
Math 521 I. M. Isaacs
MIDTERM EXAM SOLUTIONS

1(a) One way to do this is to use the fact proved in class that between any two different
real numbers there exists a rational number. In particular, given r in R, we can choose a
rational number an between r and r+1/n. Then |an−r| < 1/n, so given ε > 0, we can take
N to be an integer such that N > 1/ε. Then if n > N , we have |r− an| < 1/n < 1/N < ε,
and this shows that the sequence {an} converges to r.

1(b) Let an be as in (a), so an is rational. Let bn =
√

2/n and cn = an + bn. Since an is
rational and bn is irrational, we see that cn is irrational. Also,

lim
n→∞

cn = lim
n→∞

an + lim
n→∞

bn = r + 0 = r ,

as wanted.

2(a) We find an example in R = R1. Let Cn = [n,∞). This is closed and nonempty and
we clearly have C1 ⊇ C2 ⊇ C3 · · ·. But if x is an arbitrary real number, we can choose a
positive integer n > x, and thus x 6∈ Cn, so x is certainly not in the intersection of all of
the Ci. Since x was arbitrary, there is no number in this intersection, which is therefore
empty.

2(b) Choose an in Cn, which is possible since it is given that Cn is not empty. Then {an}
is a sequence of points in the bounded set C1, so by the Bolzano-Weierstrass theorem,
{an} has a convergent subsequence {anm

}. Let a be the limit of this subsequence. Then
a is also the limit of the subsequence obtained by deleting any finite number of terms of
{anm}. If we delete all terms with nm < k for some given positive integer k, what remains
is a sequence of points, all in Ck and having limit a. But Ck is closed, so the limit of a
sequence in Ck must be in Ck. Thus a ∈ Ck for all positive integers k, and thus a is in the
intersection, which is therefore not empty.

2(c) We find an example in R. Let Cn = (0, 1/n), so that Cn is open and bounded, and
clearly C1 ⊇ C2 ⊇ C3 · · ·. To show that the intersection is empty, let x be an arbitrary
real number. If x ≤ 0, it lies in none of the Cn so it certainly is not in their intersection.
If x > 0, there is some positive integer n such that 1/n < x, and thus x is not in Cn. No
real number, therefore, is in the intersection of all of the Cn.

3(a) We are given that B = {x ∈ Rn | |x| ≤ 1}. To show that B is closed, we show that
it contains all its boundary points, so let b be a boundary point. If b 6∈ B, then |b| > 1,
and we let δ = |b| − 1, so δ > 0. Since b is a boundary point of B, the δ-ball about b must
contain an a point x of B. Thus |b− x| < δ. Also, because x ∈ B, we have |x| ≤ 1. Thus
|b| ≤ |b− x|+ |x| < δ + 1 = |b|. This is a contradiction, so b ∈ B and B is closed.

3(b) Note that q = (1, 0, . . . , 0) satisfies |q| = 1, so q ∈ B. Given ε > 0, the open
ε-ball about q certainly contains the point q, which is in B. It also contains the point
p = (1 + ε/2, 0, 0 . . . 0) since |p − q| = ε/2 < ε. However, |p| = 1 + ε/2 > 1, so p does not
lie in B. This shows that for every ε > 0, the ε-ball about q contains at least one point of
B and one point of the complement of B. In other words, q is a boundary point of B.
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4(a) By definition, f(x) = |x − p|. Now given ε > 0, choose δ = ε. To show that
f is uniformly continuous, we want to show that for points x and y of Rn, we have
|f(y)− f(x)| < ε whenever |y − x| < δ. Suppose, therefore, that |y − x| < δ. Now

f(y) = |y − p| ≤ |y − x|+ |x− p| = |y − x|+ f(x) < δ + f(x) = ε + f(x) .

Thus f(y) − f(x) < ε. Similar reasoning, interchanging x and y, yields f(x) − f(y) < ε.
These two inequalities together yield |f(y)− f(x)| < ε, as wanted.

4(b) Assume S is a closed subset of Rn with p 6∈ S. (The problem says S is compact,
but we need less, merely closed.) Then the complement of S is open and contains p, so it
contains some open ball of positive radius r about p. Now if x ∈ S, then x is not in the
complement of S, so it is not in the r-ball around p. This means that |x − p| ≥ r, and
since r > 0, we are done.

4(c) We are given a connected subset T ⊆ Rn. Since f is continuous by (a), we know that
f(T ) is connected in R. By hypothesis, f(a) = 1 and f(b) = 3, and thus the connected
subset f(T ) of R contains both 1 and 3. This connected set must be an interval, and so it
contains all points between any two of its members. In particular, 2 ∈ f(T ) so f(c) = 2
for some point c ∈ T . In other words, |c− p| = 2.

NOTES

(1) Another approach to 1(a) is to take an to be the number represented by the first n
decimal places of r.

(2) For 3(b), you could also show that the complement of B is open by showing that for
every point in the complement, an open ball around it is contained in the complement. It
turns out that this really is the same argument as given above.

(3) The book says (without proof) that the boundary of the ball {x | |x| ≤ 1} is the set
of points with |x| = 1. But quoting that makes Problem 3(b) too easy. You need to prove
something.

(4) For Problem 4(a) one could also use the “subtraction form” of the triangle inequality:
|a− b| ≥ ||a| − |b|| but it is easy to misuse that, so be careful.

(5) For 4(b), assuming that S is compact, you could use the fact that the continuous
function f takes on its minimum value r on S, and r 6= 0 since p is not in S.

(6) For 4(c) an alternative proof could go like this, Let U1 = {x ∈ Rn | |x − p| < 2} and
U2 = {x ∈ Rn | |x − p| > 2}. These sets have no points in common. Also, if the problem
is wrong, they cover T and each intersects T nontrivially. If we can prove that U1 and U2

are open (which they are) this contradicts the connectedness of T .
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