
Solution for section 2.3 #14

Strategy : First write the inverse as a product of elementary matrices and then
invert each elementary matrix thereof.
Upshot : The inverses of elementary matrices are easy to find by the following
obvious fact :

(1) The inverse operation of the interchange operation (type I) in the same
interchange operation itself.

(2) The inverse of the multiple by k 6= 0 (type II) is the mulitiplication by the
reciprocal 1/k.

(3) The inverse of ‘addition of a multiple of one row to the other’ (type III) is
‘subtraction of the same multiple of the same row to the same the other’.

We have

A =




1 2 3
0 1 2
1 0 3




We reduce the matrix to the reduced row echelon form and write the inverse A−1

into the product elementary matrices : Firstly,



1 2 3
0 1 2
1 0 3


 −→




1 2 3
0 1 2
0 −2 0




The associated elementary matrix is E1 =




1 0 0
0 1 0
−1 0 1


. Secondly,




1 2 3
0 1 2
0 −2 0


 −→




1 2 3
0 1 2
0 0 4


 .

The associated elementary matrix is E2 =




1 0 0
0 1 0
0 2 1


. Thirdly,




1 2 3
0 1 2
0 0 4


 −→




1 2 3
0 1 2
0 0 1


 .
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The associated elementary matrix is E3 =




1 0 0
0 1 0
0 0 1
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
. Fourthly




1 2 3
0 1 2
0 0 4


 −→




1 2 3
0 1 0
0 0 1


 .

The associated elementary matrix is E4 =




1 0 0
0 1 −2
0 0 1


. Fifthly,




1 2 3
0 1 0
0 0 1


 −→




1 2 0
0 1 0
0 0 1


 .

The associated elementary matrix is E5 =




1 0 −3
0 1 0
0 0 1


. Sixthly,




1 2 0
0 1 0
0 0 1


 −→




1 0 0
0 1 0
0 0 1


 .

The associated elementary matrix is E6 =




1 −2 0
0 1 0
0 0 1


. Therefore we have

A−1 = E6E5E4E3E2E1

and so
A = E−1

1 E−1
2 E−1

3 E−1
4 E−1

5 E−1
6

where we have

E−1
1 =




1 0 0
0 1 0
1 0 1


 , E−1

2 =




1 0 0
0 1 0
0 −2 1


 , E−1

3 =




1 0 0
0 1 0
0 0 4


 ,

E−1
4 =




1 0 0
0 1 2
0 0 1


 , E−1

5 =




1 0 3
0 1 0
0 0 1


 , E−1

6 =




1 2 0
0 1 0
0 0 1


 .


