IDENTITIES FOR TRACES OF SINGULAR MODULI
KATHRIN BRINGMANN AND KEN ONO

Abstract. Generalizing work of Zagier, in an important recent paper Bruinier and
Funke prove that the generating functions for traces of singular values of many modular
functions are weight % modular forms. Using facts about half-integral weight modular
forms, we obtain identities relating traces of singular moduli for modular functions of
level p and 1. These follow from a general result relating coe [ciehts of certain weakly
holomorphic weight % modular forms of level 4p to Zagier’s traces of singular moduli.

1. Introduction and statement of results
Let q:= €™ and let
J(2) = g 1 +196884+ 2149376QF + - - -
be the Hauptmodul for =PSL ,(Z). Similarly, let
js€z) = g1+ 783q+ 8672 + 65367 + 371520 + - - -

be the Hauptmodul for [{8), the extension of o(3) by the Fricke involution W;. The
values of such functions at imaginary quadratic arguments@known assingular moduli.

There are general identities relating singular m@li\jon@tions such@]\(;) angl

jitz). To illu%ats, o%erve that the evaluations] == = —744,j 0= =% =
—42, andj{” T2 = —234 imply that

|:I1+\/_3|:I |::I3+\/_3|:I |:I7+\/_3|:I

11 e [ LYl L
(1.1) 1 — i’ —¢ 3is’ —
Such identities follow from arithmetic relations between mdular forms of di erent levels.

For a positive integerm, let J,,(z) be the unique modular function on with Fourier
expansion

B 1
In(@)= g™+  ca(n)d™
n=1

Zagier [Za] computed the generating functions for the \trags" of the J,(z) singular

moduli, as well as several other classes of modular functsonlo describe these traces, let
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D =0;3 (mod 4) be a positive integer, and leQp denote the positive de nite integral
binary quadratic forms Q(a; b; 9 = ax?+ bxy+ cy? of discriminant —D = k? —4ac. The

group acts on Qp by
° vs = y; X y):

v
For eachQ [Qp, we let ¢ := =*2=*¢ [H, and we let! o := | ¢, where ¢ is the
isotropy subgroup ofQ in . If m is a positive integer and—D is a discriminant, then

Zagier de ned the trace of the singular moduli of discriminat —D for J.,(z) by

(12) tm(D) := 20 o)

Qrap/
He proved the striking fact that their generating functionsare Weight% modular forms.
It turns out that (1.1) is a special case of a general phenomem where sums of
coe cients of certain weakly holomorphic weight% modular forms are given in terms of
such traces. A meromorphic modular form igeakly holomorphic if it is holomorphic on
H. Following Kohnen, for integers let ML 1( o(4)) be the space of weakly holomorphic
2

weight k + % modular forms on (4) with a Fourier expansion of the form
1

(1.3) a(n)q":

n[C=c¢
(—=1)kn=0,1 (mod 4)

Furthermore, if p is an odd prime and = =*1, then let M;EE ?§4p)) be the space of
2

those weightk + % weakly holomorphic modular formd (z) = | =5 a(n)g" on o(4p)
whose Fourier coe cients satisfy
IF_ll)kn 1

Y
The generic identities, for forms inM’;? o(4p)), are expressed in terms of a distin-
2
guished sequence of modular forms. To de ne them, for eachgitove m = 0; 1 (mod 4)
let gm(z) be the unique form inM7%( o(4)) with a Fourier expansion of the form
2

\ —
(1.5) Om(2)=qg ™+  B(m;n)g"

n=0

(1.4) a(n) =0 whenever (—1)n=2;3 (mod 4) or

Remark. The uniqueness of thay,(z) essentially follows from the fact that there are no
holomorphic forms inM73( o(4)) (see the discussion preceding Theorem 4 of [Za]).

. i 1 .
Theorem 1.1. If pis an odd prime, = *1,andg= |  —ga(n)q" I:N'Ig'? o(4p)),

2
then for every positive n = 0; 3 (mod 4) we have
]
a(n) + a(np? = a(—m)+ a(—mp? B(m;n):

m=1
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Remark. Since Zagier (see Section 7 of [Za]) proved that the integeBgm; n) are traces
or \twisted traces" of singular moduli, Theorem 1.1 provids identities expressing sums of
coe cients of forms in Mg? 0(4)) as sums of traces of singular moduli. For brevity and

aesthetics, we do not give2 the general formulas here. Insteave simply give Corollary 1.2
which relates the traced,(D) to the level p traces de ned below.

Recently, Bruinier and Funke [BF] have greatly generalizedagier's results to include
traces of singular moduli of modular functions on groups wtth do not necessarily possess
a Hauptmodul. A particularly elegant example of their geneal work corrggpo@g to
modular functions on o(p) which are xed by the Fricke involution W, = 5 o . To
de ne these traces, letp be an odd prime, and let 4(p) be the projective image of
the extension of ¢(p) by the Fricke involution W, in PSL,(R). Let Qp, be the set
of quadratic formsQ [Qp such thata = 0 (mod p). The group §(p) acts on Qpp,
where the action for elements of o(p) is de ned as before, andl > W, := QXx;y), where
Q{x;y) = (pc;—b; a=p.

Suppose thatf (z) is in Mo( (b)), the set of weakly holomorphic modular functions
for tp). For suchf, the discriminant —D trace is given by

1 4
(1.6) te(D) := | 5ol F( Q)
Qb 5 | 09
Here §(p)q is the stabilizer ofQ in  {{p). Applying Theorem 1.1 to the Bruinier-Funke
generating functions gives the following corollary.

L1
Corollary 1.2. If pis an odd prime and f = a(n)g" [CWy( jp)), with a(0) = 0,
then for every positive integer D = 0; 3 (mod 4) we have

| Hm’ L 1
te(D) + te(Dp?) = m (m=1) t;,(D):

m=1 Ilm

Here (n) denotes the usual Mdbius function, and

b(m) = ma(—mn) + p’ma(—p’mn) :
n=1

Remark. There is an alternate approach to proving Corollary 1.2. Usg the weight zero
analog of Lemma 2.2, one can obtain an identity of the form

1
c(m)JIm(z) = f(2) + pf(2)|U(p):
m=1

Using this identity, one easily obtains sums df,,(n) as sums of singular moduli fof (z).
To prove Corollary 1.2, one needs to relate such sums to (1.G}his requires a somewhat
lengthy calculation which aligns the corresponding CM pots, counted with the correct
multiplicity, with the points obtained from de nition of th e U(p) operator. The extra
information provided by Bruinier and Funke, and Zagier, albws us to argue instead with
standard properties of half-integral weight modular forms
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Example. If f = j5'D =3, and p = 3, then Corollary 1.2 implies that
1 I;ll + \/—_3
t®) + N = @)= 59 ——— =-248

j:FI_3+t;/__3 4
It turns out that tj‘3%€3) =——F—=-%=-7and
IZI7+ \/_3 ) =9 =3 "
_ - - 6 - — = — _ .
427 = i3 5 + 5 = —234 5" 241
1 1 [C1y [

Noting that j§~ === = j2 =% =8 = —42 gives (1.1).

In Section 2 we recall facts about half-integral weight modar forms. In Section 3 we
discuss features of the \Kohnen spaces”, recall the formtien of the Bruinier-Funke
and the Zagier generating functions, and prove Theorem 1.hé Corollary 1.2.
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2. Preliminaries on half-integral weight modular forms

We recall basic facts about half-integral weight modular fms (see [Sh] and [Ko]).
Throughout, let k be an integer, and letp = 1 or an odd prime. We IetSk+% be the
group consisting of all pairs A; (z)), where A = (28) AL} (R) and is a complex-
valued holomorphic function onH satisfying

| (2)| = (det A)~2"a [cz+ d|<* 2
The group law in Sk+% is given by

(2.1) (A, (2)) - (B; (2)):=(AB; (Bz) (2)):
The group algebra ofS,, 1 over C acts on functionf : H - C by
i — —
fl G(Ay; V)= o v(2)f(Av2):
\Y \Y

We require the automorphy factor

LTI
@= @ ¢ —  (zrdh;
where is an even Dirichlet character modulo g. As an abuse of notation, we shall let
(2.2) AY=(A; ):

Let o(4p; )k+% be the set of these pairsA,'where A [1,(4p). A meromorphic

function f : H 3 C is aweight k + % meromorphic modular form with Nebentypus
if it is meromorphic at the cusps of ¢(4p) and if f |AY= f for all A=C1y(4p; )k+%.
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We let Mk,,%( o(4p); ) be the space of weakly holomorphic modular forms of weight

k + % with Nebentypus character on o(4p). Furthermore, let Mk+%( o(4p)) denote
the case where is trivial.

Remark. Although we only describe those forms with level g} most of the following
arguments hold for general levels. Furthermore, the factsanquote from works of Shimura
and Kohnen were originally stated for holomorphic forms orusp forms, although their
proofs also apply for weakly holomorphic forms.

For m = 1, de ne the operatorsU(m) and V(m) on formal power series irg by
L1 L1

L 1 1
(2.3) a(n)g” |U(m) =, amn)q";
it 1
L 1 1
(2.4) a(ma® [V(m) = zang™
n[Z]
We also require the Atkin-Lehner operatordV (p) de ned by
CI ]l 1
— p a . 2 _k_1 k+ 1
(2.5) W= gy opp i P i@pze ke

where a and b are integers withpb— 4a = 1. The next proposition (see [Sh] and [Ko])
describes the modularity of these operators.

Proposition 2.1. Suppose that f EISI/I,H%( 0(4p)|;:“%|.
(1) We have f [U(p);  [W(p) CI, 3(ofdp); ¥ ).
(2) We have f [V (p) CM, 1( o(4p?); © ).

We shall employ the trace map T4 : My, 1( o(4p)) ~ My, 1( o(4)) de ned by

4 r 1
(2.6) TPE) = ez
i=1
where{ 1;---; [} is a set of coset representatives foro(4p)\ o(4). The next lemma

(see page 66 of [Ko]) gives a description of this map in term§\W (p) and U(p).
Lemma 2.2. If pis an odd prime and f IZN’IK+%( o(4p)), then we have

by
Tra(f)=f + - pe”

Blw

i W (R)U(P):

3. Kohnen’s spaces and the traces of singular moduli
Let ML;( o(4p)) and M;E( o(4p)) be the spaces de ned in (1.3) and (1.4).
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3.1. Trace generating functions. Zagier showed how the formsg,(z) may be used
to compute the generating functions for traces and twistedraces of singular moduli.
For example, consider

1

B1) w(=9g'+ B(LD)a® = q't—2+248¢ — 492 + - [MI5( o(4)):
D=0 2

To make the connection to traces, for positive integens, let

(3.2) Bm(1; D) := the coe cient of P in gi(2)|T(m?);

where T (m?) is the usual Hecke operator oM ( o(4)). Zagier's formulae for the traces
2
tm(D) are given by the following theorem (see Theorem 5 of [Za]).

Theorem 3.1. Ifm=1and 0<D =0;3 (mod 4), then t,(D) = —Bn(1;D).

More generally, Zagier (see Theorem 5 of [Za]) obtains thdléwing formula
L 1
(3.3) Bm(1;D) = IB (1%, D):

IIm
Applying Mebius inversion to these formulas immediately yes the following lemma.
Lemma 3.2. If m is a positive integer and 1< D = 0;3 (mod 4), then

1 L
B(m*D)= ——  (m=)t(D):

IIm
The following is a special case of Bruinier and Funke's workge Theorem 1.1 of [BF]).

Theorem 3.3. If pis an odd prime and f = a(n)g" CMq( §tp)); with a(0) = 0,
then

C 1T 1 1 ) 1 1
Gp(f;z) = — ma(—mn)g™™ +  (1(n)+ p i(n=p) a(—n)+  tg(D)a°
m=1 n=1 n=1 D=0
) - 1 .
is an element of M3 ( o(4p)), where 1(n) := gn © for positive integers n, and

1(x) =0 for non-intégral X.

3.2. Operators on the Kohnen spaces. Here we assume thap is an odd prime.
To prove Theorem 1.1, our plan is to apply Lemma 2.2. This reqees an explicit
description of the action ofU(p) and W (p). Although the next two results are proven
for holomorphic forms by Kohnen in [Ko], we give their prooffor completeness.

Proposition 3.4. If f I:ISYI,H%( o(4p)), then

=
flU(P)IW (p)? = o f1U(p):
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Proof. Using (2.1), we obtain the identity
L] LLT1 I I N I |
=11 b

2 4 PO
W(p)* = p 4da+pl? 4da+ pk 0 p ' 1
11 s
I:ﬂ% _ 2 ] :
p+4a al+b . b+l ! (4p(1+ bz +(4a+ |ob2)|4_ﬁlE

4p(l+b) 4a+pt ' da+pd da+ pR
I Iy B |
1] [1T1
8 8 ;1 acts as the identity onf [U(p), and since o 4p; © |, . contains
2

p+d4a al+b | +1 -1 s I%I4p(1+b)z+(4a+ pbz)@% :
4p(1+b) 4a+pt ' da+pP 4da+ pP ’

Since

Proposition 2.1 gives the identity

- [T
S T _p e

i W(p)?= — f ;
VOW®E* = — 255 ar R U(p)
N gy | q 0, O
Slnce Tar pb2 = ; to complete the proof we have to show that4a+ Bz = =1: For

this we choosd I:ISI maX|maI such that 2|(b+ 1). Moreover, we assume thata = 0
(mod 2) (i.e, b= p (mod 8)). The Law of Quadratic Reciprocity implies that

[ b|+1 | ||2||= I |:|1|:|
3.4 = £ (=):(F)e-D T
(3.4) arps -~ 5 Y G
Here we used the fact that 4 — pb= —1. To prove that the right-hand side of (3.4)
equals 1, we distinguish the cases whethér 1 orIJ__I 1. | > 1, thenp=b=3
b+1
god 4|)__| smg; that in this case (1)3(5r ~De=D = &7z We obtain from (3.4) that
4a++;b2 = ljﬁjs the claim is clear ifl is even. Ifl is odd, thenp= b= —1 (mod 8)
and therefore < 1: Thus we also obtain the claim. Ifl =1, t p =b=1-3

Tar pb2 = 1, since

mod 8). If p = b = 1 (mod 8), then we obtain from (3.4) that
1] 1]

z =1, (—1):(*z DD = 1 and 5757 =1 If p=b=5 (mod 8), Wl%also obtain
>z = 1from (3.4), since 2 = —1, (—1)i(F )Y =1 and e57 - L

The following lemma relates the action ofJ(p) and W (p) on Mk+ 1( o(4p)).

Lemma 3.5. If f I:ISI/I+ I:'( o(4p)), where  [{t1}, then f|p~z*2U(p)|W(p) is in
k+1( o(4p)). Moreover, we have
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1
Proof. Exactly as in [Ko] p. 41 we obtain forf = | | — a(n)q" the following identity
L1 L1 L1 L1
1)kn 1 1 kil

ama’+ pEf| o P [W(p);

Bl

(3.5) f|p " 3U(p)|W(p) =

n =<

where ¢ is an integer with 1+4 ¢ = 0 (mod p). Sincef EISI/IK+ l( o(4p)), it is clear

that the Fourier coe cients of the rst term vanish unless =Dk . Moreover, the

coe cients of the second term vanish unlesg|n which follows directly from the identity

[ 1 [ Leh a1 s [
(36) 1 0o . %+% W()_ 10 . __l 2 CL—\yV() p 0 . —% % .
. O p ,p p_ O 1 ’ p p O 1 'p 1

whereC [}(4p). Since Kohnen (see page 39 of [Ko]) proved that
fIp 2" SU(R)IW (p) CMI,, 1( o(4p);

these calculations show that |p‘E 4U(p)|W(p) EIS}'Ik+ 1( o(4p)).
For the second part of the lemma, note that (3.5) and (3.6) imly that

=t
flp 2 iuEIW(p) = f — f [UP)IV(p)+ - ST (W (p)V(p):
Sincef |p~%* 1U(p)|W (p) I:IS}'IK+1( 0(4p)), we have
=
= —fUENVE+ - 2 W)V (p) M5 o(4p)):

If ht= r,%_I,,,c(n)q”, then the coe cients c(n) vanish unlessp|n. A theorem of
Serre gAd Starff(heorem 1 of [SS]) then implies thah™= ho|V(p), where hy [
Mk+% o(4); B . Obviously, there are no such non-zero forms, and $g = 0 which
in turn implies that

flp™2* sU(p)IW (p) = f:
The second claim in the lemma now follows by applying Propdisin 3.4.

Remark. The theorem of Serre and Stark employed above is stated forlbmorphic
half-integral weight forms. Note that we may apply their reslt to hZ) ( pz)?, where
(' 2) is the usual normalized weight 12 cusp form 08L,(Z) and a is a su ciently large
positive integer. This results in the desired conclusion &t ht= 0.

3.3. Proof of Theorem 1.1. Now we prove Theorem 1.1 using the results from the
previous two sub-sections.

Proof of Theorem 1.1. Lemma 2.2 and Lemma 3.5 imply that
)

TG = g+ Fl Pt - gIW(P)IU(P) = g+ glU():
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Therefore, we nd that

4p - 2 I:I—m @ 2 I:In.
Try(9) = a(—m)+ a(—mp’) q "+ a(n) + a(np’) g

m=1 n=0

By its Fourier expansion and Lemma 2.2, we have that $#(g) W% ( o(4)), and is
given by 1 ] :
Tr¥@= a(-m)+ a(-mp’) gu(2):

m=1
Here we require that theg,, are uniquely determined by their \principal parts"”, together
with the fact that there are no holomorphic forms inM7 ( o(4)).

Proof of Corollary 1.2. By applying Theorem 1.1 to the modular formG,(f;z) from
Theorem 3.3, we obtain the identi&I O

4 L IT 1
Tr P (Gp(f;2)) = — ma(—mn) + p’ma(—mp?n) gm2(2):
m=1 n=1

The corollary now follows from Theorem 3.3 and Lemma 3.2.
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