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Let M be a compact, connected smooth man-
ifold without boundary, endowed with a Rie-
mannian metric g.

A function L : TM — R is called a Tonelli
LLagrangian if:

o L € C3(TM);

e [ is strictly convex in the fiber, i.e., the
second partial vertical derivative ‘?;T%(x,v)
IS positive definite, as a quadratic form, for
any (z,v) € TM;

e [ is superlinear in each fiber, i.e.,
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Given a Lagrangian, we can define the associ-
ated Hamiltonian, as a function on the cotan-
gent bundle:

H: T"M — R
(z,p) — sup {(p, v)a — L(z,v)}
ve T M
where (-, -); represents the canonical pairing
between the tangent and cotangent space.

If L is a Tonelli Lagrangian, one can easily
prove that H is finite everywhere, C2, super-
linear and strictly convex.

We say that an absolutely continuous curve
v . R — M is a minimizer, if for any interval
[a,b] and any other absolutely continuous curve
v1 : [a,b] — M such that ~(a) = ~v7(a) and
~(b) = ~v1(b), we have
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Let n be a closed 1-form on M. We can define
a function on the tangent space
n: TM — R
(x7/v) — <T]($), v>$

and consider a new Tonelli Lagrangian and the
associated Hamiltonian:

Ly:=L—q and Hy(z,p) :== H(xz,n+p).

e L and Ly have the same Euler-Lagrange
flow;

e they have different minimizers, depending
on the de Rham cohomology class ¢ = [n] €
H(M:R).

From here, the interest in considering modified
LLagrangians, corresponding to different coho-
mology classes.
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E. is the energy level corresponding to a(c)
(where o : HY(M;R) — R is Mather's «
function);

N. is the MaAé set, i.e., the union of the
supports of all e-minimizers;

A. is the Aubry set, i.e., the union of the
supports of all “regular’ c-minimizers;

M, is the Mather set, i.e., the closure of
the union of the supports of all e-minimal
measures on T M.



Fort >0 and z, y € M, consider:

t
hyaz,y) = inf [ Ly(3(s),7(s)) ds.

where the infimum is taken over all piecewise
Cl paths ~ : [0,t] — M, such that (0) = =
and ~v(t) = .

We define the Peierls barrier as:
hn(z,y) = ”m_li_nf(hn,t(fﬂ, y) + a(e)t) .

t— 100

e [ his function is finite and Lipschitz;
o for each x € M, hy(x,z) > 0O;

e foreach z,y, ze M

h‘n(ajay) S hn(wa Z) _I_ hn(Z,y) :

e for each z,y € M, hy(x,y) + hn(y,x) > 0.
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Inspired by the above properties, we can define

(Qf,y) — hﬁ($7y) —I—hn(y,a?)

e it does actually depend only the cohomol-
ogy class.

e it is non-negative, symmetric and satisfies
the triangle inequality;

e Ac={zx e M : 6:(x,z) = 0}
(projected Aubry set).

Therefore, 6. is a pseudometric on A..



The quotient Aubry set (Ac, dc) is the metric
space obtained by identifying two points in A,
if their é.,~pseudodistance is zero.

We shall denote an element of this quotient by
T={y € Ac: dc(z,y) = 0}.

These elements (that are also called c-static
classes), provide a partition of A, into compact
subsets, that can be lifted to invariant subsets
of TM.

They are really interesting, from a dynamical
systems point of view, since they contain the
a and w limit sets of e-minimizing orbits.



In Mather’'s studies on Arnold diffusion, it turns
out that understanding certain aspects of this
set seems to help in understanding what orbits
can be shown to exist by the method of mini-
mization. In particular, it would be useful that
it were totally disconnected (or “small” is some
sense of dimension).

Mather (2003) showed the disconnectedness
of (Ae, d:) under the hypotheses:

e the state space has dimension < 2, or

e the Lagrangian is the kinetic energy associ-
ated to a Riemannian metric, and the state
space has dimension < 3.

WHAT HAPPENS IN HIGHER DIMENSION?
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Unfortunately, this is not true anymore!

e Mather (2004) provided several examples
of mechanical Lagrangians on TTd, with
potentials U € ¢24-3,1—¢(Td) whose quo-
tient Aubry sets Ay were isometric to in-
tervals.

T his construnction is closely related to Whit-
ney’'s counterexample for Sard’'s Lemma.

e Fathi noticed that is possible to construct
similar counterexamples, in which the quo-
tient Aubry set is Lipschitz equivalent to
any doubling metric space.

Conjecture. If L €¢ C"(TM), with r > 2d — 2,
then the quotient Aubry set (Ac, é.) is totally
disconnected, for any cohomology class c &
H(M;:R).



Theorem (A.S., 2006). Let M be a compact
connected manifold of dimension d > 1 and as-
sume that L is a Tonelli Lagrangian satisfying:

o \; ;= L(M x{0}) is a Lagrangian subman-
ifold of T*M
(equivalently g—%(x, 0)-dzx is a closed 1-form);

e 9L(2,0) € C2(M) and L(z,0) € C"(M),
with r» > 2d — 2.

Then, the quotient Aubry set (Ac;, d¢;), corre-
sponding to the Liouville class of Ay, is totally
disconnected.

This result includes symmetrical (or reversible)
LLagrangians and in particular mechanical ones
(in these cases ¢;, = 0).

T his result is clearly optimal, as Mather's coun-
terexamples show.
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Other recent related results:

e A similar (indipendent) result by Albert Fathi,
Alessio Figalli and Ludovic Rifford.

e Strikingly, Patrick Bernard and Gozalo Con-
treras recently proved that:

Theorem. Generically in the sense of Mané,
for all ¢ € HL(M:;R) there are at most 1 +
dim H1(M; R) ergodic c-minimizing measures.

Since each static class contains at least the
support of one ergodic minimizing mea-
sure, then it follows that:

Generically, in the sense of Mané, for all
c € HY(M;R) the quotient Aubry set A.
is finite, with at most 1 4+ dimH(M;R)
elements.
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e KEY OBSERVATION:

There is a deep liaison between this prob-
lem and Sard’'s lemma.

e MAIN TOOLS:

— Fathi's Weak KAM theory;

— Morse-Sard’s type lemma.

e MAIN DIFFICULTIES:

In dimension > 1, Sard’'s lemma does not
hold for C! functions!

T herefore, one would need more regularity
for the structures involved; but, in general,
this is not so easy to retrieve.
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WEAK KAM THEORY (Recall)

A locally lipschitz function v : M — R is a
subsolution of Hy(x,dyu) = k, with k € R,
it Hp(x,dzu) < k for almost every z € M.

It is possible to show that there exists ¢[n] €
R, such that Hy(z, dyu) = k admits no sub-
solutions for k < ¢[n] and has subsolutions
for k > ¢[n]. The constant ¢[n] is called
Mané's critical value and coincides with a(c).

u . M — R is a n-critical subsolution, if
Hy(z,dzu) < a(c) for almost every = € M.

Fathi and Siconolfi (2004) showed that C1
critical subsolutions are dense w.r.t. the
uniform topology.
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Let us denote by S} the set of C! n - critical
subsolutions and

Dl ={u—-v: u, ’UGS%}.

For x, y € A¢:
° hn(zc,y) = sup (u(y) —u(x));
uGS%
o Jc(xz,y) = sup (w(y) —w(x)).
weD}
Moreover,

o If w e D}, then dyw = 0 on A.. Therefore,

weD}

o If w € Dcl, then it is constant on any quo-
tient class of A..
Namely, if z, y € Ac and é.(x,y) = 0O, then

w(z) = w(y).
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The connection with Sard’'s lemma becomes
Now more clear.

Definition. A ¢! function f : M — R is of
Morse-Sard’s type if |f(Crit(f))| = 0.

Proposition (Key step). Let M be a compact
connected manifold of dimension d > 1, L a
Tonelli Lagrangian and ¢ € HY(M;R). If each
w € DL is of Morse-Sard’s type, then the quo-
tient Aubry set (A., d.) is totally disconnected.

This proposition and Sard’s lemma easily im-
ply Mather's result in dimension d < 2 (au-
tonomous case), since one can show that w's
are cb-1.
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PROOF (Key step):

Suppose by contradiction that A. is not totally
disconnected; therefore it must contain a con-
nected component T with at least two points
x and y.

In particular 5.(z,y) > 0. Therefore, there ex-
ists w € D} such that |w(y) — w(z)| > 0, for
some xz € x and y € y.

This implies that the set w(x—1(T)) is a con-
nected set in R with at least two different
points, hence it is a non degenerate interval
and its Lebesgue measure is positive.

But
w(n 1)) C w(Ae) C w(Crit(w)),
then
0 < jw(x™H(M)| < [w(Ad)| < [w(Crit(w))]

that contradicts our assumptions. [ ]
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The main problem becomes now to understand
under which conditions on L and ¢, these differ-
ences of subsolutions are of Morse-Sard’s type.

Proposition. Under the hypotheses of the main

theorem, if w € D¢,, then

|w(~ACL)| = 0.

IDEA OF THE PROOF:

Under the above assumptions, one can show
that:

e Every constant function u = const is a ny-
critical subsolution. In particular, all nr-
critical subsolutions are such that d,u = 0O
on Ag; .

e For every x € M,

OH OH
L (z,0) = —(z,n7(z)) = 0.
Op op
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In particular,

Ac; C{L(x,0) = —afcy)} and

a(cr,) = sup(—L(x,0)) =
xeM
= — inf L(xz,0) =:¢g.
xeM (a: ) €0
In general

eo < min a(c) = —p(0),
ceH1(M:R)

where 8 : Hi(M;R) — R is Mather’'s 3 func-
tion (i.e., the convex conjugate of «).

Moreover, c;, € 93(0), namely, it is a subgradi-
ent of 3 at O.
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If v e S%L, there exists a neighborhood Wg of

Ac; such that, Vo € Wo:

alcr) > Hyp(x, dzu) =

102H
= Hy(2,0) + 7 ang("”‘” 0)(dzu)® + Rp >

i i
> Hy (2,0) + _lldzul|7 = lldeullZ =

,’3’/
Hipy (2,0) + - [l dzul|7 =
= —L(,0) + dau 3

that implies

n%mﬁs%m@m+Luﬁ».
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In particular, for any w =u—v € DclL, one gets

the following estimates (in an open neighbor-
hood of the Aubry set):

|dzw||? < C(L(x,0) + alcr)) =: U(z),

where C > 0 and U > 0 is in C"(M), with
r > 2d— 2 and

A, € {zeWy: L(z,0) = —aler)} =
= {xe€Wy: U(x) =0} C Crit(U).

The result will then easily follow from the fol-
lowing Morse-Sard’s type lemma.

Lemma. Let U € C"(M), with r > 2d — 2, be
a non-negative function, vanishing somewhere
and denote A = {U(x) =0}. Ifu: M — R
is C1 and satisfies ||d,ul|2 < U(x) in an open
neighborhood of A, then |u(A)| = 0.

20



SKETCH OF THE PROOF:

Define, for 1 < s < r:

Bs={xe€ A: Uiss- flat at =}

and observe that

A=DB; :={zxe A: DU(x) = 0}.

The proof is by induction on the dimension d.

e Claim 1: If s > 2d — 2, then |u(Bs)| = 0.
This proves the case d = 1.

e Observe:
A = (B1\B2)U...U(B2g-3\B2g-2)UBy; 2.

Claim 2: Every ¥ € Bs\ B;41 has a neigh-
borhood V, such that

[u((Bs\ Bs+1)NV)|=0.
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Choose & € Bs \ B,41; there exists a function
w(az) — 82-1@-2 ce 8Z'SU(£U)
such that

w(Z) =0 but diw(x) £ 0.

Define
h:Q — R
L (’UJ(J?), LDy oo vy CIJd),
where z = (x1, 2, ..., xg). Clearly, h € C"75(2)

and Dh(Z) is non-singular; hence, there is an
open neighborhood V of £ such that

h:V — W

is a C"% isomorphism (with W = h(V)).
We use this fact to reduce to a (d—1)-dimensional
situation.
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Let V7 be an open precompact set, contain-
ing x and properly contained in V, and define
A= BsnNVy, A* = h(A) and g = h~1. If we
consider Wy, any open set containing A* and
properly contained in W, we can prove a rough
composition theorem a la Kneser and Glaeser
and find F: R — R such that:

) FeCcr—1(RY);
i) F>0;
i) F(z) =U(g(z)) =0 on A*;
iv) F is s-flat on A*;
v) {F(z) =0}nN Wy = A%,

vi) there exists a constant K > 0, such that
U(g(z)) < KF(z) on Wi.
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Define

W={(m2,...,xd)€Rd_1: (0, xp, ..., xy) € W1}

and

U(xzo, ..., x5) = CF(0,zo,...,74),

where C is a positive constant to be chosen
sufficiently big. Observe that U € ¢ 1(R4-1)
and

A = {O} X gl ,
where Bl = {(xg,... wd) cW: F(O,ZBQ,...,wd) =
O0}. Denote

AAZZ{(xz,...,a?d)GWZ U:O}:gl

~

and define the following function on W:
u(xo, ..., xg) =u(g(0,zo,...,24)).

These functions satisfy the hypotheses for the
(d — 1)-dimensional case.
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e U ¢ " YR, with r—1 >2d -3 >
2(d—1) — 2;

e 4 € CL(W) (since g is in C™—S(W), where
1<s<r-—1);

o if we denote by u = supyy, [|dzg]| < +oo
(since g is C1 on W7), then we have that

—~

for every point in W:

|di(zo, ..., zq)]|% <

< ||dzu(g(0, 22, .., xg))||? -
||dzg(0, 22, ..., x2g)||? <

p2)ldzu(g(0, 2o, ..., 2g))||? <

p2U(g(0,22,...,24)) <

w?KF(0,zo,...,xg) <

U(zo,...,zq),

if we choose C > u?K.

IAIA TN IA
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Therefore, it follows from the inductive hy-
pothesis, that:

[a(A)| = 0.
Since,

1M

u(A) = u(g(A™)) =
u(g({0} x By)) =
u(By) = u(A),

defining V = V7, we can conclude that

w(Bs N T7)| < |a(A)| = 0.
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