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Abstract. Motivated by work of Gross, Rohrlich, and more recently Kim, Masri,
and Yang, we investigate the nonvanishing of central values of L-functions of “canon-
ical” weight 2k−1 Hecke characters for Q(

√
−p), where 3 < p ≡ 3 (mod 4) is prime.

Using the work of Rodriguez-Villegas and Zagier, we show that there are nonvan-
ishing central values provided that p ≥ 6.5(k−1)2 and (−1)k+1

(
2
p

)
= 1. Moreover,

we show that number of such ψ ∈ Ψp,k satisfy

#{ψ ∈ Ψp,k | L(ψ, k) 6= 0} ≥ h(−p)
# Cl(K)[2k − 1]

.

1. Introduction

Throughout we suppose that 3 < p ≡ 3 (mod 4) is prime. Let K = Q(
√
−p) be

the corresponding imaginary quadratic field, and let OK be its ring of integers. A
canonical Hecke character is a Hecke character ψ of K of weight 2k−1 and conductor√
−pOK satisfying

ψ((α)) = ε(α)α2k−1, for (α,
√
−pOK)=1,

where ε is defined via the isomorphism OK/
√
−p ∼= Z/p and the Dirichlet character(−p

·

)
on Z/p. Since the canonical Hecke characters are determined on principal ideals,

there are precisely h(−p) of them, and if ψ is any one of them, they are given by

Ψp,k = {ψχ : χ ∈ Cl(K)∧}.
The L-function associated to a canonical Hecke character is

L(ψ, s) =
∑

06=a⊂OK

ψ(a)

N(a)s
, for <(s) > k +

1

2
.

It has an analytic continuation to C and satisfies a functional equation under s 7→
2k − s with root number (−1)k+1

(
2
p

)
(see [RVZ, p. 86]).

Our main result is the following effective nonvanishing theorem for the central
values L(ψ, k).

Theorem 1. If k is a positive integer and 3 < p ≡ 3 (mod 4) is a prime for which

p ≥ 6.5(k − 1)2 and (−1)k+1
(

2
p

)
= 1, then

1

h(−p)
∑

ψ∈Ψp,k

L(ψ, k) ≥ πkpk/2−3/4

18k−1(k − 1)!
e−π

√
p/4.
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In particular, there exists at least one ψ ∈ Ψp,k such that L(ψ, k) > 0.

Remark 2. One can generalize this result to discrimants of imaginary quadratic fields
−3 > d ≡ 1 (mod 4) using a Rodriguez-Villegas and Zagier formula holding in that
case [RV, p. 436]. The formula is complicated by genus theory and so we only treat
the prime case here. One obtains the same lower bound in the same range.

These central values first arose in connection with work of Gross [Gr] and Rohrlich
[R, R2] on ranks of elliptic Q-curves. More recently, Kim, Masri, and Yang [KMY]
have shown under some technical conditions that the nonvanishing of these central
values implies that certain Selmer groups associated to the characters ψ are finite. The
nonvanishing of the central values L(ψ, k) under the assumption that (2k−1, h(−p)) =
1 has been studied extensively by Rohrlich, Rodriguez-Villegas, Zagier, Yang, and
many others (see for example [R, R2, MR, RVZ, MiY, Y, LX]).

When (2k − 1, h(−p)) > 1, Ψp,k breaks up in to multiple Galois orbits. We recall

that the Galois group G = Gal(Q/K) acts on Ψp,k by

ψσ(a) = ψ(a)σ for σ ∈ G
where we have fixed an embedding K ⊂ Q. By [R3] and [Ma2, Prop. 1.1], for any
ψ ∈ Ψp,k,

#{ψσ | σ ∈ G} =
h(−p)

# Cl(K)[2k − 1]
,

where Cl(K)[2k − 1] is the (2k − 1)-torsion subgroup of Cl(K). By an important
theorem of Shimura [Sh, p. 212], for σ ∈ G and ψ ∈ Ψp,k,

L(ψσ, k) 6= 0 ⇐⇒ L(ψ, k) 6= 0.

The following corollary is now an immediate consequence of Theorem 1.

Corollary 3. Under the same assumptions on p and k as in Theorem 1 we have

#{ψ ∈ Ψp,k | L(ψ, k) 6= 0} ≥ h(−p)
# Cl(K)[2k − 1]

.

Note that Siegel’s lower bound h(−p) � p1/2−ε and the widely believed upper
bound # Cl(K)[2k − 1]� pε would imply

#{ψ ∈ Ψp,k | L(ψ, k) 6= 0} � p1/2−ε.

In [Ma], Masri proves nonvanishing theorems for canonical Hecke L–functions which
are valid even when (2k − 1, h(−p)) > 1. He uses a formula of Rodriguez-Villegas
and Zagier [RVZ] for L(ψ, k) as well as equidistribution of Heegner points to obtain
an asymptotic formula for the first moment

1

h(−p)
∑

ψ∈Ψp,k

|L(ψ, k)|

as p tends to infinity. From here he uses a subconvexity bound of Duke, Friedlander,
and Iwaniec [DFI] to obtain a nonvanishing theorem of the form

#{ψ ∈ Ψp,k | L(ψ, k) 6= 0} � pδ
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for some δ > 0 and all p sufficiently large. However, this result is ineffective due to
an application of Siegel’s theorem, thus one cannot say how large p must be taken to
guarantee the existence of a nonvanishing central value.

The Rodriguez-Villegas and Zagier formula relates L(ψ, k) to a sum of a fixed
theta series evaluated at CM points. Our main observation in this paper is that we
can quantify the nonvanishing problem by studying the position of the CM point
corresponding to the trivial ideal class in the cusp. This idea of quantification in
the cusp also appears in work of Michel and Venkatesh [MV] on nonvanishing of
Rankin-Selberg L-functions.

Acknowledgements. To be entered after the final referee report is received.

2. The formula of Rodriguez-Villegas and Zagier

In this section we recall the Rodriguez-Villegas and Zagier formula for the central
values of canonical Hecke L-functions. In the notation of [RVZ], we first define the
real-analytic theta series θl+1/2 for l ≥ 0 by

θl+1/2(z) =
1

(2πy)l/2

∑
n≥1
n odd

(
−4

n

)l
Hl(n

√
πy/2)eπin

2z/4 (1)

where Hl is the Hermite polynomial defined by

Hl(z) =
∑

0≤j≤l/2

l!

j!(l − 2j)!
(−1)j(2z)l−2j. (2)

Next, we define Heegner points suitable for evaluating modular forms of level a

power of 2. Given a primitive ideal a = [a, b+
√
−p

2
] prime to p, we are free to choose b

congruent to 1 modulo 16 and then we define

z(2)
a =

b+
√
−p

2a
∈ H. (3)

With notation as above we recall the following theorem of Rodriguez-Villegas and
Zagier.

Theorem 4 ([RVZ]). Let 3 < p ≡ 3 (mod 4) be a prime and let ψ be a canonical
Hecke character of weight 2k − 1 associated to K with root number 1. Then one has
the following identity

L(ψ, k) =
πkpk/2−3/4

2k−3(k − 1)!

∣∣∣∣∣∣
∑

[a]∈Cl(K)

(
−4

N(a)

)δ
ψ(a)

−1
θk−1/2(z

(2)

a2 )

∣∣∣∣∣∣
2

,

where δ is defined by
(

2
p

)
= (−1)δ.
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3. Bounds for Hermite polynomials

In this section we establish some facts concerning Hermite polynomials that will
be used in the proof of Theorem 1. First we need the following bound on the largest
zero of the Hermite polynomial Hl.

Proposition 5 ([K, p. 36]). Let l ≥ 1. Then Hl(x) has no zeros for x ≥
√

2l − 2.
In particular, Hl(x) is positive in that range.

Using this we can obtain upper and lower bounds for Hl(x).

Lemma 6. For x >
√

2l we have

(2x/3)l ≤ Hl(x) ≤ (2x)l

Proof. First we prove the upper bound. It is clear for l = 0, 1 from the expressions
H0(x) = 1, H1(x) = 2x. For l ≥ 2 we proceed inductively using the standard
recurrence

Hl(x) = 2xHl−1(x)− 2lHl−2(x).

For x >
√

2l, Proposition 5 implies Hl−2(x) ≥ 0 and so

Hl(x) ≤ 2xHl−1(x) ≤ (2x)l

by induction. Similarly, the lower bound is immediately verified for l = 0, 1. For
l ≥ 2 we denote the largest real root of Hl(x) by rl. We use the standard fact that

H ′l(x) = 2lHl−1(x).

For y >
√

2l we can write

Hl(y) =

∫ y

rl

H ′l(x)dx =

∫ y

rl

2lHl−1(x)dx ≥
∫ y

√
2l−2

2lHl−1(x)dx

where the last step is justified by Proposition 5 and rl > rl−1. Inductively using the
fact that Hl−1(x) ≥ (2x/3)l−1 in the range x >

√
2l − 2, we find that

Hl(y) ≥
∫ y

√
2l−2

2l

(
2x

3

)l−1

dx = 3

(
2

3

)l [
yl − (2l − 2)l/2

]
.

It remains to show that for y >
√

2l

3

(
2

3

)l [
yl − (2l − 2)l/2

]
≥
(

2

3

)l
yl

which is equivalent to
2yl ≥ 3(2l − 2)l/2.

For y >
√

2l this follows from

2

3
>

1√
e
>

[
1− 1

l

]l/2
.

�

Remark 7. Since Hl(x) ∼ (2x)l as x tends to infinity, the lower bound in the above
lemma is far from optimal for x large. However we are primarily interested in the
lower bound in the region where x is not much larger than the largest zero of Hl.
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4. Proof of Theorem 1

We first use the Rodriguez-Villegas and Zagier formula to obtain an exact formula
for the first moment. By Theorem 4, we have that

1

h(−p)
∑

ψ∈Ψp,k

L(ψ, k) =
Ck

h(−p)
∑

ψ∈Ψp,k

∣∣∣∣∣∣
∑

[a]∈Cl(K)

(
−4

N(a)

)δ
ψ(a)

−1
θk−1/2(z

(2)

a2 )

∣∣∣∣∣∣
2

,

where we denote

Ck =
πkpk/2−3/4

2k−3(k − 1)!
.

Recall that
Ψp,k = {ψ0χ | χ ∈ Cl(K)∧}

for a fixed ψ0 ∈ Ψp,k. Squaring out the summand, interchanging orders of summation,
and using the orthogonality relations yields

1

h(−p)
∑

ψ∈Ψp,k

L(ψ, k)

= Ck
∑

[a],[b]∈Cl(K)

ψ0(ab)
−1
θk−1/2(z

(2)

a2 )θk−1/2(z
(2)

b2 )

(
−4

N(ab)

)δ
1

h(−p)
∑

χ∈Cl(K)∧

χ(ab)

= Ck
∑

[a]∈Cl(K)

ψ0(aa)−1
∣∣∣θk−1/2(z

(2)

a2 )
∣∣∣2 .

Using the fact that
ψ0(aa) = ψ0(N(a)) = N(a)2k−1

we obtain the exact formula for the first moment

1

h(−p)
∑

ψ∈Ψp,k

L(ψ, k) =
πkpk/2−3/4

2k−3(k − 1)!

∑
[a]∈Cl(K)

1

N(a)2k−1

∣∣∣θk−1/2(z
(2)

a2 )
∣∣∣2 .

Using positivity, we obtain the lower bound

1

h(−p)
∑

ψ∈Ψp,k

L(ψ, k) ≥ πkpk/2−3/4

2k−3(k − 1)!

∣∣∣θk−1/2(z
(2)
OK

)
∣∣∣2 , (4)

where

z
(2)
OK

=
1 +
√
−p

2
is the Heegner point corresponding to the trivial ideal class. The Fourier expansion
of θk−1/2 at the cusp at infinity evaluated at the trivial Heegner point is

θk−1/2

(
1 +
√
−p

2

)
=

1

(π
√
p)

k−1
2

∑
n≥1

(
−4

n

)k−1

Hk−1

(
nπ1/2p1/4

2

)
eπin

2x/8e−πn
2√p/8.

For convenience, let an denote the nth term in this sum (note that an = 0 for n
even). The strategy is to bound the first term below in magnitude, while comparing
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the rest of the terms to a geometric series by bounding the magnitude of the ratios
of consecutive terms. For

π1/2p1/4

2
≥
√

2k − 2 (5)

we can use the estimates in Lemma 6 to obtain for any integer m ≥ 0

∣∣∣∣a2m+3

a2m+1

∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
Hk−1

(
(2m+ 3)π1/2p1/4

2

)
e−π(2m+3)2

√
p/8

Hk−1

(
(2m+ 1)π1/2p1/4

2

)
e−π(2m+1)2

√
p/8

∣∣∣∣∣∣∣∣∣
≤
(

2m+ 3

2m+ 1

)2k−2

32k−2e−π(m+1)
√
p

≤ 81k−1e−π
√
p.

The above inequality holds for (5), which is true for p ≥ 6.5(k− 1)2. Since p ≥ 7, we
uniformly obtain

81k−1e−π
√
p ≤ 1

3
.

Thus under these assumptions we have that

|a2m+1| ≤
|a1|
3m

.

Now we have

|θk−1/2(z(2)
1 )| ≥ 1

(π
√
p)

k−1
2

(
|a1| −

∞∑
m=1

|a2m+1|

)

≥ 1

(π
√
p)

k−1
2

∣∣∣∣Hk−1

(
π1/2p1/4

2

)
e−π

√
p/8

∣∣∣∣ (1− 1

3
− 1

32
− 1

33
. . .

)
=

1

(π
√
p)

k−1
2

1

2

∣∣∣∣Hk−1

(
π1/2p1/4

2

)
e−π

√
p/8

∣∣∣∣
≥ 1

3k−1

1

2
e−π

√
p/8 > 0

where we used the lower bound of Lemma 6 in the last step. For p ≥ 6.5(k − 1)2,
substituting this lower bound into (4) yields

1

h(−p)
∑

ψ∈Ψp,k

L(ψ, k) ≥ πkpk/2−3/4

18k−1(k − 1)!
e−π

√
p/4.
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