
Assignment # 5 Math 375, Lectures 1 and 2

Due Tuesday, November 20, 2012

In the text, read sections 1, 2, 4, 6, 7, 8, 10, 11, and 12 in Chapter 8. Do the problems given
below. Homework will be collected in your recitation section.

Reminder: The second evening exam will given Tuesday, November 20 from 5:30 PM –
7:00 PM in B239 Van Vleck Hall.

Problem 1: Recall that a subset U ⊂ Rn is open if and only if for every x ∈ U there
exists δ > 0 so that the open ball B(x, δ) = {y ∈ Rn : ||x − y|| < δ} with center x and
radius δ is entirely contained in U . Prove the following properties of open subsets of Rn:

(a) The entire set Rn is open.

(b) The empty set ∅ is open.

(c) The union of any collection of open sets is open.

(d) The intersection of a finite collection of open sets is open.

Problem 2: Recall that a subset E ⊂ Rn is closed if and only if its complement Ec =
{y ∈ Rn : y /∈ E} is open. Prove the following properties of closed subsets of Rn:

(a) The entire set Rn is closed.

(b) The empty set ∅ is closed.

(c) The intersection of any collection of closed sets is closed.

(d) The union of a finite collection of closed sets is closed.

Problem 3:

(a) Give an example of an infinite collection of open subsets of R whose intersection is
not open.

(b) Give an example of an infinite collection of closed subsets of R whose union is not
closed.

An infinite sequence of points {x1,x2, . . . ,xn, . . .} ⊂ Rn converges to a point a if and only
if for every ε > 0 there exists a positive integer N so that if j ≥ N then xj ∈ B(a, ε). In this
case we write lim

n→∞
xn = a.

Problem 4: Prove that a subset E ⊂ Rn is closed if and only if the following statement
is true: for every infinite sequence of points {x1,x2, . . . ,xn, . . .} which all belong to the
set E, if lim

n→∞
xn = a then a ∈ E.

Problem 5: We saw in class that the function

f(x, y) =

(
0 if (x, y) = (0, 0),

(xy)(x2 + y2)−1 if (x, y) 6= (0, 0),

is not continuous at the point (0, 0). Nevertheless show that the first order partial deriva-
tives of f exist at every point of R2. Computes these partial derivatives.
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Problem 6: Define a function g : R2 → R by the formulas

g(x, y) =

(
0 if (x, y) = (0, 0),

(x2y)(x4 + y2)−1 if (x, y) 6= (0, 0).

(a) Show that lim
x→0

g(x, 0) = 0.

(b) Show that lim
y→0

g(0, y) = 0.

(c) For any real number λ 6= 0, show that lim
t→0

g(t, λt) = 0.

(d) Show that g is not continuous at the point (0, 0).

Problem 7: Find the partial derivatives
∂f

∂x
,
∂f

∂y
,
∂2f

∂x2
,
∂2f

∂x ∂y
, and

∂2f

∂y2
for each of the

following functions of two variables (x, y):

(a) f(x, y) = x2y3 − x cos(xy) (c) f(x, y) = exp

»
xy

x2 + y2

–
if (x, y) 6= (0, 0)

(b) f(x, y) = log
ˆ
2 + sin(x+ 3y)

˜
(d) f(x, y) = arctan

»
x+ y

1− xy

–
if xy 6= 1

Problem 8: Define F : R2 → R3 by the equation

F (x, y) = (xy, x− y, x2 + y2).

For every (a, b) ∈ R2, find the matrix representation of the linear transformation

DF(a,b) : R2 → R3

such that

F (a+ h, b+ k) = F (a, b) +DF(a,b)[(h, k)] + E
`
(a, b), (h, k)

´
where

lim
(h,k)→(0,0

||E
`
(a, b), (h, k)

´
||

||(h, k)|| = 0.


