
Addendum to the lecture (04/07)

Here is the proof of the statement “when M is connected orientable, then
M̃ is disconnected” :

Let the function x ∈ M 7→ µx ∈ Hn(M, M − {x};Z) be an orientation
of M . Then [x 7→ −µx] is also an orientation. Obviously µx 6= −µx and so
their images are disjoint in M̃

Denote by µ : M → M̃ be the associated function defined by µ(x) = µx,
and denote by −µ its negative. Obviously we have π ◦ µ = idM . Local
consistency requirement of the orientation x 7→ µx implies continuity of the
function µ.

It follows that M̃ = Imageµ∪ Image(−µ) and the local consistency again
implies that both Imageµ and Image(−µ) are open. Therefore they are also
closed and so they represent two disjoint components of M̃ which finished
the proof.

Incidentally, local consistency also implies that there are precisely two
different orientations when M is connected orientable.
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