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Dedicated to the memory of my grandmother Ayako.

ABSTRACT. Here we are interested in the arithmetic nature of sums of certain values
of Hecke Grossencharakters, sums we call Shimura sums. In particular, we exhibit
all primes p as the square root of a Shimura sum associated with a weight k = 3
Hecke Gréssencharakter of K = Q(y/—2). The formula shows that primes p come
from ideals in O with norm 4p? — n2. It will be shown that the non-existence of
identities of this type imply certain cases of the Atkin Conjecture as well as Lehmer’s
Conjecture on the non-vanishing of Fourier coefficients.

1. INTRODUCTION

In an earlier paper [5], the author suggested that the arithmetic of ideals in imag-
inary quadratic number fields (CM fields) may be useful in studying the nature
of the Lehmer and related conjectures on the nonvanishing of Fourier coefficients.
This paper is the first realization of this idea.

First we give essential preliminaries and definitions. Let K = Q(v/—d) be a
quadratic imaginary field with integer ring O with discriminant —D. A Hecke
Grossencharakter ¢ of weight & > 2 with conductor A, an ideal in O, is defined
in the following way. Let I(A) denote the group of fractional ideals prime to A. We
call a homomorphism ¢

¢:I(A) - C”

satisfying
#(a0g) =a*"! when a=1 mod A

a Hecke Grossencharakter of weight k& and conductor A. Define the power series
(1), in the variable ¢ = €?™" induced by a Hecke Grossencharakter ¢ by

oo

V(r) =) ¢(a)g" @ =3 a(n)q",

n=1

where the sum is over ideals a C Og prime to A. Here N(a) is the ideal norm
of a. The series U(7) belongs to a modular form of weight k on I'g(D N(A)) with

Nebentypus character x(n) = (=2) %
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Using the notation defined above, it is clear that the Fourier coefficients a(n) of
U(7) are defined as sums of the Hecke Grossencharakter ¢ over the ideals in O
with norm n that are relatively prime to the conductor A.

Note that if p € Z is a prime which is inert (i.e. pOg is a prime ideal), then
a(p) = 0 since there are no ideals in Ok with norm p. Consequently, we know that
the density of primes p with a(p) = 0 is one half. These modular forms have many
interesting arithmetic properties; one may consult [2,4,6,7] for more on CM forms.

Given a CM form f( ), we will apply the Shimura lift to f(47)©(7) where ©(7)
is the classical Welght form

T):1+22qn2
n=1

The version of the Shimura lift we use is due to Cipra and Selberg [1].

Let x be a Dirichlet character mod 4N, and let ¢t be a positive square-free
integer. Let F/() = .7, b(n)q" € Sp 1 (4N, x) where k € Z*. Define Ay(n) by
the formal product:

(1) Z

Here X( )(m) = x(m ( ) () is a Dirichlet character mod 4Nt. Define S;(F),
the image of F(t)u

o0 2
L(s—k+1,x*) Zb(:ﬁ)
m=1

the Shimura map S; by

= ZAt(n)q

The correspondence says that Sy(F) € So(2N,x?) if k > 1. If k = 1, then
S;(F) € Moy, (2N, x?). The version of the Shimura lift we will use is contained in
the following special case of a theorem due to Cipra.

Theorem 1. (Cipra) Let f(1) = ZZO La(n)g™ € Sp(N,x) be an integral weight
newform, and F(1) € Sk+ 1 (4N, Xl ) defined by

oo

F(r) = 3 b(n)g" = f(47)0(7).

n=1

Then the image of F(7) by the Shimura map Sy is
Si1(F) = f2(1) = 257 1x(2) 2 (27).
Furthermore, Sy (F) € Saox (2N, x?).

Using the notation from Theorem 1, we obtain the following formula for 4;(n) =
A(n) by (1) :
2
o—1. (k n
@ A =SSP (%)
d|n
Similarly, we obtain the following simple formula for b(m?) :
2 m—1 2 2
9 m m* —k
—a(—)+2 o).
(3) b(m?) a<4>+ ;a( 1 )

Formula (3) motivates our definition of a Shimura sum.
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Definition. Let g(n) be an arithmetic function and ¢ a positive integer . Then for
m > 1 we define the Shimura sum Sh(m, g, c) by:

=0 (7).

k=1

As an example of a Shimura sum, we mention Stieltjes’ formula for r5(n), the
number of unrestricted representations of a positive integer n as a sum of 5 squares
[3]. If n is odd, then define o(n) =}, d. If n is even, then let o(n) = 0. If p is

an odd prime, then Stieltjes proved that
r5(p) = 100(p?) + 20Sh(p, o, 1).

Now we return to the Shimura lift in terms of this new notation. In terms of
Shimura sums, (2) becomes

0 T fs(2) ()

where a denotes the arithmetic function defined by the Fourier coefficients of f(7).

2. THE IDENTITIES FOR Q(1/—2)

In this section we present the identities using the general theory outlined in the
previous section. The CM field we consider here is K = Q(v/—2). The relevant
Hecke Grossencharakter ¢ has weight & = 3 with conductor A = Og. By the
theory presented above, the power series ¥(7)

oo

)= 6@ @ = 3 aln)g

is a CM modular form with weight & = 3 on I'¢(8) with Nebentypus character
x(d) = (_72) This modular form has a convenient representation as product of
Dedekind n—functions. Recall that n(7) is a weight k = % modular form with the
following infinite product

Thﬁ]_fq

It is easy to confirm that W(7) = n?(87)n(47)n(27)n?(7) by a vector space dimension
argument on Ss(8, x).
As in Theorem 1, let F(7) = Y77, b(n)q"™ be defined by

n=1
F(1) = 17 (327)n(167)n(87)n*(47)O(7),
the half integral weight form we are planning to lift. By Theorem 1, we find that

S1(F) = n*(87)n*(4r)n*(2m)n* (1),
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the square of the original CM form. Here are the first few terms of the Fourier
expansion of Sy (F):

Si(F) =Y A(n)q" = ¢* —4¢° + 16¢° — 12¢° — 8¢" — 32¢° + ...

n=2

Upon further examination, it appears as though A(4n) = 0 for all integers n.
Suppose that this conjecture is true, then (4) reduces to

(5) 0= A(4n) = dz; 2 (d) {a (‘Z‘;) +25h (4; a. 4) }

because ng) = x and x(2m) = 0 for all m.

In particular if n = p is a prime, then from (5) we obtain
a(4p®) + x(p)p*a(4) = —2Sh(4p, a,4) — 2p°x(p)Sh(4, a, 4).
It is easy to verify that a(4) = 4, and a(16) = 16. Therefore by the mutliplicativity
of the Fourier coefficients a(n), we find

4a(p2) + 4x(p)p2 = —2Sh(4p,a,4) — 2p2x(p)5h(4,a,4).

Furthermore one easily verifies that Sh(4,a,4) = —2; as a consequence we obtain
the following identity for all primes p under the assumption that A(4p) =0:

Sh(4p,a,4)

(6) ap?) = -2

Since ¥(7) = >°°7 , a(n)q" is a newform, we can calculate the exact value of
a(p?) once we know the value of a(p), the eigenvalue of the ¥(7) with respect to
the Hecke operator T),. It is well known that newforms of weight & and Nebentypus
X satisfy

(7) a(p?) = a*(p) — x(p)p* .
Applying this identity to (6) produces

2 Sh(4p7a74)

(8) a*(p) = x(p)p* = ———5——

At this point we state the main theorem which gives the desired identities.
Theorem 2. With the notation above we have the following formulas.

(i) If p is inert in K = Q(v/=2), then

Sh(4p,a,4)
p=\——H

(it) If p splits or ramifies in K, then

b= \/aQ(p) N Sh(4};7a,4).
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Proof. jFrom elementary number theory we recall the basic criterion for determin-
ing whether or not primes split in K. If p is inert in Ok then x(p) = (772) =—1.
Similarly if a prime p splits in O, then x(p) = (_72) = 1. Consequently if (8) is
true, then (i) and (i7) follow easily. Recall that a(p) = 0 when p is inert because
there are no ideals with norm p in K.

Therefore to prove the theorem it suffices to show that A(4n) =0 for all n € ZT.

By Theorem 1, we know that the Fourier coefficients A(n) are defined by

9) 0t (8T)n? (4r)n? (2r)n (1) = ) Aln)g
n=2
As an infinite product, (9) is

(10) 2]_[ (1=¢")*(1—¢™)*(1 = ¢*)*(1 — ¢") ZA

We may disregard the factors whose exponents are always multiplies of 4; we
only need to show that the coefficients ¢(4n + 2) = 0 where ¢(n) is defined by:

oo

(11) H 1= (1=g")' = c(n)g"

n=2

Fortunately these coefficients correspond very nicely with the Fourier expansion
of the modular form n?(67)n*(37) € S3(72, Id). Define two Hecke Grossencharakters

¢y and ¢
¢4 (aO0f) = i’a® where a = (1—1i)® mod (30k), and bc Z/87Z
and
¢_(aOk) = (—i)’a® where a = (1—-1i)" mod (30k), and b€ Z/8Z.

Let fi(7) and f_(7) be weight k = 3 CM forms with respect to Q(¢) induced by
¢+ and ¢_ respectively. Here are the first few terms of these two forms:

fo(7) = q+2¢* + 4¢" — 8¢° + 8¢® — 16¢'° — 10¢"3 + ...

and
fo (1) =q—2¢* + 4¢" + 8¢° — 8¢® — 16¢'° — 10¢"3 + .. ..

The modular form 7?(67)n*(37) in terms of f. (7) and f_(7) is

+ o).

(12) W (6T)n*(37) = Y d(n)q" = —*(f+(T + )+ f-(r+3

n=1

Now we show that fy (7 + %) and f_(7 + 3) have no terms with exponents of the
form n =3 mod 4. If p = 3 mod 4 is prime, then it is inert in Q(¢). Therefore
d(p") = 0 if r is odd by the recurrance (7). Moreover, if n = 3 mod 4, then
d(n) = 0 by the multiplicativity of Fourier coefficients of fi(7) and f_(7).

To prove the Theorem it suffices to show that ¢(4n + 2) = 0. However we know
that c(4n + 2) = d(12n+ 7). Since 12n + 7 =3 mod 4 the Theorem is proved.

O



6 KEN ONO

3. VANISHING OF FOURIER COEFFICIENTS

By (4), it is clear that there are many formulas for the Fourier coefficients of
Shimura lifts in terms of Shimura sums over Hecke Grossencharakters. In this
vein we mention the conjectures on the nonvanishing of Fourier coefficients that are
intimately related to the formulas like (4) coming from CM fields.

The most famous of these conjectures is Lehmer’s conjecture on the nonvanishing
of 7(n), the Ramanujan function. Recall that 7(n) is defined by the infinite product

d o)t =q (1"
n=1 n=1

There are similar conjectures due to Atkin. Let r > 0 be an even integer other than
2,4,6,8,10,14, and 26. Define 7,.(n) by

d mmg =] -q)
n=0 n=1

They conjecture that for these values of r that 7,.(n) # 0 for all n € Z*.

It is interesting to note that when r = 12,16, and 24 we can apply our methods
to get exact formulae for 7,.(n). Consequently the Atkin conjectures for r = 12,16,
and 24 say that there are no similar remarkable identities like the ones given in
Theorem 2.

4. ACKNOWLEDGEMENTS

The author would like to thank the referee for reading several earlier drafts of this
paper and also for suggesting formula (12) which occurs in the proof of Theorem 2.

REFERENCES

. B. Cipra, On the Shimura lift, apres Selberg, J. Number Theory 32 (1989).

B. Gordon and S. Robins, Lacunarity of Dedekind n—products, Glasgow Math. J. (to appear).
E. Grosswald, Representations of integers as sums of squares, Springer-Verlag, 1985.

K. Ono, Dihedral representations of modular forms with complex multiplication, preprint.

, A note on the Shimura correspondence and the Ramanujan T(n) function, preprint.
. K. Ribet, Galois representations attached to eigenforms with Nebentypus, Springer Lect. Notes
in Math. 601 (1977), 17-52.

J.-P. Serre, Sur la lacunarite des puissances de n, Glasgow Math. J. 27 (1985), 203-221.

. G. Shimura, On modular forms of half-integral weight, Ann. of Math. 97 (1973), 440-481.

I e

© N

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF GEORGIA, ATHENS, GEORGIA 30602
E-mail address: ono@sophie.math.uga.edu



