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Abstract. For arbitrary field coefficients K, we show that K-perverse sheaves on a
complex affine torus satisfy the so-called propagation package, i.e., the generic vanishing
property and the signed Euler characteristic property hold, and the corresponding
cohomology jump loci satisfy the propagation property and codimension lower bound.
The main ingredient used in the proof is Gabber-Loeser’s Mellin transformation functor
for K-constructible complexes on a complex affine torus, and the fact that it behaves
well with respect to perverse sheaves.

As a concrete topological application of our sheaf-theoretic results, we study homo-
logical duality properties of complex algebraic varieties, via abelian duality spaces. We
provide new obstructions on abelian duality spaces by showing that their cohomology
jump loci satisfy a propagation package. This is then used to prove that complex
abelian varieties are the only complex projective manifolds which are abelian duality
spaces. We also construct new examples of abelian duality spaces. For example, we
show that if a smooth quasi-projective variety X satisfies a certain Hodge-theoretic
condition and it admits a proper semi-small map (e.g., a closed embedding or a finite
map) to a complex affine torus, then X is an abelian duality space.
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1. Introduction

Cohomology jump loci of rank-one local systems provide a unifying framework for the
study of a host of questions concerning homotopy types of complex algebraic varieties.
In particular, they can be used to tackle Serre’s problem concerning groups which can
be realized as fundamental groups of complex quasi-projective manifolds.

By the classical Albanese map construction (e.g., see [Iit76]), cohomology jump loci
of a complex quasi-projective manifold can be understood via cohomology jump loci
of constructible complexes of sheaves (or, if the Albanese map is proper, of perverse
sheaves) on a semi-abelian variety. This motivates our investigation of cohomology
jump loci of such complexes, and in particular of cohomology jump loci of perverse
sheaves. Throughout this paper, we restrict ourselves to the study of perverse sheaves
on a complex affine torus, but we allow any field of coefficients. Specifically, we show
that for any field K, the cohomology jump loci of K-perverse sheaves on a complex affine
torus satisfy the so-called propagation package, i.e., a list of properties which provide
new obstructions on the category of perverse sheaves on a complex affine torus. The
present work parallels results of Gabber-Loeser in the `-adic setting, see [GL96].

As a concrete topological application of our sheaf-theoretic results, we study homolog-
ical duality properties of complex algebraic varieties, via abelian duality spaces. Abelian
duality spaces have been recently introduced in [DSY15], by analogy with the duality
spaces of Bieri-Eckmann [BE73], and they are particularly useful for explaining (non-
)vanishing properties of the cohomology of rank-one local systems. We pay a particular
attention to the corresponding realization problem, which is aimed at investigating which
smooth complex algebraic varieties are abelian duality spaces. We obtain here new ob-
structions on abelian duality spaces via their cohomology jump loci. Specifically, we
show that cohomology jump loci of abelian duality spaces satisfy a propagation pack-
age. This is then used to give a complete answer to the realization problem in the
smooth projective (or compact Kähler) context, while at the same time providing a
new topological description of complex abelian varieties. We also identify a general
class of complex algebraic varieties which are abelian duality spaces; this includes the
classical examples of complements of complex essential hyperplane arrangements and
complements of complex toric arrangements.

In the remainder of the introduction, we give a more detailed account of the results
contained in this paper.

1.1. Perverse sheaves on complex affine torus. Let T = (C∗)N be anN -dimensional
complex affine torus. Fix a field of coefficients K, and set

ΓT := K[π1(T )].

We let Spec ΓT denote the maximal spectrum of ΓT , and note that Spec ΓT can be
identified with the character variety CharK := Hom(π1,K∗) when K is algebraically
closed. For future reference, we let Char := CharC. To any point χ ∈ Spec ΓT with
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residue field Kχ = ΓT/χ, one associates a rank-one local system Lχ of Kχ-vector spaces
on T .

Definition 1.1. For any K-perverse sheaf P ∈ Perv(T,K) on T , the cohomology jump
loci of P are defined as

V i(T,P) := {χ ∈ Spec ΓT | H i(T,P ⊗K Lχ) 6= 0}.

One of the goals of this paper is to show that these jump loci satisfy a list of properties,
which we refer to as the propagation package. In particular, such properties impose
new obstructions on the category of perverse sheaves on the complex affine torus T .
Specifically, the following result holds (see Thorem 3.3):

Theorem 1.2. Let K be a field. For any K-perverse sheaf P ∈ Perv(T,K) on T , the
following properties hold:

(i) Propagation property:

Spec ΓT ⊇ V0(T,P) ⊇ V−1(T,P) ⊇ · · · ⊇ V−N(T,P).

(ii) Codimension lower bound: for any i ≥ 0,

codimV−i(T,P) ≥ i.

(iii) If V is an irreducible component of V0(T,P) of codimension d, then V ⊂ V−d(T,P).
In particular, V is also an irreducible component of V−d(T,P).

(iv) If V0(T,P) has codimension d ≥ 0, then

V0(T,P) = V−1(T,P) = · · · = V−d(T,P) 6= V−d−1(T,P).

If moreover codimV−k(T,P) > k for all k > d, then V0(T,P) is pure-dimensional.
(v) Generic vanishing: there exists a non-empty Zariski open subset U ⊂ Spec ΓT

such that, for any maximal ideal χ ∈ U , H i(T,P ⊗K Lχ) = 0 for all i 6= 0.
(vi) Signed Euler characteristic property:

χ(T,P) ≥ 0.

Moreover, the equality holds if and only if V0(T,P) 6= Spec ΓT .

The above result can be viewed as a topological counterpart of similar properties
satisfied by the Green-Lazarsfeld algebraic jump loci of topologically trivial line bun-
dles, see [GL87, GL91]. The propagation package for algebraic jump loci was used by
Chen-Hacon [CH01] to give a birational characterization of abelian varieties. Various
topological applications of the above theorem will be given in Section 3.2.

The main ingredient used for proving Theorem 1.2 is Gabber-Loeser’s Mellin trans-
formation functor for K-constructible complexes of sheaves on the complex affine torus
T , and the fact that it behaves well with respect to perverse sheaves. More precisely,
in Theorem 3.2 we extend the `-adic context of Gabber-Loeser [GL96, Theorem 3.4.1]
to arbitrary field coefficients K, and show that the Mellin transformation is a t-exact
functor for K-perverse sheaves on a complex affine torus. This fact is then combined
with commutative algebra techniques (see Proposition 2.5) to obtain a proof of Theorem
1.2.
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Remark 1.3. The signed Euler characteristic property was proved in the `-adic con-
text by Gabber-Loeser, see [GL96, Corollary 3.4.4] (though it is credited in loc.cit.
to Laumon). For C-perverse sheaves on semi-abelian varieties, a similar signed Euler
characteristic property was obtained in [FK00, Corollary 1.4]. The generic vanishing
property for perverse sheaves on affine tori, abelian varieties and, respectively, semi-
abelian varieties was proved in various settings (often in connection with the Tannakian
formalism), see, e.g., [Kra14, Theorem 2.1], [KW15, Theorem 1.1], [Sch15, Corollary
7.5], [We16, Vanishing Theorem], [BSS17, Theorem 1.1], [LMW17]. The codimension
lower bound is implicit in [GL96, Proposition 6.3.2] in the `-adic setting, on affine tori
defined over an algebraically closed field of positive characteristic. If K is a field of
characteristic zero, an improved codimension lower bound for K-perverse sheaves on a
complex abelian variety was obtained by Schnell [Sch15], see also [BSS17, Theorem 1.3],
and it was used to completely characterize perverse sheaves in the abelian context.

Remark 1.4. The propagation package for K-perverse sheaves has been recently ex-
tended by the authors to the semi-abelian context, see [LMW18], where a complete
characterization of C-perverse sheaves in terms of their cohomology jump loci is also
given.

Remark 1.5. When K = C, it follows from [BW17, Theorem 10.1.1] that for any i,
V i(T,P) is a finite union of translated subtori. Moreover, the above statement still holds
when T is any smooth complex algebraic variety (in which case, ΓT = C[H1(T,Z)]) and
P is any bounded C-constructible complex on T .

1.2. Abelian duality spaces. Another important application of the t-exactness of the
Mellin transformation is to detect abelian duality spaces.

Abelian duality spaces were introduced by Denham-Suciu-Yuzvinsky in [DSY15], by
analogy with the duality spaces of Bieri-Eckmann [BE73], and they were used in loc.cit.
for explaining some previously conjectural behavior of the cohomology of abelian rep-
resentations. Specifically, it was shown in [DSY15, Theorem 1.1] that abelian duality
spaces satisfy a propagation property for their cohomology jump loci, similar to that
of Theorem 1.2(i). In this paper we show that abelian duality spaces satisfy the whole
propagation package.

Let X be a connected finite CW complex. Denote π1(X) by G, and its abelianization
by Gab. There is a canonical Z[Gab]-local coefficient system on X, whose monodromy ac-
tion is given by the composition of the quotient G→ Gab with the natural multiplication
Gab × Z[Gab]→ Z[Gab].

Definition 1.6. [DSY15] A finite connected CW complex X is called an abelian duality
space of dimension n if:

(a) H i(X,Z[Gab]) = 0 for all i 6= n,
(b) Hn(X,Z[Gab]) is non-zero and a torsion-free Z-module.

When X is compact, this is equivalent to the statement that the (integral) compactly
supported cohomology of the universal abelian cover of X is concentrated in a single
dimension, n, where it is torsion-free.

A duality space [BE73] is defined similarly, by using G instead of Gab in the above
definition (hence by replacing the universal abelian cover by the universal cover). As
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pointed out in [DSY15], there are duality spaces which are not abelian duality spaces, and
the other way around. In Section 4, we extend the notion of abelian duality space, and
introduce what we call partially abelian duality spaces with respect to a homomorphism
φ : G→ G′ to an abelian group G′.

Duality spaces and abelian duality spaces enjoy (homological) duality properties sim-
ilar to Serre duality for projective varieties (and less restrictive than Poincaré duality).
For example, if X is an abelian duality space of dimension n, then for any Z[Gab]-module
A, one has isomorphisms ([DSY15]):

H i(X,A) ∼= Hn−i(G
ab, B ⊗Z A),

where B := Hn(X,Z[Gab]) is called the dualizing Z[Gab]-module.

Our motivation for studying abelian duality spaces comes from the following realiza-
tion question: which smooth complex algebraic varieties are (abelian) duality spaces?
Partial answers in the projective/Kähler context are discussed in Section 1.3 below.
As an extension of results from [DSY15], we also provide here further obstructions on
abelian duality spaces via their cohomology jump loci, see Theorem 1.8 below.

Definition 1.7. Let K be either Z or a field. Set ΓGab = K[Gab], with maximal spectrum
Spec ΓGab . The cohomology jump loci of X with K-coefficients are given by

V i(X) := {χ ∈ Spec ΓGab | H i(X,Lχ) 6= 0},
where for any maximal ideal χ ∈ Spec ΓGab with residue field Kχ = ΓGab/χ, Lχ denotes
the corresponding rank-one local system of Kχ-vector spaces on X.

In Theorem 4.6 we show that abelian duality spaces satisfy the propagation package,
namely we have the following result.

Theorem 1.8. Let X be an abelian duality space of dimension n. Fix K as either Z or
any field. Then the cohomology jump loci of X with K-coefficients satisfy the following
properties:

(i) Propagation property:

Spec ΓGab ⊇ Vn(X) ⊇ Vn−1(X) ⊇ · · · ⊇ V0(X).

(ii) Codimension lower bound: for any i ≥ 0,

codimVn−i(X) = b1(X)− dimVn−i(X) ≥ i.

(iii) If V is an irreducible component of Vn(X) of codimension d, then V ⊂ Vn−d(X).
In particular, V is also an irreducible component of Vn−d(X).

(iv) If Vn(X) has codimension d ≥ 0, then

Vn(X) = Vn−1(X) = · · · = Vn−d(X) 6= Vn−d−1(X).

If moreover codimVn−k(X) > k for all k > d, then Vn(X) is pure-dimensional.
(v) Generic vanishing: there exists a non-empty Zariski open subset U ⊂ Spec ΓGab

such that, for any maximal ideal χ ∈ U , H i(X,Lχ) = 0 for all i 6= n.
(vi) Signed Euler characteristic property:

(−1)nχ(X) ≥ 0.

Moreover, the equality holds if and only if Vn(X) 6= Spec ΓGab.
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As already mentioned above, it was also shown in [DSY15, Theorem 1.1] that abelian
duality spaces satisfy the propagation property for their jumping loci. This propagation
property already imposes strong restrictions on the topology of X. For example, it has
the following implications on the Betti numbers and Euler characteristics.

Theorem 1.9 ([DSY15]). If X is an abelian duality space of dimension n, then:

(1) bi(X) > 0, for 0 ≤ i ≤ n,
(2) b1(X) ≥ n,
(3) (−1)nχ(X) ≥ 0.

In the recent paper [DS17] by Denham-Suciu, it is shown that complements of cer-
tain classes of arrangements of hypersurfaces (including projective hyperplane arrange-
ments, toric arrangements and elliptic arrangements) are both duality and abelian du-
ality spaces. In particular, the whole propagation package of Theorem 1.8 is valid for
these examples.

The following result gives a criterion to detect abelian duality spaces from a relative
perspective (see Theorem 4.11).

Theorem 1.10. Let X be a smooth complex quasi-projective variety of dimension n.
Assume that the mixed Hodge structure on H1(X,Q) is pure of type (1, 1), or equiva-
lently, there exists a smooth compactification X of X with b1(X) = 0. If X admits a
proper semi-small map f : X → T = (C∗)N (e.g., a finite map or a closed embedding),
then X is an abelian duality space of dimension n.

In particular, Theorem 1.10 shows that the complements of hyperplane arrangements
and of toric arrangements are abelian duality spaces (but our result does not apply to
elliptic arrangement complements).

1.3. The realization problem for abelian duality spaces. There are plenty of
projective manifolds that are duality spaces. For example, in dimension one, all genus
g ≥ 1 smooth complex projective curves are duality spaces. On the other hand, only
genus one curves are abelian duality spaces. More generally, any projective manifold
which is a ball quotient is a duality space, e.g. see [Yau] for such examples. On the
other hand, we show that complex projective manifolds which are abelian duality spaces
are rather rare. More precisely, as a direct application of the propagation property for
abelian duality spaces, we have the following result (see Theorem 6.1).

Theorem 1.11. Let X be a complex projective manifold. Then X is an abelian duality
space if and only if X is a complex abelian variety.

Theorem 1.11 can be viewed as a topological counterpart of the Chen-Hacon bira-
tional characterization of abelian varieties [CH01]. Furthermore, the above result can be
extended to the Kähler context, namely we show in Theorem 6.1 that compact complex
tori are the only compact Kähler manifolds that are abelian duality spaces.

1.4. Summary. The paper is organized as follows.
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In Section 2, we recall the definition of several algebraic notions (including Fitting
ideals, jumping ideals and, resp., cohomology jump loci of a bounded complex of R-
modules with finitely generated cohomology) and prove an algebraic version of the prop-
agation package.

In Section 3, we recall the definition of the Mellin transformation functor for K-
constructible complexes on a complex affine torus, and show that it is t-exact (see
Theorem 3.2). As an application of this fact, we prove Theorem 1.2 and discuss several
topological implications.

In Section 4, we introduce the notion of partially abelian duality space as a general-
ization of abelian duality spaces, and show in Theorem 4.6 that such spaces satisfy the
propagation package. Furthermore, we use once more the Mellin transformation functor
to construct new examples of (partially) abelian duality spaces in Theorem 4.11.

Section 5 is devoted to a discussion of several concrete examples of (partially) abelian
duality spaces.

In Section 6, we prove that compact complex tori are the only compact Kähler man-
ifolds that are abelian duality spaces. In particular, complex abelian varieties are the
only complex projective manifolds which are abelian duality spaces. We also point out
that the Singer conjecture admits an equivalent formulation in terms of duality spaces.

Acknowledgments. We are grateful to Nero Budur, Jörg Schürmann and Alex
Suciu for useful discussions. The authors thank the Mathematics Department at the
University of Wisconsin-Madison, East China Normal University (Shanghai, China) and
University of Science and Technology of China (Hefei, China) for hospitality during the
preparation of this work.

2. Cohomology jump loci of an R-module

Let R be a noetherian domain, and let E
q
be a bounded above complex of R-modules

with finitely generated cohomology R-modules. In this section, we recall the notion
of cohomology jump loci for the complex E

q
, and discuss some preparatory results in

commutative algebra.
By a result of Mumford (see [Ha77, III.12.3]), there exists a bounded above complex

F
q
of finitely generated free R-modules, which is a quasi-isomorphic to E

q
.

Definition 2.1. For any integer k and a map φ of finitely generated free R-modules,
let Ikφ denote the k-th determinantal ideal of φ (i.e., the ideal of minors of size k of the
matrix of φ), see [E95, p.492-493]. Then, in the above notations, the degree i Fitting
ideal of E

q
is defined as:

I i(E
q
) = IRank ∂i(∂

i),

and the degree i jumping ideal of E
q
is defined as:

J i(E
q
) = IRank(F i)(∂

i−1 ⊕ ∂i),

where ∂i−1 : F i−1 → F i and ∂i : F i → F i+1 are differentials of the complex F
q
.

We define the i-th cohomology jump loci of E
q
as

V i(E q
) := Spec(R/ rad J i(E

q
)),
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where rad I denotes the radical ideal of the ideal I in R, and Spec denotes the maximal
spectrum. By definition, V i(E q

) is naturally a subset of Spec(R) induced by the quotient
map R→ R/ rad J i(E

q
).

It is known that I i(E
q
), J i(E

q
) and V i(E q

) do not depend on the choice of the finitely
generated free resolution F

q
for E

q
, see [E95, Section 20.2] and [BW15, Section 2].

Remark 2.2. An equivalent definition of V i(E q
) can be given as follows:

V i(E q
) := {χ ∈ SpecR | H i(F

q ⊗R R/χ) 6= 0},
with F

q
a bounded above finitely generated free resolution of E

q
; see [BW15, Corollary

2.5].

Let M be a finitely generated R-module. Then M can be viewed as a complex of
R-modules concentrated in degree zero. There exists a finitely generated free resolution
for M :

· · · → F−i−1 ∂−i−1

→ F−i
∂−i→ F−i+1 → · · · → F−1 ∂−1

→ F 0 → 0.

Let AnnM denote the annihilator ideal of M and let Ass(M) denote the collection of
prime ideals of R associated to M , i.e., if p is a prime ideal in R then p ∈ Ass(M) if p
is the annihilator of an element of M . Let us now recall the following results from [E95,
Theorem 20.9, Corollary 20.12, Corollary 20.14].

Lemma 2.3. Let M be a finitely generated R-module. Assume that there exists a finitely
generated free resolution of M of finite length. Then the following properties hold:

(i)
rad I−i(M) ⊂ rad I−i−1(M) for any i ≥ 1.

(ii)
depth(I−i(M)) ≥ i for any i ≥ 1.

(iii)
RankF−i = Rank ∂−i + Rank ∂−i−1 for any i ≥ 1.

(iv) Let p be a prime ideal of R, and let pp denote the corresponding maximal ideal
in Rp. If d = depth pp, then p ∈ Ass(M) if and only if I−d(M) ⊂ p.

(v) Set d = depth Ann(M). Then depth pp = d for all p ∈ Ass(M) if and only if
depth I−k(M) > k for all k > d.

(vi) If M has a non-zero annihilator, then ∂−1 has rank equal to the rank of F 0. In
this case, writing d = depth IRankF 0(∂−1), we have

rad I−1(M) = · · · = rad I−d(M) 6= rad I−d−1(M).

Remark 2.4. Let K be a principal ideal domain (PID). In this paper, we always work
with Laurent polynomial rings R = K[t1, t

−1
1 , · · · , tN , t−1

N ], for some positive integer N .
Note that any finitely generated projective R-module is free in this case [BG09, Theorem
8.13], hence every finitely generated R-module admits a free resolution with length ≤ N
for K a field and length ≤ N + 1 for K a PID. Moreover, since R is a Cohen-Macaulay
ring in this case, the depth of any ideal in R coincides with its codimension.

Next we translate the above algebraic statement for fitting ideals into a corresponding
statement for jump loci.
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Proposition 2.5. Assume that R is a Cohen-Macaulay domain. Then, with the same
assumptions and notations from Lemma 2.3, we have that J0(M) ⊂ I−1(M), rad J0(M) =
rad Ann(M), and for any i ≥ 1,

rad I−i(M) = rad J−i(M).

Moreover, the following properties hold:

(i) Propagation property:

Spec(R) ⊇ V0(M) ⊇ V−1(M) ⊇ · · · ⊇ V−i(M) ⊇ V−i−1(M) ⊇ · · · .

(ii) Codimension lower bound: for any i ≥ 0,

codimV−i(M) ≥ i.

(iii) If V is an irreducible component of V0(M) of codimension d, then V ⊂ V−d(M).
In particular, V is also an irreducible component of V−d(M). Here the irreducible
component should be understood as the minimal prime ideal containing rad J0(M)
and rad J−d(M), respectively.

(iv) If V0(M) has codimension d ≥ 0, then

V0(M) = V−1(M) = · · · = V−d(M) 6= V−d−1(M).

If moreover codimV−k(M) > k for all k > d, then V0(M) is pure-dimensional.
(v) Generic vanishing: there exists a non-empty Zariski open subset U ⊂ Spec(R)

such that, for any maximal ideal χ ∈ U , H i(F
q ⊗R R/χ) = 0 for all i 6= 0.

(vi) Signed Euler characteristic property:∑
i≤0

(−1)i RankF i ≥ 0.

Proof. By Lemma 2.3(iii), we have that RankF−i = Rank ∂−i + Rank ∂−i−1. It follows
that, for any i ≥ 1,

J−i(M) = I−i(M) · I−i−1(M),

so

rad J−i(M) = (rad I−i(M)) ∩ (rad I−i−1(M)) = rad I−i(M),

where the last equality follows from Lemma 2.3(i). For i = 0,

J0(M) = IRankF 0(∂−1) ⊂ IRank ∂−1(∂−1) = I−1(M).

The identification rad J0(M) = rad Ann(M) follows from [E95, Proposition 20.7]. The
inclusion V0(M) ⊇ V−1(M) follows from the fact that J0(M) ⊂ I−1(M) together with
rad I−1(M) = rad J−1(M).

Let us now recall the following important relation between Ass(M) and rad AnnM ,
see [Ma89, Theorem 6.5]:

(a) If a prime ideal p ∈ Ass(M), then rad AnnM ⊂ p.
(b) The set of minimal prime ideals, which contain rad AnnM , and the set of minimal

elements of Ass(M) coincide.
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Then (iv) follows from Lemma 2.3(v) and Lemma 2.3(vi). If V is an irreducible compo-
nent of V0(M) of codimension d, then Lemma 2.3(iv) yields that V ⊂ V−d(M). Hence
V is also an irreducible component of V−d(M) because of the codimension bound.

For (v), one can take U = Spec(R) \ V−1(M), after noting that SpecR 6= V−1(M)
because of the codimension bound. Then (vi) follows from (v).

The remaining properties follow directly from Lemma 2.3 and the definition of jump
loci. �

3. Perverse sheaves on a complex affine torus

For any complex algebraic variety X and any commutative Noetherian ring R, we
denote by Db

c(X,R) the derived category of bounded cohomologically R-constructible
complexes of sheaves on X.

In this section, we fix a field of coefficients K, e.g., C or Fp = Z/pZ (for a prime p).

3.1. Mellin transformation functor and the propagation property. Let T =
(C∗)N be an N -dimensional complex affine torus. Set

ΓT := K[π1(T )] ∼= K[t1, t
−1
1 , · · · , tN , t−1

N ].

Let LT be the rank-one local system of ΓT -modules on T associated to the tautological
character τ : π1(T )→ Γ∗T , which maps the generators of π1(T ) to the multiplication by
the corresponding variables of the Laurent polynomial ring ΓT .

Definition 3.1. [GL96] The Mellin transformation functorM∗ : Db
c(T,K)→ Db

coh(ΓT )
is defined as

M∗(P) := Ra∗(LT ⊗K P),

where Db
coh(ΓT ) denotes the bounded coherent complexes of ΓT -modules, and a : T → pt

is the constant map to a point.

Let Perv(T,K) denote the category of perverse sheaves with K-coefficients on T . The
following result, which is adapted from the `-adic context of Gabber-Loeser [GL96, The-
orem 3.4.1], shows that the Mellin transformation functor behaves well with respect to
the perverse t-structure on Db

c(T,K) and the standard t-structure on Db
coh(ΓT ), namely:

Theorem 3.2. Let K be a fixed field. The Mellin transformation functorM∗ is t-exact,
i.e., for any P ∈ Perv(T,K), we have that H i(M∗(P)) = 0 for i 6= 0.

Proof. First, we reduce the proof to the case when K is algebraically closed. Obviously,
the Mellin transformation commutes with field extension, i.e.,

M∗(P ⊗K K) ∼=M∗(P)⊗K K.

Once we know thatM∗(P⊗KK) is concentrated in degree zero, it follows that the same
holds for M∗(P).

Secondly, instead of working with ΓT and local system LT , we localize it at the max-
imal ideal mλ = (t1 − λ1, . . . , tN − λN). Denote the localization (ΓT )mλ by ΓλT , and
let

LλT = LT ⊗ΓT ΓλT .
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Denote the corresponding Mellin transformation functor by Mλ
∗ , that is,

Mλ
∗(P) := Ra∗(LλT ⊗K P) ∈ Db

coh(Γ
λ
T ).

Since ΓλT is a flat ΓT -module, we have that

Mλ
∗(P) ∼=M∗(P)

L
⊗ΓT ΓλT ∈ Db

coh(Γ
λ
T ).

Since a ΓT -module is zero if and only if its localization at every maximal ideal mλ is
equal to zero, it suffices to show that Mλ

∗ is t-exact for every λ. This fact is proved in
[GL96, Section 3.4] in the `-adic setting. For the convenience of the reader, we sketch
here the arguments adapted to our context.

The right t-exactness of Mλ
∗ follows from the Artin vanishing theorem.

For the left t-exactness, we first reduce the proof to the case of a simple perverse sheaf.
The abelian category of K-perverse sheaves is Artinian and Noetherian, and hence we
have a well-defined notion of the length of K-perverse sheaves. Assume that P is not
simple and let P ′ be a non-trivial sub-perverse sheaf of P . Then we have a short exact
sequence of K-perverse sheaves:

0→ P ′ → P → P ′′ → 0.

Applying the Mellin transformation functor to the corresponding distinguished triangle,
we get a long exact sequence of ΓλT -modules:

· · · → H i(Mλ
∗(P ′))→ H i(Mλ

∗(P))→ H i(Mλ
∗(P ′′))→ H i+1(Mλ

∗(P ′))→ · · ·
By the exactness of the long exact sequence, it is clear that if the claim holds for P ′
and P ′′, then it also holds for P . By induction on the length of K-perverse sheaves, the
proof of left t-exactness is reduced to the case of simple perverse sheaves.

Let P be a simple K-perverse sheaf on T . We need to show the vanishingH i(Mλ
∗(P)) =

0 for all i < 0. This claim is proved by using induction on the dimension of the torus T
as follows.

Let p : T → T ′ be a projection onto a (N − 1)-dimensional torus T ′, given by the first
N−1 coordinates. Since the relative dimension of the affine morphism p is one, the only
possibly non-trivial perverse cohomology sheaves pHiRp∗(P) may appear in the range
i ∈ {−1, 0}. Since p is a smooth morphism of relative dimension one, it follows from
[BBD82, Page 111] that there is a canonical monomorphism of perverse sheaves

(1) p∗
(
pH−1Rp∗(P)

)
[1] ↪→ P .

So if pH−1Rp∗(P) is non-zero, then since P is simple, the monomorphism (1) is an
isomorphism:

p∗
(
pH−1Rp∗(P)

)
[1] ∼= P .

The desired vanishing in this case follows from the corresponding version of [GL96,
Proposition 3.1.3(d)], by using the induction hypothesis applied to the perverse sheaf
pH−1Rp∗(P) on T ′.

On the other hand, if pH−1Rp∗(P) is zero, then Rp∗(P) is a perverse sheaf on T ′.
Notice that we have the isomorphism (compare with [GL96, Proposition 3.1.3(c)])

Mλ′

∗ (Rp∗(P)) ∼=Mλ
∗(P)

L
⊗ΓλT

Γλ
′

T ′ ,
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where Γλ
′

T ′ is the localization of ΓT ′ at the corresponding maximal ideal mλ′ obtained
from mλ by forgetting the missing (last) variable. Let f ∈ ΓλT be such that Γλ

′

T ′ = ΓλT/(f).

Then the complex ΓλT
f−→ ΓλT is a free resolution of Γλ

′

T ′ . Thus,

(2) Mλ′

∗ (Rp∗(P)) ∼=Mλ
∗(P)⊗ΓλT

(ΓλT
f−→ ΓλT ).

At this point, since Rp∗(P) is a perverse sheaf on T ′, we can apply the induction hy-
pothesis for Rp∗(P) to obtain that H i(Mλ′

∗ (Rp∗(P))) = 0 for i < 0. Hence by (2), we
get that the multiplication by f

H i(Mλ
∗(P))

f−→ H i(Mλ
∗(P))

is surjective for i < 0. Therefore, by Nakayama Lemma for the local ring ΓλT , we obtain
the desired vanishing. �

We can now prove Theorem 1.2 from Introduction, which we state below for the
convenience of the reader. Recall from Definition 1.1 that for any perverse sheaf P ∈
Perv(T,K), the cohomology jump loci of P are defined as:

(3) V i(T,P) := {χ ∈ Spec ΓT | H i(T,P ⊗K Lχ) 6= 0},
where Lχ is the rank-one local system of Kχ-vector spaces on T associated to the maximal
ideal χ of ΓT , with Kχ = ΓT/χ the residue field of χ. Then we have the following.

Theorem 3.3. Let K be a fixed field. For any perverse sheaf P ∈ Perv(T,K), the
following propagation package holds:

(i) Propagation property:

Spec ΓT ⊇ V0(T,P) ⊇ V−1(T,P) ⊇ · · · ⊇ V−N(T,P).

(ii) Codimension lower bound: for any i ≥ 0,

codimV−i(T,P) ≥ i.

(iii) If V is an irreducible component of V0(T,P) of codimension d, then V ⊂ V−d(T,P).
In particular, V is also an irreducible component of V−d(T,P);

(iv) If V0(T,P) has codimension d ≥ 0, then

V0(T,P) = V−1(T,P) = · · · = V−d(T,P) 6= V−d−1(T,P).

If moreover codimV−k(T,P) > k for all k > d, then V0(T,P) is pure-dimensional.
(v) Generic vanishing: there exists a non-empty Zariski open subset U ⊂ Spec ΓT

such that, for any maximal ideal χ ∈ U , H i(T,P ⊗K Lχ) = 0 for all i 6= 0.
(vi) Signed Euler characteristic property:

χ(T,P) ≥ 0.

Moreover, the equality holds if and only if V0(T,P) 6= Spec ΓT .

Proof. For any P ∈ Perv(T,K), Theorem 3.2 shows that M∗(P) is a bounded coherent
complex of ΓT -modules with cohomology concentrated in degree zero. Then we can
define as in Section 2 the corresponding jumping ideals

J i(T,P) := J i(M∗(P))
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and the jump loci

(4) V i(T,P) := V i(M∗(P)).

Then our theorem follows from Proposition 2.5, provided that we show that the two
definitions (3) and (4) of jump loci V i(T,P) coincide.

Note that LT ⊗ΓT a
∗Kχ
∼= Lχ, hence we have that 1

Ra∗(P ⊗K LT )⊗ΓT Kχ
∼= Ra∗(P ⊗K LT ⊗ΓT a

∗Kχ) ∼= Ra∗(P ⊗K Lχ).

Let us now take degree i-cohomology on the first and last terms. From the last term we
get H i(X,P ⊗K Lχ), which is non-zero if and only if χ ∈ V i(T,P) of definition (3). On
the other hand, it follows from Remark 2.2 that H i(Ra∗(P ⊗K LT )⊗ΓT Kχ) is non-zero
if and only if χ ∈ V i(M∗(P))) of definition (4). �

3.2. Applications. In this subsection, we assume that K = C. In this case, the follow-
ing decomposition theorem holds.

Theorem 3.4. [BBD82, CM09] Let f : X → Y be a proper map of complex algebraic
varieties. There exists an isomorphism in Db

c(Y,C):

(5) Rf∗ ICX
∼=
⊕
j

pHj(Rf∗ ICX)[−j],

where ICX is the intersection cohomology complex on X with C-coefficients. The decom-
position is finite, and j ranges in the interval [−r(f), r(f)], where

r(f) = dim(X ×Y X)− dimX

is the defect of the semi-smallness of the proper map f .

Remark 3.5. It is known that the decomposition theorem may fail for finite field coef-
ficients, see [JMW14].

Let X be a smooth connected complex n-dimensional algebraic variety, and let f :
X → T be a proper algebraic map from X to the complex affine torus T = (C∗)N .
Assume that n > r(f). Then it was shown in [LMW17] that the induced homomorphism
f∗ : π1(X) → π1(T ) is non-trivial, and let us denote its image by Zm (this image is a
free abelian group).

Definition 3.6. The cohomology jump loci of X with respect to the proper map f : X →
T are defined as:

V i(X, f) := {χ ∈ Spec ΓT | H i(X, f ∗Lχ) 6= 0},
where Lχ is as before the rank-one C-local system on T associated to χ.

Note that codimV0(X, f) = m, since X is connected. In fact, it is clear that
H0(X, f−1Lχ) 6= 0 if and only if f−1Lχ is the constant sheaf.

Corollary 3.7. Let f : X → T be a proper map of complex algebraic varieties, with
X smooth of complex dimension n. Then the cohomology jump loci V∗(X, f) have the
following properties:

1Here, and in the sequel, it is important to tensor by a local system in order for the projection
formula for the derived pushforward to hold.
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(1) Propagation property:

Vn−r(f)(X, f) ⊇ Vn−r(f)−1(X, f) ⊇ · · · ⊇ V0(X, f) ⊇ {1};

(2) Codimension lower bound: for any 0 ≤ i ≤ n,

codimVn−i(X, f) ≥ i− r(f);

(3) Generic vanishing: there exists a non-empty Zariski open subset U ⊂ Spec ΓT
such that, for any maximal ideal χ ∈ U , H i(X, f ∗Lχ) = 0 for all i < n− r(f).

Proof. Since f is proper, we have Rf! = Rf∗. By the projection formula [Di04, Theorem
2.3.29] (or simply because Lχ is a local system), we get that

Rf∗(CX [n]⊗C f
∗Lχ) ∼= Rf∗(CX [n])⊗C Lχ

∼=
⊕

j∈[−r(f),r(f)]

( pHj(Rf∗CX [n])[−j])⊗C Lχ,

where the second isomorphism uses the decomposition theorem. Therefore,

V i(X, f) =
⋃

j∈[−r(f),r(f)]

V i−n−j(T, pHj(Rf∗CX [n])).

Then the claim follows from Theorem 1.2. �

Corollary 3.8. Let f : X → (C∗)N be a proper map of complex algebraic varieties, with
X smooth of complex dimension n > r(f). Then we have that

bi(X) > 0 for any i ∈ [0, n− r(f)],

and

b1(X) ≥ n− r(f).

If, moreover, r(f) = 0, then

bi(X) > 0 exactly for i ∈ [0, n] and (−1)nχ(X) ≥ 0.

Proof. Let Zm be the image of the non-trivial homomorphism f∗ : π1(X)→ π1(T ). Then
codimV0(X, f) = m. The codimension lower bound implies that

codimV0(X, f) ≥ n− r(f),

hence b1(X) ≥ m ≥ n− r(f).
Next note that {1} ∈ V0(X, f). Therefore, the propagation property yields that

bi(X) > 0 for any i ∈ [0, n− r(f)].
When r(f) = 0, Rf∗CX [n] is a perverse sheaf on T , hence

(−1)nχ(X) = χ(X,CX [n]) = χ(T,Rf∗CX [n]) ≥ 0,

where the last inequality follows from Theorem 1.2(vi). �

Remark 3.9. Let f : X → (C∗)N be a proper map of complex algebraic varieties, with
X smooth of complex dimension n. Then we have the following lower bounds for r(f):

r(f) ≥ n− b1(X) and r(f) ≥ n−max{q ≥ 0 | bi(X) > 0 for any 0 ≤ i ≤ q}.
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4. Abelian duality spaces

4.1. Partially abelian duality space. Let X be a connected finite CW complex, and
denote π1(X) by G. Let φ : G→ G′ be a non-trivial homomorphism to an abelian group
G′. There is a canonical Z[G′]-local coefficient system Lφ onX, whose monodromy action

is given by the composition ofG
φ→ G′ with the natural multiplicationG′×Z[G′]→ Z[G′].

Definition 4.1. We call X a partially abelian duality space of dimension n with respect
to φ, if the following two conditions are satisfied:

(a) H i(X,Z[G′]) = 0 for i 6= n,
(b) Hn(X,Z[G′]) is a non-zero torsion-free Z-module.

Remark 4.2. It will be shown in Remark 4.9 that the non-vanishing condition in Defi-
nition 4.1(b) is redundant.

Remark 4.3. Note that there is a canonical Z[G′]-module isomorphism

H i(X,Z[G′]) ∼= H i(X,Lφ),

for any i.

Remark 4.4. If, in Definition 4.1, we let G′ = Gab = H1(X,Z) and φ is the abelianiza-
tion map, then X is called an abelian duality space, see [DSY15].

Definition 4.5. Let K be either Z or a field. Set ΓG′ = K[G′]. The cohomology jump
loci of X with K-coefficients with respect to φ are defined as:

V i(X,φ) := {χ ∈ Spec ΓG′ | H i(X,φ∗Lχ) 6= 0},

where to any point χ ∈ Spec ΓG′ one associates the rank one local system φ∗Lχ := Lφ∗χ
on X.

Theorem 4.6. Let X be a partially abelian duality space of dimension n with respect to
φ. Let K be either Z or a field. Then the cohomology jump loci of X with K-coefficients
with respect to φ satisfy the following propagation package:

(i) Propagation property:

Spec ΓG′ ⊇ Vn(X,φ) ⊇ Vn−1(X,φ) ⊇ · · · ⊇ V0(X,φ).

(ii) Codimension lower bound: for any i ≥ 0,

codimVn−i(X,φ) = b1(G′)− dimVn−i(X,φ) ≥ i.

(iii) If V is an irreducible component of Vn(X,φ) with codimension d, then V ⊂
Vn−d(X,φ). In particular, V is also an irreducible component of Vn−d(X,φ).

(iv) If Vn(X,φ) has codimension d ≥ 0, then

Vn(X,φ) = Vn−1(X,φ) = · · · = Vn−d(X,φ) 6= Vn−d−1(X,φ).

If moreover codimVn−k(X,φ) > k for all k > d, then Vn(X,φ) is pure-dimensional.
(v) Generic vanishing: there exists a non-empty Zariski open subset U ⊂ Spec ΓG′

such that, for any maximal ideal χ ∈ U , H i(X,φ∗Lχ) = 0 for all i 6= n.
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(vi) Signed Euler characteristic property:

(−1)nχ(X) ≥ 0.

Moreover, the equality holds if and only if Vn(X,φ) 6= Spec ΓG′.

Proof. Since X is a partially abelian duality space of dimension n with respect to φ, we
have that H i(X,Z[G′]) = 0 for i 6= n. When K is a field, using the fact that Hn(X,Z[G′])
is torsion free and the universal coefficient theorem, we get

(6) H i(X,K[G′]) = 0 for i 6= n.

Let a : X → pt be the constant map. Let LK
φ := Lφ⊗ZK be the canonical K[G′]-local

system on X induced by φ. Then there is an isomorphism of K[G′]-modules

(7) H i(X,K[G′]) ∼= H i(X,LK
φ ),

for all i. So, by (6), Ra∗LK
φ is quasi-isomorphic to Hn(X,K[G′])[−n], i.e., Hn(X,K[G′])

viewed as a complex concentrated in degree n.
For any maximal ideal χ ∈ SpecK[G′] with residue field Kχ we have LK

φ ⊗K[G′] a
∗Kχ =

φ∗Lχ, hence

(8) (Ra∗LK
φ )⊗K[G′] Kχ

∼= Ra∗(LK
φ ⊗K[G′] a

∗Kχ) ∼= Ra∗(φ
∗Lχ).

Now, taking cohomology on both sides of the above isomorphism, and using Remark
2.2, we have the following.

Lemma 4.7. Under the above notations, for all i,

V i(X,φ) = V i(Hn(X,K[G′])[−n])

as subsets of Spec ΓG′.

Then Theorem 4.6 follows from the above lemma and Proposition 2.5. �

By the definition of cohomology jump loci of modules in Section 2, V i(M) = ∅ when
i > 0. Therefore, we get the following consequence of Lemma 4.7.

Corollary 4.8. If X is a partial abelian duality space of dimension n with respect to φ,
then V i(X,φ) = ∅ for all i > n.

Remark 4.9. Following the lines of the above proof, one can in fact show that the
condition Hn(X,Z[G′]) 6= 0 in Definition 4.1 of a (partially) abelian duality space is
redundant (i.e., it is always satisfied). Indeed, assuming that condition (a) of Definition
4.1 holds and fixing a field K, say K = C, we have (6). If, by absurd, we assume
Hn(X,Z[G′]) = 0, then we get by (7) that the complex Ra∗LK

φ is quasi-isomorphic to the
zero complex, with a : X → pt the constant map. Hence by (8), the complex Ra∗(φ

∗Lχ)
is quasi-isomorphic to the zero complex, for any maximal ideal χ ∈ SpecK[G′]. This
leads to a contradiction since, for χ the trivial character (corresponding to the constant
sheaf), we have H0(Ra∗(φ

∗Lχ)) = H0(X,C) 6= 0.
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4.2. Universal coefficient theorem. The following result is crucial in the proof of
Theorem 1.10 and of its generalization from Section 4.3.

Proposition 4.10. Let N• be a bounded complex of finitely generated free Z[G′]-modules,
where G′ is a free abelian group. Assume that for K = Q, as well as for K = Fp for
every prime number p, we have H i(N• ⊗Z K) = 0 for all i 6= n. Then H i(N•) = 0 for
i 6= n and Hn(N•) is a torsion-free Z-module.

Proof. First, we recall the fact that every Z-module M fits into a short exact sequence

0→Mtorsion →M →M/Mtorsion → 0,

which splits whenM is finitely generated. Here, Mtorsion denotes the torsion Z-submodule
of M .

Let m be the largest integer such that Hm(N•) 6= 0. Suppose that m > n. Since
Q is a flat Z-module, any Z-module monomorphism Z → M induces a monomorphism
Q → M ⊗Z Q. Therefore, the assumption that H i(N• ⊗Z Q) = 0 for all i 6= n implies
that Hm(N•) is a torsion Z-module. Thus, there exists a prime number p and a nonzero
element x1 ∈ Hm(N•) such that px1 = 0. Since tensor is a right exact functor, we also
have that

Hm(N•)⊗Z Fp ∼= Hm(N• ⊗Z Fp) = 0.

Hence, there exists a non-zero element x2 ∈ Hm(N•) such that px2 = x1. Similarly, there
exists a non-zero element x3 ∈ Hm(N•) such that px3 = x2, and so on. The existence of
such a sequence {x1, x2, . . .} contradicts the noetherian property of Hm(N•). In fact, if
we let Ji = {x ∈ Hm(N•) | pix = 0}, then

0 = J0 ⊂ J1 ⊂ J2 ⊂ · · ·

is a sequence of Z[G′]-submodules of Hm(N•). Since N• is a complex of finitely gen-
erated free Z[G′]-modules, Hm(N•) is a noetherian Z[G′]-module. This means that the
inclusions Ji ⊂ Ji+1 will eventually become equalities. However, the elements xi con-
structed above satisfy xi ∈ Ji \Ji−1, which yields a contradiction. Therefore m ≤ n, and
hence H i(N•) = 0 for i > n.

Since H i(N• ⊗Z Q) = 0 for all i < n, it follows as above that H i(N•) is a torsion
Z-module when i < n. Therefore, in order to complete the proof, it suffices to show that

H i(N•) is a torsion-free Z-module for any i ≤ n. For any prime number p, Z p−→ Z→ Fp
is a free resolution of Fp. Thus,

N•
p−→ N• → N• ⊗Z Fp → N•[1]

forms a distinguished triangle in the derived category of Z-modules. So we have a long
exact sequence

· · · → H i−1(N• ⊗Z Fp)→ H i(N•)
p−→ H i(N•)→ H i(N• ⊗Z Fp)→ · · ·

Since H i(N• ⊗Z Fp) = 0 for i < n, it follows that H i(N•)
p−→ H i(N•) is injective for any

i ≤ n. Hence, if i ≤ n, the Z-module H i(N•) does not contain any element of order p,
for any prime number p. Therefore, H i(N•) is a torsion-free Z-module for any i ≤ n. �
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4.3. Detecting abelian duality spaces. In this section, we apply our sheaf-theoretic
results to detect abelian duality spaces in the algebraic geometric context. Specifically,
we prove the Theorem 4.11 below, which implies Theorem 1.10 by Remark 4.4. For more
recent results in this direction, see [LMW18, Section 7.3].

Theorem 4.11. Let X be a smooth complex n-dimensional quasi-projective variety, and
let f : X → T = (C∗)N be a proper semi-small morphism (e.g., a finite morphism or a
closed embedding). Then:

(1) X is a partially abelian duality space of dimension n with respect to f∗ : π1(X)→
π1(T ) = ZN .

(2) Moreover, if the mixed Hodge structure on H1(X,Q) is pure of type (1, 1), then
X is an abelian duality space.

Before proving Theorem 4.11, let us introduce some notations. Let ΓZ = Z[π1(T )] ∼=
Z[t±1

1 , . . . , t±1
N ]. We denote the canonical ΓZ-local system on T by LZ. The integral

Mellin transformation functorM∗ : Db
c(T,Z)→ Db

coh(ΓZ) is defined as in Section 3.1 by

M∗(P) := Ra∗(LZ ⊗Z P),

where a : T → pt is the constant map to a point. (In these notations, we emphasize the
coefficients Z, as the torus T is fixed.)

Proof of Theorem 4.11.
(1) Let K be the field Q or Fp. Since f is proper and semi-small, Rf∗(KX [n]) is a K-
perverse sheaf on the complex affine torus T , e.g., see [Schu03, Example 6.0.9]. It then
follows from Theorem 3.2 that

H i(M∗(Rf∗(KX [n]))) = 0 for i 6= 0

or, equivalently,

H i(M∗(Rf∗(KX))) = 0 for i 6= n.

By using the projection formula, one has that

M∗(Rf∗(ZX))
L
⊗Z K ∼=M∗(Rf∗(ZX ⊗Z K)) ∼=M∗(Rf∗(KX)),

which has nonzero cohomology only in degree n. Since X is homotopy equivalent to
a finite CW complex, M∗(Rf∗(ZX)) can be realized as a bounded complex of finitely
generated free ΓZ-modules. Notice that, by definition,

H i(M∗(Rf∗(ZX))) ∼= H i(X, f ∗LZ) ∼= H i(X,Z[G′]),

where G′ = π1(T ) and the homomorphism π1(X)→ G′ is induced by the map f : X →
T . Therefore, Theorem 4.11 (1) follows from Proposition 4.10.

Finally, it follows by Remark 4.9 that Hn(X,Z[G′]) 6= 0. Let us, however, also indicate
a more geometric proof of this fact. Since Hn(X,Z[G′]) is a torsion-free Z-module, it
suffices to prove that Hn(X,Q[G′]) 6= 0. As above, we have that

Hn(X,Q[G′]) ∼= H0(M∗(Rf∗(QX [n]))) ∼=M∗(Rf∗(QX [n])),

where the last equality uses the t-exactness of the Mellin transformation and the fact that
Rf∗(QX [n]) is a Q-perverse sheaf on T . Finally, the arguments of [GL96, Proposition
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3.4.6] can be adapted to our setting to show that M∗(Rf∗(QX [n])) = 0 if, and only if,
Rf∗(QX [n]) = 0, which is clearly not the case.

(2) Let us now assume that the mixed Hodge structure on H1(X,Q) is pure of type (1, 1).
Denote the first Betti number of X by b1(X) = l.

Let albX : X → Alb(X) be the generalized Albanese map (e.g., see [Iit76, Proposition
4]). Since H1(X,Q) is of type (1, 1) and since b1(X) = l, the semi-abelian variety Alb(X)
is isomorphic to (C∗)l. Notice that the generalized Albanese map of an affine torus is an
isomorphism, which we will consider as an identity. By the functoriality of the Albanese
morphism, the map f : X → T induces a commutative diagram

X
f

//

albX
��

T

albT=id
��

Alb(X) = (C∗)l
f
// Alb(T ) = T.

Since (C∗)l is a smooth variety, f : (C∗)l → T is separable. Thus, the fact that f : X → T
is proper implies that albX : X → (C∗)l is proper. By a simple dimension count, one can
see that the semi-smallness assumption on f implies that albX is semi-small. Altogether,
albX is proper and semi-small.

By the definition of the generalized Albanese map, albX,∗ : H1(X,Z) → H1((C∗)l,Z)
induces an isomorphism between Hf := H1(X,Z)/torsion and H1((C∗)l,Z) ∼= Zl.

Set Ht := Tors(H1(X,Z)), where Tors denotes the torsion subgroup. Let ΓX :=
Z[H1(X,Z)], Γf := Z[Hf ] and Γt := Z[Ht]. As defined in the beginning of this section,
there exist a canonical ΓX-local system LX and a canonical Γf -local system Lf on X.
Any non-canonical splitting H1(X,Z) ∼= Hf ⊕Ht induces a non-canonical isomorphism

LX ∼= Lf ⊗Z Lt,

where Lt is the Γt-local system on X defined via the epimorphism π1(X)→ H1(X,Z)→
Ht (induced by the splitting). Denote the integral Mellin transformation functor on
(C∗)l byM∗. Then, by using the projection formula for albX , we have a (non-canonical)
isomorphism

Ra∗(LX) ∼=M∗(R(albX)∗(Lt))

in Db
coh(ΓX), with a : X → pt the constant map to a point. Here, we regard Lt as a local

system of finitely generated free Z-modules on X. Next note that we have a canonical
isomorphism:

M∗(R(albX)∗(Lt))
L
⊗Z K ∼=M∗(R(albX)∗(Lt

L
⊗Z K)).

We can now apply the same argument as in the proof of part (1), with f and ZX
replaced by albX and Lt, respectively, to conclude that H i(X,LX) = 0 when i 6= n
and Hn(X,LX) is torsion-free. This completes the proof of the second part of Theorem
4.11. �
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5. Examples

Example 5.1. LetX be an n-dimensional smooth closed subvariety of the complex affine
torus T (that is, X is a very affine manifold). The closed embedding map f : X ↪→ T is
clearly a proper semi-small map, and hence X is a partially Abelian duality space with
respect to the induced homomorphism f∗ : π1(X) → π1(T ). So the properties listed
in Theorem 4.6 hold. If, moreover, the mixed Hodge structure on H1(X,Q) is pure of
type (1, 1), then X is an abelian duality space, and hence X also satisfies the properties
of Theorem 1.8. (It was more recently shown by the authors in [LMW18, Example
7.12] that all very affine manifolds are abelian duality spaces, without any additional
assumption.)

Example 5.2. Let X be the complement of a union of (N−n) irreducible hypersurfaces
in (C∗)n, e.g., the complement of an essential hyperplane arrangement, or of a toric
hyperplane arrangement. It is easy to see that one can always find a closed embedding
f : X ↪→ (C∗)N such that X is an algebraic closed submanifold of (C∗)N and the induced
map on the first Z-homology groups is an isomorphism. In particular, the mixed Hodge
structure on H1(X,Q) is pure of type (1, 1), hence X is a abelian duality space. Then
the properties listed in Theorem 1.8 hold.

Example 5.3. Consider a hypersurface V in CPn, where V = V0 ∪ · · · ∪ VN has N + 1
irreducible components Vi = {fi = 0}, i = 0, · · · , N . Here fi is a reduced homogeneous
polynomial of degree di. Assume, moreover, that the hypersurface V is essential, i.e.,
V0 ∩ · · · ∩ VN = ∅. It is clear that if V is essential, then n ≤ N .

Set gcd(d0, · · · , dN) = d. Consider the well-defined map

f =
(
f
d/d0
0 , f

d/d1
1 , · · · , fd/dNN

)
: CPn → CPN .

The divisor
∑N

i=0 d/di · Vi defines an ample line bundle on CPn. It follows from [La04,
Corollary 1.2.15] that f is a finite map. Taking the restriction of f over X = CPn\V , we

obtain a finite map f : X → (C∗)N = CPN \
⋃N
i=0Di, hence f is proper and semi-small.

Since the mixed Hodge structure on H1(X,Q) is pure of type (1, 1), we get by Theorem
4.11 that X is an abelian duality space. Then the properties listed in Theorem 1.8 hold.
The signed Euler characteristic property (−1)nχ(X) ≥ 0 in this case was first proved in
[LM14, Corollary 5.12].

Example 5.4. Let Y be a smooth complex projective variety, and let L be a very ample
line bundle on Y . Consider a N -dimensional sub-linear system |E| of |L| such that E is
base point free over Y . Then a basis {s0, s1, · · · , sN} of E gives a well-defined morphism

ϕ|E| : Y → CPN .

Each {si = 0} defines a hypersurface Vi in Y . In particular,
⋂N
i=0 Vi = ∅. Since L

is very ample, ϕ|E| is a finite morphism. In fact, if ϕ|E| is not finite then there is a
subvariety Z ⊂ Y of positive dimension which is contracted by ϕ|E| to a point. Since
L = ϕ∗|E|OCPN (1), we see that L restricts to a trivial line bundle on Z. In particular, L|Z
is not ample, and by [La04, Proposition 1.2.13], neither is L, which contradicts with our
assumption that L is very ample. (Here we use the proof from [La04, Corollary 1.2.15].)
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Taking the restriction f of ϕ|E| over X = Y \
⋃N
i=0 Vi, we get a map

f : X −→ T = (C∗)N

x 7→ (
s1

s0

,
s2

s0

· · · , sN
s0

),

which is finite, hence proper and semi-small. Then X is a partially abelian duality
space for the induced homomorphism f∗ : π1(X) → π1(T ). So, the properties listed in
Theorem 4.6 hold.

If, moreover, H1(Y,Q) = 0, then the mixed Hodge structure on H1(X,Q) is pure of
type (1, 1), hence X is an abelian duality space. So, in this case the properties listed in
Theorem 1.8 hold.

Example 5.5. In all examples considered above, the map f : X → T is finite, hence
proper and semi-small. Hence Rf∗ = Rf! is t-exact, i.e., Rf∗ = Rf! preserves perverse
sheaves (e.g., see [Di04, Corollary 5.2.15]). Let X be any of the spaces considered in
the above examples. Let W be a connected closed subvariety of X of pure dimension
k, which is locally a complete intersection (e.g., W is a hypersurface in X). Then for
any local system L of finite rank on W , L[k] is a perverse sheaf on W (e.g., see [Di04,
Theorem 5.1.20]). By taking L to be the constant sheaf CW , the same arguments as in
Corollary 3.8 yield the following properties:

(i) bi(W ) > 0 for any 0 ≤ i ≤ k,
(ii) b1(W ) ≥ k,

(iii) (−1)kχ(W ) ≥ 0.

More generally, if W
j
↪→ X is a closed subvariety of X of pure dimension k, one can

consider the intersection cohomology complex ICW on W , which is a perverse sheaf,
and apply Theorem 3.3 to the perverse sheaf Rf∗(j∗ICW ) on T . For example, Theorem
3.3(i) shows that the intersection cohomology group IHi(W,Q) 6= 0 for any 0 ≤ i ≤ k.
Moreover, Theorem 3.3(vi) yields that

k∑
i=0

(−1)i+k dim IHi(W,Q) ≥ 0.

6. Compact Kähler manifolds as abelian duality spaces

In this section, we show that compact complex tori are the only compact Kähler
manifolds that are abelian duality spaces.

Theorem 6.1. Let X be a compact Kähler manifold. Then X is an abelian duality
space if and only if X is a compact complex torus. In particular, abelian varieties are
the only complex projective manifolds that are abelian duality spaces.

Proof. Obviously, a compact complex torus is an abelian duality space. Conversely, let
us first assume that X is a complex projective manifold, and an abelian duality space.
Denote the complex dimension of X by n. Then X is a closed oriented smooth manifold
of real dimension 2n.

We consider C-coefficient cohomology jump loci V i(X) ⊆ Spec ΓGab , where ΓGab =
C[Gab]. Since V0(X) = {1}, consisting of the trivial representation, we obtain by
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Poincaré duality that V2n(X) = {1}. Since V i(X) = 0 for all i > 2n, by Corollary
4.8, X is an abelian duality space of dimension at least 2n. On the other hand, since
V2n(X) = {1}, by Theorem 4.6 (i), it follows that X can not be an abelian duality space
of dimension less than 2n. Hence X is an abelian duality space of dimension exactly 2n.

Again by Theorem 4.6 (i) and V2n(X) = {1}, we have the equalities V0(X) = V1(X) =
· · · = V2n(X) = {1}. Therefore, by [Wa17, Theorem 2.1], the Albanese map albX :
X → Alb(X) is surjective and Ri albX∗(CX) are local systems on Alb(X) for all i ∈
N. Thus, dimX ≥ dim Alb(X), or equivalently n ≥ 1

2
b1(X). On the other hand, by

Theorem 1.9, we have b1(X) ≥ 2n. Therefore, b1(X) = 2n and the Albanese map
albX is surjective and generically finite. Since Ri albX∗(CX) are all local systems, we
then get that Ri albX∗(CX) = 0 for i ≥ 1. Therefore, all the fibers of albX are zero-
dimensional. In other words, albX is quasi-finite. A proper quasi-finite map is finite.
Since R0 albX∗(CX) is a local system on Alb(X), the finite map albX has no ramification
locus, and hence is a covering map. Any finite cover of an abelian variety is also an
abelian variety, thus proving the assertion in the smooth projective case.

Let us now discuss the proof in the Kähler case. The only step in the above proof that
requires X being projective is when we quote [Wa17, Theorem 2.1]. We next show how
this particular theorem can be generalized to compact Kähler manifolds by using the
arguments in the proof of [Wa16, Proposition 4.1]. Since the support of R0 albX∗(CX)
is equal to the image of albX , if R0 albX∗(CX) is a local system on Alb(X), then albX is
surjective. Therefore, in order to complete the proof of the theorem it suffices to show
the following:

Lemma 6.2. Let X be a compact Kähler manifold. Suppose V i(X) are zero-dimensional
for all i. Then Ri albX∗(CX) are local systems on Alb(X), for all i.

Proof of Lemma 6.2. By the decomposition theorem of proper maps of Kähler manifolds
([Sai90]), there exists a decomposition

(9) R albX∗(CX) ∼=
⊕

1≤j≤l

Mj[dj]

where each Mj is a perverse sheaf which underlies an irreducible pure polarizable Hodge
module on Alb(X). By definition,⋃

i,j

V i(Alb(X),Mj) =
⋃
i

V i(X).

Thus, V i(Alb(X),Mj) is zero-dimensional for all i and j. Let us fix j. We claim that the
support of Mj cannot be contained in any proper subtorus of Alb(X). Indeed, if the sup-
port of Mj is contained in a proper subtorus S of Alb(X), then every V i(Alb(X),Mj)
is invariant under the translations by elements in the image of Char(Alb(X)/S) →
Char(Alb(X)), induced by the natural projection Alb(X) → Alb(X)/S. This contra-
dicts the fact that all V i(Alb(X),Mj) are zero-dimensional. The same argument also
shows that the support of Mj can not be contained in any translate of a proper subtorus
of Alb(X).

In order to complete the proof of Lemma 6.2, we make use of the following statement
derived from the proof of [Wa16, Theorem 4.1]:
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Proposition 6.3. Let T be a compact complex torus. Let M be a perverse sheaf on T
that underlies an irreducible polarizable Hodge module of geometric origin. Assume that
the support of M is not contained in any translate of a proper subtorus of T . Then there
exists a finite cover π : T ′ → T , a holomorphic map ψ : T ′ → T ′alg to an abelian variety

(the algebraic reduction of T ′) and a constructible complex N ∈ Db
c(T ′alg,C), such that

π∗(M) ' ψ∗(N) in Db
c(T ′,C).

Applying Proposition 6.3 for T = Alb(X) and M = Mj, we have a finite cover
π : T ′ → Alb(X), a holomorphic map ψ : T ′ → T ′alg, and N ∈ Db

c(T ′alg,C), such that

π∗(Mj) ∼= ψ∗(N). Since V i(Alb(X),Mj) are zero-dimensional for all i, we have that
V i(T ′, π∗(Mj)) are also zero-dimensional (see the proof of [Wa16, Lemma 3.2]). By the
projection formula, it follows that all V i(T ′alg, N) are zero-dimensional (see the proof of
[Wa16, Proposition 4.1]). Now, by the proof of [Wa17, Theorem 2.1], the constructible
complex N is isomorphic to a shift of a local system on T ′alg, and hence both π∗(Mj)
and Mj are shifts of local systems. Therefore, we have shown that each direct summand
Mj in the decomposition (9) is a shift of local system. This completes the proof of the
lemma. �

One can further ask the following questions inspired by the above theorem.

Question 6.4. Does there exist a closed orientable manifold that is an abelian duality
space, but not a real torus?

Question 6.5. If X is a duality space, what can be said about its topology? For
example, is the Euler characteristic of X signed?

If X is aspherical and a closed oriented manifold, then it is a duality space. Moreover,
the following holds:

Proposition 6.6. Let X be a closed oriented manifold of dimension m, then X is a
duality space if and only if X is aspherical.

Proof. If X is a duality space of dimension k, then, by definition, the compactly sup-

ported cohomology H∗c (X̃,Z) of the universal cover X̃ of X is concentrated in degree

k. On the other hand, since X̃ is an m-dimensional manifold, Poincaré duality yields

that the homology H∗(X̃,Z) is concentrated in degree m− k. Since H0(X̃,Z) 6= 0, this

further implies k = m. Therefore, X̃ is a simply-connected manifold with trivial reduced
homology, so it follows by Hurewicz that X is aspherical. �

Remark 6.7. Our motivation for the second part of Question 6.5 comes from the Hopf
and Singer conjectures, e.g., see [Lu02, Ch.11] for an overview. Hopf conjectured that
if M is a closed manifold of real dimension 2n, with negative sectional curvature, then
(−1)nχ(M) ≥ 0. Jost-Zuo [JZ00] proved Hopf’s conjecture in the Kähler context. More
precisely, they showed that if M is a compact Kähler manifold of complex dimension
n and non-positive sectional curvature, then (−1)nχ(M) ≥ 0. Hopf’s conjecture was
strengthened by Singer, who claimed that if M2n is a closed aspherical manifold, then
(−1)nχ(M) ≥ 0. Note that if M carries a Riemannian metric with non-positive sectional
curvature, then M is aspherical by Hadamard’s Theorem. So Proposition 6.6 gives a
reformulation of Singer’s conjecture from the point of view of homological duality.
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Back to the realization problem mentioned in the Introduction, one would ultimately
like to classify all quasi-projective (or quasi-Kähler) manifolds that are (abelian) duality
spaces.
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