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Abstract

Consider a functional associating to a pair of smooth functions on
a closed symplectic manifold the maximum of their Poisson bracket.
We show that this functional is lower semi-continuous with respect to
the product uniform norm on the space of pairs of smooth functions.
This extends previous results of Cardin-Viterbo and Zapolsky. The
proof involves theory of geodesics of the Hofer metric on the group of
Hamiltonian diffeomorphisms. We also discuss a failure of a similar
semi-continuity phenomenon for multiple Poisson brackets of three or
more functions.

1 Statement of results

The subject of this note is function theory on symplectic manifolds. Let
(M,w) be a closed symplectic manifold. Denote by C*°(M) the space of
smooth functions on M and by || - || the standard uniform norm (also called
the C%-norm) on it: ||F|| := max,ep |F ()]

The definition of the Poisson bracket {F,G} of two smooth functions
F,G € C*(M) involves first derivatives of the functions. Thus a priori there
is no restriction on possible changes of {F, G} when F and G are slightly
perturbed in the uniform norm. Amazingly such restrictions do exist: this
was first pointed out by F.Cardin and C.Viterbo [2] who showed that

{F,.G} #0 = lim inf I{F'",G'}| > 0.
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Our main result is as follows:

Theorem 1.1.

max{F, G} = limionf max{F' G'}
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for any closed symplectic manifold M and any pair of smooth functions

F,G € C=(M).

Replacing F' by —F, we get a similar result for —min{F,G}. In particular,
this yields

{F. G}l = liminf |{F, G}, (1)
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which should be considered as a quantitative version of Cardin-Viterbo the-
orem, and which answers in positive a question posed in [4]. In the case
dim M = 2 formula (1) has been first proved by F.Zapolsky [14] by methods
of two-dimensional topology. A generalization of the Cardin-Viterbo result
in a different direction has been found by V.Humiliere [6].

Remark 1.2. Note that (1) does not imply that {F’', G'} <, {F,G} when

F'.G <, F,G — see e.g. [6] for counterexamples.

Remark 1.3. Clearly liminf cannot be replaced in the theorem by lim: the
maximum of the Poisson bracket of two functions can be arbitrarily increased
by arbitrarily C°-small perturbations of the functions.

In the proof of Theorem 1.1 we use the following ingredient from “hard”
symplectic topology: Sufficiently small segments of one-parameter subgroups
of the group Ham (M) of Hamiltonian diffeomorphisms of M minimize the
“positive part of the Hofer length” among all paths on the group in their
homotopy class with fixed end points. This was proved by D.McDuff in [10,
Proposition 1.5], see also papers [1], [8], [3], [9], [7] [11] for related results in
this direction.

Remark 1.4. Theorem 1.1 should extend to compactly supported functions
on arbitrary, not necessarily closed, symplectic manifolds. Clearly, it extends
to those open symplectic manifolds which can be exhausted by open subsets
which admit a compactification by a closed manifold, for instance to the



standard linear space R?". The only place in the proof of Theorem 1.1 where
we use that M is closed is the above-mentioned geodesic property of one-
parameter subgroups of Hamiltonian diffeomorphisms. It sounds likely that
this property holds true on open manifolds as well, though to the best of our
knowledge such a result does not appear in the literature in full generality.

The next result gives an evidence for a failure of C?-rigidity for multiple
Poisson brackets. Given an arbitrary (i.e. not necessarily closed) symplectic
M, denote by C°(M) the space of smooth functions on M with compact
support. The uniform norm on C°(M) is defined in the same way as in the
closed case.

Theorem 1.5. Let M be an arbitrary symplectic manifold. There exists a
constant N € N, depending only on the dimension of M, such that for any
smooth functions Fy,...,Fy € CX(M) there exist Fy,...,F € C*(M)
arbitrarily close in the uniform norm, respectively, to Fy, ..., Fy which satisfy
the following relation:

(FIAF,.. {F\_,Fi}}..}=0.

We shall see in Section 2.3 below that in the case dim M = 2 the result above
holds for N = 3.

Question 1.6. Does the theorem above remain valid with N = 3 on an
arbitrary symplectic manifold?

The following claim, though it does not answer Question 1.6, shows that
Theorem 1.1 cannot be formally extended to the triple Poisson bracket.

Theorem 1.7. For any symplectic manifold M one can find 3 functions
F.G,H € C*(M) satisfying {F,{G,H}} # 0 such that there exist smooth
functions F',G', H' € C°(M) arbitrarily close in the uniform norm, respec-
tively, to F, G, H and satisfying the condition

(F' {G' H'}} = 0.

The theorem will be proved in Section 2.3. The proof shows that the phe-
nomenon is local: we just implant a 2-dimensional example (see the remark
after Theorem 1.5) in a Darboux chart.

Surprisingly, the next problem is open even in dimension 2:
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Problem 1.8. Compare
liminf max{{F',G'},G'}

0
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with max{{F, G}, G} for some/all pairs of functions F,G on some/all sym-
plectic manifolds.

2 Proofs

2.1 Preliminaries

Given a (time-dependent) Hamiltonian H : M x[0,1] — R, denote by Xy
the (time-dependent) Hamiltonian vector field generated by H. The Poisson
bracket of two functions F, G € C*(M) is defined by {F, G} = dF (X¢g).

Write Ham (M) for the universal cover of the group Ham (M) of Hamil-
tonian diffeomorphisms of (M, w), where the base point is chosen to be the
identity map 1. Denote by 1%, t € R, the Hamiltonian flow generated by
H (ie. the flow of Xp). Let vy = ¢} and let ¢y € Ham(M) be the
lift of ¢ associated to the path {4 },¢t € [0;1]. We will say that ¢y and
U are generated by H. We will also denote ||H|| = max o1 | H (x,t)| (for
time-independent Hamiltonians this norm coincides with the uniform norm
on C*°(M) introduced above). Set H; = H(-,t).

Recall that the flow ¢4t is generated by the Hamiltonian HiK (x,t) =
Hiz,t) + () 2,t) and the flow vyl ()1 by K ((4m) 2,t).

Denote by F the set of all the Hamiltonians H on M such that H; has
zero mean for all ¢ (for a time-independent Hamiltonian H the condition
H € F means just that H has zero mean). Note that if H, K € F then both
HYK and K ((vg)"a,t) also belong to F.

For a,b € Ham (M,w) write [a, b] for the commutator aba'b~!.

Lemma 2.1. Assume H, K € C®(M) are time-independent Hamiltonians.
Then [, vK] can be generated by L(z,t) = H(z) — H (Vi vy'z).

Proof. It is easy to see that the element [ty, k] € ﬁc?r/n(M) can be repre-
sented by the path {1415/} where t € [0;1]. The flow 1" is generated
by —H and therefore the flow 115 5" is generated by the Hamiltonian
—Howy'. Thus the flow ¢}y 5" is generated by Hf(— Hoyy') (z,t) =
H(z) — H(V'vy'z). O



The group %(M ) carries conjugation-invariant functionals p* and p
defined by

. 1

T
pT (W) = 1%f i gne%liH(:v,t) dt

and )
p(qZ) = inf/ (max H(z,t) — min H(z,t)) dt ,
0

H xeM xeM

where the infimum is taken over all (time-dependent) Hamiltonians H € F
generating ¢. The functional p is the Hofer (semi)-norm [5] (sce e.g. [12]
for an introduction to Hofer’s geometry). It gives rise to the bi-invariant
Hofer (pseudo-)metric on ]/{ET/TL(M) by d(¢,¥) = p(¢~'). The functional
pT, which is sometimes called the “positive part of the Hofer norm”, satisfies
the triangle inequality but is not symmetric. Note also that p* < p. We shall
use the following properties of these functionals. By the triangle inequality
for pt*

07 () = pt (V)] < max(p™ (67 '), pt (V1)) < d(,7)) . (2)
This readily yields
0" (W) = p*(Ux)| < AW, ¥x) < 2||H — K| (3)

for any H, K € F. McDuff showed [10, Propositionl.5] that for every time-
independent function H € F there exists ¢ > 0 so that

pt () = t-max H Vt € (0;6) . (4)

Lemma 2.2. Assume H, K € C®(M) are time-independent Hamiltonians
with zero mean. Then p*([¢Yu, Yk]) < max{H, K}.

Proof. By Lemma 2.1 [@ZH, @ZK] can be generated by
L(z,t) = H(z) — H(Vx'vix).

Note that

1 1
/ max L(x,t) dt = / max(H — H o' o) dt
0 0

1
:/ max(H ot — H ovpt) dt
0
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:/lmaX(H—HO@b[_{l) dt:/lmaX(HO@bK—H) dt
0 0

since H is constant on the orbits of the flow ¢%,. Taking into account that

H(vwa) = H(e) = [ GH@ = [ {H KN

we get that

o ([T D)) < / i Lz 1) dt < max{H, K).
0

which yields the lemma. O]

2.2 Proof of Theorem 1.1

As it is easy to see, we can assume without loss of generality that all the
functions Fj, G;, I, G have zero mean.

Denote by fs, gi, 5,1 € [0, 1], the Hamiltonian flows generated by F' and
G, and by fs, ft their respective lifts to Ham(M ). Note that for fixed s and
t the elements fs and g; are generated, respectively, by the Hamiltonians sF'
and tG. B

By Lemma 2.1 for fixed s,t the commutator [ fs,g:] can be generated
by the Hamiltonian L, ;(z,7) = sF(z) — sF(g; ' f-.'x) (use Lemma 2.1 with
H = sF, K = tG and note that Y7, = f,5). Clearly Ly, € F since F,G € F.

Lemma 2.3. L,; = st{F,G} + Ky, where ||K;.||/st — 0 as s,t — 0.

Proof. We need to compute the relevant terms in the expansion of L,; with
respect to s,t at s =0,t = 0.

Clearly, Loy = 0.

The first order terms are as follows:

D (0, 7) = (s (w) — sF (g f19)) 105 =

= F(z) = F(g; ' fr,'w) — sdF o dg; (X_sp(v)) =
= F(x) — F(g; ")) + s°dF o dg; ' (Xp(z)),

and
2t (2,7) = D(sF(w) — Pl 1) 101 =
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— —sdF (X _¢(f'2)) = s{F,G}(f'x).

Evaluating 0L, /0s(x, ) and OL,./0t(x, ), respectively, at the points (s, 0)
and (0,t) (for a fixed (x, 7)) we see that

OLs 0
0s

(since F' is constant on the orbits of the flow f, s € R) and

(x,7) =0

oL
af’t (x,7) =0
Thus
oF oF
D5 Loy(z,7)=0= P Li(z,7), for any k > 1.
571 (s,6)=(0,0) ] (s.1)=(0,0)
Finally, let te -2 Loy(z,7):
inally, let us compute 7 =00) +(z,7)
0? 0 0L
Loy(z,7) = — =(z,7) =
0 L
= 55| SURGH @) ={F G}Ha).
S s=0
This finishes the proof of the lemma. O]

Now we are ready to complete the proof of Theorem 1.1. The inequality

max{F,G} > liminf max{F' G’}
JReEayoYe

is trivial so we only need to prove the opposite one. Let F;, GG; be sequences
of smooth functions such that

F’iaGiC—O>F7G7 Z_)+007

and
max{F;,G;} — A, i — +oc.

We need to show that max{F,G} < A.
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Assume on the contrary that max{F,G} > A. Pick B such that A <
B < max{F,G}. Then for any sufficiently large i

max{F;, G;} < B.

Denote by fsi, gii, respectively, the time-s and time-t{ maps of the flows
generated by F; and G;. Their lifts to Ham (M) will be decorated by tildes.
The right inequality in (3) easily implies that the sequences fs; and g,
converge, respectively, to fs and g, in the Hofer (pseudo-)metric. Since by
(2) the functional p* is continuous in the Hofer (pseudo-)metric,

P ([fis: Gin]) = p" ([ G]) as i — 0.
By Lemma 2.2,

p*([fis Gidl) < st max{F, G} < stB

for any sufficiently large 7. Hence, taking the limit in the left-hand side as
1 — +00, we get _

p([fs9:)) < stB. (5)
Choose € > 0 such that B+ 2¢ < max{F,G}. Take sufficiently small s,¢ > 0
so that the function K,; from Lemma 2.3 admits a bound

[ Kall < est (6)
and so that the Hamiltonian st{F, G} is sufficiently small and satisfies
,0+(@Zst{p,g}) = st - max{F, G} , (7)
see formula (4). Lemma 2.3 and inequalities (6), (3) yield
|p+([ﬁ,§t]) - P+(1Zst{F,G})| < 2est .
Hence,
P+([f9, gi] > p+(lzst{p,g}) — 2est = st(max{F,G} — 2¢).
Combining this with (5), we get
st(max{F,G} — 2¢) < p*([fs, ]) < stB,

and hence
max{F,G} —2¢ < B

which contradicts our choice of B and e. We have obtained a contradiction.
Hence max{F,G} < A and the theorem is proven. O



2.3 Proofs of Theorems 1.5, 1.7

Proof of Theorem 1.5.

For simplicity we will prove the result in the case dim M = T? with
N = 3. The general case can be done in a similar way using [13].

Define a thick grid T with mesh ¢ in M as a union of pair-wise disjoint
squares on M such that each square has a side 2¢ and the centers of the
squares form a rectangular grid with the mesh 3c. A T-tamed function is a
smooth function which is constant in a small neighborhood of each square of
the thick grid T' (but its values may vary from square to square).

One can easily construct a sequence ¢; — 0 and N = 3 thick grids
Ui, Vi, W; with mesh ¢; so that U; UV, UW; = M for all i. (See [13] on
how to construct a similar covering of an arbitrary M by a number of thick
grids depending only on dim M).

Now for every € > 0 there exists i large enough so that every triple of func-
tions Fi, Fy, F3 € C°(M) can be e-approximated, respectively, by U;, Vi, W;-
tamed functions FY|, F3, F§ € C°(M). Take any point € M. Then at least
one of the functions FY, Fy, F} is constant near x. Thus {F],{F}, F}}} =0,
and the claim follows. ]

Proof of Theorem 1.7.

Assume dim M = 2n > 2 (the case dim M = 2 has been dealt with
in the proof of Theorem 1.5). In a local Darboux chart with coordinates
P1,q1s - - - Pn,Gn o0 M choose an open cube

P=K"2x K

where K?"~2 is an open cube in the (p1,qi,. .., Pn_1,@n_1)-coordinate plane
and K2 is a open square in the (p,, ¢, )-coordinate plane. Fix a smooth com-
pactly supported non-zero function y on K?*~2. Given a smooth compactly
supported function L on K?, define the function xL € C°(M) as

XL(pb diy---5DPn, qn) = X(pb qi;---5,Pn—1, Qn—l)L(pn7 Qn)

on P and as zero outside P.
Now pick any functions Fy, Gy, H; € C>°(K?) such that

{F1,{G, Hi}} #0.



Set
F:=xF,G:=xG,H :=xH, € C*(M).

As in the proof of Theorem 1.5 (note that in the case of the two-dimensional
square the construction of the thick grids is as easy as in the case of T?),
choose C%-small perturbations Fy, Gy, H; € C°(K?) of Fy, Gy, H; so that

{F1,{G\, Hi}} =0.
Then F' := xF|,G' := xG, H := xH| € C*(M) satisfy
{F'AG H' = {xF], {xG\, xH} }} = X’{F,{G, H{}} = 0,

because of the Leibniz rule for Poisson brackets and because the Poisson
bracket of xy and any function of p,,q, vanishes identically. For the same
reason

{FAG, H}} = {xF1,{xG1,xH1}} = X3{F1, {Gy, H.}} #0.

Clearly, by choosing F}, G, H; arbitrarily C%-close to Fy, Gy, Hy in C2°(K?)
we can turn F',G’, H' into arbitrarily C%-small perturbations of F, G, H in
C®(M). Thus we have constructed F, G, H, F', G', H' satisfying the required
conditions. ]

Acknowledgement. We thank Dima Burago for a useful discussion.
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