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Abstract. The group Hameo(M,ω) consisting of Hamiltonian homeomor-

phisms (or hameomorphisms) and the notion of topological Hamiltonian flows
are previously introduced by Müller and the author. In this paper, we intro-
duce the notion of hamiltonian homotopy of topological Hamiltonian paths.
We then prove that the Alexander isotopy of topological Hamiltonian loop is a

hamiltonian homotopy to the constant identity path. Combining this with the
homotopy invariance of spectral invariants of topological Hamiltonian paths,
whose proof is given in a sequel to this paper, we extend the well-known Cal-
abi homomorphism defined on the area preserving diffeomorphism group to

the subgroup Hameo(D2, ∂D2) of area-preserving homeomorphism group of
D2. As a corollary, we prove Hameo(D2, ∂D2) is a proper normal subgroup of
the group of compactly supported area preserving homeomorphisms in IntD2

and hence the latter group is not simple. We also prove the same properness

of Hameo(D2n, ∂D2n) in the group of symplectic homeomorphisms in high
dimension.
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1. Introduction and the main results

1.1. Simpleness question of HomeoΩ(D2, ∂D2). About 30 years ago, the alge-
braic structure of the groups of volume preserving diffeomorphisms [T], symplectic
diffeomorphisms [B], or measure preserving homeomorphisms [Fa1] were well stud-
ied thanks to the work of Thurston, Banyaga and Fathi respectively. There is one
case which has remained unsettled since then. This is the case of area preserving
homeomorphisms in dimension 2, especially for the cases of S2 or of (D2, ∂D2),
where the symplectic geometry and the area preserving geometry meet.

In [C], Calabi introduced the so called Calabi invariants on the group of sym-
plectic diffeomorphisms. When restricted to the two dimensional compact surface,
this symplectic construction meets the area preserving dynamical systems. Let
Σ be a closed oriented surface and Ω be an area form on Σ normalized so that∫
Σ
Ω = 1. Denote by DiffΩ0 (Σ) the group of smooth diffeomorphisms on Σ iso-

topic to the identity. When Σ has a boundary, we denote by DiffΩ0 (Σ, ∂Σ) those
that is assumed in addition to be the identity near ∂Σ.

When further restricted to the disc (D2,Ω) with the standard area form Ω on
D2 ⊂ C, the group DiffΩ0 (D2, ∂D2) is contractible. This enables one to define the
following type of Calabi invariants

Cal : DiffΩ0 (D2, ∂D2) → R

defined as follows: We normalize the area form Ω so that
∫
D2 Ω = 1. For given

ϕ ∈ DiffΩ0 (D2, ∂D2), we consider the integral

Cal(ϕ) =

∫ 1

0

∫
Σ

Ht Ω dt (1.1)

where H : [0, 1]×D2 → R is a smooth time-dependent Hamiltonian function whose
time-one map is ϕ. Then one proves that the right-hand side integral depends
only on the time-one map. Since Cal defines a nontrivial homomorphism, kerCal
is a proper normal subgroup of DiffΩ0 (D2, ∂D2) which immediately implies that
the latter group is not simple. But Banyaga proved that kerCal itself is simple.
We refer to [Fa1, GG1, GG2] for a different construction of Calabi homomorphism.
(On general closed surface Σ, there is another invariant, also called Calabi invariant
which has the form

CalH1 : DiffΩ0 (Σ) → H1(Σ,R)
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as studied in [C], [B]. Banyaga [B] proved that

ker(CalH1) ⊂ DiffΩ0 (Σ)

is a simple group. When restricted to S2, we have ker(CalH1) = DiffΩ0 (S2) which
implies that DiffΩ0 (S2) is simple.)

Our main interest in this paper is to study a topological analog to this lat-
ter simpleness question on the disc D2. We equip the group Homeo(D2, ∂D2) of
homeomorphisms with the standard C0-metric given by

d(ϕ, ψ) = max{dC0(ϕ, ψ), dC0(ϕ−1, ψ−1)}. (1.2)

We denote by
HomeoΩ0 (D

2, ∂D2)

the group of Ω-area preserving homeomorphisms isotopic to the identity by an
isotopy compactly supported in Int(D2).

The following question is commonly attributed to Mather [M3]. (see e.g., [Fa1],
section 7 [GG2]).

Question 1.1 (Mather). Is HomeoΩ0 (D
2, ∂D2) simple?

There have been a few construction of normal subgroups of HomeoΩ0 (D
2, ∂D2)

but attempts to prove properness of any of those subgroups have not been successful.
(See [Gh], [leR] for some examples.)

Quite recently, motivated by Eliashberg-Gromov’s C0-rigidity theorem [El], Müller
and the present author [OM] defined the group of symplectic homeomorphisms by
the C0-completion of Symp(M,ω) in Homeo(M). It is denoted by Sympeo(M,ω).
Then they constructed a normal subgroup Hameo(M,ω) of Sympeo(M,ω) exploit-
ing the techniques of Hofer’s geometry in symplectic topology [H].

The following theorem is an immediate consequence of a smoothing result of
area preserving homeomorphisms which seems to have been a folklore among the
experts. The detail of the proof is given in [Oh9], [Si].

Theorem 1.1 (Smoothing). We have

Sympeo(Σ, ω) = HomeoΩ(Σ).

for any symplectic form ω regarding it also as the area form Ω = ω.

Therefore the above mentioned conjecture in [OM] is equivalent to whether
Hameo(D2, ∂D2) is a proper subgroup of HomeoΩ(D2, ∂D2) and hence closely
related to Question 1.1.

1.2. Review of algebra of Hamiltonians. A time-dependent Hamilton’s equa-
tion on a symplectic manifold (M,ω) is the first order ordinary differential equation

ẋ = XH(t, x)

where the time-dependent vector field XH associated to a function H : R×M → R
is given by the defining equation

dHt = XHt⌋ω. (1.3)

Therefore if we consider functionsH that are C1,1 so that one can apply the existence
and uniqueness theorem of solutions of the above Hamilton’s equation, the flow
t 7→ ϕtH , an isotopy of diffeomorphisms, is uniquely determined by the Hamiltonian
H. We will always assume
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(1) the Hamiltonians are normalized by
∫
M
Ht dµ = 0 for the Liouville measure

dµ of (M,ω) if M is closed,
(2) and they are compactly supported in IntM if M is open.

We call such Hamiltonian functions normalized. Throughout the paper, we will
assume that the Hamiltonian is mean-normalized on closed (M,ω), unless otherwise
said explicitly.

We denote by C∞
m (M) the set of normalized smooth functions on M and by

P(C∞
m (M)) = C∞

m ([0, 1] ×M) the set of time-dependent normalized Hamiltonian
functions. We will also denote the Hamiltonian isotopy generated by H by

ϕH : t 7→ ϕtH .

Conversely if a smooth isotopy λ of Hamiltonian diffeomorphisms is given, we can
obtain the corresponding normalized Hamiltonian H by differentiating the isotopy
and then solving (1.3). Therefore in the smooth category this correspondence is
bijective. And it is a standard fact that the ‘inverse’ Hamiltonian H̄ defined by

H̄(t, x) = −H(t, ϕtH(x))

generates the flow ϕ−1
H . The Hamiltonian denoted by H̃ is defined by

H̃(t, x) = −H(1− t, x)

generates a flow

ϕH̃ : t 7→ ϕ1−t
H ◦ (ϕ1H)−1.

This flow also satisfies ϕ1
H̃

= (ϕ1H)−1 and is path-homotopic to the inverse flow ϕ−1
H

relative to the end point. (See Lemma 5.2 [Oh6] for its proof.) We will use both H̄

and H̃ to generate the inverse (ϕ1H)−1 depending on the circumstances. And the
‘product’ Hamiltonian H#F defined by

(H#F )(t, x) = H(t, x) + F (t, (ϕtH)−1(x))

generates the product flow t 7→ ϕtH ◦ ϕtF . Following [OM, Oh10], we denote by

Pham(Symp(M,ω), id)

the set of smooth Hamiltonian paths λ : [0, 1] → Symp(M,ω) with λ(0) = id, and
consider the map

Dev : Pham(Symp(M,ω), id) → C∞
m ([0, 1]×M,R) (1.4)

which is the assignment of the Hamiltonian associated to a Hamiltonian path. In
other words, we define Dev(λ) = H if λ = ϕH .

Hofer’s L(1,∞) norm of Hamiltonian diffeomorphisms is defined by

∥ϕ∥ = inf
H 7→ϕ

∥H∥

where H 7→ ϕ means that ϕ = ϕ1H is the time-one map of Hamilton’s equation
ẋ = XH(t, x) and the norm ∥H∥ is defined by

∥H∥ =

∫ 1

0

osc Ht dt =

∫ 1

0

(max
x

Ht −min
x
Ht) dt. (1.5)
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We would like to point out

Dev(ϕ−1
H ϕF ) = H̄#F = −H(t, ϕtH(x)) + F (t, ϕtH(x))

Dev(ϕHϕ
−1
F ) = H#F̄ = H(t, x)− F (t, ϕtF (ϕ

t
H)−1(x))

= −H̄(t, ϕtH̄(x)) + F̄ (t, ϕtH̄(x). (1.6)

Therefore we have the identity

∥Dev(ϕ−1
H ϕF )∥ = ∥F −H∥, ∥Dev(ϕHϕ

−1
F )∥ = ∥F̄ − H̄∥. (1.7)

Note that ∥F −H∥ ≠ ∥F̄ − H̄∥ in general.

1.3. Review of L(1,∞) topological Hamiltonian flows. In this section, we re-
call the construction of the group Hameo(M,ω) of Hamiltonian homeomorphisms,
succinctly called hameomorphisms, introduced in [OM].

We give the compact-open topology on Homeo(M), which is equivalent to the
metric topology induced by the metric

d(ϕ, ψ) = max{dC0(ϕ, ψ), dC0(ϕ−1, ψ−1)}

on a compact manifold M .
The following definition of the group of symplectic homeomorphisms is given in

[OM] which is motivated by Eliashberg-Gromov’s C0-symplectic rigidity theorem
[El].

Definition 1.2 (Symplectic homeomorphism group). Define Sympeo(M,ω) to be

Sympeo(M,ω) := Symp(M,ω)

the C0-closure of Symp(M,ω) inHomeo(M) and call Sympeo(M,ω) the symplectic
homeomorphism group.

Hofer’s norm (1.5) can be regarded as the Finsler length of the Hamiltonian
path ϕH and will be also denoted by leng(ϕH). For two given continuous paths
λ, µ : [a, b] → Homeo(M), we define their distance by

d(λ, µ) = max
t∈[a,b]

d(λ(t), µ(t)).

We equip Pham(Symp(M,ω), id) with the metric

dham(λ, µ) := d(λ, µ) + leng(λ−1µ)

where d is the C0 metric on P(Homeo(M), id). (See Proposition 3.10 [OM].)

Definition 1.3 (L(1,∞) topological Hamiltonian flow). A continuous map λ : R →
Homeo(M) is called a topological Hamiltonian flow if there exists a sequence of
smooth Hamiltonians Hi : R×M → R satisfying the following:

(1) ϕHi → λ locally uniformly on R×M .
(2) the sequence Hi is Cauchy in the L(1,∞)-topology and so has a limit H∞

lying in L(1,∞).

We call any such ϕHi or Hi an approximating sequence of λ. We call a continuous
path λ : [a, b] → Homeo(M) a topological Hamiltonian path if it satisfies the same
conditions with R replaced by [a, b], and the limit L(1,∞)-function H∞ called a
L(1,∞) topological Hamiltonian or just a topological Hamiltonian.
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We denote byHm([0, 1]×M,R) the set of (normalized) topological Hamiltonians.
It is not difficult to check (see [BS] for a proof) that there exists a natural

embedding

Hm([0, 1]×M,R) ↪→ L1([a, b], C0(M))

where L1([a, b], C0(M)) is the Banach space consisting of L1-functions with values in
C0(M). We would like to emphasize that Hm([0, 1]×M,R) is not a linear subspace
of the latter. From now on, we will simply call any element in Hm([0, 1]×M,R) a
continuous (time-dependent) Hamiltonian.

We denote by ev1 : Pham
[0,1] (Sympeo(M,ω), id) → Sympeo(M,ω), id) the evalua-

tion map defined by

ev1(λ) = λ(1).

By the uniqueness theorem of Buhovsky-Seyfaddini [BS], we can extend the map
Dev (1.4) to

Dev : Pham
[0,1] (Sympeo(M,ω), id) → Hm([0, 1]×M,R)

in an obvious way. Following the notation of [OM, Oh10], we denote the topological
Hamiltonian path λ = ϕH when Dev(λ) = H.

Definition 1.4 (Hamiltonian homeomorphism group). We define

Hameo(M,ω) = ev1(Pham
[0,1] (Sympeo(M,ω), id))

and call any element therein a Hamiltonian homeomorphisms

One basic theorem proved in [OM] is that Hameo(M,ω) forms a path-connected
normal subgroup of Sympeo(M,ω).

1.4. Statement of main results. The following is the main result of the present
paper, which resolves a conjecture stated in [OM].

Theorem 1.2 (Main Theorem). We equip D2 with the standard area form Ω = ω.
Denote by HomeoΩ(D2, ∂D2) the group of area preserving homeomorphisms of D2

with being identity near the boundary. Then Hameo(D2, ∂D2) is a non-trivial
proper normal subgroup of HomeoΩ(D2, ∂D2).

In fact, the scheme of our properness proof can be also applied to prove the same
properness in arbitrary dimensions whose proof we will include in Appendix.

Theorem 1.3. Equip D2n = D2n(1) ⊂ Cn with the standard symplectic form ω.
Then Hameo(D2n, ∂D2n) is a non-trivial proper normal subgroup of Sympeo(D2n, ∂D2n).

Non-simpleness of HomeoΩ(D2, ∂D2) is an immediate corollary of Main Theo-
rem. This in particular resolves Mather’s question negatively.

Theorem 1.4. The group HomeoΩ(D2, ∂D2) is not simple.

In the point of view of the study of deeper structure of area preserving dynamics
on D2, the following problem seems to be of much interest.

Question 1.5. Study the structure of the quotient group

HomeoΩ(D2, ∂D2)/Hameo(D2, ∂D2).

Our proof of Theorem 1.2 is based on the following extension of the Calabi
invariant to this group Hameo(D2, ∂D2).
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Theorem 1.5. There exists an extension of Cal to a homomorphism

Cal : Hameo(D2, ∂D2) → R

which is continuous with respect to hamiltonian topology.

We like to emphasize that Cal may not be extended to a homomorphism to the
whole group HomeoΩ(D2, ∂D2) of area preserving homeomorphisms. (See Corol-
lary 2.3 [GG1] which reads that Cal is not continuous in C0-topology.)

We will show that the above stated properness is due to the non-approximability
of the wild homeomorphisms by a sequence of Hamiltonian paths with tame be-
havior on their associated Hamiltonians: More precisely speaking, it holds that for
any sequence of smooth isotopies λi of area preserving diffeomorphisms on D2 such
that

(1) λi converges on [0, 1]×D2 in the C0-topology
(2) λi(1) converges to the given wild area preserving homeomorphism in the

C0-topology,

the sequence of the associated Hamiltonians Dev(λi) =: Hi cannot be pre-compact
in the L(1,∞)-topology. In other words, it must the case that either the Hofer
length leng(λi) blows up or the Hamiltonian Dev(λi) behave somewhat chaotically
as i→ ∞.

Existence of the homomorphism Cal : Hameo(D2, ∂D2) → R is crucial to prove
that this untame behavior of the Hamiltonians must occur for any choice of the
sequence of smoothing isotopies. In this sense, our non-simpleness result is due to
topological Hamiltonian dynamics advocated in [OM, Oh10]. This further indicates
existence of topological Hamiltonian dynamics, which helps one to understand the
true nature of the area preserving dynamics in two dimension. It would be in-
teresting to relate the topological Hamiltonian dynamics with the well-established
Aubry-Mather theory of area preserving dynamics in two dimension [AD], [M1, M2].

The following is the topological analog to Banyaga’s nonsimpleness theorem of
DiffΩ(D2, ∂D2), which also answers negatively to the question in Problem (4) of
p 211 [OM].

Corollary 1.6. kerCal is a proper normal subgroup of Hameo(D2, ∂D2) and hence
Hameo(D2, ∂D2) is not simple.

It is well-known (see Corollary 2.3 [GG1]) that

Cal : DiffΩ(D2, ∂D2) = Ham(D2, ∂D2) → R

is not continuous in C0 topology, although it is continuous in C∞ (or even C1)
topology.

Using this theorem, we apply a construction of infinite repetition which is remi-
niscent of those used in the geometric topology (see [Maz], [GG1] for example) and
construct an area preserving homeomorphism not contained in Hameo(D2, ∂D2).
This will finish the proof of Theorem 1.2 modulo the following vanishing result
whose proof is given in a sequel [Oh11] to this paper.

Theorem 1.7 ([Oh11]). Assume (M,ω) is rational. Let λ be a topological Hamil-
tonian loop hamiltonian homotopic to the identity via homotopy supported in U =
M \B where B is a closed ball in M and H be the corresponding topological Hamil-
tonian supported in M \B. Suppose that λ is hamiltonian homotopic to the identity
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path in Pham(SympeoU (M,ω), id). Consider its normalization H defined by

Ht(x) := Ht(x)−
1

volω(M)

∫
M

H(t, x)ωn.

Then ρ(H; 1) = 0.

We would like to note that S2 (or more generally CPn), which is the main
interest of this paper, is rational.

The proof of this theorem is the most fundamental ingredient and the step that
explicitly uses the hard symplectic method (in Gromov’s term [Gr]) in its proof. The
proof is based on the chain level Floer theory in full throttle both in the Lagrangian
context developed in [Oh1, Oh2] and in the Hamiltonian context developed in [Oh3,
Oh5, Oh6, Oh8], and has its own independent interest. For these reasons, we
isolate the proof of this theorem into a separate paper [Oh11]. By doing so, we
can completely avoid using the Floer theory in the main proof of the nonsimpleness
given in the current paper except the usage of some basic axiomatic properties of
spectral invariants ρ(ϕH ; 1) which we summarize in section 2.

Remark 1.6. In fact nonsimpleness of HomeoΩ(D2, ∂D2) is an immediate corol-
lary of Theorem 1.5 and its corollary above: IfHameo(D2, ∂D2) = HomeoΩ(D2, ∂D2),
then kerCal will provide a proper normal subgroup of HomeoΩ(D2, ∂D2). On the
other hand, if Hameo(D2, ∂D2) is a proper subset of HomeoΩ(D2, ∂D2), again we
conclude that HomeoΩ(D2, ∂D2) is not simple since we know Hameo(D2, ∂D2) is
a normal subgroup thereof. Theorem 1.5 proves a stronger theorem in that it rules
out the first possibility mentioned above.

Extension of Calabi homomorphism Cal
path

: Pham(Sympeo(D2, ∂D2), id) → R
exploits the natural embedding

i+ : Pham(Symp(D2, ∂D2), id) → Pham(Symp(S2), id) (1.8)

obtained via the embedding D2 ↪→ S2 as the upper hemisphere, and the Calabi
property of Entov-Polterovich’s spectral quasimorphism [EP1] in an essential way.

1.5. Outline of the proof of Main Theorem. In this subsection we provide the
chronological outline of the main ingredients established in this paper towards the
proof of non-simpleness of HomeoΩ(D2, ∂D2) assuming Theorem 1.7.

(1) We introduce the notion of hamiltonian homotopy of topological Hamilton-
ian paths.

(2) In a sequel [Oh11] to this paper, we prove Theorem 1.7 which in turn proves
that spectral invariant ρ(λ; 1) is preserved under the hamiltonian homotopy
of λ ∈ Pham(Sympeo(M,ω), id) with a suitable support condition spelled
out in Theorem 1.7 on any closed symplectic manifolds.

(3) Applying the smoothing theorem from [Oh9], [Si] of area preserving home-
omorphisms on two dimensional surfaces and using the uniqueness result of
topological Hamiltonian by Buhovsky-Seyfaddini [BS] (see also Viterbo [V]
for the L∞-context), we adapt Entov-Polterovich’s construction and define
a quasimorphism

µpath : Pham(Sympeo(S2), id) → R
on S2 that extends the one on Pham(Symp(S2), id) and has the Calabi
property in the sense of Entov-Polterovich [EP1].
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(4) Using the homotopy invariance of the invariant ρ(λ; 1), we obtain homotopy
invariance of µpath(λ).

(5) We establish the equality

µpath(λ) ≤ volω(M) ρ(λ; 1).

(6) Via the embedding i+ : Pham(Symp(D2, ∂D2), id) ↪→ Pham(Symp(S2), id)
we define the compactly supported analog of Pham(Sympeo(D2, ∂D2), id).

(7) Using the Calabi property of µpath and the canonical embedding, we rep-
resent the Calabi homomorphism

Cal
path

: Pham(Sympeo(D2, ∂D2), id) → R

defined in [Oh10] in terms of µpath ◦ i+, i.e., Calpath(λ) = µpath(i+(λ)).
(8) We prove that the Alexander isotopy of topological Hamiltonian loop in

Pham(Sympeo(D2, ∂D2), id) embedded into Pham(Sympeo(S2), id) via i+

is a contractible hamiltonian homotopy in our definition.

(9) These give rise to the vanishing result Cal
path

(λ) = 0 for any topological
Hamiltonian loop in Pham(Sympeo(D2, ∂D2), id). This implies that the
value of

Cal
path

: Pham(Sympeo(D2, ∂D2), id) → R

depends only on its final point and so descends to a homomorphism

Cal : Hameo(D2, ∂D2) → R

which extends the well-known Calabi homomorphism on DiffΩ(D2, ∂D2).
(10) Using this extension theorem to Hameo(D2, ∂D2) of the Calabi homomor-

phism, we prove that a compactly supported area preserving homeomor-
phism examined in [Oh10], which is constructed by an infinite repetition
construction, cannot lie in Hameo(D2, ∂D2).

(11) As a corollary, we prove thatHameo(D2, ∂D2) is a proper normal subgroup
of the group HomeoΩ(D2, ∂D2) of compactly supported area preserving
homeomorphisms in IntD2. Therefore HomeoΩ(D2, ∂D2) is not simple.

We thank A. Fathi for introducing to the author the idea of construction of in-
finite repetition in the homeomorphism category and pointing out that extending
Calabi homomorphisms to Hamiltonian homeomorphism group would be a key in-
gredient for the properness question during his visit of Korea Institute for Advanced
Study in the summer of 2005 [Fa2]. We are especially grateful to S. Seyfaddini for
showing us a counter example to the statement in the main theorem of the earlier
version of the paper [Oh11] which led the author to revisit the entire framework of
the the present paper and [Oh11].

We also thank S. Müller, M. Usher and D. McDuff for providing many useful
comments on the previous version of the present paper.

2. Review of spectral invariants ρ(λ; 1)

We define the Novikov covering space of the set Ω0(M) of contractible loops on
M by the set of equivalence classes [z, w] of the pairs (z, w) where z is one-periodic
orbit of the Hamilton equation ẋ = XH(t, x) and w : D2 →M a smooth map with
w|∂D2 = z: We say (z, w) ∼ (z, w′) if we have

c1(w#w
′) = 0 = ω(w#w′).
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We denote by Γ the deck transformation group of the covering Ω̃0(M) → Ω0(M)
which is isomorphic to

Γ =
π2(M)

ker c1 ∩ ker[w]
.

We denote by Λω the associated Novikov ring which is the (upward) completion of
the group ring Q[Γ]. We also denote by

Γω := ω(Γ) = ω(π2(M))

which we call the (spherical) period group of (M,ω). The action functional AH :

Ω̃0(M) → R is defined by

AH([z, w]) = −
∫
w∗ω −

∫ 1

0

H(t, z(t)) dt.

Note that [z, w] ∈ CritAH if and only if z satisfies ż = XH(t, z). We then define

Spec(H) = {AH([z, w]) | [z, w] ∈ CritAH}

Recall that Γω is either a discrete or a countable dense subgroup of R. The following
was proven in [Oh3].

Proposition 2.1. Let H be any periodic Hamiltonian. Spec(H) is a measure zero
subset of R for any H.

We note that when H = 0, we have

Spec(H) = Γω.

Definition 2.1. We say that two normalized Hamiltonians H and F are homotopic
if ϕ1H = ϕ1F and their associated Hamiltonian paths ϕH , ϕK ∈ P(Ham(M,ω), id)
are path-homotopic relative to the boundary. In this case we denote H ∼ F and

denote the set of equivalence classes by H̃am(M,ω).

The following lemma was proven in [Sc], (for the aspherical case) [Oh4] (for the
general case).

Proposition 2.2. Suppose that F, G are normalized. If F ∼ G, we have

Spec(F ) = Spec(G)

as a subset of R.

Assume that H is nondegenerate and [zi, wi] ∈ CritAH .

Definition 2.2. Consider a formal power series

α =
∞∑
i=1

ai[zi, wi], ai ∈ Q.

We define the support of α by

supp(α) = {[zi, wi] ∈ CritAH | ai ̸= 0}.

We say that α is a (Novikov) Floer chain if it satisfies the Novikov finiteness con-
dition that for any C ∈ R

#
(
suppα ∩ A−1

H ([C,∞))
)
<∞.
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We define the Floer chain module CF∗(H) to be the set of Floer chains of H.
CF∗(H) is a naturally an (infinite dimensional) Q-vector space and has the natural
structure of Λω-module.

Definition 2.3. The level of a Floer chain α, denoted by λH(α), is defined to be

λH(α) = max{AH([zi, wi]) | [zi, wi] ∈ suppα}.

The level function λH induces a natural R-filtration on CF∗(H) and so induces
a natural topology thereon.

Now for each given generic one-periodic J = {Jt}, we consider the perturbed
Cauchy-Riemann equation

∂u

∂τ
+ J

(
∂u

∂t
−XH(u)

)
= 0 (2.1)

and define a boundary map ∂(H,J) : CF∗(H) → CF∗−1(H) by studying the moduli
space of solutions of (2.1). Gromov-Floer compactness theorem implies that the
map ∂(H,J) is continuous with respect to the above mentioned topology. (For the

main purpose of this paper which deals with the case of S2, we will only need this
construction for the monotone case which was given in Floer’s original paper [Fl2].)

Definition 2.4. A Floer chain α is called a cycle if ∂(H,J)(α) = 0 and a boundary
if α = ∂(H,J)(β) for a Floer chain β. We say two Floer cycles α, α′ ∈ CF∗(H) are
homologous (with respect to J) if α− α′ = ∂(H,J)(β) for some β.

The associated homology is denoted by HF∗(H,J), called the Floer homology
of H whose isomorphism class does not depend on the choice of J . We call J
H-regular if the pair (J,H) satisfies all the necessary transversality holds for the
definition of Floer homology HF∗(H,J). For each given (homogeneous) quantum
cohomology class a ∈ QH∗(M), we denote by a♭ = a♭H ∈ HF∗(H, J) the image
under the isomorphism QH∗(M) → HF∗(H,J). We denote by

iλ : HFλ
∗ (H, J) → HF∗(H,J)

the canonical inclusion induced homomorphism.

Definition 2.5. Let H be a nondegenerate Hamiltonian, not necessarily normal-
ized. For any given 0 ̸= a ∈ QH∗(M), we consider Floer cycles α ∈ CF∗(H) of the
pair (H,J) representing a♭. Then we define

ρ((H,J); a) := inf
α;[α]=a♭

λH(α),

or equivalently

ρ((H, J); a) := inf{λ ∈ R | a♭ ∈ Im iλ ⊂ HF∗(H, J)}.

We will mostly use the first definition in our exposition, which is more intuitive
and flexible to use in practice. The following theorem was proved in [Oh5].

Theorem 2.3. Suppose that H is nondegenerate and let 0 ̸= a ∈ QH∗(M).

(1) We have ρ((H, J); a) > −∞ for any J .
(2) The definition of ρ((H,J); a) does not depend on the choice of J ’s. We

denote by ρ(H; a) the common value.
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We will be exclusively interested in the case of a = 1. Then we have the following
triangle inequality

ρ(H1#H2; 1) ≤ ρ(H1; 1) + ρ(H2; 1). (2.2)

and |ρ(H; 1)| ≤ ∥H∥. (See [Oh1], [Sc], [Oh5] for its proof.) From now on, we use
the one-one correspondence H ↔ ϕH for normalized Hamiltonian H and write

ρ(λ; 1) = ρ(ϕH ; 1) := ρ(H; 1), λ ∈ Pham(Symp(M,ω), id)

when λ = ϕH . (See [Oh5], [Oh7] for further details on the study of spectral invari-
ants.)

The following lemma turns out to be useful for the further discussion.

Lemma 2.4. We have

|ρ(λ1; 1)− ρ(λ2; 1)| ≤ max{ρ(λ−1
1 λ2; 1), ρ(λ

−1
2 λ1; 1)}

≤ max{∥H1 −H2∥, ∥H1 −H2∥} (2.3)

where Hi = Dev(λi) for i = 1, 2.

Proof. By the triangle inequality, we have

ρ(λ1; 1)− ρ(λ2; 1) ≤ ρ(λ1λ
−1
2 ; 1).

By switching H and F around, we also have

ρ(λ2; 1)− ρ(λ1; 1) ≤ ρ(λ2λ
−1
1 ; 1).

Combining the two, we obtain

−ρ(λ2λ−1
1 ; 1) ≤ ρ(λ1; 1)− ρ(λ2; 1) ≤ ρ(λ1λ

−1
2 ; 1)

which finishes the proof.
And the second follows from the first and the inequality |ρ(λ; 1)| ≤ ∥H∥. �

3. Flat family of Hamiltonians and hamiltonian homotopy

In this section, we introduce an important notion of hamiltonian homotopy. This
notion is a crucial ingredient in our proof which enables us to prove that the well-
known Alexander isotopy on the disc lives in the category of spectral Hamiltonian
flows.

Let (M,ω) be a general symplectic manifold. In this section, for the simplicity
of notations, we will always consider diffeomorphisms or homeomorphisms on M
supported in Int(M) if M has a boundary. We will denote by Sympeo(M,ω) the
set of symplectic homeomorphisms supported in Int(M) if M has a boundary.

To make our presentation most natural, we need to slightly generalize our spec-
tral function ρ1 to Hamiltonian paths λ issued at general element in Symp(M,ω).
Note that ρ1 is currently defined only on Pham(Symp(M,ω), id) i.e. for paths
issued at the identity.

Definition 3.1. A (smooth) Hamiltonian path λ : [0, 1] → Symp(M,ω) is a smooth
map

Λ : [0, 1]×M →M

if we can write

λ(t) = ϕtH ◦ λ(0), or equivalently, dHt ◦ λ(t) = λ̇(t) ⌋ω.
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We call such a function H : R×M → R a generating Hamiltonian of λ. We denote
by Pham(Symp(M,ω)) the set of Hamiltonian paths λ : [0, 1] → Symp(M,ω).
There is a natural evaluation maps

ev0, ev1 : Pham(Symp(M,ω)) → Symp(M,ω)

defined by evi(λ) = λ(i) for i = 0, 1.
If λ(0) := Λ(0, ·) : M → M is a Hamiltonian diffeomorphism in addition, and

therefore λ(t) = Λ(t, ·) is for all t ∈ [0, 1], we call it a Hamiltonian path lying in
Ham(M,ω). We denote by P(Ham(M,ω)) the set of Hamiltonian paths lying in
Ham(M,ω).

By definition, it follows

(ev0)
−1(Ham(M,ω)) = P(Ham(M,ω))

(ev0)
−1(id) = Pham(Symp(M,ω), id) = P(Ham(M,ω), id).

It is also easy to check that a concatenation of two Hamiltonian paths are Hamil-
tonian again as long as the paths are constant near the boundary.

Let Λ = Λ(s, t) : [0, 1]2 → Ham(M,ω) be a smooth two-parameter family of
Hamiltonian diffeomorphisms satisfying

Λ(s, 0) ≡ id. (3.1)

We denote by H = H(s, t, x) and F = F (s, t, x) be the Hamiltonian functions
satisfying

∂Λ

∂t
◦ Λ−1 = XH (3.2)

∂Λ

∂s
◦ Λ−1 = XF (3.3)

The following flatness lemma was proved in [P2], [Oh4] based on Banyaga’s
integrability condition

∂Xs,t

∂s
=
∂Ys,t
∂t

+ [Xs,t, Ys,t]

for the pair {Xs,t, Ys,t} of vector fields to integrate to a two-parameter family of
diffeomorphisms [B]. We refer readers to [Oh4] for the proof of this lemma.

Lemma 3.1. Let Λ and H, F be as above. Suppose that H satisfies one of the
following two normalization conditions : For all t, s ∈ [0, 1]2, we have

(1)
∫
M
Hs

t dµ = 0 or
(2) supp(Hs

t ) ⊂ Int(M).

Then we have
∂F

∂t
=
∂H

∂s
− {F,H}. (3.4)

We call this property of the pair (H,F ) flatness or integrability condition for the
pair.

We state the following converse to this lemma

Proposition 3.2. Let F, H : [0, 1]2 ×M → R be two-parameter family of smooth
functions satisfying (3.4). Then there exists a smooth family Λ : [0, 1]2 → Ham(M,ω)
that satisfies (3.2) and (3.3).
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Proof. We just integrate the Hamilton equation ẋ = XHs(t, x) with the initial
condition ϕ0Hs = id. We define Λ by

Λ(s, t) = ϕtHs .

A direct calculation of ∂Λ
∂s using the flatness of (H,F ) proves (3.3) whose proof we

omit. �

The following notion of hamiltonian homotopy of topological hamiltonian paths
is an important ingredient in our study.

Definition 3.2. Let λ0, λ1 ∈ Pham(Sympeo(M,ω), id). A hamiltonian homotopy
Λ : [0, 1]2 → Sympeo(M,ω) between λ0 and λ1 based at the identity is the map
such that

Λ(0, t) = λ0(t), Λ(1, t) = λ1(t), (3.5)

and Λ(s, 0) ≡ id for all t ∈ [0, 1], and arises as follows: there is a sequence of smooth
maps Λj : [0, 1]

2 → Ham(M,ω) that satisfy

(1) Λj(s, 0) = id,
(2) Λj → Λ in C0-topology
(3) Any ‘horizontal’ section Λj,s : {s} × [0, 1] → Ham(M,ω) converges in

hamiltonian topology in the following sense: If we write

Dev
(
Λj,sΛ

−1
j,0

)
=: Hj(s),

then Hj(s) converges in hamiltonian topology uniformly over s ∈ [0, 1]. We
call any such Λj an approximating sequence of Λ.

When λ0(1) = λ1(1) = ψ, a hamiltonian homotopy relative to the ends is one that
satisfies Λ(s, 0) = id, Λ(s, 1) = ψ for all s ∈ [0, 1] in addition.

We say that λ0, λ1 ∈ Pham(Sympeo(M,ω), id) are hamiltonian homotopic (resp.
relative to the ends), if there exists a hamiltonian homotopy (resp. a hamiltonian
homotopy relative to the ends).

We emphasize that by the requirement (3),

Hj(0) ≡ 0 (3.6)

in this definition, when Hj is mean-normalized.
We would like to emphasize that even when λ is a loop i.e., satisfies λ(0) = λ(1) =

id, its approximation sequence of smooth Hamiltonian paths are not necessarily
loops. This phenomenon is the heart of the difficulty lying in the study of topological
Hamiltonian loops.

It is easy to check that hamiltonian homotopy is an equivalence relation. We call
the equivalence class of a topological hamiltonian path λ a hamiltonian homotopy
class of the path λ (relative to the ends). A variation of the above definition can
be also applied to define a hamiltonian homotopy of ‘loops’ not necessarily based
at the identity

Definition 3.3. Consider two loops λ0, λ1 ∈ Pham(Sympeo(M,ω), id), i.e., maps
satisfying

λ0(0) = λ0(1) = λ1(0) = λ1(1) = id.

We say the λ0, λ1 are hamiltonian homotopic to each other, if there exists a
hamiltonian-continuous family Λ : [0, 1]2 → Sympeo(M,ω) such that

Λ(0, t) = λ0(t), Λ(1, t) = λ1(t) (3.7)
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and Λ(s, 0) = Λ(s, 1) = id for all s ∈ [0, 1]. We call such a Λ a hamiltonian
homotopy of loops between λ0 and λ1. We denote by

πham
1 (Hameo(M,ω), id)

the set of equivalence classes of topological hamiltonian loops of (M,ω).

It is easy to check that πham
1 (Hameo(M,ω), id) is a group. In fact we can prove

Proposition 3.3. The group πham
1 (Hameo(M,ω), id) is abelian.

Proof. Let λ, µ be topological hamiltonian loops based at the identity. Using the
group property, it is enough to prove

[λ][µ][λ]−1[µ]−1 = [λµλ−1µ−1] = id

in πham
1 (Hameo(M,ω), id). By definition, we need to construct a hamiltonian

continuous family Λ : [0, 1]2 → Hameo(M,ω) such that

Λ(0, t) = id, Λ(1, t) = λ(t)µ(t)λ(t)−1µ(t)−1.

In fact we claim that the family

s 7→ λ(st)µ(t)λ(st)−1µ(t)−1 =: Λ(s, t)

is such a family. Let H be the topological Hamiltonian associated to µ, i.e., µ = ϕH .
It follows Λ(s, 1) = λ(0)µ(1)λ(0)−1µ(1)−1 = id and so each Λ(s, ·) defines a loop.

Furthermore the horizontal section

t 7→ Λ(s, t)

is generated by the Hamiltonian

H(t, λ−1(st))−H(t, µ(t)λ(st)µ−1(t)λ(st)−1).

These and unraveling the definition of hamiltonian homotopy given in Definition
3.2 show that λµλ−1µ−1 is hamiltonian homotopic to the constant path id and so
[λµλ−1µ−1] = id. This finishes the proof. �

With this definition of hamiltonian homotopy, the following question is an im-
portant question to ask in relation to the simpleness question of the area-preserving
homeomorphism group of S2.

Question 3.4. Is any continuous hamiltonian loop on Hameo(S2) hamiltonian
homotopic either to the constant loop or to a loop of one-full rotation around an
axis? In particular, is πham

1 (Hameo(S2), id) ∼= Z2?.

4. Spectral Calabi quasimorphism on Pham(Sympeo(S2), id)

In this section, we will restrict to the case of S2 with the standard symplectic
form ωS2 with area 4π on it. Here we mostly borrow the materials presented in
[Oh10] with some additional twists.

Omitting the symplectic form ωS2 from their notations, we just denote the groups
of topological Hamiltonian paths and of Hamiltonian homeomorphisms on S2 re-
spectively by Pham(Sympeo(S2), id) and Hameo(S2).
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4.1. Smooth Hamiltonian case. We first recall some basic properties of ρ(·; 1)
essentially established by Entov and Polterovich [EP1]. The following important
fact can be derived from the arguments used in [EP1]. (See the proof of Theorem

3.1 [EP1] in the context of the covering space H̃am(S2) but its proof equally applies
to the context of the path space). For readers’ convenience, we will give its proof
in Appendix.

Lemma 4.1. There exists a constant R = R(S2) > 0 independent of H such that

ρ(ϕ−1
H ; 1) ≤ −ρ(ϕH ; 1) +R. (4.1)

In fact, we will show in Appendix that we can take R = 4π which is the area of
S2.

We prove the following quasimorphism property of λ 7→ ρ(λ; 1) on S2 using
Lemma 4.1, which is the path space version of Theorem 3.1 [EP1].

Proposition 4.2. Consider S2 with the standard symplectic form ωS2 on it. Let
H, F be smooth normalized Hamiltonians satisfying. Then the spectral invariant
ρ(·; 1) satisfies

|ρ(ϕHϕF ; 1)− (ρ(ϕH ; 1) + ρ(ϕF ; 1))| ≤ R (4.2)

for some constant R = R(S2) > 0 depending only on ωS2 but independent of H, F .
In particular, the map

ρ(·; 1) : Pham(Symp(S2), id) → R

defines a quasimorphism.

Proof. The inequality

ρ(ϕHϕF ; 1)− (ρ(ϕH ; 1) + ρ(ϕF ; 1)) ≤ 0

is nothing but the triangle inequality of ρ(·; 1).
By the triangle inequality, we also have

ρ(ϕHϕF ; 1) ≥ ρ(ϕH ; 1)− ρ(ϕ−1
F ; 1).

On the other hand, applying Lemma 4.1 we get

ρ(ϕHϕF ; 1) ≥ ρ(ϕH ; 1) + ρ(ϕH ; 1)−R. (4.3)

Combination of (4.2) and (4.3) finishes the proof. �

We refer to [GG2], [EP1], [Ca] for the general discussion on the basic properties
of the quasimorphism.

Based on this quasimorphism ρ(·; 1), Entov and Polterovich defined a homoge-

neous quasimorphism on the universal covering space H̃am(S2,Ω)

µ̃ : H̃am(S2,Ω) → R

by the formula

µ̃(ϕ̃) = vol(S2) lim
i→∞

ρ(ϕ̃m; 1)

m
. (4.4)

Obviously this definition of homogeneous quasimorphism can be lifted to the level
of Hamiltonian paths:
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Definition 4.1. We define a homogeneous quasimorphism

µpath : Pham(Symp(S2), id) → R

by the same formula

µpath(λ) = vol(S2) lim
i→∞

ρ(λm; 1)

m
. (4.5)

From its definition and from the triangle inequality of ρ(·; 1), we can prove

Lemma 4.3. We have

µpath(ϕH) ≤ vol(S2)ρ(ϕH ; 1) (4.6)

|µpath(ϕH)− µpath(ϕH′)| ≤ vol(S2)(∥H ′ −H∥+ ∥H ′ −H∥) (4.7)

Proof. The inequality (4.6) immediately follows from the triangle inequality of
ρ(·; 1). And (4.7) follows from an examination of the proof of Proposition 3.5
[EP1], where the inequality

|µ̃(ψ̃H)− µ̃(ψ̃H′)| ≤ vol(S2)

∫ 1

0

∥Ht −H ′
t∥C0 dt

is proved. �

Remark 4.2. The inequalities (4.6), (4.7) can be proved by the same argument for
µpath defined by the same formula as (4.5) on arbitrary closed symplectic manifold
(M,ω), whether or not it defines a quasimorphism.

The following proposition concerning the quasimorphism µpath were essentially
proved by Entov and Polterovich [EP1].

Proposition 4.4 (Compare with Proposition 3.3 [EP1]). Suppose that U ⊂ S2

that is displaceable, i.e., there exists ϕ ∈ Ham(S2) such that ϕ(U) ∩ U = ∅. Then
we have the identity

µpath(λ) = CalpathU (λ)

for all λ with

suppλ ⊂ U.

Entov and Polterovich called this property the Calabi property of a quasimor-

phism. We recall that CalpathU (λ) is defined by the integral

CalpathU (λ) =

∫ 1

0

∫
U

H(t, x)Ωω (4.8)

on open subset U of general (M,ω) when λ = ϕH . Here Ωω is the Liouville volume
form normalized so that

∫
M

Ωω = 1.

For any given open subset U ⊂ S2, we denote by

Pham(SympU (S
2), id)

the set of Hamiltonian paths supported in U .
An immediate corollary of the above two propositions is the following homomor-

phism property of µ restricted to Pham(SympU (S
2), id).
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Corollary 4.5. Suppose that U is an open subset of S2 such that U is displaceable
on S2 and let

λ1, λ2 ∈ Pham(SympU (S
2), id).

Then we have

µpath(λ1λ2) = µpath(λ1) + µpath(λ2).

4.2. Topological Hamiltonian case. Now we explain how we extend µpath to the
group Pham(Sympeo(M,ω), id) of L(1,∞)-topological hamiltonian paths following
the exposition of [Oh10] with slight modifications.

We first recall from [Oh10] the extension of spectral invariants to topological
Hamiltonian paths: For any topological Hamiltonian path λ, we define

ρ(λ; 1) = lim
i→∞

ρ(ϕHi ; 1) = lim
i→∞

ρ(Hi; 1)

for a (and so any) approximating sequence ϕHi of λ. By the uniqueness theorem
of [BS], this definition is well-defined.

Definition 4.3. Let λ ∈ Pham(Sympeo(M,ω), id). We define

µpath(λ) = lim
n→∞

1

n
ρ(λn; 1).

The following lemma immediately follows from (4.7).

Lemma 4.6. Let λ ∈ Pham(Sympeo(M,ω), id). Then

µpath(λ) = lim
i→∞

µpath(ϕHi)

for any approximating sequence ϕHi of λ.

Proof. Since ϕHi approximates λ ∈ Pham(Sympeo(M,ω), id),

∥Hi −H∥+ ∥Hi −H∥ → 0

as i → ∞, where H is the topological Hamiltonian such that λ = ϕH . Then we
apply (4.7) to Hi, Hj and taking the limit first as j → ∞ and then i→ ∞. �

Once these are established, we are ready to state the C0-analogue to the Calabi
property of µpath.

First we define the C0 analog to Pham(SympU (M,ω), id). The following defini-
tion is taken from Definition 6.2 [OM] to which we refer readers for more detailed
discussions

Definition 4.4. Let U ⊂M be an open subset. Define Pham(SympeoU (M,ω), id)
to be the union

Pham(SympeoU (M,ω), id) :=
∪

K⊂U

Pham(SympeoK(M,ω), id)

with the direct limit topology, where K ⊂ U is a compact subset.

We would like to emphasize that this set is not necessarily the same as the set
of λ ∈ Pham(Sympeo(M,ω), id) with compact suppλ ⊂ U .

With this definition, the following is an immediate consequence of the definition
of µpath and the Calabi property of µpath. This proposition was stated in [Oh10]
without details of a precise statement and its proof.



NONSIMPLENESS OF AREA PRESERVING HOMEOMORPHISM GROUP 19

Proposition 4.7. Suppose that U is displaceable. The function

µpath : Pham(SympeoU (M,ω), id) → R

is a quasimorphism which satisfies

µpath(λ) = CalU (λ) (4.9)

for any λ ∈ Pham(SympeoU (M,ω), id).

Proof. The quasimorphism property immediately follows from that of µpath by
taking the limit using Lemma 4.6.

Similarly (4.9) follows from the Calabi property of µpath by taking the limit using
the Definition 4.4. �

It is well-known that π1(Ham(S2)) ∼= Z2. This property is used in a crucial
way in [EP1] to descend µpath : Pham(Symp(S2), id) → R to a quasimorphism on
Ham(S2). The corresponding question for µpath : Pham(Sympeo(S2), id) → R is
of great importance whose detailed discussion is in order in the next section.

We strongly believe that the answer to Question 3.4 is affirmative, which would
prove that µpath descends to a Calabi quasimorphism on Hameo(S2). Then the
scheme of our proof in the present paper would also lead to properness ofHameo(S2)
inHomeoΩ(S2) as well as that ofHameo(D2, ∂D2) ⊂ HomeoΩ(D2, ∂D2) as pointed
out in Theorem 7.8 [Oh10]. Since we do not know the answer to this question at this
point, we will restrict ourselves to the disc case and take a different route of consider-
ing an extension of Calabi homomorphism onDiffΩ(D2, ∂D2) toHameo(D2, ∂D2)
instead.

5. Hamiltonian homotopy invariance of Cal
path

on D2

Now we prove a crucial ingredient that is needed in our proof of the theorem
in the next section that the Alexander isotopy on D2 exists on the topological
hamiltonian category. Here the homotopy invariance of spectral invariants ρ(λ; 1)
under the topological hamiltonian homotopy of λ which can be easily derived from
Theorem 1.7 plays an essential role in this extension.

Denote by Pham(Symp(D2, ∂D2); id) the group of Hamiltonian paths compactly
supported in Int(D2), i.e., ∪

t∈[0,1]

suppHt ⊂ Int(D2).

We denote by Pham(Sympeo(D2, ∂D2), id) the L(1,∞) hamiltonian completion of
Pham(Symp(D2, ∂D2); id).

We now fix the standard embedding of D2 → S2 as the upper hemisphere S+.
The given identification of D2 as S+ we can embed

i+ : Pham(Symp(D2, ∂D2); id) ↪→ Pham(Symp(S2); id)

by extending any element ϕH ∈ Pham(Symp(D2, ∂D2); id) to the one that is iden-
tity on the lower hemisphere by setting H ≡ 0 on S−.

We recall the extended Calabi homomorphism defined in [Oh10] whose well-
definedness follows from the uniqueness theorem from [BS].
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Definition 5.1. Let λ ∈ Pham(Symp(D2, ∂D2), id) and H be its compactly sup-
ported Hamiltonian. We define

Cal
path

D2 (λ) := Cal
path

(H).

It is immediate to check that this defines a homomorphism.
The following is a crucial proposition.

Proposition 5.1. Let Cal
path

: Pham(Sympeo(D2, ∂D2), id) → R be the above

extension of the Calabi homomorphism Calpath. Suppose that λ0(1) = λ1(1) and
i+(λ0) is hamiltonian homotopic to i+(λ1) relative to the end in Pham(Symp(S2), id).
Then we have

Cal
path

(λ0) = Cal
path

(λ1) (5.1)

Proof. By the homomorphism property of Cal
path

, it is enough to prove Cal
path

(λ) =
0 for an contractible topological hamiltonian loop λ ∈ Pham(Sympeo(D2, ∂D2), id).
Let Λ be a hamiltonian homotopy contracting λ to the identity path in

Pham(Sympeo(D2, ∂D2), id).

By definition, there is some η > 0 such that

suppΛ ⊂ D2(1− η)

Then the map i+(Λ) provides a contractible hamiltonian homotopy of i+(λ) lying
in Pham(SympeoU (S

2), id) where U = i+(D2(1 − η)) which is displaceable in S2.
By an abuse of notation, we just denote by λ = i+(λ) on S2.

Then by the Calabi property of µpath we have

µpath(λ) = Cal
path

(λ),

µpath(λ−1) = Cal
path

(λ−1) = −Cal
path

(λ)

and hence µpath(λ−1) = −µpath(λ). From (4.6),

µpath(λ) ≤ volω(S
2)ρ(λ; 1),

µpath(λ−1) ≤ volω(S
2)ρ(λ−1; 1).

By combining the two, we have obtained

− volω(S
2)ρ(λ−1; 1) ≤ Cal

path
(λ) ≤ volω(S

2)ρ(λ; 1).

Since both λ and λ−1 hamiltonian homotopic to the constant identity path in
Pham(SympeoS+(S

2), id), we obtain ρ(λ; 1) = 0 = ρ(λ−1; 1) by Theorem 1.7.

Therefore µpath(λ) = Cal
path

D2 (λ) = 0 which finishes the proof. �

6. Alexander isotopy of loops in Pham(Sympeo(D2, ∂D2), id)

For the description of Alexander isotopy, we need to consider the conjugate
action of rescaling maps of D2

Ra : D2(1) → D2(a) ⊂ D2(1)

for 0 < a < 1 on Hameo(D2, ∂D2), where D2(a) is the disc of radius a with its
center at the origin. We note that Ra is a conformally symplectic map and so
its conjugate action maps a symplectic map to a symplectic map whenever it is
defined.
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Furthermore the right composition by Ra defines a map

ϕ 7→ ϕ ◦R−1
a ; Hameo(D2(a), ∂D2(a);R∗

aω0) → Hameo(D2, ∂D2)

and then the left composition by Ra followed by extension to the identity on D2 \
D2(a) defines a map

Hameo(D2, ∂D2) → Hameo(D2(a), ∂D2(a);R∗
aω0) → Hameo(D2, ∂D2).

We have the following important formula for the behavior of Calabi invariants under
the Alexander isotopy.

Lemma 6.1. Let λ ∈ Pham(Sympeo(D2, ∂D2), id) be a given a continuous Hamil-
tonian path on D2. Suppose suppλ ⊂ D2(1 − η) for a sufficiently small η > 0.
Consider the one-parameter family of maps λa defined by

λa(t, x) =

{
aλ(t, xa ) for |x| ≤ a(1− η)

x otherwise

for 0 < a ≤ 1. Then λa is also a topological Hamiltonian path on D2 and satisfies

Cal
path

(λa) = a4Cal
path

(λ). (6.1)

Proof. Let H be the unique compactly supported continuous Hamiltonian of λ. A
straightforward calculation proves that λa is generated by the (unique) compactly
supported continuous Hamiltonian Ha defined by

Ha(t, x) =

{
a2H

(
t, xa

)
for |x| ≤ a(1− η)

0 otherwise.
(6.2)

Obviously the right hand side function is the hamiltonian-limit of Dev(λi,a) for a
sequence λi of smooth hamiltonian approximation of λ where λi,a is defined by the
same formula for λi.

From these, we derive the formula

Cal
path

D2 (λa) = lim
i→∞

CalpathD2 (λi,a) = lim
i→∞

a4 CalpathD2 (λi)

= a4 lim
i→∞

∫ 1

0

∫
D2

Hi(t, y)Ω ∧ dt

= a4 lim
i→∞

Calpath(λi) = a4Cal
path

(λ).

This proves (6.1). �

We would like to emphasize that the s-Hamiltonian FΛ of Λ(s, t) = λts does
not converge in L(1,∞)-topology and so we cannot define its hamiltonian limit.
Explanation of this relationship is now in order in the following remark.

Remark 6.1. Let D2n ⊂ R2n be the unit ball. Consider a smooth Hamiltonian H
with suppϕH ⊂ IntD2n ⊂ R2n and its Alexander isotopy

Λ(s, t) = ϕtHs = λs(t), λ = ϕH

Denote by HΛ and KΛ the t-Hamiltonian and the s-Hamiltonian respectively. Then
the right hand side of (3.4) for this Λ can be re-written as

∂

∂s
(H ◦ ϕtHs) ◦ (ϕtHs)−1
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and hence

∂K

∂t
=

∂

∂s
(H ◦ ϕtHs) ◦ (ϕtHs)−1. (6.3)

But we compute

Ht ◦ ϕtHs(x) = s2Ht

(
ϕtHs(x)

s

)
= s2H

(
t,
ϕtHs(x)

s

)(
= −s2H̄

(
t,
x

s

))
.

Therefore we derive

K(s, t, x) = 2s

∫ t

0

H
(
u,
x

s

)
du+s

∫ t

0

⟨(
dH

(
u,

(ϕuHs)−1(x)

s

))
, (ϕuHs)−1(x)

⟩
du.

(6.4)
For the second summand, we use the identity H(t, x) = −H(t, ϕtH(x)). From this
expression, we note that K involves differentiating the Hamiltonian Hi and hence
goes out of the L(1,∞) hamiltonian category.

Theorem 6.2. Let λ be a loop in Pham(Sympeo(D2, ∂D2), id). Define Λ : [0, 1]2 →
Sympeo(D2, ∂D2) by

Λ(s, t) = λs(t), λ0 = id.

Then Λ is a hamiltonian homotopy between the constant path id and λ.

Proof. We have λ ∈ Pham(Sympeo(D2, ∂D2), id) with λ(0) = λ(1). Then λs de-
fines a loop contained in Pham(Sympeo(D2, ∂D2), id) for each 0 ≤ s ≤ 1. Let Hi

be such that ϕHi converges to λ in L(1,∞) continuous Hamiltonian topology.
We denote by Λs and Λt the paths defined by

Λs(t) = Λ(s, t), Λt(s) = Λ(s, t).

For a given approximating sequence Λi, we fix a sequence εi ↘ 0 and define

Λi,εi := Λi(χi(s), t)

where χi : [0, 1] → [εi, 1] is a monotonically increasing surjective function with
χi(t) = εi near t = 0, χi(1) = 1 near t = 1, and χi → id[0,1] in the hamiltonian
norm. We need do show that the sequence Λi,εi is smooth and uniformly converges
in hamiltonian topology as i → ∞ over s ∈ [0, 1] and Λt

i,εi
(1) → λ(t). Smoothness

follows since the Alexander isotopy is smooth as long as s > 0 and by definition Λi,εi

involves the Alexander isotopy for s ≥ εi > 0. Then the convergence immediately
follows from the explicit expression of λa in Lemma 6.1. �
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id
t=0

t=1

s=0
s=1

s=a
s=b

(a,t)

Figure 1: The hamiltonian homotopy Λ(s, t)

Corollary 6.3. If λ0, λ1 ∈ Pham(Sympeo(D2, ∂D2), id) and λ0(1) = λ1(1), then
they are hamiltonian homotopic relative to the end.

Proof. Theorem 6.2 implies that the Alexander isotopy is a hamiltonian homotopy
contracting any topological Hamiltonian loop in Pham(Sympeo(D2, ∂D2), id) to the
identity with ends points fixed. This proves that the product loop λ0λ

−1
1 , which

is based at the identity, is contractible via a hamiltonian homotopy relative to the
ends. Then this implies that λ0 and λ1 are hamiltonian homotopic to each other
relative to the ends. �

An immediate corollary Proposition 5.1 and Corollary 6.3 is the following

Theorem 6.4. If λ0, λ1 ∈ Pham(Sympeo(D2, ∂D2), id) and λ0(1) = λ1(1), then
we have

Cal
path

(λ0) = Cal
path

(λ1).

This theorem implies that Cal
path

restricted to Pham(Sympeo(D2, ∂D2), id) de-
pends only on the final point and so gives rise to the following main theorem on
the extension of Calabi homomorphism.

Theorem 6.5. Define a map Cal : Hameo(D2, ∂D2) → R by

Cal(g) := Cal
path

(λ)

for a (and so any) λ ∈ Pham(Sympeo(D2, ∂D2), id) with g = λ(1). Then this is
well-defined and extends the Calabi homomorphism

Cal : Hameo(D2, ∂D2) → R.

7. A wild area preserving homeomorphism on D2

In this section, we describe an example of a compactly supported area preserv-
ing homeomorphism in Sympeo(D2, ∂D2) = HomeoΩ(D2, ∂D2) not contained in
Hameo(D2, ∂D2). Then this implies that Hameo(D2, ∂D2) is a proper normal
subgroup of HomeoΩ(D2, ∂D2).

This being said, we will focus on construction of an example of a wild area-
preserving homeomorphism on D2, which we borrow the one presented in [Oh10]
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with some minor correction and clarification of details for readers’ convenience. We
originally learned from A. Fathi [Fa2] the idea of construction of such a wild area
preserving homeomorphism.

Example 7.1. With the above preparations, we consider the set of dyadic numbers
1
2k

for k = 0, · · · . Let (r, θ) be polar coordinates on D2. Then the standard area
form is given by

ω = r dr ∧ dθ.
Consider maps ϕk : D2 → D2 of the form given by

ϕk = ϕρk
: (r, θ) → (r, θ + ρk(r))

where ρk : (0, 1] → [0,∞) is a smooth function supported in (0, 1). It follows ϕρk

is an area preserving map generated by an autonomous Hamiltonian given by

Fϕk
(r, θ) = −

∫ r

1

sρk(s) ds.

Therefore its Calabi invariant becomes

Cal(ϕk) = −
∫
D2

(∫ r

1

sρk(s) ds

)
r dr dθ = π

∫ 1

0

r3ρk(r) dt. (7.1)

We now choose ρk inductively in the following way:

(1) Cal(ϕ1) = 1.
(2) ρk has support in 1

2k
< r < 1

2k−1

(3) For each k = 1, · · · , we have

ρk(r) = 24ρk−1(2r) (7.2)

for r ∈ ( 1
2k
, 1
2k−1 ).

Since ϕk’s have disjoint supports by construction, we can freely compose without
concerning about the order of compositions. It follows that the infinite product

Π∞
k=0ϕk

is well-defined and defines a continuous map that is smooth except at the origin
at which ϕρ is continuous but not differentiable : This infinite product can also be
written as the homeomorphism having its values given by ϕρ(0) = 0 and

ϕρ(r, θ) = (r, θ + ρ(r))

where the smooth function ρ : (0, 1] → R is defined by

ρ(r) = ρk(r) for [ 1
2k
, 1
2k−1 ], k = 1, 2, · · · .

It is easy to check that ϕρ is smooth D2 \ {0} and is a continuous map, even at
0, which coincides with the above infinite product. Obviously the map ϕ−ρ is the
inverse of ϕρ which shows that it is a homeomorphism. Furthermore we have

ϕ∗ρ(r dr ∧ dθ) = r dr ∧ dθ on D2 \ {0}

which implies that ϕρ is indeed area preserving.

The following lemma motivates our construction of the above sequence ϕk which
will play an important role in our proof of Theorem 7.3.
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Lemma 7.1. Let ϕk the diffeomorphisms given in Example 7.1. We have the
identity

R 1
2
◦ ϕ2

4

k−1 ◦R−1
1
2

= ϕk. (7.3)

In particular, we have
Cal(ϕk) = Cal(ϕk−1). (7.4)

Proof. Using (7.2), we compute

R 1
2
◦ ϕk−1 ◦R−1

1
2

(r, θ) = (r, θ + ρk−1(2r)) =

(
r, θ +

1

24
ρk(r)

)
where the second identity follows from (7.2). Iterating this identity 24 times, we
obtain (7.3) from (7.2). The equality (7.4) follows from this and (6.1). �

An immediate corollary of this lemma and (7.2) is the following

Corollary 7.2. We have
Cal(ϕk) = 1.

for all k = 1, · · ·

Now we are ready to give the proof of the following theorem.

Theorem 7.3. ϕρ cannot be contained in Hameo(D2, ∂D2).

Proof. Suppose to the contrary that ϕρ ∈ Hameo(D2, ∂D2), i.e., there exists a
path λ ∈ Pham(Sympeo(D2, ∂D2), id) with λ(1) = ϕρ.

Then its Calabi invariant has a finite value which we denote

Cal(ϕρ) = Cal
path

(λ) = C1 (7.5)

for some C1 ∈ R.
Writing ϕρ = ψN ψ̃N where

ψN = ΠN
i=1ϕi

ψ̃N = Π∞
i=N+1ϕi,

for N = 1, we derive

C1 = Cal(ψ1) + Cal(ψ̃1)

from the homomorphism property of Cal. Here we note that ψN is smooth and so
obviously lies in Hameo(D2, ∂D2). Therefore it follows from the group property of

Hameo(D2, ∂D2) that ψ̃N lies in Hameo(D2, ∂D2) if ϕρ does so. We also derive

Cal(ψ1) = Cal(ϕ1) = 1

from Corollary 7.2, and hence

Cal(ψ̃1) = C1 − 1. (7.6)

On the other hand, applying (7.3) iteratively to the infinite product

ψ̃1 =
∞∏
i=2

ϕi,

we show that ψ̃1 satisfies the identity

ψ̃1(r, θ) =

{
R 1

2
◦ ϕ24ρ ◦R−1

1
2

(r, θ) for 0 < r ≤ 1
2

(r, θ) for 1
2 ≤ r ≤ 1.

(7.7)
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In particular, we have

ψ̃1 = ev1((λ
24)1/2). (7.8)

This property, Lemma 6.1 applied for a = 1/2 and the homomorphism property of

Cal
path

give rise to

Cal(ψ̃1) = Cal
path

((λ2
4

)1/2) =

(
1

2

)4

Cal
path

(λ2
4

)

=

(
1

2

)4

24Cal
path

(λ) = Cal
path

(λ) = C1 (7.9)

It is manifest that (7.6) and (7.9) contradict to each other. This finishes the proof.
�

8. Appendix

8.1. Proof of Lemma 4.1. Next we prove Lemma 4.1 which was postponed until
this section. Let H be a smooth Hamiltonian. Since ρ(ϕH ; 1) depends only on the

homotopy class of ϕH , we will work with its homotopy class [ϕH ] ∈ H̃am(M,ω).

We denote an element of H̃am(M,ω) by f, g, ... and so on.
We follow the argument used by Entov and Polterovich [EP1] in their construc-

tion of a spectral quasimorphism.
Consider the subspace QH0(M) ⊂ QH(M) of degree zero elements. This is a

commutative Frobenius algebra with unit 1 = PD[M ] over the field K = Λ
(0)
ω .

Here Λ
(0)
ω is the degree 0 part of Λω.

We consider the spectral function

ρ1 : H̃am(M,ω) → R

defined by ρ1(f) = ρ(f ; 1). Obviously it satisfies

ρ1(fg) ≤ ρ1(f) + ρ1(g).

We now ask under which condition, ρ1 satisfies the lower inequality

ρ1(fg) ≥ ρ1(f) + ρ1(g)−R (8.1)

for some constantR independent of f, g. The following lemma is a slight variation of
Entov-Polterovich [EP1]. (Entov-Polterovich proved this lemma for the monotone
(M,ω), which is all we need to consider the case S2. See [U] for the proof of
arbitrary compact symplectic manifolds.)

Lemma 8.1 (Lemma 2.2 [EP1]). Let b ∈ QH∗(M) \ {0} and denote by Υ(b) the
set of a ∈ QH∗(M) with Π(b, a) ̸= 0. Then we have

ρ(ϕ−1
H ; b) = − inf

a∈Υ(b)
ρ(ϕH ; a). (8.2)

We note that S2 and the quantum cohomology class 1 ∈ QH0(S2) satisfies the
hypothesis required in [EP1]. Furthermore the right hand side of (8.2) becomes

− inf
a∈QH0(S2)\{0}

ρ(g; a).

QH0(S2) is factorized into

QH0(S2) = Q1⊕Q{[ω]q−1}
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where 1 = PD[S2] and q is the formal parameter with its valuation ν(q) = 4π, and
any nonzero element in QH0(S2) is invertible.

Now for any a ∈ QH0(S2) \ {0} which is invertible, we have

ρ(g; a) ≥ ρ(g; a · a−1)− ρ(1; a−1) = ρ(g; 1) + ν(a−1)

by the Normalization axiom of the spectral invariants (see [Oh5]) which gives rise
to ρ(1; a−1) := −ν(a−1). But we have

inf
b∈QH0(S2)\{0}

ν(b−1) = −4π.

This implies ρ(g; a) ≥ ρ(g; 1)− 4π for all a ∈ QH0(S2) \ {0}.
Let f, g ∈ H̃am(M,ω). By the triangle inequality, we have

ρ(fg; 1) ≥ ρ(f ; 1)− ρ(g−1; 1).

Applying Lemma 8.1 we get

ρ(fg; 1) ≥ ρ(f ; 1) + ρ(g; 1)− 4π

which finishes the proof with R = 4π by substituting f = g−1. �
One interesting consequence of this proof gives rise to the following bound for

the spectral diameter of Ham(S2).

Theorem 8.2. Denote by Diamρ the spectral diameter defined by

Diamρ(Ham(S2)) := sup
H

{γ(ϕH) | H ∈ C∞([0, 1]×M,R)}.

Then we have Diamρ(Ham(S2)) ≤ 4π or equivalently,

γ(ϕH) ≤ 4π(= Area(S2)) (8.3)

for all H.

This is quite a contrast to Polterovich’s theorem in [P1] which states that the
diameter of Ham(S2) with respect to the Hofer distance is infinite. In fact a
similar bound holds whenever the quantum cohomology QH∗(M) becomes a field,
e.g., such as CPn. It would be an interesting theme of future research to find out
the precise criterion for (M,ω) to have finite (or infinite) spectral diameter and to
understand its implication in the point of Hamiltonian dynamics.

8.2. High dimensional ball B2n(1). In this subsection, we prove the following
high dimensional analog to the main properness result.

Theorem 8.3. Equip D2n = D2n(1) ⊂ Cn with the standard symplectic form ω.
Then Hameo(D2n, ∂D2n) is a non-trivial proper normal subgroup of Sympeo(D2n, ∂D2n).

Proof. Firstly, we note that we can symplectically embed D2n into (Pn(µ), ω) as a
displaceable domain for a suitable choice of sufficiently large µ > 0. (For example,
any µ ≥ 8π will be more than enough.) Here ω is the Fubini-Study form with
ω(α) = µ for the generator α ∈ H2(CPn) ∼= Z.

Secondly, the quantum cohomology ofQH∗(CPn) is a field and so ϕH → ρ(ϕH ; 1)
defines a Calabi quasimorphism on Pham(Symp(CPn), id) as shown essentially by
Entov-Polterovich [EP1].

These two combined with Buhovsky-Seyfaddini’s uniqueness result [BS] enable
us to extend the homogeneous quasimorphism

µpath : Pham(Symp(CPn), id) → R
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to a homogeneous quasimorphism

µpath : Pham(Sympeo(CPn), id) → R

and Calabi homomorphism Calpath : Pham(Symp(D2n, ∂D2n) → R to

Cal
path

: Pham(Sympeo(D2n, ∂D2n), id) → R.
We denote

ι : P(Sympeo(D2n, ∂D2n), id) → P(Sympeo(CPn), id)

the embedding induced by the above fixed symplectic embedding ofD2n → CPn(µ).
This one restricts to an embedding

ι : Pham(Sympeo(D2n, ∂D2n) → Pham(Sympeo(CPn), id).

Then the Calabi property of µpath implies

µpath(ι(λ)) = Cal
path

(λ)

for all λ ∈ P(Sympeo(D2n, ∂D2n), id).
Thirdly, we recall that the homotopy invariance of ρ(λ; 1), Theorem 1.1 [Oh11]

applies to CPn since CPn is rational. Then by the same proof as in section 6

the Alexander isotopy is a hamiltonian homotopy and so Cal
path

descends to a
nontrivial homomorphism

Cal : Hameo(D2n, ∂D2n) → R
which extends the standard Calabi homomorphism Cal : Ham(D2n, ∂D2n) → R.

Finally the same construction of wild homeomorphism as in section 7 can be
applied to construct a symplectic homeomorphism ρρ ∈ Sympeo(D2n, ∂D2n) that
is not contained in Hameo(D2n, ∂D2n). The only difference will be the followings:

(1) The equality (6.1) is replaced by Cal
path

(λa) = an+2Cal
path

(λ).
(2) So we replace (7.2) by

ρk(r) = 2n+2ρk−1(2r)

in the construction of the sequence ϕk in section 7.
(3) Then we consider the autonomous Hamiltonian

F (z) = −
∫ r

1

sρk(s) ds,

where z = (z1, · · · , zn) and r =
√∑

i=1 |zi|2. The corresponding Hamilton-

ian diffeomorphism is nothing but the complex multiplication of eρk(r)
√
−1

ϕk(z) = eρk(r)
√
−1 · z.

Combining these steps, we have finished the proof. �
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