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ABSTRACT. In this paper, we prove that on any closed connected 2 dimen-
sional symplectic manifold (M, w) the spectral invariant p(\; a) of a topological
Hamiltonian path is invariant under the hamiltonian homotopy for any quan-
tum cohomology class a € QH*(M), provided both A and the homotopy are
supported in U = M\ B for a fixed ball B C M. The case of high dimensional
rational symplectic manifolds will be treated in a sequel to this paper.

This homotopy invariance for a = 1 is a crucial ingredient of the author’s
extension of Calabi homomorphism of the disc to the group Hameo(D?,8D?)
consisting of compactly supported Hamiltonian homeomorphisms (also suc-
cinctly called hameomorphisms) and in turn the author’s proof of nonsim-
pleness of the area preserving homeomorphism group of D? in a companion

paper.
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1. INTRODUCTION AND THE MAIN RESULTS

In [OM], Miller and the author introduced the group Hameo(M,w) of hameo-
morphisms which is defined as the completion of Ham(M,w) with respect to the
Hofer distance and the C°-distance on the space of Hamiltonian paths. For the
sphere S2, or the disc (D?,0D?), they conjectured that this set of hameomor-
phisms is a proper subset of the area preserving homeomorphism group. In [Oh11],
the author proves the properness for the case of (D2, dD?) postponing a vanish-
ing result of Calabi invariants of contractible topological Hamiltonian loops whose
explanation is in order.

We always assume that the ambient manifolds M or N are connected throughout
the entire paper.

1.1. Hamiltonian topology and hamiltonian homotopy. In [OM], Miiller and
the author introduced the notion of Hamiltonian topology on the space

P (Symp(M, w), id)

of Hamiltonian paths A\ : [0,1] — Symp(M,w) with A(t) = ¢!, for some time-
dependent Hamiltonian H. We would like to emphasize that we do not assume
that H is normalized unless otherwise said explicitly. This is because we need to
consider both compactly supported and mean-normalized Hamiltonians and suit-
ably transform one to the other in the course of the proof of the main theorem
of this paper. One novelty of the present paper is an extensive and careful usage
of the normalization constants of the Hamiltonian which naturally arise in various
contexts in the course of the proof of the main theorems. It turns out that this
analysis of the normalization constants is one of the crucial elements in the proofs
of various results in the present paper.
In this subsection, we first recall the definition of this Hamiltonian topology.
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We start with the case of closed (M,w). For a given continuous function h :
M — R, we denote

osc(h) = maxh — min h.
We define the C-distance d on Homeo(M) by the symmetrized C°-distance
d(@, ¥) = max {dco(¢,9),doo (7", 71 }
and the CO-distance, again denoted by d, on
Pham(Symp(M,w), id) C P(Homeo(M), id)
by

d(\ p) = nax d(A(t), u(t))-

The Hofer length of Hamiltonian path A = ¢y is defined by

1
leng(\) = / osc(Hy) dt = || H||.
0

Following the notations of [OM], we denote by ¢y the Hamiltonian path
b it ¢l [0,1] = Ham(M,w)
and by Dev(\) the associated normalized Hamiltonian
Dev(\):=H, A=¢py (1.1)
where H is defined by

H(t,x) = H(t,z) — H(t,z)w". (1.2)

vol, (M) Jur

We normalize w so that vol, (M) = | y w" =1 but do not remove the normalizing

1

factor W

to make the meaning of H more conspicuous.

Definition 1.1. Let (M, w) be a closed symplectic manifold. Let A, u be smooth
Hamiltonian paths. The Hamiltonian topology is the metric topology induced by
the metric

dpam (A, 1) == d(A, 1) + leng (A" po). (1.3)

Now we recall the notion of topological Hamiltonian flows and Hamiltonian
homeomorphisms introduced in [OM].

Definition 1.2 (11> topological Hamiltonian flow). A continuous map \ : R —
Homeo(M) is called a topological Hamiltonian flow if there exists a sequence of
smooth Hamiltonians H; : R x M — R satisfying the following:

(1) ¢m, — A locally uniformly on R x M.

(2) the sequence H; is Cauchy in the L) _topology locally in time and so

has a limit Ho lying in L(1>) on any compact interval [a, b].

We call any such ¢, or H; an approzimating sequence of \. We call a continuous
path A : [a,b] — Homeo(M) a topological Hamiltonian path if it satisfies the same
conditions with R replaced by [a,b], and the limit L(:*)-function H,, called a
L1:2°) topological Hamiltonian or just a topological Hamiltonian.
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Following the notations from [OM], we denote by Sympeo(M,w) the closure of
Symp(M,w) in Homeo(M) with respect to the C%-metric d, and by H,,([0,1] x
M, R) the set of mean-normalized topological Hamiltonians, and by

evq ’PO 1 (Sympeo(M, w), id) — Sympeo(M,w), id) (1.4)

the evaluation map defined by ev; (A) = A(1). By the uniqueness theorem of Buhovsky-
Seyfaddini [BS] (see also [V2] for the L>°-context), we can extend the map Dev given
n (1.1) to

Dev : P{ff{?(Sympeo(M,w), id) = Hm([0,1] x M,R)
in an obvious way. Following the notation of [OM, Oh10], we denote the topological
Hamiltonian path A = ¢z when Dev(\) = H in this general context.

Definition 1.3 (Hamiltonian homeomorphism group). We define
Hameo(M,w) = evy (P[}(’fﬁ“(Sympeo(M7w),id))
and call any element therein a Hamiltonian homeomorphisms.

The group property and its normality in Sympeo(M,w) are proved in [OM].

In [OM], only the (strong) Hamiltonian topology given in Definition 1.1 is studied
except at Remark 3.27 [OM]. It appears that the weak Hamiltonian topology, which
is induced by the metric on the path space P[%“{”(Sympeo(M w),id)

diyapy’ (A 12) += deo (A1), (1)) + leng(A ™" 1), (1.5)
will also play some significant role in the study of C° symplectic topology in relation
to Lagrangian submanifolds especially on the cotangent bundle, as it will be clear
in the statement of various theorems stated in the present paper. This prospect is
worthwhile to pursue further which will be a subject of future research.

The following notion of hamiltonian homotopy of topological hamiltonian paths
is introduced in [Oh11].

Definition 1.4 (Hamiltonian homotopy). Let A\, Ay € P"™(Sympeo(M,w),id).
A hamiltonian homotopy A : [0,1]2 — Sympeo(M,w) between \g and A; based at
the identity is the map such that

A0,8) = Ao(t), A(1,t) = M(D), (1.6)
and A(0, s) = id for all s € [0, 1], and arises as follows: there is a sequence of smooth
maps A; : [0,1]? = Ham(M,w) that satisfy

(1) As(5,0) = id,
(2) A — A in C’O topology,
(3) Any ‘horizontal’ section A;, : {s} x [0,1] - Ham(M,w) converges in
hamiltonian topology in the following sense: If we write
Dev (Aj.sAjg) =t H;(s),
then H,(s) converges in hamiltonian topology uniformly over s € [0, 1]. We
call any such A; an approzimating sequence of A.
When Ag(1) = A1(1) = ¥, a hamiltonian homotopy relative to the ends is one
that satisfies A(s,0) = id, A(s,1) = for all s € [0, 1] in addition.
We say that \g, A1 € P"*™(Sympeo(M,w),id) are hamiltonian homotopic (resp.
relative to the ends), if there exists a hamiltonian homotopy (resp. a hamiltonian
homotopy relative to the ends).
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We emphasize that by the requirement (3),
H,;(0)=0 (L.7)

in this definition.

All the above definitions can be modified to handle the case of open manifolds,
either noncompact or compact with boundary, by considering compactly supported
H’s as done in section 6 [OM]. Our main interest of noncompact case is the cotan-
gent bundle T*N where N is a closed manifold. We recall the definitions of topo-
logical Hamiltonian paths and Hamiltonian homeomorphisms supported in an open
subset U C M from [OM].

We first define P"™(Sympy (M,w),id) to be the set of smooth Hamiltonian
paths supported in U. The following definition is taken from Definition 6.2 [OM] to
which we refer readers for more detailed discussions. First for any open subset V' C
U with compact closure V' C U, we can define the completion of P ™ (Symp(M,w), id)
using the same metric above which we denote by

Pham(Sympy (M, w),id), K =V.

Definition 1.5. Let U C M be an open subset. Define P"*™(Sympeoy (M, w),id)
to be the union
Phem(Sympeoy (M, w), id) == | ] P"™(Sympeox (M, w), id)
KCU
with the direct limit topology, where K C U is a compact subset. We define
Hameo.(U,w) to be the image
Hameo.(U,w) := evy (P"™(Sympeoy (M, w),id).

We would like to emphasize that this set is not necessarily the same as the set of
A € Pham(Sympeo(M,w),id) with compact supp A C U. The same definition can
be applied to general open manifolds or manifolds with boundary.

1.2. Lagrangian spectral invariants. Let N be a compact manifold without
boundary and let T*N be its cotangent bundle equipped with 6 the Liouville one-
form defined by

02(8:) = pldm(&)), == (q,p) €T°N.
The canonical symplectic form wy on T*N is defined by

n
wo = —df = Z dg® A dpy, (1.8)
k=1
where (¢*,...,q", p1,...,pn) is the canonical coordinates of T* N associated to the
coordinates (¢!, ...,q") of N. We put a density py on oy (or a volume form when

N is oriented), i.e., consider oy as a weighted Lagrangian submanifold (on,pn) in
the sense of Weinstein [W2].

Consider Hamiltonian H = H(t,x) such that H; is asymptotically constant, i.e.,
the ones whose Hamiltonian vector field Xy is compactly supported. We define

SUPP,sc H = supp Xp 1= U Xi,.
t€0,1]
For each given compact set K C T*N and R € R, we define
PCEx = {H € C([0,1] x T*N,R) | supp,,. H C D*(T*N), |H|| < K} (1.9)
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which provides a natural filtration of the space C*°([0, 1] x T* N, R). We also denote
PCy = |J PC¥r PCx.= ] PC¥. (1.10)
KeR, R>0

By definition, each element H; is independent of x = (g, p) if |p| is sufficiently large
and so carries a smooth function ¢y, : [0, 1] — R defined by

Coo(t) = H(t,00).
Therefore we have the natural evaluation map
o PCS. — C*°(]0, 1], R).
For each given smooth function ¢ : [0,1] — R, we denote
PC..c =13 (c). (1.11)

We then introduce the space of Hamiltonian deformations of the zero section and
denote
Jso(on; T*N) = {¢p(on) | H € PC.}
following the terminology of [W2], and
Jso(on; DE(T*N)) := {p4(on) | H € PCF}.

Definition 1.6. We define the Hamiltonian topology on Jso(ox; DT(T*N)) as the
quotient topology of the weak Hamiltonian topology of P"*™ (Symppr(T*N,w), id)
under the surjective map ¢y +— ¢k (Lo) where D = DE(T*N). Then we equip

Jso(on; T*N) = Jim Jso(on; DE(T*N))
—r 0
with the direct limit topology of the Hamiltonian topology of Jsa(ox; DF(T*N)).

For any given time-dependent Hamiltonian H = H(t,xz), the classical action
functional on the space

P(T*N) := C>=([0,1], T*N)

A (v / 6 — / H(t,y(t
We define the subset P(T*N;on) by
P(T*N;on)={y:[0,1] = T*N | v(0) € on}.
The assignment v — 7(y(1)) defines a fibration
P(T*N;on) oy 2N
with fiber at ¢ € N given by
P(T*N;on,T;N):={y:[0,1] = T*N | 4(0) € on, v(1) € T;N}.

is defined by

For given x € Ly, we denote the Hamiltonian trajectory

2 () = (o) (2))
which is a Hamiltonian trajectory such that, by definition,

ZH0) coy, 2H(1) =u. (1.12)
We denote Ly = ¢};(on) and by iy : Ly < T*N the inclusion map.
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Motivated by Weinstein’s observation that the action functional
A$ P(T*N;on) = R

can be interpreted as the canonical generating function of Ly, the present author
constructed a family of spectral invariants of Ly by performing a mini-max theory
via the chain level Floer homology theory in [Oh2, Oh3]. Indeed, the function
defined by

har () = AGh (=) (1.13)
is a canonical generating function of Ly in that
iyl =dhy. (1.14)

We call hy the basic generating function of Ly. As a function on N, not on Ly,
it is a multi-valued function.
One of the constructions in [Oh2, Oh3] considers the Lagrangian pair
(ONa ON)

and its associated Floer complex CF(H;on,on) generated by the Hamiltonian
trajectory z : [0,1] — T*N satisfying

z2=Xpu(t,z(t)), =z(0)€ oy, 2(1) € on. (1.15)
Denote by Chord(H;on,on) the set of solutions thereof. (In fact, the construction
in [Oh2] is performed for arbitrary submanifolds S C N by considering its conormal
bundle N*S. Tt becomes just the fiber Ty N when S = {q} and the zero section oy
when S = N. In this paper, we will only consider the case S = N or S = {pt}.)

The differential Oy, 5y on CF(H;on,0n) is provided by the moduli space of
solutions of the perturbed Cauchy-Riemann equation

871;+J(671;_XH(U)> -0
{5(7» 0). u(r.1) € ox.. (1.16)

An element o« € CF(H;on,o0n) is expressed as a finite sum
a = Z aylz], a.€Z.
z€Chord(H;on,0N)

We denote the level of the chain a by
Ag(a) == max {A%(2)}. (1.17)

zZEsupp o
When a cohomology class a € H*(N,Z) is given, using the canonical isomorphism
by : H.(N;Z) — HF.(H;on,0nN),
we choose a Floer cycle « in class [a]” := PD(a) and take the mini-max value

p(H;a) = infb)\H(oe). (1.18)
a€lal

(A similar construction using the generating function method was earlier given by

Viterbo [V1] and it is shown in [M, MO] that both invariants coincide modulo a

normalization constant.) The number p(H;a) depends on H, not just on Ly =

P (o)



8 YONG-GEUN OH

In this paper, both Lagrangian spectral invariants defined in [Oh2] and the
Hamiltonian spectral invariants defined in [Oh6] (see also [Sc]) will be used. Be-
cause of this, we differentiate them by denoting the Lagrangian spectral invariants
by p'*9 and the Hamiltonian spectral invariants by p*™.

We would like to emphasize that the above mentioned ambiguity of normalization
constant in the equivalence statement of the two constructions is not a trivial matter
to handle, especially when one attempts to relate the Lagrangian spectral invariants
constructed in [Oh2] and the Hamiltonian spectral invariants constructed in [Oh6].

1.3. Statement of main results. Recall the definition
Dev(\) = F
which is the normalized smooth Hamiltonian of F' with A = ¢, and
P (A1) = " (Dev(N); 1) = p" ™ (E; 1) (1.19)

by definition. We also denote by Dev its extension to topological Hamiltonian
paths.
Combining these theorems, we prove

Theorem 1.1. Let (M, w) be a closed connected 2 dimensional surface. Let B C M
be a closed ball. Let A € P (Sympeoy (M, w),id) with U = M\ B be a topological
Hamiltonian loop hamiltonian homotopic to the identity path via hamiltonian homo-
topy of loops in Ph™(Sympeoy (M, w),id). Then ph™(X\;1) =0 = phom(A~1;1).

This is precisely the result whose proof was postponed from [Oh11].
Unraveling the definition of hamiltonian homotopy of topological Hamiltonian
loops, this theorem is equivalent to the following

Theorem 1.2. Let (M,w) be closed connected 2 dimensional surface. Suppose
the sequence A\ = ¢, of smooth Hamiltonian paths where F; is a sequence such
that there exists a two parameter Hamiltonians H; = H;(s,t,x) with F; = H;(1)
satisfying the following:
(1) H;(0,t,2) = H;(s,0,2) = K;(s,0,2) =0,

(2) there exists a ball B C M such that supp H; C M \ B for all i,

(3) max,efo,1] E(QS}{i(S),id) — 0 as i — oo,
4)

(

Then

H;(s) converges in L(%*) as i — oo uniformly over s € [0,1].

lim p"*™(X\;;1) = 0 = lim p"*™(A\71;1). (1.20)
1— 00 11— 00
We would like to emphasize that the uniform L(1:>)-limit H (1) := lim;_, o, H;(1)
in this theorem may not be zero, i.e., H(1) may generate a non-constant topological
Hamiltonian loop. On the other hand, we recall Buhovsky-Seyfaddini’s uniqueness
theorem [BS] would imply the limit H (1) must be zero, if we assumed the stronger
condition on the path t — gthl 1) converging to the identity path in C? instead of just
the time-one map ‘é}h which corresponds to that constant topological Hamiltonian
loop. The vanishing result stated in this theorem is an easy consequence of vanishing
of the topological Hamiltonian in this case.
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Corollary 1.3. Assume (M,w) is any closed connected 2 dimensional surface.
Let Mo, A1 € Pha™(Sympeoy (M, w),id) with U = M \ B for some B C M with
Ao(1) = A1(1), and assume that they are hamiltonian homotopic. Then

P (Nosa) = p" (N5 a)
for all a € QH*(M) in P (Sympeoy (M, w), id).

However the Hamiltonian naturally appearing in the proof of the main theorem
is not mean-normalized one but has the support property

suppH CU=M\B

for a closed ball B instead. To exploit the results established on spectral invariants
of such Hamiltonians for the mean-normalized Hamiltonians, we reduce our proof
to the engulfable case by partitioning the given topological hamiltonian homotopy
into to small pieces. The definition of topological hamiltonian homotopy enables
us to make such a reduction.

We recall the definition of engulfable Hamiltonians following [Oh7, Sp]. For
this, we first need to define the corresponding notion of Lagrangian submanifolds
in general. Let L C (M,w) be a compact Lagrangian submanifold and V7, its
Darboux neighborhood.

Definition 1.7. A Hamiltonian F' = F(t,z) is called Vj-engulfable if ¢, (L) C V,
for all ¢ € [0,1]. When there exists such a Darboux neighborhood, without explicit
mentioning thereof, we just call such F' engulfable with respect to L.

Following the notations of [Oh13] we define
Hy (L V)

to be the set of Vi-engulfable Hamiltonian I : [0,1] x M — R that satisfies
d(¢k,id) < 5. Then we define

J50S™ Y (L; V) = {1/ € Tso(L) | L' = ¢4 (L), H € HE"" I (L;v)}.  (1.21)

Going back to the Hamiltonian diffeomorphisms, we fix a Darboux neighborhood
(Ua,—dO) C (M,w) x (M, —w) depending only on (M,w) once and for all. We
denote by U = U(Va) C Lo(M) the set of paths the graph of whose image is
contained in Vao. We call a Hamiltonian F engulfable if there exists a Darboux
neighborhood Va D A such that

Graph ¢t C Va for all t € [0,1].

for all ¢.

Now let H; = H;(s,t,z) be the t-Hamiltonians on (M,w) arising from the ap-
proximating sequence A; of a engulfable topological hamiltonian homotopy A con-
tracting to the identity. We apply the localization process for such engulfable
topological hamiltonian loops developed in [Oh13] and define the local version of
spectral invariant which we denote p)\®™(H;1y) where U = U(Va) C Lo(M) is an
open neighborhood of constant paths whose images are contained in a Darboux
neighborhood Va of the diagonal A C M x M. With this preparation, it turns out
to be crucial to express the spectral invariant p"*™(H;(1);1) into the form

P (Hi(1):1) = pi™ (Hi(1); 1o) + (p"*™ (Hi(1):1) — pi™ (Hi(1): 10)) - (1.22)

in the proof. Then we study the first summand and the second one of the right
hand side of the equation separately.
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For the first term, we first compare p)*™(H;(1);1p) and its Lagrangian coun-

terpart pl‘[}f (Hi(1) ® 0;1p) in a Darboux chart of the diagonal A C M x M and
establish the equality

lim pf*™ (Hi(1); 1o) = lim p{*9(Hi(1) @ 0; 1) (1.23)

11— 00 - 11— 00 -
which can be succinctly stated as

P (H(1): o) = pyd (H (1) © 0; 1)

in terms of the limit topological Hamiltonian H. On the other hand, the following
coincidence theorem of the local Lagrangian spectral invariant and the global one

Py (Hi(1) @ 0; 1) = p*(Hy(1) ® 05 1o)

follows from Theorem 1.5 of [Oh13]. Combining the two, we establish
P (H(1); 10) = p'*9(H(1) @ 0; 10) (1.24)

for any engulfable topological Hamiltonian loop ¢p.

Once we convert the problem of hamiltonian spectral invariants to that of La-
grangian ones, there are two crucial ingredients that enter in the proof of the van-
ishing result

P9 (H(1) @ 0; 1) = lim pl*(H,(1) ©0:1) = 0. (1.25)

The first one is the following hamiltonian continuity result, which is a Lagrangian
analog to Corollary 1.2 of S. Seyfaddini’s recent paper [Sey]. Denote the maximum
C%-oscillation of oy under the Hamiltonian diffeomorphism ¢ by

osceo (¢; on) := max { max d(p(x), ), max d(o™ (x), .7})} . (1.26)
TEON TrEconN

Theorem 1.4. Let (M,w) be any closed connected symplectic manifold. Let \; =

¢r, where F; = F;(t,x) be a sequence of smooth Hamiltonians such that

(1) there exists R > 0 such that supp Xy, C DE(T*N) for alli and s € [0,1].

(2) There exists a closed ball B C N such that supp ¢, Nog =0 for all i’s.

(3) There exists a tubular neighborhood T D op such that ¢}ﬂ =1id on T for
all i’s.

(4) oscco(pp;on) = 0 as i — oo.

Then lim;_,o (p(F;; 1) — p(Fy; [pt]#)) = 0.

We would like to remark that the condition (3) above automatically satisfies
for the Lagrangianization Graph (;5% of the sequence of Hamiltonians F; given in
Theorem 1.2 since Graph ¢, = ¢r,eo(A) and ¢p,e0 = id on B x M if ¢, = id on
B.

It turns out that the differences of two spectral invariants like p'®9(F;1) —
p'%9(F; [pt]*) do not depend on the choice of normalization. Therefore we can
define

L on) = p*9(F;1) — p(F; [pt]¥)
unambiguously which we call the spectral capacity of L (relative to the zero section
on). (See [V1], [Oh3].) We would like to emphasize that a priori it is possible
that both p!%9(F; 1) and p!*9(F; [pt]#) can have the same sign. This phenomenon
is quite a nuisance when one handles the spectral numbers themselves. Because of
this, this theorem itself does not tell much about the individual number p'®9(F;; 1)
e.g., it does not imply lim; o p'*9(Fy;1) = 0.
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To properly handle the individual number p!®(F;1) and relate it to the La-
grangian submanifold Lr = ¢kL(oy) itself, not just to F', we need to put an addi-
tional normalization condition relative to Lg. In this regard, it is useful to take
the point of view of weighted Lagrangian submanifolds (L, px) introduced in [W2],
where py is a probability density on N. Using this py, we can put the normaliza-
tion condition (3.1), which is the Lagrangian analog to the mean-normalization of

Hamiltonians
/ F(t,z)w" = 0.
M

It is worthwhile to mention that the normalization (3.1) on the Hamiltonian F' is
canonically defined on the set of asymptotically constant Hamiltonians but not on
the set of compactly supported ones. This is a reason why we allow more general
class of asymptotically constant Hamiltonians.

We define

SUPP,. F :=supp Xp = |_J supp Xp, (1.27)
te[0,1]

for a Hamiltonian defined on the cotangent bundle T*N.

For a given two-parameter family H = H(s,t,z) of t-Hamiltonians H(s) de-
fined by H(s)(t,z) = H(s,t,x), we denote the associated s-Hamiltonian i.e., the
Hamiltonian generating the vector field

t
Ohs) _ (s )*1
s H(s)
by K = K(s,t, ) in general. We note the identity ¢, = (b}q(s). We note that the

above mentioned mean normalization on H; will automatically hold for the measure
induced by the pull-back form

pa =ix(w" ©0)
where ia : A — M x M is the diagonal embedding and the pull-back two-parameter
family of engulfable Hamiltonians derived from that of the mean-normalized Hamil-
tonians H;(s) on M.
Another crucial ingredients in our proof is the inequality
lim ' (H;(1) ®0;1) >0 > lim p'*(Hi(1) ® 0; [pt]*) (1.28)
71— 00

i—00

which can be also written as
P9 (H(1) @ 0;1) > 0> p'*I(H(1) & 0; [pt]¥)

for the limit topological Hamiltonian H.

Besides the extensive usage of Floer theory via the spectral invariants, in the
course of proving the vanishing result (1.25), we introduce two crucial new addi-
tional ingredients of the more classical symplectic geometry of Lagrangian subman-
ifolds and Hamiltonian flows on the cotangent bundle. One is our usages of the
basic phase functions fr and a discontinuous, measurable but almost everywhere
differentiable map ¥ : N — N. The latter map is defined to be the composition of
the basic Lagrangian selector of L followed by the inverse of the flow map and is
introduced in section 6 for the study of Lagrangian spectral invariants and for the
proof of a crucial vanishing result, Lemma 12.2. This map provides a solution to
the well-known difficulty of handling the multi-valuedness of the basic generating
function hg : Ly — R as a function on N. The other is a new calculation carried
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out in section 11 which involves the basic generating function hp and the weighted
Lagrangian submanifold A equipped with density provided by pa = i} (w™ @ 0).
Especially Theorem 11.5 is a theorem of its own interest and somewhat unexpected
convergence result in the spirit of topological Hamiltonian dynamics in that the
theorem does not require anything about behavior of Hamiltonians but only re-
quire C%convergence of the flow. It appears to the author that both results seem
to carry some significance in relation to C°-symplectic topology and Hamiltonian
dynamics, which may be worthwhile to pursue further in the future.

Finally the vanishing of the second term in (1.22) can be proved by a judicious
combination of the Ostrover’s trick from [Os] enhanced by Seyfaddini [Sey] and the
Lagrangian version of the triangle inequality. This last step is the only place where
rationality of (M, w) is used in the entirety of the present paper. Recall that (M, w)
is called rational if the subgroup w(me(M)) C R is discrete. We denote by X, its
positive generator, i.e.,

w(ma(M)) =R -5, (1.29)

(We set ¥, = oo when w(ma(M)) = 0.) We recall that any compact symplectic
manifold of 2 dimension is rational. (However, although we do not pursue in this
paper since it is not needed for the main purpose of the present paper, we suspect
that the rationality hypothesis can be removed by a more sophisticated analysis of
Floer complex. This will be a subject of future study.)

Organization of the contents of the paper is now in order. Section 2 performs the
reduction to the engulfable case. After this reduction, sections 3 - 8 develop general
theory of Lagrangian spectral invariants, basic phase functions and the relationship
between them on the cotangent bundle. These sections have independent interest
on their owns and can be read independently of the study of homotopy invariance
of topological Hamiltonian paths leading to the main theorem. One highlight here
among others is our introduction of discontinuous, almost everywhere differentiable
but measurable map denoted by !, which relates the basic generating function hz
and the basic phase function fy. Section 9 introduces localization of Lagrangian
Floer complex in general and specializes this localization to the cotangent bundle.
After the classical procedure of Lagrangianization of Hamiltonian diffeomorphisms,
combining all the materials on the Lagrangian spectral invariants developed in sec-
tions 3 - 8 and the localization results established in [Oh13], which are summarized
in section 9, we complete the proof of homotopy invariance of topological Hamilton-
ian loops that satisfy the support hypothesis stated in Theorem 1.1. In regard to
the Lagrangianization of Hamiltonian diffeomorphisms, section 11 contains crucial
calculations involving weighted Lagrangian submanifolds and Weinstein’s notion of
Darboux family [W1]. We restrict our proofs to the case of two dimension only in
the last part of section 11 and in the proof of Lemma 12.2. The arguments for the
high dimensional cases are more involved than the two dimensional case which we
will provide in a sequel [Oh14] to this paper.

We are extremely grateful to S. Seyfaddini for pointing out a crucial mistake in
the very first attempt in our proof of nonsimpleness and also for recently sending us
his very interesting preprint [Sey], which greatly helps us in proving the Hamiltonian
continuity of Lagrangian spectral capacity stated in Theorem 1.4. We are also
equally grateful to D. McDuff for her interest and suggestions on this work and
for her careful reading of many previous versions of this paper. Without their
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kindness of patiently reading and pointing out numerous mistakes the author has
made throughout this research, this work would not have been possible.

We also thank M. Usher for their useful comments on an early version of the
present paper, and F. Zapolsky for attracting our attention to the preprint [MVZ)]
from which we have learned the Lagrangian version of the optimal triangle inequal-
ity which has been useful for our purpose.

Notations and Conventions

We follow the conventions of [Oh6, Oh9, Oh10] for the definition of Hamiltonian
vector fields and action functional, and others appearing in the Hamiltonian Floer
theory and in the construction of spectral invariants on general closed symplectic
manifold. They are different from e.g., those used in [Po, EP] one way or the other,
but coincide with those used in [Sey].

(1) We usually use the letter M to denote a symplectic manifold and N to
denote a general smooth manifold.

(2) The Hamiltonian vector field X g is defined by dH = w(Xg, ).

(3) The flow of Xp is denoted by ¢y : t — ¢4 and its time-one map by
oY, € Ham(M,w).

(4) We denote by 2% (t) = ¢;(¢) the Hamiltonian trajectory associated to the
initial point gq.

(5) We denote by 2 (t) = ¢4, ((¢})~!(x)) the Hamiltonian trajectory associ-
ated to the final point .

(6) H(t,z) = —H(t,¢%(x)) is the Hamiltonian generating the inverse path
(6) 1.

(7) We denote by Hy# H, the Hamiltonian generating the product paths ¢, ¢, .
More explicitly

Hy#Hy(t,7) = Hi(t,7) + Ha(t, (9,) ™ (%))
(8) When Hi(1,z) = H2(0, ), we define the concatenation Hy * Hy by

H,(2t,x) 0<t<1/2

(Hyx Ho)(t, ) = {H2(2t—1,x) 1/2<t<1

(9) For a two-parameter family ¢(s,t) = qﬁ[(s) of Hamiltonian diffeomorphisms,

we call H = H(s,t,x) the t-Hamiltonian and the Hamiltonian, denoted by
K = K(s,t, ), generating the vector field

% o (s, 1)t
the s-Hamiltonian. In this case, we denote by H(s) the t-Hamiltonian
H(s)(t,x) = H(s,t,z) and K* the s-Hamiltonian given by K'(s,z) =
K(s,t,x).

(10) The canonical symplectic form on the cotangent bundle T*N is denoted by
wo = —df where 6 is the Liouville one-form which is given by § =" p; dq’

in the canonical coordinates (¢*, - ,¢", 1, - ,Pn)-
(11) The classical Hamilton’s action functional on the space of paths in T*N is
given by

A%(v)Z/v*e—/O H(t,~(t))dt.

(12) We denote by oy the zero section of T*N.
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(13) We denote p!%9(H;a) the Lagrangian spectral invariant on T*N (relative
to the zero section on) defined in [Oh2] for asymptotically constant Hamil-
tonian H on T*N.

(14) We denote p"*™(H;a) the spectral invariant on closed (M,w) defined in
[Oh6] but for any Hamiltonian which is not-necessarily mean-normalized.

(15) For a given smooth Hamiltonian path A : [0,1] — Ham(M,w), M closed,
we define Dev()\) the mean-normalized Hamiltonian H given by

1

Volw (M) M

where vol, (M) = [,,w™ is the Liouville volume.
(16) We define the spectral invariants of Hamiltonian path A to be

P (X a) i= p"™(H;a), when Dev()\) = H.

Dev(A)(t,z) = H(t,z) := H(t,x) — H(t,z)w

2. REDUCTION TO THE ENGULFABLE CASE

In this section, we reduce the proof of the main theorem, Theorem 1.1, to the
case of engulfable topological Hamiltonian loop that is hamiltonian homotopic to
the identity by engulfable hamiltonian homotopy.

Let X be a topological Hamiltonian loop compactly supported in U = M \ B # ()
for a closed ball B C M, and let F' be the associated topological Hamiltonian with

F =0 on B. Denote
/th /Fta:

Callt™(\) = /0 c(t) dt.

Choose an approximating sequence \; € P"*™(Sympy (M, w),id).
By (the uniqueness and) the locality theorem of [BS] (see [V2], [Oh8] for the
corresponding C%-versions respectively), the hamiltonian convergence of

\; € P (Sympy (M, w),id)

to A implies ||F F|| -0 where F are supported in M \ B.
We denote ¢;(t) = [, F; . Since F;=0on B=M\U,

& = —¢i(t) on M\U. (2.1)

Then we have

By the L(1:°)_convergence of F; to F,

1 1
e = Call™(\;) = /0 ci(t) dt — /0 e(t) dt = Caly; ™" (V)

as i — 0o. This in turn implies p"*™(\;; 1) — p(); 1) by the identity

1
pham(Fi; a) _ pham(&; a) _ / Cl‘(t) dt
0
and the inequality
"™ (Nis 1) = p ™ (A 1)] < [[Dev(A) = Dev(Ai)|| = 0,
since we have

Dev(\;) = F; = F; — ¢t /th



HOMOTOPY INVARIANCE OF SPECTRAL INVARIANTS 15

by definition. Applying this discussion to each A(s) := A(s,-) for s € [0,1], we
derive that p"@™(X;(s); 1) — p"*™(\(s); 1) uniformly over s and so the function py
defined by py(s) := p"*™(A(s); 1) is continuous.

We will prove Theorem 1.1 by contradiction. Denote

px (5) = max{|p"*"™ (A(s); )], [p" ™ (\(s) " I}

which is a continuous function with pj(O) = 0. Suppose to the contrary that
px (1) # 0. By changing the role of A\ and A~! if necessary, we may assume
pX (1) = [p" ()] = [ (AT D). (2:2)

Remark 2.1. We would like to remark that if the signs of p"%(\; 1) and p"*™(A~1; 1)
are different, the the triangle inequality p"*™(\;1) + p"*™(A~1;1) > 0 implies that
the maximum, max{|p"*™(\(s); 1)|,|p"*™(A(s)~%;1)|}, is achieved by the positive
one among the two. Therefore, under the assumption (2.2), we have
pX (1) = "™ (A1) 1) = p ™ (A(1); 1).

In particular, p"*™();1) > 0 under the assumption (2.2).

In particular, |px(1)| # 0 but |px(0)| = 0. Therefore the function p, is not locally
constant.

Then it follows that for any given €y > 0 there exists some 0 < sg < 1 such that

¢ :=|pa(so+e0) — palso)| > 0.

Here we may assume 1 — sg > 0 and €9 < 1 — s, recalling that A(s) = A(1) near
s=1.
Let n > 0 be given. We will fix a precise value 1 > 0 later. We consider the path

Xsoe0 = (A(50)) T A (50 + €0)-
By choosing ¢q sufficiently small, we may also assume
[Dev(Ase,eo)ll < 1
d()‘SO,EU 9 Zd) S 77
This then also implies
0 << [P (Ngg 03 D] < 1.
Here the inequality ¢ < |p"™ (A, <5 1)| follows from the triangle inequality
0" (Asg,z03 1) 2 0" (A(s0 + €0); 1) = p"*™ (A(s0); 1)| = ¢
and the other inequality from the general equality
[Dev(A; 'A2)| = [|[Dev(A2) — Dev(\1)||

for smooth Hamiltonian paths A;, Ao. This equality is just the re-writing of the
identity ||F1#Fz|| = ||F2 — Fi|| which in turn follows from the formula

F1#F(t,x) = —Fi(t, ¢, (2)) + Fa(t, ¢ (x)).

Therefore, by considering the path A
satisfies

s0,c instead of A\, we may assume that X itself
0<ec=I[p"™(\1)<n (2.3)
IH(D)] <7 (2.4)

d(A,id) <n



16 YONG-GEUN OH

without loss of any generality. In particular H(1) is engulfable.
We measure the size of Va by the following constant

C(Va,0) = max Ip(z)|, z = (q(z),p(x)).

This constant is bounded away from 0 and so there exists some 77 > 0 depending only
on (Ua,—d®) (and so only on (M,w)) such that whenever a smooth Hamiltonian
F satisfies d(¢r,id) < 27, we have

Graph ¢% C Va forall t € [0,1].
Now we fix any such constant 7 > 0 so that

Lw

27 < min {;C(UA, 0), 4} . (2.6)

For the given hamiltonian homotopy A of a topological Hamiltonian loop A con-
tracting to the identity path in P"*™(Sympeoy (M,w),id), we consider an approxi-
mating sequence A; € P"™(Sympy (M,w),id) with U = M\ B of A. We denote by
H; = H,(s,t,x) the t-Hamiltonian of A; supported in U. We note that these Hamil-
tonians are uniquely determined, without ambiguity of normalization constant, since
they are assumed to be compactly supported in U. Since A; 9 — id in hamiltonian
topology AiA;(} itself is an approximating sequence of A. Therefore by replacing
A; by AiA;OI, we may assume A;(s,0) = id. (See Definition 1.4.) So we will as-
sume this in addition to the general properties of the approximating sequence in
the discussion below. Then let H; = H;(s,t,x) be the associated mean-normalized
t-Hamiltonian of A; on M.

By reparameterizing ¢, we may assume A; are boundary flat both in ¢-direction.
Using Lemma 13.1 in Appendix 13.3, for each given i, we can always reparameterize
A; in the form A;(s,((t)) where ¢ : [0,1] — [0,1] are surjective monotonically
increasing functions so that ¢’(¢) = 0 for ¢ near {0,1} and ||¢ — id||nam become as
small as we want, where || + ||nam is defined to be

1<lham = [I¢llco + I¢']] 1
We refer readers to Appendix for the details of this reparameterization process
originally explained in [OM].
From now on, we assume that A; are boundary flat in the above sense. Since \;
is an approximating sequence of A, the inequality (2.3) and (2.4) imply
C am
0< &<l m (Dl <2m, [H() < 21 (2.7)
for all sufficiently large ¢’s. It also follows
supp ¢y, 1) CU =M\ B (2.8)
for all s € [0,1] and for all 4.

‘We would now like to show

P (A1) = lim p"™(A\i;;1) =0 (2.9)
1— 00
exploiting the convergence of E((b}{i(s), id) — 0 uniformly over s € [0, 1] as i — oo.
This latter is because A;(s,t) = ¢§qi () is an approximating sequence of A, which
is a hamiltonian homotopy of a topological Hamiltonian loop A = ¢y (1) to the
constant loop id.



HOMOTOPY INVARIANCE OF SPECTRAL INVARIANTS 17

For this purpose, we rewrite
c am am am am
5 <P ER 1) = pi ™ (Fis o) + (0" (F3 1) — o™ (Fi; 1o)) - (2.10)

We would like to emphasize that rewriting p"™ (Fj; 1) in this way is a crucial trick.
For example, the first term p)™(F;;1p) can be studied entirely via Lagrangian
spectral invariant using the equality (1.23) and (1.24) mentioned in the introduc-
tion. Sections 3-8 further develop the theory of Lagrangian spectral invariants
needed for its proof beyond the one introduced in [Oh2, Oh3].

On the other hand, ‘taking the difference’ inside parenthesis of the second sum-
mand enables us to convert the spectral invariants of mean-normalized F; into the

ones of F; with the support property supp F; C U = M \ B by rewriting
<pham(&; 1) _ pz}/z{am(&; 10)) _ (pham(Fi; 1) _ pzfj{am(Fi; 10)) )

This enables us to study this term using Ostrover’s trick [Os|, enhanced by Sey-
faddini [Sey], together with a judicious usage of the Lagrangian triangle inequality
given in Proposition 4.3.

3. BASIC GENERATING FUNCTION hy OF LAGRANGIAN SUBMANIFOLD

In this section, we recall the definition of basic generating function.

Let H = H(t,z) be a Hamiltonian on T*N which is asymptotically constant
i.e., one whose Hamiltonian vector field Xy is compactly supported. Denote by
PC, (T*N,R) be the set of such a family of functions. We denote Ly = ¢}, (on)
and denote by iz : Ly < T*N the inclusion map.

Example 3.1. Consider a mean-normalized Hamiltonian H : [0,1] x M — R on
a closed symplectic manifold (M,w). The manifold M carries a natural Liouville
measure induced by w™. Consider the diagonal Lagrangian A C (M x M,w & —w)
identified with the zero section oo C T*A in a Darboux chart (Va,—d®) of A in
M x M. Then consider the Hamiltonian

H:[0,1] x T*A - R

defined by H(t, (x,y)) := x(d(z,v))H(t, ) where x = x(r) is a cut-off function with
supp x C [0, R) where we identify VA = D®(T*A). Then H is compactly supported
and automatically satisfies the normalization condition.

/A H(t, ¢ly(q)) pa = 0 (3.1)

for all ¢ € [0,1] where pa is the measure on A induced by the Liouville measure
under the projection to the first factor.

Recall the classical action functional is defined as

AZ(y) = / 20— / H(tA(t)) dt

on the space P(T*N) of paths v : [0,1] — T*N, and its first variation formula is
given by

dA%(v)(f)=/0 w(¥=Xu(t,7(t)), £(1)) dt—(0(7(0)), £(0)) +(0(~(1)), £(1))- (3-2)
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For given q € oy & N, we denote
24 (t) = ¢ (q)
which is a Hamiltonian trajectory such that
24(0) = q € o, (3.3)

which specifies the initial point ¢ € oy. (We remark that the notation here is
slightly different from that of [Oh2, Oh3] in that 2z, therein denotes zf in this
paper. We adopt the current notation to be consistent with that of [Oh12] and
other recent papers of the author.)

We define the function hg : [0,1] x N — R by

Far(t,q) = / (=%1001)" 0 - / H(u, 6% (q)) du. (3.4)

The following basic lemma follows immediately from (3.2) whose proof we omit.

Lemma 3.1. The function EH satisfies

dhi(t,a) = ((F)°0(t) — H(t, 25 (1)) dt) + ()"0
= Yul— H(t, 25 (1)) dt

where g 1 [0,1] x N = T*N defined by ¥ (t,q) = d%lon and ¥ (q) = Yu(t,q).

It turns out that the following form of Hamiltonian trajectories

2 (1) = ¢ ((65) ' (2)) (3.5)
are also useful, which specifies the final point of the trajectory instead of the initial

point as specified in the trajectory z7,.
Denote Ly = ¢k (on). We would like to point out that the function

hi s L = Rs hy(2) = b (1, (8) " (2)) = Aff (21)

defines the natural generating function of Ly in that dhy = i};0 where ig : Ly —
T*N is the canonical inclusion map. The image of the map

x € Ly (hg(x),z)
defines a canonical Legendrian lift of Ly in the one-jet bundle J!(N) = R x T*N.
(See [Oh2] for the relevant discussion.) We denote the corresponding Legendrian
submanifold by Ry. However, as a function on N, hy is multi-valued, while h g is
a well-defined single-valued function.

In general, the projection R — R x N of any Legendrian submanifold R C
JYN,R) = R x T*N is called the wave front [El] of the Legendrian submanifold
R. We denote by Wr C R x N by the front of R. We also define the (Lagrangian)
action spectrum of H on T*N by

Spec(H; N) = Crit(hy) = {A%(zH) |z € Ly noy}. (3.6)
It follows that Spec(H; N) is a compact subset of R of measure zero.
Remark 3.2. We would like to note that we have no a priori control of C° bound
for the functions hy (or equivalently hg), even when H is bounded in L(100)

norm. Getting this C%-bound is equivalent to getting the bound for the actions
of the relevant Hamiltonian chords. Indeed understanding the precise relationship
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between the action bound, the norm || H|| and the C°-distance of the time-one map
¢}, is a heart of the matter in CY symplectic topology.

In section 6, we recall construction of basic phase function fy from [Oh2] which
is a particular single valued selection of the multivalued function hy on N. This
function was constructed via the Floer mini-max arguments similarly as the spectral
invariants p"%™(H;a) is defined, and its Cp-norm is bounded by ||H||. It turns out
that there is a measurable, discontinuous but differentiable almost everywhere map,
denoted by ¢ : N — N, which relates hy and fy via the identity

fo = I o o™ almost everywhere.

Furthermore ¢ — idy almost everywhere in the L>°-sense because ¢}, — id in
the C° topology. In particular (¢).p — p in measure for any given density p on
N. This convergence property of o plays a fundamental role in our proof of the
main theorem in section 12.

4. LAGRANGIAN SPECTRAL INVARIANTS

In this section, we first briefly recall the construction of Lagrangian spectral
invariants p!%(H;a) for Ly = ¢} (on) performed by the author in [Oh3]. A priori,
this invariant may depend on H, not just on Ly itself. In [Oh3], we prove that

P9 (H;a) = p'*I(F;a) (4.1)

for all a € H*(N;Z) if Ly = L, but modulo the addition of a constant and then
somewhat ad-hoc normalization to remove this ambiguity of a constant.
Consider the zero section oy and the space

Plon,on) ={y:[0,1] = TN [ 7(0), (1) € on}.
The set of generators of CF(H;on,on) is that of solutions
2= Xpg(t,2(t)), 2(0), 2(1) € on
and its Floer differential is defined by counting the number of solutions of
{ggJFJ(%?—XH(U)) =0 (4.2)
u(7,0), u(r,1) € on.
An element o € CF(H;on,0n) is expressed as a finite sum
a= Z azlz], a, €Z.
z€Chord(H;on ,0N)
We denote the level of the chain a by
()= max {A%(2)}. (4.3)

zZEsupp o

For given non-zero cohomology class a € H*(N,Z), we consider its Poincaré dual
[a]® := PD(a) € H.(N,Z) and its image under the canonical isomorphism

®:H.(N,Z)— HF.(H, J;on,0N).

Definition 4.1. Let (H,J) be a Floer regular pair relative to (on,on) and let
(CF(H),0m,ry) be its associated Floer complex. For any 0 # a € H*(N,Z), we
define

P (H;a) = aeiélfab){/\H(a)}' (4.4)
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One important result is the following basic property, called spectrality in [Oh6],
which is not explicitly stated in [Oh2] but can be easily derived by a compactness
argument. (See the proof in [Oh6] given in the Hamiltonian context.)

Proposition 4.1. Let H = H(t,x) be any, not necessarily nondegenerate, smooth
Hamiltonian. Then for any 0 # a € H*(N,Z), there exists a point © € Ly Noy
such that

ASH(=H) = p9(H a).
In particular, p'*9(H;a) € Spec(H; N).
The following notion of tightness is a useful notion introduced in [Oh9].

Definition 4.2. Let a € H*(N,Z). Assume H is a generic Hamiltonian so that
o1 (on) intersects T N transversely. A cycle o with [a] = PDla] is called tight if
it satisfies Ay () = p'*9(H;a).

4.1. Triangle inequality for Lagrangian spectral invariants. We recall from,
[Sc], [Oh6] that the triangle inequality of the Hamiltonian spectral invariants

P (H#F;a-b) < " (H;a) + p"*™ (F;b)

for the product Hamiltonian H#F relies on the homotopy invariance property of
spectral invariants which in turn relies on the existence of canonical normaliza-
tion procedure of Hamiltonians on closed (M,w) which is nothing but the mean
normalization. On the other hand, one can directly prove

p""(H % Fya-b) < p"*"(H;a) + p"*"™(F;b)

more easily for the concatenated Hamiltonian. (See e.g., [FOOO3] for the proof.)
Once we have the latter inequality, we can derive the former from the latter again
by the homotopy invariance property of p"*™(-;a) for the mean-normalized Hamil-
tonians.

When one attempts to assign an invariant of Lagrangian submanifold ¢}, (ox)
itself out of the spectral invariant p'®9(H;a), one has to choose a normalization of
the Hamiltonian relative to the Lagrangian submanifold. Since there is no canonical
normalization unlike the Hamiltonian case, the invariance property of Lagrangian
spectral invariants and so the triangle inequality is somewhat more nontrivial than
the case of Hamiltonian spectral invariants. In this subsection, we clarify these
issues of invariance property and of the triangle inequality.

The following parametrization independence follows immediately from the con-
struction of Lagrangian spectral invariants and L(1°)-continuity of H ~— p!@9 (H;a).

Lemma 4.2. Let H = H(t,x) be any, not necessarily nondegenerate, smooth
Hamiltonian and let x : [0,1] — [0,1] a reparameterization function with x(0) =0
and x(1) =1. Then

pl*(H; a) = p*9(HY; a)
where HX(t,z) = x'(t)H (x(t), x).

We first recall the following triangle inequality which was essentially proved in
[Oh3]. (See Theorem 6.4 and Lemma 6.5 [Oh3]. In [Oh3], the cohomological version
of the Floer complex was considered and hence the opposite inequality is stated.
Other than this, the same proof can be applied here.)
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Proposition 4.3. Let H, F € PC2.(T*N;R), and assume F is autonomous.
Then we have
pl“I(H#F;ab) < p'(H;a) + p'*9(F; D). (4.5)

Recently, Monzner, Vichery, and Zapolsky [MVZ] proved the following form of
the triangle inequality which uses the concatenated Hamiltonian H * F' instead of
the product Hamiltonian H#F'.

Proposition 4.4 (Proposition 2.4 [MVZ]). Suppose H(1,z) = F(0,z) and H x F
be the concatenated Hamiltonian. Then

' (H % F;ab) < p'*(H;a) + p'*(F;b) (4.6)
for all a, b€ H*(N).

In particular, this proposition applies to all pairs H, F' which are boundary flat.
Remark 4.3. We suspect that (4.5) holds even for the non-autonomous F' as in
the Hamiltonian case but we did not check this, since it is not needed in the present
paper.

4.2. Assigning spectral invariants to Lagrangian submanifolds. In this sub-
section, we identify a class, denoted by ’PC’&‘;,G), of Hamiltonians H among those
satisfying ¢L, (on) = ¢h(on), such that the equality

pl*(H;a) = p'*(F;a)
holds for all H, F € PCE’]’}&). As the notation suggests, the class depends on the
subset B C N and the real number e € R.

We start with the following proposition. The proof closely follows that of Lemma
2.6 [MVZ] which uses Proposition 4.4 in a significant way. We need to modify
their proof to obtain a somewhat stronger statement, which replaces the condition
“pt. = ¢L” used in [MVZ] by the conditions put in this proposition. Identifying the
optimal condition as stated in this proposition turns out to be an essential element
of our proof in section 12.

Proposition 4.5 (Compare with Lemma 2.6 [MVZ]). Let H, F € PC2 (T*N;R)
be boundary-flat. Suppose in addition H, F satisfy the following:

(1) ¢3(on) = ¢p(on),
(2) H = c(t), F =d(t) on a tubular neighborhood T O B in T*N of a closed
ball B C oy where c(t), d(t) are independent of x € T, and

(3) they satisfy
1 1
/O o(t) dt = /0 d(t) dt.

Then p'*9(H;a) = p'*9(F;a) holds for all a € H*(N,Z) without ambiguity of con-
stant.

Proof. We consider the Hamiltonian path ¢¢ : ¢ — ¢k, with G = F « H with

F(t,x) = —=F(1 — t,z). This defines a loop of Lagrangian submanifold
t— ¢glon), ¢glon) =on
and satisfies ¢%|p = id and

C[—ei-2t)  0<t<1/2
Gt = {d(2t 1) 12<t<1
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for all ¢ € B C T by definition G = FxH.
We claim p'®9(G;a) = 0 for all 0 # a € H*(N). This will be an immediate
consequence of the following lemma and the spectrality of numbers p!%9(G; a).

Lemma 4.6. The value A% (z) does not depend on the Hamiltonian chord z €
Chord(G;on,on). In particular, AZ%(z) = 0.

Proof. Recall that any Hamiltonian chord in Chord(G;on, o) has the form

2(t) = 2(1)

for some g € oy. Here we use the hypothesis ¢, (oy) = on. Consider any smooth
path o : [0,1] — on with a(0) = ¢, (1) = ¢’. Then

1
/ d
cl €\ _ ogel (.9 — 7 qed a(u)
‘AG (ZG) AG (ZG) /(; duAG (ZG ) du.

But a straightforward computation using the first variation formula (3.2) implies

d o /( o) _ 0 0 B _

A8 (6) = (0. (@ata()) ) = (0. - (alw) ) =0~ 0 =0
since ¢ (a(u)), a(u) € oy.

For the second statement, we have only to consider the constant path z = ¢, € B
for which

Al(cy) = —/OlG(t,q)dt:/01/20(1—2t)dt—/11 d(2t — 1) dt

/2
/Olc(t)dt—/old(t)dtzo.

This proves the lemma. (I

Once we have the lemma, we can apply the triangle inequality (4.6)
P (H;a) < p'*(F;a) + p'*(G; 1) = p'*(F;a)

for any given a € H*(N). By changing the role of H and F in the proof of the
above lemma, we also obtain p'®9(G;1) = 0 and then obtain p'®9(F;a) < p'®(H;a)
by triangle inequality. This finishes the proof of the proposition. O

This proposition motivates us to introduce the following definitions
Definition 4.4. For each given B C N, we define
Jsop(on;T*N) ={L € Jso(on;T*N) | oy N L D B}.
When a function ¢ : [0,1] — R is given in addition, we define

PC.ey = {H €PCq, | Hi = c(t)on aneighborhood of B in T*N

1
and / c(t) dt = e}.
0

With these definitions, the proposition enables us to unambiguously define the
following spectral invariant attached to L.
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Definition 4.5. Suppose L € Jsog(on;T*N) and let e € R be given. For each
given such e, we define a spectral invariant of L € Jsog(on;T*N) by

p P (Lia) == p'*(H;a), L= oy (on)
for a (and so any) H € PC7; ).

With this definition, we have the following obvious lemma

Lemma 4.7. Let H € PC("E;E), then H, H € PC("]‘;;%).

Then we prove the following duality statement of p(5:).

Proposition 4.8. Let H € PCy.,) and L = oL (on). We denote L = gb}q(oN) =
qﬁlﬁ(oN). Then

pPO(E 1) = —p P (L pt]#). @)
Proof. By the above lemma, He PCFE,_e) and so p<B%*€>(Z; 1) is given by

pBmO(L;1) = pl*9(H; 1)
by definition. But it was proven in [V1, Oh2, Oh3] that
Pl (H; 1) = =" (H; [pt]*) (4.8)

which follows from the Poincaré duality argument, by studying the time-reversal
flow of the Floer equation (1.10) @ defined by @(7,t) = u(—7,1 —t). The map u
satisfies the equation

{2E+f<%?—xg<a>> =0
u(r,0), u(r,1) € on.
Furthermore this equation is compatible with the involution of the path space
t: Qon,on) = Qon,on)
defined by ¢(y)(t) = 7(¢t) with 7(¢) = v(1 — t) and the action functional identity
AL(F) =~ A3 ().
We refer to [Oh3] for the details of the duality argument in the Floer theory used

in the derivation of (4.8).
On the other hand, by definition,

Pl (H; [pt]#) = p' P (L; [pt]#)
since H € PC(OE,e). This finishes the proof. O

5. COMPARISON OF TWO CAUCHY-RIEMANN EQUATIONS

So far we have looked at the Hamiltonian-perturbed Cauchy-Riemann equation
(4.2), which we call the dynamical version as in [Oh2].
On the other hand, one can also consider the genuine Cauchy-Riemann equation

ov | JHOv _
or +J Btl 0 (51)
v(T,0) € ¢y (on), v(7,1) € on
for the path u: R — P(on, L) where L = ¢}, (on) and
Plon, L) ={7:[0,1] = T"N [7(0) € L, (1) € on}



24 YONG-GEUN OH

and JH = (@' 65" )«Jr. We call this version the geometric version.

We now describe the geometric version of the Floer homology in some more
details. We refer readers to [Oh2] for the discussion on the further comparison
of the two versions in the point of moduli spaces and others. The upshot is that
there is a filtration preserving isomorphisms between the dynamical version and
the geometric version of the Lagrangian Floer theories.

We denote by M(Ly, on; J) the set of finite energy solutions and M(Lg, on; JH)
to be its quotient by R-translations. This gives rise to the geometric version of the
Floer homology HF, (on,dr(on),J) of the type [F11, Oh3] whose generators are
the intersection points of oy N ¢ (on). An advantage of this version is that it de-
pends only on the Lagrangian submanifold L = ¢y (on), only loosely on H. (The
author proved in [Oh3] that p(H;a) is the invariant of Ly = ¢y (on) up to this
normalization by comparing these two versions of the Floer theory in [Oh2, Oh3].)

The following is a straightforward to check but is a crucial lemma.

Lemma 5.1. Let L = ¢k (os).
(1) The map @ : oy N L — Chord(H;on,0n) defined by

w2y (8) = ¢y ((01) ' (2))
gives rise to the one-one correspondence between the set oy VL C P(on, L)
as constant paths and the set of solutions of Hamilton’s equation of H.
(2) The map a— Py (a) also defines a one-one correspondence from the set of
solutions of (4.2) and that of

ov | jHOU _

or +J ot 0 (52)
v(7,0) € dg(on), v(1,1) € o

where JH = {JHEY, JH = (¢4 (¢L)~1)* J;. Furthermore, (5.2) is reqular if

and only if (4.2) is regular.

Once we have transformed (4.2) to (5.2), we can further deform J¥ to the
constant family Jy and consider

G+ oG =0 (5.3)
v(7,0) € du(on), v(1,1) € oN.

This latter deformation preserves the filtration of the associated Floer complexes
[Oh2]. A big advantage of considering this equation is that it enables us to study the
behavior of spectral invariants for a sequence of L; converging to oy in Hamiltonian
distance.

The following proposition provides the action functional associated to the equa-

tion (5.2), (5.3), which will give a natural filtration associated Floer homology
HF(L,on).

Proposition 5.2. Let L and hy, be as in Lemma 3.1. Let Q(L,on;T*N) be the
space of paths v : [0,1] — R satisfying v(0) € L,on, (1) € on. Consider the
effective action functional

A () = / 70+ iy (+(0)).

Then dA°T(v)(¢) = fol w(&(t),¥(t)) dt. In particular,
A (ey) = hi(z) = Af(21]) (5.4)
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for the constant path c, = x € LN oy i.e., for any critical path c, of A°T.

We would like to highlight the presence of the ‘boundary contribution’ hg (y(0))
in the definition of the effective action functional above: This addition is needed
to make the Cauchy-Riemann equation (5.1) or (5.3) into a gradient trajectory
equation of the relevant action functional. We refer readers to section 2.4 [Oh2]
and Definition 3.1 [KO] and the discussion around it for the upshot of considering
the effective action functional and its role in the study of Cauchy-Riemann equation.

6. BASIC PHASE FUNCTION AND MEASURABLE MAP off

In this section, we first recall the definition of basic phase function constructed
in [Oh2]. Then we introduce a crucial measurable map ¢ : N — N, which is
defined by a selection of of a single valued branch of the multivalued section

N—>LycCcT'M

followed by (¢k;)~'. It is interesting to note that such a selection process was
studied e.g., in the theory of multi-valued functions, or @-valued functions, in
the sense of Almgren [Al] in geometric measure theory. In particular, in [DGT],
existence of such a single valued branch is studied in the general abstract setting of
metric spaces and a finite group action of isometries. It would be interesting to see
whether there would be any other significant intrusion of the theory of multivalued
functions into the study of symplectic topology.

6.1. Graph selector of wave fronts. The following theorem was proved in [Cha]
and in [Oh2] by the generating function method and by the Floer theory respec-
tively. (According to [PPS], the proof of this theorem was first outlined by Sikorav
in Chaperon’s seminar.)

Theorem 6.1 (Sikorav, Chaperon [Cha], Oh [Oh2]). Let L C T*N be a Hamilton-
ian deformation of the zero section oy. Then there exists a Lipschitz continuous
function f: N — R, which is smooth on an open subset Nog C N of full measure,
such that

(¢, df(q)) € L
for every q € Ny. Moreover if df(q) = 0 for all ¢ € Ny, then L coincides with the
zero section on . The choice of f is unique modulo the shift by a constant.

The details of the proof of Lipschitz continuity of f is given in [PPS]. We denote
by Sing f the set of non-differentiable points of f. Then by definition

No =Reg f := N\ Sing f

is a subset of full measure and f is differentiable thereon.

We call such a function f a graph selector in general following the terminology
of [PPS] and denote the corresponding graph part of the front of the Legendrian
submanifold R by

Gy :={(he(q,df(9)),4,df(q)) | ¢ € N} C R.

By construction, the projection g : Gy — N restricts to a one-one correspondence
and the function f : Reg f — R continuously extends to Reg f = N.
By definition,
|df (q)] < max |p()| (6.1)
xzeL
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for any ¢ € Ny, where x = (q(z),p(x)) and the norm |p(z)| is measured by any
given Riemannian metric on N.

Proposition 6.2. As dy(L,on) — 0, |df(q)| — 0 uniformly over g € Ny.

In [Oh2], a canonical choice of f is constructed via the chain level Floer theory,
provided the generating Hamiltonian H of L is given. The author called the corre-
sponding graph selector f the basic phase function of L = ¢} (on) and denoted it
by fu. We give a quick outline of the construction referring the readers to [Oh2]
for the full details of the construction.

6.2. The basic phase function fy and its Lagrangian selector. Another
construction in [Oh2] is given by considering the Lagrangian pair

(on,T;N), q€N
and its associated Floer complex CF(H;on,T; N) generated by the Hamiltonian
trajectory z : [0,1] — T*N satisfying
2= Xpu(t,2(t), 2(0)€on,2(1)€T;N. (6.2)
Denote by Chord(H;on,T;N) the set of solutions. The differential J(p ;) on

CF(H;on,T;N) is provided by the moduli space of solutions of the perturbed
Cauchy-Riemann equation

u(7,0) € on, u(7,1) € TN. ’

An element a € CF(H;on, T,y N) is expressed as a finite sum

o= Z a.lz], a,€Z.

z€Chord(H;on, Ty N)
We denote the level of the chain a by
Ag(a) == max {A%(2)}.

ZESupp @

The resulting invariant p'®9(H;{q}) is to be defined by the mini-max value
pl(H:{q}) = inf An(a)
aglq]

where [q] € Ho({q};Z) is a generator of the homology group Hy({q};Z).

A priori, p!%(H;{q}) is defined when ¢} (on) intersects T,N* transversely but
can be extended to non-transversal ¢’s by continuity. By varying ¢ € N, this defines
a function fy : N — R which is precisely the one called the basic phase function
in [Oh2]. (A similar construction of such a function using the generating function
method was earlier given by Sikorav and Chaperon [Chal.) We call the associated
graph part G, the basic branch of the front Wg,, of Ry.

Theorem 6.3 ([Oh2, Oh6]). There exists a solution z : [0,1] = T*N of 2 = X (¢, 2)
such that z(0) = q, 2(1) € on and A%(z) = p!%9(H;{q}) whether or not ¢, (ox)
intersects T,/ N transversely.

We summarize the main properties of fg established in [Oh2].
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Theorem 6.4 ([Oh2]). When the Hamiltonian H = H (t,x) such that L = ¢} (on)
is given, there is a canonical lift fr defined by fr(q) := p'*9(H;{q}) that satisfies

from(x) = hir(z) = Ag(2) (6.4)
for some Hamiltonian chord zX ending at x € TyN. This fu satisfies the following
property in addition

[frr = frlloo < |1H — H|. (6.5)
An immediate corollary of this theorem is

(1,00)

Corollary 6.5. If H; converges in L , then fm, converges uniformly.

Based on this corollary, we will just denote the limit continuous function by
fr = lim fg, (6.6)
11— 00
when H; — H in L(°)-topology, and call it the basic phase function of the
topological Hamiltonian H or of the C°-Lagrangian submanifold Ly = ¢} (on).
Note that 7y = 7|1, : Ly = ¢4(on) — N is surjective for all H (see [LS] for
its proof) and so 7' (75" (¢)) C oy is a non-empty compact subset of oy = N.
Therefore we can regard the ‘inverse’ 71']_{1 : N —- Ly C T*N as a everywhere
defined multivalued section of 7 : T*N — N.
We introduce the following general definition

Definition 6.1. Let L C T* N be a Lagrangian submanifold projecting surjectively
to N. We call a single valued section o of T*N with values lying in L a Lagrangian
selector of L.

For any given Lagrangian selector o of L = Ly = ¢}, (on), we define the map

@7 : N — N to be
¢7(q) = (61) " (0(a))-

Recall that the graph Gy, is a subset of the front Wg, of Ry and for a generic
choice of H the set Sing fy C N consists of the crossing points of the two different
branches and the cusp points of the front of Wg,,. Therefore it is a set of measure
zero in N. (See [El], [PPS], for example.) Once the graph selector fy of Ly is
picked out, it provides a natural Lagrangian selector defined by

o1(q) := Choice{z € Ly | m(x) = ¢, Aff (=) = fu(q)}

via the axiom of choice where Choice is a choice function. We call this particular
Lagrangian selector of Ly the basic Lagrangian selector.

The general structure theorem of the wave front (see [El], [PPS] for example)
proves that the section opg is a differentiable map on a set of full measure for a
generic choice of H which is, however, not necessarily continuous: This is because as
long as ¢ € N\Sing f, we can choose a small open neighborhood of U C N\Sing fx
of gand V. C Ly = ¢4 (on) of z € V with m(z) = ¢ so that the projection
7ly : V — U is a diffeomorphism.

Then we define a measurable map ¢ : N — N by

o™ (q) = (¢k) " (on (). (6.7)

The map o is a measurable, but not necessarily continuous, map which is however
differentiable on a set of full measure for a generic choice of H. On the other hand,
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the map ¢ may not be continuous along the subset Sing fi C N which is a set
of measure zero. By definition, we have

Ju(@) = Ag (55 ) = hu " (a). (6.8)

This relationship between fy and Ly is the reason why we introduce the map ¢
which will play a crucial role in the proof of main theorem in section 12.

The following lemma is obvious from the definition of  which will be used
later in section 12. We note

di (¢ (on), 0n) < 0scoo (G5 0)
where dy (¢} (on), on) is the Hausdorff distance.

Lemma 6.6. We have

d(cpH(x)@) < dH(¢}{(0N), oN) + oscco (gb}{; on) < 2oscco(¢}{; ON)

for all z € Ny. In particular, if oscoo(d;on) — 0, then max,en, d(p™ (z),x) — 0
uniformly over x € Ny.

7. TRIANGLE PRODUCT IN FLOER HOMOLOGY

We first remark that both p'®(H; 1) and fz remain unchanged under the change
of H outside a neighborhood of {J;¢ (g % (oN)-

The main theorem we prove in this section is the following whose proof occupies
the entirety of this section.

Theorem 7.1. For any Hamiltonian H € PC,

max fir < p“9(H; 1),

Remark 7.1. One might recall the general inequality p'*9(H; [pt]*) < p'9(H;1)
and so wonder whether the inequality p!%9(H;[pt]#) < min fy from below would
hold or not. However this inequality fails to hold in general. See Example 9.4 [Oh2]
which studies an example of Lagrangians on 7*S*. In that example, one can check
that p'®9(H; [pt]*) = 0 which is realized by the level of the Floer cycle z; + 23 in the
example. But the minimum of f is realized by a negative number at a non-smooth
point of the function fg.

We first recall the definition of the triangle product described in [Oh3], [FO] and
put it into a more modern context in the general Lagrangian Floer theory such as
in [FOOO1] and in other more recent literatures.

Let ¢ € N be given. Consider the Hamiltonians H : [0,1] x T*N — R such that
Ly intersects transversely both oy and T7'N. We consider the Floer complexes

CF(LH,ON), CF(ON,T;N), CF(LH,T;N)

each of which carries filtration induced from the effective action function given
in Proposition 5.2. We denote by v(a) the level of the chain « in any of these
complexes.

More precisely, CF(Ly,on) is filtered by the effective functional

AW (y) = /7*9 +ha(v(0),



HOMOTOPY INVARIANCE OF SPECTRAL INVARIANTS 29
*
CF"(on,T;N) by

A9y = [ o,
and CF(Ly,T;N) by

A9 @) = [0+ hu(1(0)

respectively. We recall the readers that hy is the potential of Ly and the zero
function the potentials of oy, T N.
We now consider the triangle product in the chain level, which we denote by

my : CF(Ly,on) ® CF(oy, TiN) — CF(Ly, T} N) (7.1)

following the general notation from [FOOO1], [Se]. This product is defined by
considering all triples

r1 € Ly Non, T3 € 0N ﬂTq*N, ro € Ly ﬂTq*N

with the polygonal Maslov index u(x1, 22; xo) whose associated analytical index, or
the virtual dimension of the moduli space

Mg(DQ;xl,xg;xo) = Mg(D2;(L‘1,.Z‘2;$0)/PSL<2,R)

of J-holomorphic triangles, becomes zero and counting the number of elements
thereof. The precise formula of the index is irrelevant to our discussion which,
however, can be found in [Se], [FOOO2].

Definition 7.2. Let J = J(z) be a domain-dependent family of compatible almost
complex structures with z € D?. We define the space Mz(D?;x1,z2;20) by the
pairs (w, (20, 21, 22)) that satisfy the following:

(1) w: D?> — T*N is a continuous map satisfying d;w = 0 D?\ {20, 21, 22},
(2) the marked points {zo, 21, 22} C dD? with counter-clockwise cyclic order,
(3) w(z1) = x1, w(z2) = x2 and w(zp) = xo,
(4) the map w satisfies the Lagrangian boundary condition
w(01D?) C Ly, w(92D?) C oy, w(d3D*) C TN
where 0; D? C 0D? is the are segment in between x; and x;,; (i mod 3).

The general construction is by now well-known and e.g., given in [FOOO1]. In
the current context of exact Lagrangian submanifolds, the detailed construction is
also given in [Oh3] and [Se|. One important ingredient in relation to the study of the
effect on the level of Floer chains under the product is the following (topological)
energy identity where the choice of the effective action functional plays a crucial
role. For readers’ convenience, we give its proof here.

Proposition 7.2. Suppose w : D?> — T*N be any smooth map with finite energy
that satisfy all the conditions given in 7.2, but not necessarily J-holomorphic. We
denote by ¢, : [0,1] — T*N the constant path with its value x € T*N. Then we
have

/ w'wo = AD(ea)) + AP (c0)) — A (cy). (7.2)



30 YONG-GEUN OH

Proof. Recall wg = —df and "0 = dhy on Ly and i*0 = 0 on oy and TN
where ¢’s are the associated inclusion maps of Ly, oy, Ty N C T*N respectively.
Therefore

/ w¥wy = —/ w*9:—/ w*l — w*l — w*é
D2 aD?2 9, D2 9y D2 aD32

_ / wrdhgr —0— 0 = hy(w(z1)) — ha (w(z))
01 D2

= hu(e1) = ha(zo) = AV (cz,) = A (e0,)
= *A(l)(cxl) + A(z)(cﬂ?2) - A(O) (Cmo)‘
Here the last equality comes since A®(c,,) = [ ¢%,0 = 0. This finishes the proof.
]

An immediate corollary of this proposition from the definition of my is that the
map (7.1) restricts to

my : CFN(Ly,on) ® CF*(on, Ty N) = CFA*(Ly, TIN).
It is straightforward to check that this map satisfies
d(ma(z,y)) = ma(9(x),y) £ ma(z, (y)
and in turn induces the product map
xp : HFMLg,on) ® HF*(on, Ty N) — HFM*(Lg T N) (7.3)

in homology. This is because if w is J-holomorphic [w*w > 0. (We refer to [Oh3]
and [FO] for the general construction of product map my and to [Oh3], [MVZ] for
the study of filtration. Similar study of filtration is also performed in [Sc], [Oh6] in
the Hamiltonian Floer homology setting.)

With these preparations, we are ready to wrap-up the proof of Theorem 7.1:

Proof of Theorem 7.1. We consider a Floer cycle o representing the fundamental
class 1 = [M] € HF(Ly,on) and 8 = {¢} representing the unique generator of
HF(oy,T; N) = Z. Then by definition

(o) > p'*9(H;1), o(B) = p'*(0;[q]) = 0.

Then its product cycle ma(a, ) € CF(Ly,T;N) represents the homology class
[q] € CF(Ly,T;N) = Z and so v(mz(e, 8)) > p"*9(H;{q}) = fu(q) by definition
of the latter. Applying the triangle inequality, we obtain

v(a) +0 = b(a) +v(8) > v(ma(a, B)) > p"*(H;{q}) = fu(q).
Therefore we have derived

o(@) = fu(q)

for all cycle « € CF(Ly,on) representing [M]. By definition of p'®9(H;1), this
proves

P9 (H;1) > fru(q)-
Since this holds for any point ¢ € N, we have proved p!49(H;1) > max f. (I
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8. A HAMILTONIAN CONTINUITY THEOREM OF SPECTRAL CAPACITY

In this section, we prove the following Hamiltonian continuity of spectral capac-
ity. The proof of this theorem is an adaptation to the Lagrangian context of the
one used by Seyfaddini in his proof of Theorem 1 (or rather Corollary 1.2) [Sey].
The proof is also a variation of Ostrover’s scheme used in [Os] and is an adapta-
tion thereof. In our proof, we however use the Lagrangian analog to the notion of
‘e-shiftability’ introduced by Seyfaddini [Sey], instead of ‘displaceability’ used in
[Os] and in other literature such as [EP], [U]. In the Lagrangian context here, the
e-shiftable domain is realized as the graph of df of a function f having no critical
points on the corresponding domain. In this regard, it appears to the author that
the notion of e-shiftability becomes more geometric and intuitive in the Lagrangian
context than in the Hamiltonian context.

Consider the subset

(N3 B) ={f € C*°(N) | Crit f C Int B}.

crit
We recall the notation

oscen (Olgson) = e { e d (0l (). ) . mawx d (ok) (). 0) |

TrTEON

from (1.26).
Theorem 8.1. Let \; = ¢, where H; € PCSS, is a sequence such that

(1) there exists R > 0 such that supp Xy, C DE(T*N) for alli and s € [0,1],
(2) There exists a closed ball B C N such that supp ¢, Nop = 0 for all i where
we recall
supp ¢, = | supp ¢y,
te(0,1]
(3) There exists a uniform neighborhood T D op in T*N such that gb}{i = id
on T for alli’s.

Then if lim; o0 05cco (¢35 0n) = 0,
lim (p%9(His1) = p'*9(Lar,: [pt]*)) = 0.
1— 00

The rest of the section is occupied by the proof of this theorem.

We fix a Riemannian metric g and the Levi-Civita connection on N. They
naturally induces a metric on 7% N. Denote the latter metric on 7% N by g and the
corresponding distance function by d(z,y) for z, y € T*N. We denote by D" (T*N)
the disc bundle of T*N of radius r.

The following is the well-known fact on this metric g, which can be easily checked.

Lemma 8.2. The metric g carries following properties:

(1) g is invariant under the reflection (q,p) — (g, —p) and in particular oy is
totally geodesic.

(2) There exists a sufficiently small r = r(N,g) > 0 depending only on (N, g)
such that the following triangle inequality holds: Let x € T*N and denote
z = (q(x), p()). Then

d(0g(z), ¥) > max{|p(z)|,d(q,q(x))} > |p(x)] (8.1)

for all x € D"(T*N) where |p(x)| is the norm on Ty | N.
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We introduce a collection of the pairs (T, f) of a tubular neighborhood T' D op in
T*N and a Morse function f € C2,(N; B, T) such that

(1) all of its critical points contained in Int B,

(2) Graphdf C D"(T*N) for r = r(N, g) given in Lemma 8.2,

(3) Graph(df|p) C T.

Denote by Tp the set of all such pairs. We start with the following lemma
Lemma 8.3. Let H € PC5. in T*N such that

supp ¢z Nop = 0, (8.2)
and ¢} = id on a neighborhood T D op in T*N. Let (T, f) € Tg be given such
that H satisfies ¢}, = id, and

oscoo(pg;on) < Cy (f; N\ B, T)
where the constant Cy (f; N\ B,T) is defined below in (8.3). Then we have
LiNoyn = ¢y (Lf)Non

In particular all the Hamiltonian trajectories of H#(f o m), which have the form

zf#(fow) for somep € Ly Non = ¢4 (Ls) Non, are constant equal to p.

Proof. In the proof, we will denote p € N and the corresponding point in the zero
section of T*N by o, for the notational consistency.
By the choice of the pair (T, f) € Tg, we have

min {pg]l\}l\lB |df (p)|, du(N \ B, Crit f)} > 0.

where dp (N \ B, Crit f) is the Hausdorff distance. We define a positive constant
Cr (£33 B) = min{ min, af (o). dun(V\ B, Cric )} (5.3)
pEN\B

By definition of C] (f; N\ B,T), if ¢ € N \ B, we have
|df (q)|, d(q,Crit f) > C7 (f; N\ B,T) > 0. (8.4)
id

Obviously we have Crit f = Ly Nop C ¢+ (L) Nox since we assume ¢k =
a neighborhood, 7', of op D Crit f.

We will now prove the opposite inclusion ¢};(Lf) Nox C Ly Nop. Suppose
0p € o3 (Ly) Non. Then we have (¢},)"1(0,) € Ly.

Consider first the case p € B. In this case since we assume ¢}, = id on a
neighborhood of og, it in particular implies o, = (¢k)~*(0,) for all i and hence
op € op N Ly = Crit f.

Now we will show that p cannot lie in N\ B. Suppose p € N \ B to the contrary
and write

on

(61) " (0p) = df (1)
for some p’ € N. Therefore
d(0p, df (p")) = d(0p, ($11) ™" (0p)) < 08CC0 (¢33 ON).

Furthermore we also have |df (p’)| < d(o0p,df(p")) by Lemma 8.2 since Graphdf C
D™(T*N). Therefore we have shown

|df (p")| < oscoo(¢prion) < O7 (f; N\ B,T). (8.5)
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This in particular implies (¢},)7'(0,) = df(p') must lie in Graphdf|p C T for
otherwise |df (p’)| > Cy (f; N\ B, T) by definition of C; (f; N\ B,T') which would
contradict to (8.5).

This in turn implies (¢},)7!(0,) € T. But ¢l is assumed to be the identity map
on T and hence follows

= (¢1) " (0p) = df (1)
In particular df(p’) € oy and so p’ € Crit f and hence o, = df(p’). This implies
p =p’ and so d(p, Crit f) = 0, i.e., p € Crit f C B, a contradiction to the hypothesis
pe N\ B.
Therefore p cannot lie in N \ B and hence proves o, € op N Ly = Crit f for any
0p € ¢} (Ls) Non. This then finishes the proof of the first statement
LiNoyn = ¢y (L) Non. (8.6)
To prove the second statement, we recall the definition
Zf#fow(t) = dﬁ[#fow(((b}i#fow)il(p))
and so z{,{#f"”(l) = p. But we have df (p) = 0 and (¢};)"*(0,) = 0, since
pE ¢L(Lf)ﬂoN =LfNon CopNCrit f
and ¢}, = id near p. Therefore

(bt pon) ' (0p) = (Dfor) " (S11) ™" (0p) = 0.

On the other hand ¢%, = id on a neighborhood T/ D op in T*N since we assume
supp ¢y Nop = (. Therefore
Zf#fm(t) = Ohpror((Phgsor) ' (0p) = hry or(0p)

= ¢§{(¢tfow(op)) = ¢3{(0p) =0p
since df (p) = 0 and ¢4, (0,) = o, for all ¢ € [0,1]. This finishes the proof. O
Remark 8.1. We would like to mention that in the above proof, the choice of the

neighborhood T/ may depend on #’s and so may not be able to choose a uniform
neighborhood 7" independent of ’s.

Motivated by the proof of this proposition, we introduce a collection, denoted
by C,,(N; B,T) C C*(N), of Morse functions f satisfying the condition in this

crit

lemma. We define the subset C’Cm( B) C C*°(N) to be the union
M’zt U cmt N B T)

It is easy to check that C22,(N; B,T) # @ for any such T' D op by considering the

crit

Af for a sufficiently small A > 0 for any given Morse function f with Crit f C Int B.
Lemma 8.4. For any f € C2%,(N; B, T), the constant Cy (f; N\ B,T) satisfies
Cr(AfsNAB,T) = min_[d(Af)(p)] (8.7)
pEN\B

whenever \ is so small that

min [d\) ()] < (N \ T, Crit ).

In particular, we have
ACT(fsN\B,T) = Cr (Af; N\ B,T)
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for such \’s.
Proof. First note that
in |\ =\ min |d —0
,in [Af(p)l = A min|df (p)]
as A — 0 but dg(N \ B, Crit(Af)) is independent of A. Therefore the minimum in
the definition
Cr (N BT) = min{ min_ O] (N \ B, Crie(A) |
pPE
is realized by min,eny\ g [d(Af)(p)| for all sufficiently small A\. Then the lemma
follows. O

The following proposition is a crucial ingredient of the proof, which is a variation
of Proposition 2.6 [Os], Proposition 3.3 [EP], Proposition 3.1 [U] and Proposition
2.3 [Sey].

Proposition 8.5. Let H € PC, in T*N such that

asc

supp ¢ Nog = 0. (8.8)
Take any f € C2,(N; B) such that
osceo(¢pson) < Cr (fiN\ B, T). (8.9)
Then
p'9(H; 1) — p'* (H; [pt]#) < 20scf. (8.10)

Proof. Denote Ly := Graphdf, L; = ¢%4(Ls) = ¢%(Graphdf). Note that the
condition (8.8) implies
H|g = cp(t) (8.11)
for a function ¢g = ¢p(t) depending only on ¢ but not on = € B.
The following lemma is the analogue of Lemma 5.1 [Os].

Lemma 8.6.
plI(H#S;1) = p'* (H# f5 [pt]*) < oscf. (8.12)
Proof. By the spectrality of p'®9(-, 1) in general, we have

PUUHES 0w 1) = Ao (577
P HHEf o D) = Allpsom (fof °”>
for some py+ € Ly Non. Using the second statement of Lemma 8.3, we compute
cl H#for cl H+# for
Al fom) (Zp+ ) — Alr#fom) (pr )

1

1
- / (H#f om)(tps)di + / (H#f o m)(t.p_) dt
0 0

- [ entdt= 5w+ [ cntydr+ sipo)
0 0

= —f(ps+)+ f(p~) < max f —min f = oscf.
Here for the equality in the line next to the last, we use the identity
(H#f om)(t,p+) = H(t,px) + f(dl(p=)) = ca(t) + fp+).
This finishes the proof. O
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On the other hand, we have

G1(Lf) = O3 (Dfor(0N)) = Phrgepor (ON)
and so by the triangle inequality, Proposition 4.3,
PUHR(fom):L) = p(H:) — (= fomi1)
PHH(fom);[pt]F) < p(H; [pt]) + p'9(f o m; 1).
(One can also use Proposition 4.4 using the concatenation H x (f o 7) instead.

Here f o m is not boundary flat, which is required in Proposition 4.4, but one can
always reparameterize the flow ¢t — q’)’}oﬂ by multiplying x'(¢) to f o w so that the

perturbation is as small as we want in L(1:>)-topology which in turn perturbs p
slightly. See Lemma 5.2 [Oh4], Remark 2.5 [MVZ] for the precise statement on this
approximation procedure, or Appendix of the present paper. This enables us to
apply the triangle inequality in Proposition 4.4 in the current context.)
Therefore subtracting the second inequality from the first and using the identity
Pl (—foml) =maxf, p(foml)=—minf
(see [F13], [Oh3] for its proof), we obtain

Pl (HH(f o m); 1) — p'? (H#(f o m); [pt]¥)
> pl9(H;1) = p'(H; [pt]*) — (max f — min f)
which in turn gives rise to

pl9(H; 1) = p' (H; [pt]#) < p'*9(H#(f om); 1) — p'* (H#(f o 7); [pt]*)
+(max f — min f)
< 2oscf.

We have finished the proof of the proposition. ([l

We now go back to the proof of Theorem 8.1.

Consider the elements H; in the given sequence that satisfy (8.8). ¢} =id on a
uniform T D op, and the oscillation oscgo (¢}L~5 on) can be made arbitrarily small
by letting i — oo.

If oscoo(¢yy;on) = 0 for all sufficiently large i’s, we have ¢} (on) = on
and so p'%9(H;; 1) — p'®9(H;; [pt]#) = 0 for which (8.10) obviously holds. There-
fore we assume that there exists a subsequence, again denoted by H;, such that
oscco(¢yy,;0n) # 0.

Since supp ¢y, Nop = P and qb}{i =0 on T for all 7, and oscco(cﬁ}{i;oN) — 0 as
i — 00, we have

osco(¢g,;0n) < Cr (fs N\ B,T)
eventually. Recall from Lemma 8.3 that the choice of f depends only on the ball
B and the neighborhood T' C B in T*N. Then we choose \; > 0 such that

oscco(qb}ﬂ;o]\;) =NCI (f; N\ B,T)
ie.,
_oscoo(¢yy,; 0N)
CCI(fiN\B,T)’
Since oscco (¢ ;0n) = 0, A; = 0. Obviously we have

oscco (¢ 30n) < (N +e)CT (fs N\ B, T)

)
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for all € > 0. Consider sufficiently large i’s so that

i [d(Aif)(p)| < du(N\ B, Crit [)

and hence
MCT(fiNA B, T) = Cr (Aifs N\ B, T)
by Lemma 8.4.
Now we fix any such i. Lemma 8.4 also implies

N +e)Cr (s N\B,T)=C; ((Mi+e)f; N\ B,T)
for all small € > 0 such that

i, |(Xi +&)df (p)| < d(N\ B, Crit f).

For example, we can choose any € > 0 so that
d(N \ B, Crit f)
ImanN\B |df (p)] .
Note that the upper bound does not depend on #’s at all.
Since (8.10) holds for any pair H, f that satisfy (8.8) and (8.9), applying it to
the pair (H;, (A\; +¢)f) for T D B chosen above independently of i’s, we derive
P9 His 1) — o9 (Hy [pt]#) < 20sc((M +2)f) = 20\ + ) oscf
1.
= 2 (Oicco (¢Hi7ON) + 5) oscf.
Ci(fiN\B,T)
Since this holds for all € > 0 satisfying (8.13), it follows

O<e<

(8.13)

0 < pl%9(H;: 1) — p'*9 (H;; [pt]” <2(Oscf) osc 1 8.14

< () 00 ) <2 ( G a ) oS Ghion) (814)
letting ¢ — 0.

This inequality in particular finishes the proof of Theorem 8.1. O

The following upper bound of the spectral capacity involving the C°-metric
oscco (@5 o) has been obtained in the course of the above proof, which has some
independent interest in its own right.

Theorem 8.7. Let B C N be a closed ball and (T, f) € Tp. Consider the set of
Hamiltonians H € PC2, , satisfying supp ¢ Nop = 0 and assume

oscoo(pi;0n) < Cy (f; N\ B, T).
Then we have
Pl (H; 1) — p'o(H; [pt]*) _ 2oscf
oscoo (5 o) T Cr(f;N\B,T)

The following question seems to be an interesting question to ask in regard to
the precise estimate of the upper bound in this theorem.

(8.15)

Question 8.2. For given H satisfying the condition in Theorem 8.7, what is an

. . 208Cf . 0
optimal estimate of the constant G UN\BT) in terms of B, T and H? For example,

can we obtain an upper bound independent of B or T'7
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9. LocAL FLOER COMPLEX OF ENGULFABLE TOPOLOGICAL HAMILTONIAN LOOP

We first recall the Lagrangian analogue of the Novikov ring I',, = I'(M, w) from
[FOOOL1]. Denote by I, : ma(M,L) — R the evaluations of symplectic area. We
also define another integer-valued homomorphism I, : mo(M, L) — Z by

1.(8) = u (w*TM, (9w)*TL)

which is the Maslov index of the bundle pair (w*T'M, (Qw)*TL) for a (and so any)
representative w : (D?,0D?) — (M, L) of 3.

Definition 9.1. We define
r _ 772(M7 L)
@)™ Yer I, N ker I,

and A(L;w) to be the associated Novikov ring.

We briefly recall the basic properties on the Novikov ring A, r)(R) and its
subring Ag (., )(R) where R is a commutative ring where R could be Zy, Z or Q
for example. We put

qﬁ — Tw(ﬁ)e/LL(ﬁ),

and
deg(q”) = pL(B), E(¢”) =w(B)

which makes A, 1) and Ag (., ) become a graded ring in general. We have the
canonical valuation v : A, 1y — R defined by

v ZaﬂT‘*’(ﬁ)e”L(ﬁ) = min{w(B) | ag # 0}
B

It induces a valuation on the subring Ag (1) C A(,,z) which induces a natural
filtration on it. This makes A, 1) a filtered graded ring. For a general Lagrangian
submanifold, this ring may not even be Noetherian but it is so if L is rational, i.e.,
I'(L;w) is discrete.

Next we recall the construction from [Ohl] of the local version of the Floer
cohomology HF(H; L, L) which singles out the contribution from the Floer trajec-
tories whose images are contained in a given Darboux neighborhood Uy, of L in M,
provided

¢Ht(L) Cc V5 C VL c Uy (9.1)

for all ¢t € [0, 1]. We will also show that HF(H; L,L) =2 HF(F; L, L) provided there
exists a family H = {H (s)}s¢[o,1) such that

(1) H0)=H, H(1)=F

(2) The inclusions (9.1) hold for all s € [0,1] for a family of neighborhoods

Vi(s) C VL(S) cUr.

This construction was introduced by Floer in [F12] in the Hamiltonian context which
was further amplified in [Ohl] in the context of Lagrangian Floer homology. It is
also proved in [Oh1] that this local contribution depends only on the pair (L, Uy)
and so we can carry out its computation for the pair (o, Vy) where Vi, C T*L
is a neighborhood of the zero section o, = L, provided H is C*-small (or ¢}, is
C*t-small. We refer to [Oh1] for the full details of construction thereof.
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In this section, we recall the localization result from [Oh13] for engulfable C°-
approximate loop ¢ which replaces the Cl-smallness of ¢ in the construction of
local Floer complex. Following the notations of [Oh13] we define

Hgngulf(L; VL)
to be the set of F': [0,1] x M — R that satisfies
(1) it satisfies (9.1) for some pair of Darboux neighborhoods V;, C Uy, and
(2) (6 id) <.
Then we define
Js05" " (L; Vi) = {L € Jso(L) | L = ¢k (L), H € HE™™ (L; V).

‘We consider

v(1,0) € ¢4 (L), v(r,1) € L.
Let v: R x [0,1] — M be a solution of (9.2) associated to H and Jy. The following
theorem is proved in [Oh13]

Theorem 9.1 (Theorem 1.1 [Oh13]). Let L C (M,w) be a compact Lagrangian
submanifold and let Vi, C Vi C Uyp be a pair of Darbouz neighborhoods of L.
Consider a Vi -engulfable Hamiltonian path ¢r. Then whenever d(¢k,id) < §
for any 6 < d(V5,0), any solution of v of (5.3) satisfies one of the following
alternatives:

(1) FEither

ov ov __
{37-+J0<'91£_0 (9.2)

Imagev C Ds(L) C Vp, (9.3)
where Dg(L) 1is the §-neighborhood of L.
(2) or Imagev ¢ Vi. In this case, we also have [v*w > C(Jo,V5) where
C(Jo, V1) > 0 is a constant depending only on § and V.

Now consider a nondegenerate Hamiltonian H among those given in Theorem
9.1. Following [Che] we say that two elements of Crit A% are said to be equivalent
if they belong to the same connected component of the set

7t ({y € UL, L) | 7([0.1]) C Ur}) € Q(L, L).

Then the projection 7 : SNI(L7 L) — Q(L, L) bijectively maps each equivalence class
of Crit A% to Chord(L, L; H). There is a ‘canonical equivalence class’ represented
by the pairs
[z, w,]

where z € Chord(L, L; H) and w, is the (homotopically) unique cone-contraction
of z to a point in L.

We denote this equivalence class by Crit“”" A$, C Crit A%. This induces the
natural I, ry-action on Crit A% which induces the bijection

Crit®"™ Ay x F(w,L) — Crit Agy.

We denote
Critl Ay = g Crit™" Ay, g€ Dr.

With this notation, we have Critl Ay = Crit®® Ay. Then we denote their asso-
ciated QQ vector spaces by

CFY((L, L), H;UL), CFI((L, L), H;UL) = CFE™ (L, L), H; Uy).
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We want to remark that CF*™((L, L), H;Uy) is the one that was used in [Ohl]
for the case of C%-small cases.

The above discussion in turn gives rise to the isomorphism CFig((L, L), H; Ur))®gr
Aw,ny 2 CF.((L,L); H) as A, )-module for each g € A, ).

Definition 9.2. The local Floer complex, denoted by (CF2\((L, L), H; Ur), d o)),
of H in Uy, associated to g € A, 1) is defined to be

CFa[g] ((La L)a H; UL) = Q . {Crlt[g] “’4%}’ a([g}) = 8(0)|CFig]((L,L),H;UL)

where J(q) is the contribution to 0 arising from the thick-thin decomposition given
below in Theorem 9.1.

Here we note that the Floer boundary map 0 is A, ry-equivariant and has the
decomposition 9 = gy + 9" so that

~

o doleren(r.Ly,m0) = 00 cpo (). mu,) °9
and g carries a natural real grading given by
AF(g : [Za w]) - AF('[Za w])a [Zaw] € Crit -AF

which does not depend on the choice of [z,w] € Crit Ap. In fact this real grading
is nothing but the value w([g]).

Then by definition the thin part of Floer moduli spaces for the pair (¢} (L), L)
does not bubble-off which then immediately proves the following [F13, Ohl, Che,
Oh13]

Proposition 9.2. Let H € ’Hg"g“lf(M; V) with Vi, C Vi, C Ur. Then the local
Floer homology

HFY((L, L), H; V) = ker 95 / im 03}
is well-defined.
In [Oh13], we prove the following theorem.

Theorem 9.3 (Theorem 7.2 [Oh13]). Let F be an Vi -engulfable Hamiltonian with

F=H(1) for a family H = {H(s)}o<s<1 C HS"9 (L; V1) with H(0) = 0. Then
HF*"(F,L; J';Up) = H,(L; Z)

for any J' sufficiently close to Jy in C*°-topology.

10. LAGRANGIANIZATION OF HAMILTONIAN FLOER COMPLEX

For each given generic one-periodic J = {J;}, the Hamiltonian Floer complex
(CF.(F),0F,)) is defined by considering the perturbed Cauchy-Riemann equation

Ou ou
—+J|=-X =0 10.1
e (Gh - xe) (10.1)
and define a boundary map J(p, ;) : CF.(F) — CF,_1(F) by studying the moduli
space of solutions of (10.1).

We will assume that ¢p is sufficiently close to the identity path in hamiltonian
topology, i.e., we assume

dham(¢F7 Zd) <4
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for some small constant § > 0 depending only on (M, w) in the next section. The
precise size of § > 0 will be determined later. In particular the Hamiltonian F will
be engulfable.

In this section, we consider Example 3.1 in the Darboux chart (U, —dO) for
a sufficiently C%-small Hamiltonian paths ¢ for a mean-normalized engulfable.
Hamiltonian F': [0,1] x M — R. Put a density pa on A C M x M induced by w"
by the diffeomorphism of the first projection A — M.

We fix a Darboux neighborhoods

Va CVACUA

and let w @ —w = —dO on Ua regarded as a neighborhood of the zero section of
T*A once and for all. We measure the size of Ua by the following constant
C(Ua,©) = max|p(z)|. (10.2)
zeU

Then if we choose § > 0 sufficiently small depending only on (M, w) and (Ua, —d®©),
then

Graph ¢% C Vo for all t € [0, 1].
We define a Hamiltonian F by
F(t, (x,y)) = F(t,x)

on T*A. This itself is not supported in Ux but we can multiply a cut-off function
x of Ua so that

Xx=1 on VA, suppx CUa

and consider x(x,y)F(¢t, (x,y)) so that the associated Hamiltonian deformations of
Pt (on) are unchanged. We note that F is compactly supported in T*A.

We now construct a canonical filtration preserving one-one correspondence be-
tween the local Hamiltonian Floer complex of A = ¢ and that of the local La-
grangian Floer complex pair (oa, Graph())), provided Graph(¢t) are all supported
in Va and so the local Lagrangian Floer complexes CF(Graph()),oa;Ua) are de-
fined. A complete discussion on such correspondences are given in section 4.2 [Oh4],
section 8.4 [Oh13] for the case whenever the graph of the image of Floer trajectory
is contained in Va, to which we refer readers for the detailed explanations.

Therefore we will focus on the discussion on the relationship between the asso-
ciated action functionals for the two cases.

When § is sufficiently small, any 1-periodic trajectory z of F' carries a canonical
bounding disc obtained by taking the cone of the loop from its center of mass whose
graph in M x M is contained in Va. We denote by Lo(M) the set of contractible
loops and by EO(M ) the associated Novikov covering space consisting of the pairs
[y, ws™] with v € Lo(M) and w : D* — M satisfying w|sp> = 7.

Then for cach given element [y, w] € Lo(M), we consider the pair

[(t) = (2(1),2(0), W(2) = (w(2),w(0,0))

where we identity z = se2™ =1, We recall w(0,t) = z¢ is a point in M and
so W : (D% 0D?) — M x M defines a well-defined map satisfying the boundary
condition
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This map extends to a C°-neighborhood U := U(Va) of constant paths in M
to a C%-neighborhood, which we denote by (A, A;Va) of the constant paths
t — (z,x) which in fact defines a one-one correspondence. We denote this map by

D U(VA) — QQ(A, A; VA)
Now we consider the action functionals Apgo : Qo(F @ 0, A; Va) — R defined by

Apao([T, W) /W* W (—w)) - / (Faoo)(T@)d.  (10.3)
By definition, one can check the identity
Ar([v,w]) = (Argo © @)([y, w]). (10.4)

We use this functional Apgy for the construction of the Lagrangian spectral invari-
ants

PI(F @ 0;10)
in the local Floer complex on VA D A. We denote by pl?™(F; 1) the associated

local spectral invariant of F on U C Lo(M ) as in [Oh13], where U is the set of
short loops such that their graphs are contained in the Darboux neighborhood
VA C M x M.

Once we establish this correspondence of the action functionals precisely, the
discussion on the local Floer homology carried out in the previous section and
(10.4) immediately give rise to

Proposition 10.1. Consider Example 3.1 in the Darboux chart (Va,—d®). Denote
by pha™(F; 1g) the spectral invariant corresponding to 1 € H*(M) in the local Floer

complex. Let plag(F @ 0;1) be the (global) Lagrangian spectral invariant on T*A
defined in sectwn 4. Then we have

P (F3 1) = pa2 (F @ 051).

Proof. Tt remains to prove the second equality. By Stokes’ formula, we obtain

Areo([I, W]) = /W w® (—w)) — /(F@O)d

_ /r*@f/o (F & 0)(t,T(1)) dt

where the right hand side is nothing but the classical action functional

Afeo(T)

on Qp(oa,0a), which was used to define the (global) Lagrangian spectral invariant
p'*9(F@0;1) on the cotangent bundle T* A in section 4. This finishes the proof. [

The following result is also proved in [Oh13]

Theorem 10.2 (Theorem 1.5 [Oh13]). Fiz an open neighborhood V.C T*L of of, C
T*L that is Jo-convex. Let H = {H(s)} be an engulfable isotopy with H(0) = 0
and H(1) = F. Then for any F € HS"9"Y (M; V),

Py (F51g) = pl*9(F; 1).

An immediate corollary of Proposition 10.1 and Theorem 10.2 is the equality
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Corollary 10.3. Let F be as in Proposition 10.1. Then
P (F; 10) = p!%(F @ 0;1).

11. LAGRANGIANIZATION OF SMOOTH HAMILTONIAN HOMOTOPY
The following is the main theorem of this section.

Theorem 11.1. Assume dim M = 2. Let H be a engulfable hamiltonian homotopy
of contractible topological Hamiltonian loop ¢ contained in P"™ (Sympeoy (M, w))
with U = M \ B that satisfies

H(0) = H(0,t,z) =0, H(l)=F.
Consider an approzimating sequence H; in P"*™(Sympy(M,w)) such that
H;(0,t,z) = H;(s,0,2) = 0. (11.1)

Put a density pa on A C M x M induced by the 2n-form i} (w™ @ 0) where ia :
A — M x M is the diagonal embedding. Then

lim Aﬁ@(m(q) pa =0, q=(q,9) (11.2)

1—+00
where H; = H; @0, i.e., H;(s,x) = H;(s,x) for x = (x,y).

Proof. In the beginning of the proof, we analyze the integral | A E& (1) pa in general
and so drop the subindex i from H; and do computations for arbitrary smooth H
associated to engulfable Hamiltonian H = H(s,t,x), which enables us to do com-
putations on a Darboux-Weinstein neighborhood Va of the diagonal A C M x M.
We do not assume the two dimensionality until at the last moment of the proof,
which we will mention when we need it. At the end, we will apply the computa-
tions to the given approximating sequence of topological hamiltonian homotopy of
contractible topological Hamiltonian loop.

Recall H = 0 on a neighborhood of B by definition of P"™(Sympy (M,w))
with U = M \ B. We denote by K = K(s,t,z) a s-Hamiltonian of the 2-parameter

family A = {q&}i(s)} with K(s,0,-) = 0: The latter choice is possible we have the
s-Hamiltonian flow s — gb?q(s) = id and so we can set K(s,0,-) = 0.
We first prove a few lemmata.

The following lemma immediately follows from the same calculation done in
[Oh5]. For readers’ convenience, we give its complete proof.

Lemma 11.2. K =0 on a neighborhood of B C M.

Proof. We recall the identity

0K OH

ot Os (K, H}.
Recall H(s,t,x) = 0 on a neighborhood of B because we assume that H is com-
pactly supported in U = M \ B by definition. From this, it follows %—If = 0 thereon.
Together with the initial condition K(s,0,-) = 0, this proves K(s,0,x) = 0 for all

z in a neighborhood of B. O

This in particular implies ¢x1 € Pr™(Sympy (M,w),id). Next we have the
following coincidence of the Calabi invariant.
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Lemma 11.3.
Caly(K') = Caly(H(1))
Proof. First note ¢}<1 = (;5}{(1). Denote by A(s,t) = H(S) the two-parameter family
associated to H. Then
A(0,t) =id = A(s,0)
by (11.1). Therefore the Hamiltonian path ¢ — ¢, m@y = A(1,1) is smoothly homo-

topic to the path s — ¢%, := A(s,1) relative to the ends and hence we have the
lemma by the smooth homotopy invariance of Caly: In fact, an explicit homotopy
T :[0,1]2 — Sympy (M, w) between them is given by the formula

T(s,t) = A(t, 14 2s(t—1)) for 0<s<1
C\A@(Gs—1/2)+2t(1—s),t)  for L<s<L
The map T satisfies
T(O,t) - A(t 1) Kl’ T(17t) — ¢tf1(1)7
T(S,O) = id, T(S,].) :A(lal) :¢}L](1) :QS%‘
and hence is the required homotopy relative to the ends. [l

Lemma 11.4. EH@ = EH(D,

Proof. We apply the first variation formula (3.2) to zg, (s) and zﬁ}l(l)(t) respectively,
and obtain

~d}~lﬂ<1 (v) = (O(¢i: (@), Tz (v))
dhip (v) = (831 (a)), Tdgr1) (v)

for any given v € TqA. Since ¢K1 = ¢H(1 we have proved dhKl = th(1 On the
other hand, for any pointq € Ag, H=0=K'ona neighborhood of q in 7 A and
so both zg, and zH(l) are constant. Therefore the values of both hKl and h]HI(l are
zero at such a point q € Ap. This finishes the proof. (]

Then we also have
g = hgr + Caly (K1) = hygy + Caly (H (1)) = hyqy

With this preparation, in our proof, we will use K! instead of H(1) in our proof.
This is because we will exploit the fact that the s-Hamiltonian flow of K is C°-
small for the approximating sequence of hamiltonian homotopy of (contractible)
topological Hamiltonian loop. Note that the t-Hamiltonian flow of H(1) will not be
small in general.

From now on we suppress the underline from K' = K' @& 0 and just denote K!
or K' assuming K' is already normalized. We first recall the definition

T (q) = A (24), q € oa

and 2. (s) = ¢ () = ¢y, (), which we remind the readers will let as C%-close

to the identity as we want later. Recalling the definitions }VLKI, we carefully analyze



44 YONG-GEUN OH

the integral

/A b (q) pa

I
S

P
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—
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>

/A </(zucél)*@_/()1K1(s,z§1(s))ds> PA. (11.3)

Using the normalization, the definition zg, (s) = ¢%,(q), and the symplectic prop-
erty of ¢3.1, the integral of the Hamiltonian term K! vanishes for each s € [0,1]
after interchanging the order of integration, and so does the whole double integral.

Now we apply the above discussion to the sequence of s-Hamiltonians K} of the
2-parameter families H; = H;(s,t, x) associated to the given hamiltonian homotopy
H and have reduced the proof of the theorem to the proof of

[(fetro) oo

as @ — oo. This then is a special case of the following general theorem below since
d(pg1,id) — 0, for which we assume two dimensionality in this paper.
This concludes the proof of Theorem 11.1. O

The remaining section will be occupied by the proof of the following theorem.

Remark 11.1. We would like to emphasize that this vanishing result is a conse-
quence of the interplay on the diagonal A = Aj; between the particular choice of
density pa on oa induced by i (w @ 0) and the particular form of the Hamiltonian
vector field Xg = Xg @ 0 on T*A. We do not expect this kind of vanishing result
to hold on a general cotangent bundle T* N for a general density p on the zero sec-
tion oy and for a general Hamiltonian vector field on T*N. Furthermore, because
this theorem also involves the Liouville one-form © on T*A which does not reside
in the original symplectic manifold (M,w), it is not clear, at least at the moment
of writing this paper, whether there is an interpretation of this theorem purely in
terms of the original Hamiltonian vector field X on M itself.

Theorem 11.5. Assume dim M = 2. Suppose G; : [0,1] x M — R be a sequence of
any engulfable Hamiltonian on M such that d(¢g,,id) — 0. Let VA be an associated
Darbouz- Weinstein neighborhood of the diagonal A C M x M with —dO = w® —w.
Let pa be a density given as in Theorem 11.1. We define the function G : [0, 1] x
M x M — R by G(s,x) = G(s,z) forx = (z,y). Then

i [ fearons=nm [ ([ (0r@). o600 @) ds) pa =0

Proof. In the beginning of the proof, we analyze the integral [, [(2g.)*© pa in
general and so drop the subindex i from G; and do calculations for arbitrary smooth
engulfable Hamiltonian G = G(s, z) and its associated G. The main consequences of
these calculations are Proposition 11.6, Lemma 11.7 and Proposition 11.10. At the
end, we will apply the calculations to the given sequence G; satisfying d(¢g, ,id) —
0.

For the proof, we first consider the standard Lagrangian suspension construction
associated to the s-Hamiltonian G, which is given by the map

U :[0,1] x M — T*A x T*[0, 1]
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defined by

V(s z) = (0g(2),2), 5, =G(t, ¢5(x))) = (9e(x), 5, =G(t, 9(x))) . (11.4)

We denote by pr : VA xT*[0, 1] — Va the projection to Va and m; : M x M — M
the i-th projection for ¢ = 1, 2. Then we denote

pr; = ; O pr.

It is well-known that the map ¥ defines a Lagrangian embedding of [0, 1] x M into
T*A x T*[0, 1] with respect to the symplectic form

pr*(—d®©) +ds A db
on Va x T*[0,1] C T*A x T*[0, 1].

Remark 11.2. Strictly speaking, we should also denote the second sum as the
pull-back of the form by the corresponding projection to 7*[0, 1]. This should not
cause any confusion, while we feel necessary to make everything clear for the first
summand pr*(—d©). We hope that this somewhat excessive cautious measure really
helps readers following the computations henceforth without confusion, which we
ourselves have experienced quite a bit. However this being already alerted, we will
omit the projections from notations, unless we feel absolutely necessary to avoid
possible confusion.

We note that the symplectic form can be also written as
pri(w @ —w) + ds A db
on Va x T*[0,1] regarding it as a subset of M x M x T*[0,1]. We denote
Q) =priw, Qo =priw
as a two-form on Va x T%*[0, 1], and then we have
pri(—dO®) =0y — Qs

on Va x T*[0,1].
‘We also note that

U*(pr*(w @ —w) + ds A db) = U (pr*(—dO©) +ds Adb) =0
since V¥ is a Lagrangian embedding. In other words,
U*(dbAds) = Upr*(—dO) = U*(Q1 — Q) (11.5)
on [0,1] x M and each restriction at each fixed time s
Ug=Wois: M —->VaCMxM; VUs(z)=w&),)
is a Lagrangian embedding for each s € [0, 1], where
is: M x M —{s} x M xM<—1[0,1]x M x M,
the obvious embedding. We denote its associated Lagrangian submanifold by
Ry =ImW¥ C Va x T*[0,1].

We consider the integral

/A ( / ' (0(65(a)). Xo(s, 65(@) dt> oA 116)
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and note pa is the measure induced by the form i} (w™ & 0) = i} (7). Recalling
the definition of pa, a straightforward computation shows

/ ( / ' (0(68(a))). Xo(s, 65(a) ds) o
A ( / (065 (a). Xo(s, 65(@) ds) A ()
- /R (000, Xo(s,))ds 1 O

where x = (z,y) and the last integral is the integration of 2n + 1-form
(O(x), Xg(s,x)) ds ANQT

(defined on VA x T*[0,1] C (M x M) x T*[0,1]) against the (2n 4 1)-dimensional
submanifold Ry C Va x T*[0, 1].

We decompose © = i’ + 1 where 7 is a section of A(7}TM) and 7 is that of
AY(m3T M) for the projections m; : M x M — M for i = 1, 2. To make the type
of n, n’ look conspicuous, we also denote n =04 n and ' =1’ & 0 in calculations
below, when we feel convenient. Then

(O(x), Xe(s,x)) ds AQT = (B(x), Xg(s,x)) ds A (w" @ 0)
= (XaJn')ds A (W™ @0)
= 7' A((ndG Ads A (W1 @0))
= nny AdG ANds ANQTTE

Here we use the vanishing n’ AQT = (7 ®&0)A(w"@0) = 0 for the second equality. We
would like to remark that we have been doing our calculations on M x M x T*[0, 1],
not restricted to Graph ¥ so far.

Therefore

(©(¢¢(a), Xc (s, o5(a))) ds A QY
= U ((0,Xg)ds AQY) =T*(n) AdbAds AQPTH). (11.7)

Then, exploiting the Lagrangian property (11.5), we derive

T AdbAds AQEY) = T A () — Q) AQTTY
= U (( AQY) —T* (i AQPTEAQ,)
= U (AT AQ,). (11.8)

Here we use the vanishing n’ A Q7 = 0 again.

We summarize the above calculations into the following crucial proposition,
whose validity strongly depends on our particular choice of density pa on A and
on the particular form of Hamiltonian vector field X¢g = Xg @ 0.

Proposition 11.6. Let G = G(t,x) be any engulfable Hamiltonian and G = G@0.
Denote by U the Lagrangian suspension of the Lagrangian isotopy ¥ : [0,1] X M —
Va x T*[0,1] defined as above, and let Ry = ImW¥ be the associated Lagrangian
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submanifold. Then

/ </(z(g)*®> pA = / T (= AT A Q)
A [0,1]x M
= / *T]/ A Q;L_l A Qg.
Ry

It remains to examine the contribution of this last integral (or equivalently the
next to the last). For this purpose, we need to study the structure of the Liouville
one-form O of the VA C T*A more closely in a Darboux neighborhood of each point
of (M,w). By choosing Darboux coordinates (q1,--* ,Gn,p1," - ,Pn) of (M,w) at
each given point = € M, we first examine the case of R?" with wy = Yo, dgi ANdp;.

Remark 11.3. Weinstein [W1] previously used such a uniform choice of Darboux
charts varying smoothly on the point of M and called such a family a Darboux
family. This is precisely what we use in the following discussion. In regard to
our considering engulfable Hamiltonians G, the pair of points (¢ (z),z) for all
s € [0,1] will be assumed to be contained in Va and the points ¢&(x) contained
in the given Darboux chart of x. This choice of family enable us to perform the
following calculations on R?", allowing a universal constant depending only on the
family. For readers’ convenience, we provide some systematic discussion on the
framework of Darboux family and its associated exponential map.

Now we fix a Darboux family ® = {(U,, ®,)}zecnr such that each chart (U, @)
is centered at z, ie., ®,(x) = 0 € R?". Then we fix the Darboux-Weinstein
neighborhood VA of A in M x M that we have been using so that

Vac |J Uy x{ytcMxMm (11.9)
yeM

and there exists some d¢ > 0 independent of y € M such that
Va D Uy x {y} D @, (B**(0s)) x {y} (11.10)

for all y € M for the given Darboux family ®. (See Appendix 13.1 for more
discussion on the Darboux family.) This is possible because ® is smooth and M is
compact. By construction, the diameter of ®,(U,) is not be bigger than

Lip(®,) - diam U,

where Lip(®,,) is the Lipschitz constant of the map ®, with respect to any given
compatible metric on (M,w) and the standard metric on R?". We then define
Cs = sup Lip(®,) < o0 (11.11)
yeM
whose finiteness follows from the smoothness of the family ® and compactness of
M. From now on, we will consider only the Va-engulfable family of Hamiltonians
for such VA and

- . 0
d d —
(d)G?Z ) < O<I>

so that d(®@, (6a(y)), @,(y)) = |9, (6a(y))| < 8 for ally. Here d(D, (66 (1)), &, (1))
is the distance and |®,(¢c(y))| is the norm with respect to the standard metric
)

R?". (Recall ®,(y) = 0.)



48 YONG-GEUN OH

We denote by (Q1,-++ ,Qn,P1, -+, P,) the canonical coordinates of the first
factor and by (q1,- -+ ,qn,p1,- - ,Pn) the one for the second of R?" x R?" so that

w® (—w) =Y _dQ; ANdP; = dg; Adp;.
i=1 i=1
In this coordinates, the diagonal is given by the condition
¢ =Qi,pi=F,i=1--,n

Therefore a canonical one form © of T*A satisfying —dO® = w @ (—w) and © =0
on A is given by

0= i((ﬁ —Qi)d (Pl—;pz) + (P —pi)d (Qi;%) :

i=1

Then we obtain

n

1 1
n o= Z 5(%‘ —Qi)dpi + i(Pi — pi)dy;

1 1
"= (¢ — Qi) dPi + S (P — pi)dQ;.
U ;2@ Qi) dP; + 5 (Pi — pi)dQ
And in this coordinates, we have G(s,x) = G(s, (@, ﬁ)) with @ = (Q1, - ,Qn),
P = (P1,--+,P,). In the presentation following, we will do not distinguish the
point z € M and its coordinates as in this expression.

11.1. Two dimensional case. To make the following calculations more transpar-

ent, let us consider the case n = 1, i.e., the case of two dimensional surface in this

paper. (The case of general dimension will be treated in [Oh14] in preparation.)
In this case, there is no summation and hence (11.8) becomes

\I/*(—’I]/ A\ Qg)

Therefore when n = 1, we have converted the integral (11.6) into

/ T (= A Q).
[0,1]x M

Recall Q9 = priw and

1

n = §(q— Q) dP + %(P—p)dQ

Now we consider the twisted projection prg = pry o ¥ : [0,1] x M — M defined
by

We note that the M-coordinate travels along the Hamiltonian trajectory Z(GQ’P) in

our notation, i.e., the one with its initial point given by (@, P). We also remark
that the point in Ry = Im ¥ for its (@, P)-coordinate given by zg"?’P)(s) has its
(¢, p)-coordinate fixed at

(¢,p) = (Q, P)
(Q.P)

which is nothing but the initial point of the trajectory zg
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Now we foliate [0, 1] x M into the union of space-time trajectories
UxM= ) Z(@QP)
(Q,P)eM
where the subset Z(Q, P) is defined by
2@.P) = J {(5::87)}.
s€[0,1]
We remark that this is the projection of the curve ¥ (g py : [0,1] = Ry of Ry given
by
. P P
Ui (s) = Woigr(s) = (227 (), (Q. P),s, ~Gls, 2 P(s))  (11.13)

where i(g py : [0,1] — [0,1] x M is the inclusion map i p)(s) = (s,(Q, P)). We
call the curve W (g p) the characteristic curve of Ry issued at (Q, P). Then we also
have the foliation of Ry into

R\I/ = U Im \I’(QJD).
(Q,P)eM

Denote by mas : [0,1] x M — M the projection. Then we transform the above
integral using the integration over the fiber, which is

/ 77],/\92:/ (WM)I\I/*(f’I]//\QQ).
Ry M

We note that the fiber of 7y, is nothing but the curve Z(Q, P) whose initial point
is given by the second projection (¢,p) = (@, P), which is fixed. The following
push-forward formula is standard. For reader’s convenience, we include its proof in

Appendix.
(A T (0 A Q) = (/ n,) w,
Viq.p)

The relevant push-forward formula for the high dimensional case and its applica-
tion to the proof below are more subtle and requires more sophisticated treatment
whose discussion we postpone in [Oh14].

This lemma now reduces the integral to

/RW ' A Qs = /M(mz)nlz*(—n’AQz) = /M (/W( . —77’) w. (11.14)

It remains to evaluate the line integral fW(Q . 7.

Lemma 11.7.

To properly relate our study of the above integral to the C°-closeness of G
or ¢ without involving derivatives in the final estimates, we proceed as follows.

Recall that the image (g, p) of the second projection is fixed along the characteristic

curve ¥ py at (q,p) = (Q, P) associated to each trajectory zéQ’P). We also recall

that we consider engulfable family satisfying (11.9) and so the image of the path
s zéQ’P)(s) is contained in the Darboux chart Ug py at (Q, P) in the given
Darboux family ®. In particular, we can connect its initial and final points by a

short line segment from the final point ¢ (Q, P) to the initial point (Q, P) and
close it up. We denote by K(GQ’P) the inverse image of the line segment under the



50 YONG-GEUN OH

chart ® (g py, and denote the loop obtained by concatenating zéQ’P) and Z(GQ’P) in

M by wéQ’P). By construction, the diameter of ® (g py o wéQ’P) C R?” is not be
bigger than

Lip(®(g,p)) - d(¢q,id) < Cod(¢q,id)
for all (Q, P) € M. We consider the family of (locally defined) one-forms on M

1
AUgp) = =5 (4= Q) dP + (P — p)dQ)
for each fixed (g, p). We note
da(q’p) = —w (11.15)

on a given Darboux chart at (g, p) for all (¢,p) € M.
Then the one-form (pro ¥)*s’ is nothing but a with substitutions of (Q, P) into
(¢,p) and ¢%(Q, P) into (Q, P). Therefore we derive

/
! :/ H@p) :/ “@.P) :/ aQ.P) —/ aQ.p)-
[I’@,m 2 2P wi?) GEal

(11.16)
We now evaluate each summand in this sum separately. We start with evaluating

the second term
/Z(Q’P) Q,pP)
G

where Cy > 0 is the constant giwven in (11.11), which depends only on (M,w) and
the Darbouz family ®.

Lemma 11.8.

< Cldeo (s, id)?

Proof. We parameterize E(GQ’P) by the standard linear interpolation
P _
(7)) = 03 p) (1= 5)2qp)(86(Q, P) + 50,7 (Q, P))
= 055 (1-9)20.n)(@6(Q.P)) -

Note that the speed of the curve ® g p) o K(GQ’P) is given by |® g, p) (¢4 (Q, P))| in
the flat metric. Moreover, we also have the upper bound of the norm of « at (Q, P

la@.p)|em <12Q.p)(@4(Q. P))
again in the flat metric. Therefore we obtain

1
/e a@.p)| < / 18,7 (05(Q, P))? dt < C3d().id)?
G

This finishes the proof. (I

To estimate the first integral of (11.16), we use the following lemma. This is a
key lemma, together with Lemma 11.8, in that converting the line integral into the
symplectic area and homology invariance of the symplectic area enables us to use
C%-smallness of the boundary curve in terms of the geometric area of the small disc
of radius not bigger than d(¢q,id). We would like to recall readers that the length
of a C°-small curve could have very large geometric length.

(Q,P
G

We first note that since w ) is (CY-small, it is contractible and so carries the

unique homotopy class of the bounding disc wéQP) : D> - M with 8¢éQ’P) =

w(GQ’P).
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Lemma 11.9. Let wéQ’P) be as above with 81/129’13) = w(GQ’P). Then

—a = w
/“J(GQ’P) @.P) /wécz.,m
In particular, we have

aQ,pP
/wg?*” (Q,P)

where DgQ’P) C ®0,p)(Uw,p)) C R? is the disc centered at (q,p) = (Q, P) with
radius Cad(¢q,id).

< Area D) = 1(Cod(d,id))>. (11.17)

Proof. Since (g, p) is fixed, we obtain
da(q’p) =—dQ NdP = —w.

Then by Stokes’ formula, we obtain

—Q = .
[ o= [

This proves the first equality.
For the inequality, we first note that Im z/JéQ’P) C DéQ’P) by definition of DéQ’P)

and the fact that dyg ( (¢,p), Im ’ <d G, td). en . ollows from the
d the fact that d Im ")) < d(¢q, id). Then (11.17) follows from th:

fact that the two form w has comass 1 with respect to the flat metric. O

Now combining Lemma 11.8 and 11.9, we have obtained the following proposi-
tion.

Proposition 11.10.

|/Z(Q,p) AQ,P)
G

Finally combining this with (11.14), we derive the following general inequality,
which is of independent interest:

/ (o A

Remark 11.4. Here we would like to emphasize that when we do integration along
the fiber, it is crucial to define pr, as

< (1 +m)C3(d(¢a,id))?.

< (1+m)C%d(¢g,id))? Area(M). (11.18)

prg =pr;o V¥,
especially using the first projection, not the second, by two reasons:
(1) It makes the corresponding coordinate of the second factor (g,p) become

constant.

(2) The projection zéQ’P)(s)

has the form

2677(s) = 05(Q. P)
which is the symplectic image of the point (Q, P).
Since we do not have any control of the derivative of ¢, for the approximating
sequence, the above whole setting-up is crucial in our proof in that the derivative

terms of the flow or the Hamiltonian do not appear in the inequality in Proposition
11.10.
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_ Finally, we apply the main inequality (11.18) to the given sequence G; with
d(¢g,,id) — 0 and completes the proof of Theorem 11.5 for the two dimensional
case. (]

12. HOMOTOPY INVARIANCE OF SPECTRAL INVARIANTS

We recall that the Hamiltonian spectral invariant p"*™(H;a) of the Hamiltonian
is unambiguously defined, whether H is normalized or not. To associate a spectral
invariant of the Hamiltonian path A = ¢, we recall that the spectral invariant of
the path X is defined to be

P (X a) = "™ (H; ).

as given in (1.19) for a = 1.

In this section, we prove Theorem 1.1 for an U-engulfable topological Hamil-
tonian loop ¢r hamiltonian homotopic to the constant identity path, where U =
U(VA). Denote by F the normalization of F. The main goal of this section is to
show p"*™(F;1) = 0. Here we continue our discussion starting at section 2.

We rewrite

P ES L) = ot (E 1o) 4 (p" O (E3 1) — o™ (F 1o))

as in section 2 and divide this section into two subsections containing the proofs of
PR (F;1p) = 0 and p"*™(F;1) — pha™(F; 1) = 0 respectively.

12.1. Vanishing of local invariant. As in the previous section, we fix a Darboux
neighborhood VA C VA C Ua and a cut-off function y : M x M — R so that y = 1
on Va and supp x C Ua. Consider the pull-back of the Hamiltonian H;(s,t,z) to
Ua C M x M under the first projection M x M — M. This itself is not supported
in Ua but we can multiply a cut-off function x of Un D oa and consider

H((s’t7 (Z‘,y)) = (X(H D O))(‘T7t7 (xvy)) = X(I’y)H(SvtaI) (121)

for any given Hamiltonian H on M.
By a slight abuse of notation, for the simplicity of notations, we denote

H(s,t, (z,y)) = (X(H @ 0))(z,t, (z,y)) = x(z,y) H(s, t,z). (12.2)

We would like to emphasize that the Hamiltonian deformations of qﬁfﬁli (S)(OA) and
their Hamiltonians are unchanged on the union

U ¢§ﬂi(s)(0A)
s€[0,1]

when we cut-off by multiplying x. Obviously ¢y, s) = id on a tubular neighborhood
of on, in T*Aif H;(s) = ¢(s,t) on B for a function ¢ = ¢(s,t) depending only on

(s,t).

Here we recall the equality

prt™ (Hs 1) = pt? (Hy 1) = p'*9 (H; 1)

from Corollary 10.3. Therefore this subsection will be devoted to the proof of
p'9(H; 1) = lim p'*9(H;1) =0 (12.3)
1— 00 -

whose proof entirely uses the study of Lagrangian spectral invariants developed in
sections 3-6 and section 11.
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The Hamiltonian H;(1) belongs to PCR e,y introduced in Definition 4.4 with
the constants

1
€; = —/ Ci(t) dt (12.4)
0
and satisfy
QS]%Iz(l) (OA) c 350%3 (OA7 T*A)
Furthermore since (supp A;) N B = 0, it follows
P, (s)(0a) N0A D oA,

for all s € [0,1], which is a requirement needed in Definition 4.4. Therefore Propo-
sition 4.5 gives rise to

pAPED(Li1) = po9(H,(1); 1), Li = 0 1y (0)
given in Definition 4.5 at the end of section 4. We also note
P (H;(1);1) = p'* (H;(1); 1) + Caly (H;(1)).

Since d(¢y, (4),id) — 0 as i — oo uniformly over s € [0, 1], we have

3 1 . —
llggo oscgo ((bHi(s),oA) =0

uniformly over s, where we recall the definition

—1
OSCCO(¢Ilmi(s)§ oA) = max {dH (¢>Ilmi(s)(0A),0A) ,du <(¢1%n,i(s)> (oa), 0A>}

from (1.26) applied to H = H;(1) and N = A.
Therefore Theorem 8.1, applied to the Hamiltonians H; (1), implies
Tim (p'*9(Hy(1); 1) — p'*9 (HL(1); [pt]*) = 0. (12.5)
1—00 - -

Now we improve this vanishing result to the following

Proposition 12.1. Assume dim M = 2. We have
lim p'9(H;(1);1) = 0.
71— 00 -

Or more succinctly,
P9 (H(1); 1) = 0.

Proof. We start with the following crucial lemma. This is the lemma that bridges
between the measure theory and the study of symplectic topology in a fundamental
way. A measure theoretic consideration involving our particular choice of density
pa and the measurable map (1) with its uniform C-convergence to the identity
(almost everywhere) enables us to reduce its proof to the vanishing result for the
sequence ﬁHi (Theorem 11.1). In this paper, we will restrict ourselves to the two
dimensional case.

We recall the definition (6.6) of the basic phase function for the topological
Hamiltonian in general.

Lemma 12.2. Assume dim M = 2. Consider the basic phase function Ju, (1) of
H,(1). Put a density pa as in Theorem 11.1 induced by the form w™ & 0. Then

/ fu@) pa = lim / fu, (1) pa = 0.
A 71— 00 A



54 YONG-GEUN OH

Proof. We first recall the vanishing result, Theorem 11.1, which is
Jim By, 1y (@) pa = 0. (12.6)

(We would like to note that unlike the case of fg, (1), E@ (1) may not converge for
any approximating sequence H; of a given topological Hamiltonian H, even in L.
Therefore the expression like hy(;) or il hg 1) pa will not make sense at all for the
limit topological Hamiltonian H(1).)

We derive fg,1) = faq) in C° from the convergence H; — H in L(1>)-topology
by Corollary 6.5. Therefore fg,(1) have the uniform bound

~EY(H) - % < fu,q) < E7(H) + % (12.7)

for all sufficiently large i’s.
We note that @21 is one-one but not onto M in general. With a slight abuse

of notation, we denote by (wﬁ(l)) ! the corresponding inverse map whose domain
is the subset
U((p&(l)) =Im i A
and whose image is the full domain A. Since d(¢Hi(1)§ id) — 0, oscoo (pm, Did, A) —
0 and so
d(2W id) — 0

(in the L™-sense on A). Since (1) is pr-measurable, this implies the weak
convergence (%)), po — pa of measure as i — oo, which is equivalent to the
convergence

-1
(90@(1))* (PA|U(W&(1>)) — PA

on A in weak topology of measures. (We would like to note that the push-forward

family (@ﬁ(l))_l

*

(pA\U(W%m)) is a sequence of measures defined on A.) In par-

ticular, we have
A (A \ U(<p@<1>)) 0. (12.8)

Here we denote by pA|U(<pE<1)) the restriction of the measure pa to U(pH(1).
Then combining these convergences with the boundedness (12.7) of fi, (1), we

derive
—1
hm/fH 1 pa = i]irgo/f&(l) w@(l))* (pA|U(¢%(1)))'

Now recalling the identity fi, 1) = hH H, (1) © P H.(1) from (6.8), we compute

/ fmy (¢ ) ' (PA|U(¢&(1>)>
— / (hH (1) © <pH (1)) ((p&ﬂ))j (PA|U(¢&<1>)>
B /(](¢W<1))hm(1) ('OMU(#J%”))

= /A h&u) PA — /A\U(ngi(l)) h@(l) (pA|A\U(LpH,;(1))) . (12.9)
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By (12.6), the first integral converges to 0 as i — co.

It remains to show the second integral also converges to 0. For this purpose, we
recall the definition of Ay, (1)

E@(l)(q) = / (Zi(l))*g - /01 @(1) (t7zﬁ(1)(t)) dt

and | H;| < 2||H]|| for all sufficiently large i’s since H; — H in L1*°). In particular

/Olm(l) (tzﬁ(l)(t)) dt’ < 2| H|

for all q € A, and hence

1
H; (1) (t,23 .. (t)) dtpa
/A\U(gpﬂi(l))/o ( Hy(1) )

< 2|H| pa (A \ U(ﬁﬂ)) = 92|l H| - vol,, (M \ m(U«p@(l)))) (12.10)

On the other hand, in 2 dimension, both Proposition 11.10 and the pushforward
formula in Lemma 11.7 apply to any Va-engulfable Hamiltonian and so to G =
H,(1). Therefore we obtain the upper bound

q *
~/A\U(<PH1?(1>)/(ZHi(1)) © (pMA\U(sﬂ(”))

/ / A
M\ (U (%)) \J ¥ (g, p)

< / / o | wn
M\m (U (™M) |/ 2 q,p)
= (L4 m)C3d(m, ), id)) vol (M \ m (U(M)))
< (14 m)C2 diam M vol,, (M\7r1 (U(@%l)))). (12.11)

Combining (12.10) and (12.11), we have obtained

/A\U(ﬂim) o 1) (pA|A\U(¢%1)))

< QIH| + (1+ m)CZ diam M) vol,, (M \ 7 (U(¢@<1>))) .

Since vol, (M \ 71 (U (™M) = pa(A\ U(eHM) — 0, this proves the second
integral of (12.9) also converges to 0.
This finishes the proof of Lemma 12.2. O

In particular, for any given € > 0 we have max fy, (1) > —¢ for all sufficiently

large i because

max fp, (1) > _ fu, (1) pPa-
B0 = vol(ps) Jo W

Since Theorem 7.1 implies p'®9(H;(1);1) > max fr,(1), we have obtained

P9 (Hi(1);1) > —e.
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Since this holds the case for any € > 0, we have obtained

Jim pl9(H,(1);1) >0 (12.12)
By replacing the role of \; and )\i_l in the above proof, we also derive

lim p'9 (H,(1); 1) > 0. (12.13)

71— 00 -

On the other hand we have the identity

Pl (Hy(1); 1) = —p'9 (H(1); [pt]*)
from (4.8) and so
Pl (H;(1);1) + p'*9 (Hi(1);1) — 0
by (12.5). Combined with (12.12), (12.13), this implies
lim p'*(H;(1);1) =0 = lim pl“g(IP/H—\(_l/); 1).

1—00 1—00

This finishes the proof of the proposition. (I

12.2. Vanishing of difference from global invariant. Here we recall that we
continue our discussion starting at section 2.
We denote F; = H;(1) = H;(1,t,z). By definition, we recall

Fi(s,z) = F(s,x) — W /M Fi(s,x)w™
and so
P (Br,; 1) = p(Ei 1) = p" (Fi; 1) + Caly (F). (12.14)
Similarly,

ham(F 10) = pzzam(F ) + CalU( )
We remind the readers that suppF; C U = M — B while its normalization F;

satisfies
Fi(s,x) = —/ Fi(s,z)w™ = —/ Fi(s,z)w"
o M U
on B. Since ||H(1) — Fj|| = 0, we have
0< 3 <P (Fi1) < B () = B (Hy(1) <1 (12.15)

for all sufficiently large i’s by (2.7) and Remark 2.1. Then using (12.14), we can
rewrite the difference for Fj in terms of that of F; itself, i.e., we have

Pl (Fis 1) — pp™ (Fis 1o) = p" ™ (Fy; 1) — pp™ (Fy; 1o). (12.16)

The rest of this subsection, until at the very latest, of the proof will concern the
functions F; which satisfies F; =0 on B.

We fix a normalized Morse function f : M — R such that
\df |0 < ﬁ, Crit f C Int B. (12.17)
In particular
n
fleo < £l < = s<1
and there exists a constant C/ = C'(B, f) > O depending only on B and f such
that

|df (z)| = ¢’
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for all z € X\ B. The following lemma is an important point in any application of
Ostrover’s trick (see [Os, EP, U, Sey] for example.)

Lemma 12.3. We have
Fix(¢p, 4 1) = Fix(¢F,0}) = Fix(¢}) (12.18)

for all sufficiently large i’s and all the periodic Hamiltonian trajectories associated
to the fized points of F;# f are constant.

Proof. Recall d(¢}, ,id) = E(qﬁ}{i(l), id) — 0 as i — co. In particular, we will have

!’

ok, id) < <

4
for all sufficiently large i’s. We also recall supp H; C U = M \ B. Now the proof is
similar to the proof of Lemma 8.3, which is even easier, and so omitted. O

Then using F; = 0 on B, Crit f C B and spectrality of p"™(F;#f;1), there
exist some p; € Crit f and a disc w; : (D?,0D?) — M with w;|sp> = p; such that

1
P ERFD) = Apgs(lepwi]) = / Wi — / Fdtf(tpy) dt

= /wi‘w — f(pi)- (12.19)
Since [p(f; 1), [p(f; )] < ||| = osc(f) and
P (Fy L) = pM (= fi1) < PR (EAES; L) < M (F L) + oM (f5 1)
and by the choice of f, we obtain

*
‘/wiw

< | EHL D+ IS [ (Fs D]+ 2] £

< Jphm(E1)] + [Caly (F)] + 21| ]
Yo om 3%,
=ttty sy

Therefore, by definition of ¥,,, we must have [w}w = 0. Then (12.19) is reduced
to

PP (Fi#fi1) = = f (i) (12.20)
On the other hand, by the triangle inequality and (12.20), we obtain

PP ESL) < PN EASL) 4 P (1) < —f(p) +IIf < 5 (1221)

For the term pZam(Fi; 1g), we use Proposition 10.1 to obtain
P (Fis 1g) = p'9(F; & 05 1). (12.22)

Then using the triangle inequality of p'®9 in Proposition 4.3, we obtain
Pl (F @ 0;1) > p " ((Fighf) @ 0:1) = p'*9(f @ 0 1).

The following lemma is another place where the fact that H; is an approximating
sequence of a hamiltonian homotopy H = H(s,t,x) of a topological Hamiltonian
loop A = ¢ with F' = H(1) enters in a crucial way.

Lemma 12.4.
P ((Fi#tf) @ 0;1) = p"9(f © 0;1)
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Proof. Consider the function s + p'®((H;(s)#f) @ 0;1) where H;(s)(s,z) =
H;(s,t,z) and H(1,t,2) = F;(s,x), H;(0,t,z) = 0. By the hypothesis, we have
H;(s) =0 on B and Crit f C B. And E(qb}qi(s),id) — 0 uniformly over s € [0, 1]
since H; is an approximating sequence H; = H;(s,t, z) of a homotopy of topological
Hamiltonian loop ¢ g (). Therefore we have Fix ¢11L1i(5)#f = Fix ¢} for all s € [0,1]
by the same proof as that of Lemma 12.3, which in turn implies

O, ()2 Heo(0a) NoA = Bgp(0a) Noa
in T*A for all s € [0,1] and the associated Hamiltonian chords are constant. This
implies

Spec((Hi(s)#f) ® 0; A) = Spec(f ® 0; A)
for all s € [0,1] and so p'®9((H;(s)#f)®0;1) € Spec(f@®0; A). (Recall (3.6) for the
definition of the Lagrangian action spectrum Spec(H; N) on general T*N.) Since

Spec(f @ 0; A) is nowhere dense (in fact is a finite set in this case) and independent
of s, the continuous function

s = P ((Hi(s)#) @ 0;1)
must be constant and hence
Pf @ 051) = p 9 ((H (1)) @ 031) = p*? (Figt f) @ 031).
(See [Os, U, Sey] for similar arguments.) This finishes the proof. O

Therefore we derive
PUF®01) > pI(F#f) @0;1) — p9(f @ 0;1)
= PU(f®01) = pl"(f D 0;1) = 0. (12.23)

Now we go back to the mean-normalized Hamiltonian F;. Combining (12.16),
(12.21) and (12.23), we obtain

C C
P (E 1) = py™ (Fis o) = " (Fis 1) = p™ (Fislo) < £ +0= 2. (12:24)

Substituting (12.24) and pl*™(F;; 19) — 0 into (12.15), we derive

C am am am am
0<§Sph (Fi;1) = (p"*™(F51) — pp™ (Fs;10)) + pi™ (Fi; 1) <

wl o

for all sufficiently large i’s, which is absurd.
This finishes the proof of Theorem 1.1. O

Finally we prove p"®™(\o;a) = p"*™(\i;a) for all a € QH*(M) when Ao and \;
are hamiltonian homotopic to each other.

Proof of Corollary 1.3. First note that if A is a topological Hamiltonian loop con-
tractible to the identity path, so is A~! and hence p"*™(A~1;1) = 0. Suppose that
Ao is hamiltonian-homotopic to A; relative to the ends. Then Ay 1\ is a topological
hamiltonian loop hamiltonian-homotopic to the identity and so p*™ (Mg "\ 1)=0
by Theorem 1.1.

Now we compare p"*™()\g;a) and p"*™(\;;a). By the triangle inequality,

P (Aza) = p" " (Nosa) < p" (A1 (Xo) 1) = 0.

By changing the roles of A\g, A1, we obtain the other inequality. This finishes the
proof. O
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13. APPENDIX

13.1. Darboux family and symplectic exponential map. We first recall the
notion of Darboux family from [W1] and interpret it as a symplectic version of the
exponential map (or rather its inverse) in Riemannian geometry. We provide our
explanation more than what we need for the main purpose of the present paper,
since we feel that they are natural continuations of the discussion and will be useful
for other future purpose. A similar discussion was also previously made in section
8.1 [OZ] for a different purpose in a less systematic way.
By Darboux theorem, there exists a chart

q’y = (Qh"' y4n, P10 7pn) : (Uyuw) — (R2n7w0)

centered at each point y € X, i.e., ®,(y) = 0 € R*" satisfying w = >, dg; A dp;.
By applying the parametric version thereof, we can obtain a smooth family of
Darboux charts {(U,, ®,)}zecnm parameterized by M.

The following notion was introduced and exploited by Weinstein [W1] in his
proof of Arnold’s conjecture for C°-small Hamiltonian diffeomorphisms.

Definition 13.1 (Darboux family). We call a smooth family {(U,, ®,)},enm of
Darboux charts a Darboux family.

Here the smoothness mentioned in the definition means that the map

o: JU, x{y} CMxM—-R"™xM
yeM
defined by ®(x,y) = (P,(x),y) is smooth.
We note that when @, is given, its derivative d,®, : (T, M, w(x)) — (R*", wy)
induces a a natural isomorphism as a symplectic vector space at each point x € U,,.
Therefore we have a collection of natural local symplectic trivializations of T'M

o, | J (TM|y,,w) = &, (U,) x R*".
zeUy

By combining them all, we define a map

Do: | |J (@M, w) x {y} € TM x M - R> x M
yeM xzeU,

by
Do((z,v),y) = (da®y(v),y). (13.1)

In particular, the collection of isomorphisms {d,®, : T,M — R*"},cs provides a
smooth choice of symplectic identification of the tangent space T, M with R?" at
each point of z € M.

We define a map

exp? =@, od, D, : (TuM,w,) = (Uy,w) C (M,w)

which we call the symplectic exponential map at x € M associated to the Darboux
family ®. We would like to note that the symplectic exponential map exp? is a
symplectic diffeomorphism onto its image, which is even better than the Riemannian
exponential map in that the latter is not an isometry and which reflects the fact
that all symplectic manifolds are locally isomorphic in same dimension.
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Similarly we can define the globalized symplectic exponential map
Exp?® : U (exp?)"HU,) € TM — U Upgx{z} CMxM
z€M zeM
defined by
Exp?®(z,v) = (exp® (z,v), z). (13.2)

We note that as in the ordinary exponential map Exp® maps the zero section of
TM to the diagonal A C M x M. By the assumption that each chart ®, in the
family is centered at y,

{0} xM ¢ | ®.(U) x {2} CR™ x M
rxeM

A c |J U x{z}cMxM.
rzeM

When M is compact, there exists some ¢ > 0 independent of x € M such that
®,(U,) D B>(6)
for all x € M.

Definition 13.2 (Symplectic injectivity radius). The injectivity radius of the Dar-
boux family @ is defined to be

inj,,(®) = inf sup{s >0 | B?"(8) C ©,(U,)}, (13.3)
r §
and the symplectic injectivity radius of (M, w) is
inj(M,w) = supinj,, (P). (13.4)
@

In particular when M is compact, we can choose a Darboux-Weinstein neigh-
borhood VA of A in M x M so that

Va C Usz{x}CMxM
reM

and ®,'(B*"(0)) x {y} C Va for all y € M for some sufficiently small 0 < § <
inj,, ().
13.2. Proof of Lemma 11.7. We first note that U*Qy = WU*priw by definition.
But we have pr, o ¥ = )/ since
pry o W(s, (¢,p)) = (¢;p) = mar(s, (¢, p))

for any point (s, (q,p)). Therefore

U Qg = mhyw. (13.5)
Note that (7)1 P* (7' A Q2) is a two-form on M and so we can write

(T W™ (n A Qo) = gw

for some function g : M — R. It remains to prove g(Q, P) = f\P(Q . n'. Let §(q.p)

be the Dirac delta current with support at (@, P). Since 7y is a submersion, the
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pull-back 7},6 is well-defined as a current which is supported on [0, 1] x {(Q, P)} C
[0,1] x M. Then using the definition of the push-forward, we evaluate

9(Q.P) = / $(gw) = [ 6 m ) )
= / 7'('7\/[(5\11*(7’]//\92) = / a0 () AT (Qs)
(0,1]x M [0,1]x M
- / w36 U (1) Ay ()
[0,1]x M

= / \Il*n’/\w}"w((;w):/ (mar ) (T*n Y NS w
[0,1]x M M

1
= (”(Q»P))!(‘I’*W/):/ ‘I’?Q,Pm'Z/ '
0 YQ.p)

where we use (13.5) for the fourth equality. We also use the identity ¥ (g py =
WU 0 i(q,py which is nothing but the characteristic curve (11.13) on Ry issued at
(Q, P). This finishes the proof.

13.3. Reparameterization. In this appendix, we recall the precise details of the
boundary flattening of Hamiltonians from [OM] and how the process suits well the
L(12°)_approximation. As emphasized in [OM], this approximation result fails to
hold in the stronger C° (or L>°) topology.

We first recall the following definition from [OM].

Definition 13.3 (Definition 3.19 [OM]). We call the norm
I€llnam = lI¢lico + (1<l

of a (smooth) function ¢ : [0, 1] — R the hamiltonian norm of the function ¢. Here
¢’ denotes the derivative of the function (. We say that two smooth functions
(1, ¢2:[0,1] — [0, 1] are hamiltonian-close to each other if the norm

¢ = Gllham = ¢ — Glleo + I€1 — &l
— a6 - G| + / L) — ¢yt dt

is small.

Recall that for a given Hamiltonian function H generating the Hamiltonian path
¢m, the reparameterized path ¢ — (bg{(t) is generated by the Hamiltonian function
H¢ defined by H¢(s,z) = ¢'(t)H({(t), ), where ¢’ again denotes the derivative of
the reparameterization function ¢ : [0, 1] — [0, 1]. The following lemma was proved
in [OM] whose proof we refer readers to Appendix 7.2 thereof.

Lemma 13.1 (Lemma 3.20 [OM]). Let H : [0,1] x M — R be a normalized smooth
Hamiltonian function, and let (1, (2 : [0,1] — [0, 1] be two smooth reparameteriza-
tion functions. Then

|H — HE|| < Cll¢1 = Gollhams (13.6)

where C' < 2max(|H||co, L) is a constant that depends only on the C°-norm

|H||co = max |H(s,x)| < o0
(s,x)

of H and a Lipschitz constant (in the time variable) L for H.
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