Laurent expansion of the Dedekind zeta function (x(s) at s = 1, it is easily
seen that
L -
L L0a,2(1 - 9)
§—35 L (Xb 28)

Also, observe that G(s) is holomorphic at s = 1, and for x # 1, L(x, s) is holomorphic at
s = 1. Combining these facts with Lemma 9.1 yields

=—1.

=

TH(8(3) = lin T(®(5)
2 -1
S eaIEE Y TRV R IV
' 1
1 1 1
e e 2| e,
1 1 1

—[]Q!||? (T (P) —2).

Finally, because the trace of a permutation matrix is the number of fixed points, Tr(P) =
|Fix(c*)| = m, by Proposition 7.1. O
14
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