
ALGEBRAIC TOPOLOGY NOTES WEEK 2

Cellular Boundary Formula

Let X be a CW complex with cells {enα}α in each dimension n. Recall that if X is a
CW complex we can build a cellular chain complex (C∗, d∗) where C∗ = Hn(Xn, Xn−1) =

Z# of n cells. To describe the cellular boundary map dn it su�ces to say what it does to the
generators of the chain group Cn. To do this, we choose the natural basis for Cn which assigns
to each enα a generator of Cn and to each en−1

β a generator of Cn−1. It follows from linearity

that dn(enα) =
∑

β dαβe
n−1
β for some integers dαβ. Our �rst theorem will give a convenient

representation to the coe�cients dαβ.

Theorem. The coe�cients dαβ in dn(enα) =
∑

β dαβe
n−1
β may be computed as the degree of

the map Sn−1
α

ϕnα // Xn−1
// Sn−1
β given by attaching the cell enα to Xn−1 via the attaching

map ϕnα from the CW structure on X and then collapsing Xn−2

∐
γ 6=β e

n−1
γ to a point.

Proof. We will proceed with the proof by chasing the following diagram, where the map ∆αβ∗
is de�ned so that the top right square commutes.

Hn(Dn
α, S

n−1
α )

Φn∗
��

∂

'
// Hn(Sn−1

α )

ϕn−1
α∗

��

∆αβ∗ // Hn−1(Sn−1
β )

Cn(X)
∂n //

dn

''OOOOOOOOOOOOOO
Hn−1(Xn−1)

jn−1
∗

��

q∗ // H̃n−1(Xn−1/Xn−2)

qβ∗

OO

'
��

= ⊕βH̃n−1(en−1
β /∂en−1

β )

Cn−1(X)
' // Hn(Xn−1

Xn−2
, Xn−2

Xn−2
)

Recall that our goal is to compute dn(enα). The upper left square is natural and therefore
commutes (it is induced by the map Φ : (D∗, S∗−1)→ (X∗, X∗−1), see Hatcher p.127), while
the lower left triangle is part of the exact diagram de�ning the chain complex C∗(X) and is
de�ned to commute as well. Appealing to naturality, the map Φ gives a unique Dn

α so that
Φn(Dn

α) = enα. Since the top left square and the bottom left triangle both commute, this
gives that dn(enα) = jn−1

∗ ◦ ϕnα∗ ◦ ∂(Dn
α).

Looking to the bottom right square, recall that since X is a CW complex, (Xn, Xn−1) is a
good pair. This gives the isomorphism Cn−1(X) = Hn−1(Xn−1, Xn−2) ' H̃n−1(Xn−1/Xn−2)
But, we similarly have H̃n−1(Xn−1/Xn−2) ' Hn−1(Xn−1/Xn−2, Xn−2/Xn−2), where the iso-
morphism is induced by the quotient map q collapsing Xn−2 (Hatcher 2.22 p.124).
The bottom right square commutes by the de�nition of jn−1

∗ and q∗ from which it follows
that dn(eαn) = q∗ϕ

n−1
α∗ ∂D

α
n where formally we should precompose with the isomorphism be-

tween Cn−1(X) and H̃n−1(Xn−1/Xn−2) in the left hand side so that everything is in the
same space. This last map takes the generator Dα

n to some linear combination of gener-
ators in ⊕βH̃n−1(en−1

β /∂en−1
β ). To see which generators it maps to, we project down to

1
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the β summands to obtain dn(eαn) =
∑

β qβ∗q∗ϕ
n−1
α∗ ∂D

α
n . As noted before, we have de�ned

∆αβ∗ = qβ∗q∗ϕ
n−1
α∗ . Writing dn(eαn) =

∑
β ∆αβ∗∂D

β
n, we can see from the de�nition of the

above maps that ∆αβ∗ is multiplication by dαβ. �

Computing Cellular Homology

Example. Mg (the orientable surface of genus g)
We �rst claim that we can construct a CW structure on Mg as follows:

Mg = {D0}
2g∐
α=1

{D1
α}

∐
{D2}/[ϕ1

α, ϕ
2]

where we denote by [ϕ1
α, ϕ

2] the relations ϕnα(x) ∼ x for x ∈ ∂Dn
α and where the maps ϕ

1
α are

the collapsing maps and the map ϕ2 takes the generator ofD2 to the word a1b1a
−1
1 b−1

1 ...agbga
−1
g b−1

g

if we write ag and bg as the generators associated to the 2g copies of D1. We can justify that
this de�nition agrees with the geometric de�nition of Mg by writing Mg as the g−fold con-
nected sum of the torus T 2 and considering the fundamental polygon of T 2.
As an example of this construction in the case g = 2 we can consider two tori as below,

where we remove the two red circles and identify their boundaries:

Topologically, once we glue the tori together along the identi�ed circles, this gives the
double torus (M2) seen below:

We can realize this construction at the level of the fundmanetal polygons (which will give
rise more naturally to the cell structure above) by considering the fundamental polygon of
the torus:
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The above polygon has a natural CW structure which is exactly what we described above
(the polygon above can be viewed as a single vertex identi�ed as the boundary of each of the
four edges attached to a two cell in the center where the attaching map is consistent with
the identi�cations of the edges). Taking two copies of this fundamental polygon (one for AB
and one for CD), we can remove a disk from each and identify the boundary circles E to
construct the connected sum.

If we cut along a diagonal (the picture below corresponds to cutting the AB square from
the bottom left vertex to E and the CD square from the top right vertex to E then gluing
them) we can glue two of these squares together to obtain a space topologically equivalent to
the above construction. Notice that we may delete all of E except its endpoints in this new
picture since it is topologically the same as the area around it.

We now compute the cellular chain group C∗(Mg). Since Ck(Mg) ' Hn(Xn, Xn−1) where
Xn is the n−skeleton of Mg we have

0
d3 // Z

d2 // Z2g
d1 // Z

d0 // 0
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We demonstrated in the last class that d1 is the zero map because there is only one one-
cell. There is only one two-cell as well, so we only need to �nd d2(e2) which we compute
via the cellular boundary formula above. Recall from the beginning of this example that the
attaching map sends the generator to a1b1a

−1
1 b−1

1 ...agbga
−1
g b−1

g . Consider the summand dea1
in

∑
β deβe

1
β. When we collapse all the other cells to a point, the word de�ning the attaching

map a1b1a
−1
1 b−1

1 ...agbga
−1
g b−1

g reduces to a1a
−1
1 = 0. We can see this geometrically in the case

g = 2 in the above picture by collapsing all the cells except A to a point, at which point the
map is given by

By symmetry then it follows that d2(e2) is the zero map. It then follows that the homology
groups of Mg are given by

Hn(Mg) =


Z i=0,2

Z2g i=1

0 otherwise

Example. Ng (the nonorientable surface of genus g)
Formally, Ng = RP2#...#RP2. We construct this directly as above via the labelling scheme
which sends a generator to a2

1...a
2
g which coincides in dimension two (g = 1) with RP2.

The short exact sequence for the cellular chains is now given by

0
d3 // Z

d2 // Zg
d1 // Z

d0 // 0

where as before d1 = 0 because there is only one cell in dimension one. Now to compute
d2(e2) we again apply the cellular boundary formula. The same collapsing happens in the quo-
tient space except now deai = 2 for each i since we attach along the map

∏
i a

2
i . It follows then

that d2(e) = (2, ..., 2). We now choose a basis for Zg given by (1, 0, ..., 0), ..., (0, ..., 0, 1, 0), (1, ..., 1)
(that is the standard basis with the last basis vector replaced with (1, ..., 1)). We can then
compute directly that

Hn(Ng) =


Z i=0

Zg−1 ⊕ Z2 i=1

0 otherwise

Example. RPn
We showed in the last notes that we can construct RPn as the quotient space of Sn where

we identify antipodal points. RPn = Sn/ ∼ has one cell in each dimension 0, 1, ..., n where
we consider the CW structure of Sn with two cells in each dimension. The attaching map of
ek in RPn is the two-fold cover Sk−1 → RPk−1.
We now consider the long exact sequence for the chain groups

0
dn+1 // Z

dn // ...Z
d1 // Z

d0 // 0
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Since dk is a map from dk : Sk−1 → Sk−1 = RPk−1/RPk−2 we can compute its degree
directly by considering any y ∈ RPk−1\RPk−2 for which we know that (letting ϕ be the
attaching map) ϕ−1(y) = {y, a ◦ y} where a is the antipodal map. This is the usual two-fold
cover of Sk−1 and so is a local homeomorphism. We consider a neighborhood V of y and the
two neighborhoods U1 and U2 given to exist by the local homeomorphism property. Then
by the local degree formula proven in the previous notes dk = deg ϕ = deg id+ deg id ◦ a =
1 + (−1)k. It follows that

dk =

{
0 if k is odd

2 if k is even

and therefore we obtain that

Hk(RPn) =


Z2 if k is odd k < n

Z k = 0, n odd

0 otherwise

A di�erent approach to this problem would be to invert the order in which we collapse
RPn−1 and identify points as in the diagram below, where q is the map collapsing Sk−2 to a
point, id is the identity map, and a is the antipodal points map.

Once we unravel the de�nitions it is immediate that the computations here are the same
as above (formally this follows from the fact that deg fg = deg f deg g = deg g deg f).

Euler Characteristic

We will now de�ne an invariant related to cellular homology which, when generalized a
bit, will lead to a generalization of the Brouwer �xed point theorem.

De�nition. Let X be a �nite CW complex of dimension n and denote by ci the number of i
cells of X. Then χ(X) =

∑n
i=0 ci is de�ned to be the Euler characteristic of X.

Given such a de�nition, it is natural to question whether or not it depends on the cell
structure chosen for the space X. This is not the case. We established previously that cellular
homology is isomorphic to singular homology. In particular then since singular homology is
indpendent of the cell structure on X it su�ces to show that the Euler characteristic depends
only on the cellular homology of the space X.

Theorem. χ(X) =
∑n

i=0(−1)i rank(Hi(X)) where the rank of a group is its Betti number.
In particular, χ(X) is independent of cell structure.
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Proof. We will follow the notation in Hatcher. Call Bn = Im dn+1, Zn = Ker dn, and
Hn = Zn/Bn and consider the long exact sequence of chain complexes and the short exact
sequences de�ning homology:

0
dn+1 // Cn

dn // ... d2 // C1
d1 // C0

d0 // 0

0 // Zn
� � ι // Cn

dn // // Bn−1
// 0

0 // Bn

dn+1 // Zn
q // Hn

// 0

The rank nullity theorem implies rank Cn = rank Zn + rank Bn and rank Zn = rank Bn +
rank Hn. It then follows that χ(X) =

∑n
i=0(−1)irank Hi. �

Example. Returning to the examples above, we might consider the orientable and nonori-
entable surfaces of genus g. From our previous computations we have χ(Mg) = 1− 2g + 1 =
2(1− g) and χ(Ng) = 1− g + 1 = 2− g so that χ(Mg) = χ(N2g).

Lefschetz Fixed Point Theorem

Recall that if G is a �nitely generated abelian group, then G ' Zr ⊕ni=1 Zprii . As in the
previous proof, it will be convenient to ignore the e�ect of the torsion part of maps. Given
an endomorphism ϕ : G → G de�ne Tr (ϕ) = Tr (ϕ̄ : G/ ⊕ni=1 Zprii → G/ ⊕ni=1 Zprii ) where
the latter trace is the linear algebraic trace of the maps ϕ̄ : Zr → Zr.

De�nition. If X has the homotopy type of a �nite simplicial or cellular complex and f : X →
X, then the Lefschetz number of f is de�ned to be τ(f) =

∑
i(−1)iTr (f∗ : Hi(X)→ Hi(X)).

Notice that homotopic maps have the same Lefschetz number since they induce the same
maps on homology.

Example. Suppose that f ' idX , then τ(f) = χ(X). This follows from the fact the map
induced by the identity is the identity matrix and that the trace of the identity matrix in
this case will be the relevant Betti number of X.

Theorem. (Lefschetz) If X is a retract of a �nite simplicial complex and if f : X → X
satis�es τ(f) 6= 0 then f has a �xed point.

Before proving this result, we consider a few examples, then look to an intermediate result,
the simplicial approximation theorem.

Example. Suppose that X has the homology of a point (up to torsion), then τ(f) = Tr (f∗ :
H0 → H0) = 1. This computation follows from the fact that all the other homology groups
are zero and that the map induced on H0 is the identity.

This leads immediately to two nontrivial results, the �rst of which is the Brouwer �xed
point theorem.

Example. (Brouwer) If f : Dn → Dn is continuous then f has a �xed point. This is an
immediate consequence of the above result.

Example. If X = RP2n then modulo torsion we computed above that X has the homology
of a point and therefore any map f : RP2n → RP2n has a �xed point.

Finally we are led to an example which does not follow from the computation for a point.
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Example. If f : Sn → Sn and deg f 6= (−1)n+1 then f has a �xed point. To verify
this, we compute τ(f) = Tr (f∗ : H0(Sn) → H0(Sn)) + (−1)nTr (f∗ : Hn(Sn) → Hn(Sn))
= 1 + (−1)n deg f .

Corollary. If a : Sn → Sn is the antipodal map, then deg a = (−1)n+1.

Now we return to outlining the proof:

De�nition. If K and L are simplicial complexes and f : K → L is a linear map which sends
each simplex of K to a simplex in L so that vertices map to vertices, then f is said to be
simplicial.

The simplicial approximation theorem says that that given any map f from a �nite sim-
plicial complex to an arbitrary simplicial complex, we can �nd a map g in the homotopy
class of f so that g is simplicial in the above sense with respect to some �nite iteration of
barycentric subdivisions of the domain.

Theorem. If K is a �nite simplicial complex and L is an arbitrary simplicial complex, then
for any map f : K → L there is a map in the homotopy class of f which is simplicial with
respect to a �nite interation of barycentric subdivisions of K.

The proof of this result is omitted. We now proceed to the Lefschetz theorem.

Proof. (sketch of proof) We proceed by showing the contrapositive, so suppose that f has no
�xed points. The general case reduces to the case that X is a �nite simplicial complex, since
the function will have the same �xed points when we compose with the retract and because
the retract induces a projection onto one of the direct summands in the homology group. We
therefore take X to be a �nite simplicial complex K.
K is compact and there exists a metric d on X so that d restricts to the Euclidean metric

on each simplex of X; take such a metric. If f has no �xed points, we can �nd a uniform ε
for which d(x, f(x)) > ε by the standard covering trick. Via repeated barycentric subdivision
of X we can construct L so that for each vertex, the union of all simplicies containing that
vertex has diameter less than ε

2
. Applying the simplicial approximation theorem we can �nd

a subdivision K of L and a simplicial map g : K → L so that g lies in the homotopy class
of f . Moreover, we may take g so that f(σ) lies in the subcomplex of X consisting of all
simplicies containing σ. Again, by repeated barycentric subdivision we may choose K so that
each simplex in K has diameter less than ε

2
. In particular then g(σ)∩ σ = ∅ for each σ ∈ K.

Notice τ(g) = τ(f) since f and g are homotopic.
Since g is simplicial Kn maps to Ln (that is, it sends n skeletons to n skeletons). We

constructed K as a subdivision of L so that g(Kn) ⊂ Kn for each n.
We will use the algebraic fact that trace is additive for short exact sequences to show that

we can replace Hi(X) with Hi(K
i, Ki−1) in our computation of the Lefschetz number. By es-

sentially the same argument as was used above in the computation of the Euler characteristic
and using this fact we obtain that

τ(g) =
∑
i

(−1)iTr (g∗ : Hi(K
i, Ki−1)→ Hi(K

i, Ki−1))

We have a natural basis for Hi(K
i, Ki−1) coming from the simplicies σi in Ki. But since

g(σ) ∩ σ = ∅ it follows that Tr(g∗ : Hi(K
i, Ki−1)→ Hi(K

i, Ki−1)) = 0 for each i.
�
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Homology with General Coefficients

Let G be an Abelian group and X a topological space. We construct a homology with G
coe�cients (Hi(X;G)) as the homology of the chain complex

Ci(X;G) = Ci(X)⊗G = {
∑

i �nite

ηiσi, σ : ∆i → X, ηi ∈ G}

with boundary map given by ∂Gi = ∂i ⊗ idg. Since ∂i satis�es ∂i ◦ ∂i+1 = 0 it follows
that ∂Gi ◦ ∂Gi+1 = 0. We can construct versions of the usual modi�ed homology groups
(relative, reduced, etc.) in the natural way. De�ne relative homology by Hi(X,A;G) =
Ci(X;G)/Ci(A;G) and reduced homology via the augmented chain complex

...
∂Gi+1// Ci(X;G)

∂Gi // ...
∂G2 // C1(X;G)

∂G1 // C0(X;G)
ε // G // 0

where ε(
∑
ηiσi) =

∑
i ηi. Finally, we can build cellular homology in the same way, de�ning

CGi (X) = Hi(X, i,Xi−1;G). Notice that Hi(X) = Hi(X,Z) by de�nition.
By looking directly at the chain maps as before, it follows that Hi(pt;G) = G if i = 0 and

0 otherwise. Nothing (other than coe�cients) needs to change in our previous proofs about
the relationships between relative homology and reduced homology of quotient spaces so we
can compute the homology of the sphere as before by induction and using the long exact
sequence of the pair (Dn, Sn) to be HG

i (Sn) = G if i = 0, n and 0 otherwise.

Example. We compute Hi(RPn;Z2) using the calculation above. Notice that over Z the
cellular boundary maps are di = 0 or di = 2 depending on the parity of i and therefore in
Z2 all of the boundary maps are the zero map. Then Hi(RPn;Z2) = Z2 for i ≤ n and 0
otherwise.

We now consider the question of whether it is possible for a map which is not homotopic
to a constant to induce the homology of the constant map when viewed over Z.

Example. Fix n > 0 and let g : Sn → Sn be a map of degree m. De�ne a CW complex
X = Sn ∪g en+1, where the notation ∪g means that we attach ∂en+1 to Sn via the map
z → g(z) and let f be the quotient map f : X → X/Sn. De�ne Y = X/Sn = Sn+1. We
begin by computing the usual cellular homology of X by considering the chain complex

0
dn+2 // Z

dn+1

m
// Z

dn // ... d1 // 0
d1 // Z

d0 // 0

and therefore

Hi(X;Z) =


Z i = 0

Zm i = n

0 otherwise

Moreover as Y = Sn+1 we have

Hi(Y ;Z) =

{
Z i = 0, n+ 1

0 otherwise
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We now consider the chain complex induced by f

... // Cn+1(X,Z)
dn+1 //

f#
��

Cn(X,Z)
dn //

f#
��

Cn−1(X,Z)
dn−1 //

f#
��

...

... // Cn+1(Y,Z)
dn+1 // Cn(Y,Z)

dn // Cn−1(Y,Z)
dn−1 // ...

which induces a homomorphism f∗ : H∗(X;Z)→ H∗(Y ;Z). But Hn+1(X;Z) is trivial and
therefore f# must induce the trivial homomorphism in dimension n+ 1. Similarly, Hn(Y,Z)
is trivial and so f# must be the trivial homomorphism in dimension n. All other maps
are trivial by de�nition and so f# induces the trivial homomorphism when viewed with Z
coe�cients.
We consider now H∗(X;Zm) where m is, as above, the degree of the map g. We return to

the chain complex level and observe that we have

0
dn+2 // Zm

dn+1

m
// Zm

dn // ... d1 // 0
d1 // Zm

d0 // 0

Multiplication by m is now the zero map, and so we have

Hi(X;Zm) =

{
Zm i = 0, n, n+ 1

0 otherwise

and from the computation preceeding this example we have

Hi(Y ;Zm) =

{
Zm i = 0, n+ 1

0 otherwise

Returning to the chain level, we will show that the induced map f∗ : Hn+1(X;Zm) →
Hn+1(X;Zm) is in fact injective and thus not homotopic to the constant map.
As noted before, we still have an isomorphism H̃n+1(Y ;Zm) ' Hn+1(X,Sn;Zm). This

leads us to consider the behavior of the long exact sequence of the pair (X,Sn) in dimension
n+ 1. We have

... // Hn+1(Sn;Zm) // Hn+1(X;Zm)
f∗ // Hn+1(X,Sn;Zm) // ...

But, Hn+1(Sn;Zm) = 0 and so f∗ is injective. Since Hn+1(X;Zm) = Zm 6= 0 and
Hn+1(X,Sn;Zm) ' H̃n+1(Y ;Zm) it follows that f∗ is not trivial on Hn+1.


