MATH 340 SEPTEMBER 2008
REVIEW MIDTERM II

SOLUTIONS
Problem 1:
(a)
1 2 2 0|0 1 2 2 0|0
0 1 1 2|0 —(0 1 1 2]0
-1 0 0 4|0 0 0 0 0]0
The associated equation is
xr1 + 2%2 + 21’3 =0
To+x3+204 =0

and hence z3 and x4 are free variables. Set 3 = t, x4 = s and solve for x1, z2 to get
Tog=—t—2s, x1 = —2(—t — 2s) — 2t = 4s.
Therefore the general solution is given by

r1 =48, x0 = —t —2s, x3 =t, x4y = s, t, s arbitrary.

(b) Write the solution in a form of column vectors :

T 4s 4 0
To —t—2s| -2 -1
3 ¢ =Sl o | T
Ty S 1 0

4 0
-2 -1
0’11
1

This is a basis of the solution space.
(¢) There are 2 elements in the above basis and so the dimension of the solution space is 2.
Problem 2:
(a) A basis is {1, t, t?}.
(b) Consider the defining equation of the linear independence
ct—1)+c(t?+1)=0

and see if this polynomial equation has only the trivial solution for ¢;, co. By turning the equation
into the standard form,
02t2 + Clt + (—Cl + 02) =0

we obtain c; = 0, ¢; = 0, —c¢; + ¢co = 0. Therefore ¢; = ¢o = 0 is the only solution and hence
{t — 1,#? + 1} is linearly independent.

(c) Just add the constant polynomial 1 to the set S : {t — 1,#% + 1,1} is a basis extending S.

Problem 3:

(a) ) = VITT = V2.



(b) We compute |uz|| = /1% + (—2)%2 + 22 = 3 and (ug,u2) =1 x 140 x (=2) + 1 x 2 = 3. Therefore

we have
(Ul,’UQ) 3 1
cosf = = = —,
Jurl[[[uzll V2 x3 V2
and so = 7.
(c) We start with the formula
1
V1 = Uy = 0
1
and .
1 1 —
2
Vg = U — (UQ,vl)Ulzlm—;Ul: -2 —§ 0 = —2
(’Ul,’l)l) 2 2 2 1 1

to obtain an orthogonal basis. Then we normalize them to obtain an orthonormal basis :

1 _ 1
V2 3v/2
0],
N R e
V2 3v2

Problem 4 :
(a) See Problem 6 for the similar problem.
(b) We can write

and hence a basis is given by

Then we express

Problem 5 :
5 -3 1
Wereduce A=11 -2 1 to a row echelon form :
3 1 -1
1 -2 1
0 1 -2
0 0 0

(a) To find a basis of the row space of A, we just take the non-zero rows of the row echelon form

4
{(1,-2,1),(0,1, —?)}

To find a basis of the column space of A, we find the pivot columns of the row echelon form : In this
example, the pivot columns are the 1-st and the 2-nd columns. Then we take the corresponding
column vectors of the original matrix A, which are

5 -3
i =)
3 1



(b) To find a basis of the null space, we solve the equation associated to the above row-echelon form :

{1‘1—2$2+l‘3 =0

To — %l‘g = 0.

Setting the free variable z3 = t, we solve

Writing this into the vector form, we obtain

z1
xT9 =
Z3

Therefore a basis of the null space is given by

~ ~1|Ee
I
.y

=

USSR

(¢) rank A =2, nulity A =1.

(d) Knowing that

5 -3
1], -2
3 1

is a basis of the column space of A, we check if the equation

5 -3 4
caall]l+e |l —2]=1]1
3 1 1

has a non-trivial solution : The associated augmented matrix is

5 =3 |4

1 -2 |1

31 |1
Its row echelon form is

1 -2 |1

0 1 |-%

0 0 |-1

Therefore the associated equation is inconsistent and so the vector is not in the column space.
Problem 6:

(a) We have only to prove :

1. If A = <2 le) and Ay = (2 ZZ) are in W, then A; + A, is also in W.

2. IfA= (" b is in W, then A @ b is also in W for all A.
c d 1 dy
We start with (1). By the definition of W, which is the sum of its (1,1)-entry and (2,2) being zero,
the matrices Ay, Ay satisfy a1 +d; =0, as + do = 0. We have

ar+ax b +b2>

At = (61+C2 di + da



Its (1, 1)-entry and (2,2)-entry are a; + a2 and d; + ds respectively. We write their sum
(a1 —|—a2)—|—(d1—|—d2) = (al+d1)+(a2+d2) :0+0:0
Hence A; + Ay is in W.

For (2), we note that the corresponding entries of AA are Aa, Ad respectively. So their sum becomes
Aa+Ad=MNa+d)=Xx-0=0.

Therefore AA is in W for all \.

This shows that W is a subspace of Max2(R).

(b) From the equation a + d = 0, we have d = —a. Other than this, the choice of a, b, ¢ are completely
free. So W is the same as the space consisting of the matrices of the form

()
(o 50 a) <o)
o 5)-( 0000

Problem 7: We consider the defining equation

which can be rewritten as

So we obtain a basis

a3+ x+2%) + o2+ 2z +522) + e3(4—32%) =0

for the linear independence. Writing it into the standard form

(3¢1 + 2¢5 + 4es) + (1 + 2¢2)x + (¢ + 5eg — 3ez)a? =0

we obtain
3c1 4+ 2¢c0+4c3 =0
c1 + 2¢o =0
c1 + 5co — 3c3 =0
By solving this equation, we find that it has non-trivial solution e.g., ¢; = —2, ¢ = 1, ¢3 = 1 and so the
set is linearly dependent.
Problem 8:

(a) To find the transition matrix from S to T we need to express the elements of S = {vy, v2} as
linear combinations of T' = {wy, ws}, which are already given as

v = —wq + 4ws, v = dwy — 3ws.

-1 5

[2]s = (g)

If you were asked to find [z]r, we would apply the coordinate change formula

[#]r = Pr—s)la]s = <_41 _53> (g) = G?) :

Warning : You should note that I swapped the roles of letters S and T differently from the way how the
textbook used. This, of course, is mot important since they are just dummy variables. Any other letters
as you want can replace the letters.

Problem 9 :

Therefore the matrix should be

(b) By the definition of [z]g, we have

(a) 0= The zero polynomial

(b) Look at the problem 5 (a) to see how to do it.



