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Groups with All Irreducible Mo dules of
Finite Degree

D. S. Passman,W. V. Temple

Abstract. Let K [G] denote the group algebra of the multiplicativ e group G over a eld

K of characteristic 0. As is well known, G has an abelian subgroup of nite index if and
only if all irreducible modules of K [G] have nite bounded degree. An open question
of interest is whether G must have an abelian subgroup of nite index if K[G] has all
irreducible modules of nite degree,but without assuminga bound on these degrees.In
this note, we discussthe unpublished thesis work of the secondauthor which comesclose
to yielding an armativ e solution to this problem.
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In May 1998, | attended the International Algebra Conferenceat Moscow State
University dedicated to the memory of Prof. A. G. Kurosh. My talk there con-
cernedsomerecert work on the semiprimitivit y problem for group rings of locally
nite groupsover elds of characteristic p > 0. Sincethat material has beenade-
quately surveyedin [4] and [5], it seemedmore appropriate to usethis opportunit y
to discussanother group ring problem and speci cally to highlight, streamline, and
slightly extend the unpublished thesis work of my student Will Temple [6]. | am
delighted that Will has agreedto be a coauthor of this paper since, frankly, the
results are his. My cortribution hereis mostly concernedwith the writing of the
paper and the form of the presenation. For example,| work over an arbitrary eld
of characteristic 0 rather than just with the complex numbers. Surprisingly, this
seemsto shorten the proof somewhat. Furthermore, | have added Corollary 2(ii)
and the rather uninspiring Lemma 15. In closing, | wish to thank my hostsat the
conference,Profs. V. A. Artamonov, Y. A. Bahturin and A. |. Kostrikin, for their
invitation and their kind hospitality.

D. S. Passman,October 1998

1. Finite Degrees. The degreeof an irreducible module is best understood
in terms of polynomial identities. Let K be a eld and let R be a K -algebra.
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Then R is said to satisfy a polynomial identity if there exists a nonzero polyno-
mial f ( 1; 2;:::; n)inthe noncomnutativepolynomial ring Kh 1; 2;::: 5 n;iii
such that f(rq;ro;:::;ry) = 0for all r; 2 R. For example, R is commutativ e if
and only if it satis es the polynomial identity determinedby 1 o 2 1. More
generally, if A is a commutativ e K -algebra, then the Amitsur-Levitzki theorem
(see[3, Theorem 5.1.9]) assertsthat the matrix algebra M, (A) satis es no iden-
tity of degree< 2n, but that it does satisfy the standard identity s,, of degree

2n. Here
X

Sk( 15 250005 k) = (D .. K-
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Now let R be an arbitrary K -algebra,let V be an irreducible (right) R-module
andlet : R ! Endg (V) be the corresponding irreducible represeration. Then
we sa that V has nite degreeif (R) satis es a polynomial identity. In this case,
since (R) = R isaprimitiv ering, a result of Kaplansky [3, Theorem 5.3.4]implies
that R = My (D) whereD = Endgr (V) is a division algebra nite dimensionalover
its certer Z(D) = F. In particular, R is a simple Artinian ring with unique faithful
irreducible module V. Furthermore, dimg R = n? is the squareof a positive integer
and we de ne the degreeof V to equal n. Thus the degreeof V is neither the
dimension of V over D nor its dimensionover F. Rather, degV = dimg V where
E is any maximal subeld of D. Note that D ¢ E = M-(E), sOR ¢ E =
My (E) = My (E), and the Amitsur-Levitzki theorem yields

Lemma 1. LetV be an irr educible R-module with correspnding representation
. If nis a positive integer, then the following are equivalent.

(i) degv n.
(i) (R) satis es a polynomial identity of degree 2n.

(i)  (R) satis es the standard identity s;;,.

Becauseof part (iii) above, this information can be lifted globally to yield

Lemma 2. LetR bea K -algeba andletn 1 be given.

(i) If R satis es a polynomial identity of degree 2n, then all irr educible R-
moduleshavedegree  n.

(i) Conversely,if R is semiprimitive and if all irr educible R-modules have
degree  n, then R satis es the standard identity s;,,.

In general, we have no cortrol over the nature of the maximal subeld E in
(R). Indeed,the only result of any real interest hereis a consequencef Amitsur's
trick (see[3, Lemma 7.1.2(iii)]). Namely, supposethat K is algebraically closed
and that dimg R < jKj, wherethe latter is a strict inequality of cardinal numbers.
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Then ewvery irreducible R-module V satis es D = Endgk (V) = K. In particular, if
K isthe eld of complexnumbersand if R is a courntable dimensional K -algebra,
then degV = dimg V for all such V.

In the following, we usethe standard convertion that if V is a right R-module,
then V is naturally a left module for Endg (V).

Lemma 3. LetR S be K-algebas, let V be an irr educible right R-module of
nite degree, and let W be an irr educible S-submalule of Vs, the restriction of V
to S. Then we have

(i) W has nite degree and degW degV.
(iiy If degW = degV, thenV = DW where D = Endg (V).

Proof. Let be the R-represenation corresponding to V and let  be the S-
represenation corresponding to W. Then (R) satis es a polynomial identity,
and this identity is also satis ed by its subring (S) and by the latter ring's
homomorphic image (S). Thus, by Lemma 1, W has nite degreeand indeed
degW degV. To study the possibility of equality, we have to take a somewhat
more concrete view of V. To this end, write D = Endgr(V), F = Z(D), and let
E be a maximal subeld of D. Then (R) = My(D) where k = dimp V, and
sy D g E = M-(E). Then (R) ¢ E = My (E) = M,(E) wheren = degV.
Next, note that DW is a D-subspaceof V which is alsoa right S-module. If k®=
dimp DW andif :S! Endk (DW) denotesthe corresponding S-represertation,
then certainly (S) Mgo(D) F E = Myo(E) = Mpo(E). Thus (S) satis es the
standard identit y syn0 and hencesodoesits homomorphicimage (S), obtained by
restriction to W  DW. It follows from Lemma1that degW n® In particular,
if degW = degV = n,thenk” = n n%= k%, sodimp V = k k%= dimp DW
and consequetly V = DW, asrequired. t

In the remainder of this paper let K bea xed eld (usually of characteristic
0) and let K [G] denote the group algebra of the multiplicativ e group G over K .
Following [6], we say that G hasf.r.d ( nite represenation degree)if all irreducible
K [G]-modules have nite degree.

Lemma 4. Somehasic properties are as follows.

(i) Let H be a sulgroup of G and let W be an irr educible K [H]-module.
Then there exists an irr educible K [G]-module V suchthat W is a submalule
of Wy, the restriction of V to K [H].

(i) The f.r.d. condition is inherited by sulgroups and homomorphicimages.
(i) A nonalelian free group does not havef.r.d.

Proof. Part (i) is an easy consequenceof the fact that K[H] is a left K[H]-
module direct summand of K [G]. See[3, Lemma 6.1.2] for details. Part (ii) for



4 D. S. Passman,W. V. Temple

subgroupsis an immediate consequenceof (i) and Lemma 3(i). Furthermore, if
G is a homomorphic image of G, then K[G] is a homomorphic image of K [G].
Thus ewvery irreducible K [G]-module is naturally an irreducible K [G]-module, so
G clearly inherits the f.r.d. property from G. Finally for (i), if F is a nonabelian
free group, then a result of Formanek (see[3, Corollary 9.2.11])implies that K [F]
is a primitiv ering. SinceK [F]is not simple, its faithful irreducible module cannot
have nite degree. ti

In addition, we have

Lemma 5. Let G havef.r.d. andlet charK = 0. Then
(i) Every nitely geneated sulgroup of G is residualy nite.
(i) K[G] is semiprimitive.

Proof. (i). In view of Lemma 4(ii), we can assumethat G is nitely generated.
If N denotesthe intersection of all normal subgroupsof G of nite index, then
the goal is to showv that N = 1. To this end, let g be any nonidertity elemen
of G. SincecharK = 0, the group algebra K [hgi] of the cyclic subgroup H =
hgi is semiprimitive and hencethere exists an irreducible K [H]-module W not
annihilated by 1 g. It follows from Lemma 4(i) that there exists an irreducible
K [G]-module V with corresponding represeniation suc that (g) 6 1. But G
hasf.r.d., so (G) is a nitely generatedlinear group and hence (G) is residually
nite by a result of Mal'cev (see[7, Theorem 4.2]). In particular, since (g) 6 1,
it follows that g is not contained in N. Consequetly N = 1, asrequired.

(i) By (i) and [3, Lemma 7.4.4]it follows that every nitely generatedgroup
with f.r.d. hasa semiprimitive group algebra. [3, Lemma 7.4.1] and Lemma 4(ii)
now yield the result in general. t

We closethis sectionwith a versionof the polynomial identit y theorem of Isaacs
and Passman(see[3, Corollary 5.3.8]). It is a consequencef the latter result along
with Lemmas2(ii) and 5(ii).

Prop osition 1. Let G be a group and let charK = 0. If all irreducible K [G]-
moduleshave nite bounded degree, then G hasan akelian sulgroup of nite index.

Results of a similar nature for elds of characteristic p > O will appear in the
forthcoming thesis of Behn at the University of Wisconsin-Madison (seealso [1]).

2. Some Special Cases. For the remainder of this paper we assumethat K is a
xed eld andthat charK = 0. Recall that a group G hasf.r.d. if all irreducible
K [G]-modules have nite degree. We will freely usethe fact that this property
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is inherited by subgroupsand homomorphic images. One of our goalsis to showv
that such groups have a subgroup of nite index which is ( nitely generated)-by-
abelian. For this, it is rst necessaryto considerseeral special cases,speci cally
certain solvable groups and linear groups. This work is a bit tedious, sowe start
with groupsof class2. Here, asusual, G° denotesthe commutator subgroup of G.

Lemma 6. Let G havef.r.d.
(i) If G%is central and cyclic, then G%is nite and jG: Z(G)j< 1 .
(i) If Gis nite, then G hasan akelian sulgroup of nite index.

Proof. (i). Since G°is cyclic and charK = 0, it follows from Lemma 4(i) that
K [G] = R hasan irreducible module V on which G° acts faithfully. Let denote
the corresponding represernation and let F denotethe certer of the primitiv e ring
(R). SincedegV < 1, weknow that F isa eld andthat dimg (R) < 1. Let
Z = Z(G), sothat (Z) F. Weclaim that if g1;0;:::;0n 2 G arein distinct
cosetsof Z, then (gl);P(gz);::: ; (on) are F-linearly independert. Indeed, if
this is not the case,let Tfi (gi) = 0 be a nontrivial dependencerelation with
n minimal. By multiplying by (g,!), we can assumethat g, = 1. Certainly
n> 11" ;6 0Oand g 2 Z. Thus we can choosex 2 G which doesnot commute
with g; and, for ead i, let us write g@* = zg with z 2 G° Z. Multiplying
;@e given linear dependenceon the left by (x !) and on the right by (x) yields
Tfi (zi) (g) = 0, and by subtracting, we obtain
X X 1
0= fil (@) 1U(@= fil (@) 1] (%)
i=1 i=1
a shorter dependencerelation since g, = 1 implies that z, = 1. Furthermore,
z; 6 1 and G° acts faithfully on V, so (z1) 6 1 and fy[ (z1) 1]is a nonzero
element of F. In other words, this shorter relation is also nontrivial, thereby
cortradicting the minimality of n and proving the claim. In particular, it follows
that jG: Zj dimg (R) < 1 and hencealsothat G®is nite.
(ii). If C = Cg(GY, thenjG: Cj< 1 and Cis a nite certral subgroup of
C. In particular, C°%is a nite direct product of cyclic groups and henceC is a
nite subdirect product of groups with cyclic certral commutator subgroups. By
(i), eadh suc factor has a certer of nite index, sojC: Z(C)j < 1 and Z(C) is
the required abelian subgroup of G of nite index. ti

Next we consider certain metabelian groups.

Lemma 7. Let G be a metatelian group with f.r.d. Supmsethat G°is countable
and that the set of normal sulgroups of G contained in G° satis es the maximal
condition. Then G has an atelian sulgroup of nite index.

Proof. Let use rst just assumethat G is a metabelian group with f.r.d. and with
a countable commutator subgroup. We proceedin a seriesof steps.
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Step 1. If GYis periodic and contains no nonidentity nite normal sulgroup of
G, then G is akelian.

Proof. Since G is courtable and contains no nontrivial nite normal subgroup
of G, [3, Lemma 9.2.6], a slight extension of a result of Formanek and Snider,
implies that K [G] has an irreducible module V on which K [G9 acts faithfully .
In particular, if is the corresponding represertation and if F is the certer of
(K[G]), thenK [GY = (K[GY) F (K[GY) andthe latter isa nite dimensional
commutativ e F -algebra. It followsthat K [GY hasonly nitely many idempotents,
and sinceead nite subgroup of G° givesrise to a unique principal idempotent,
we concludethat G%is a nite normal subgroup of G. HenceG®= 1. t

Step 2. If Glis torsion free, then G has an akelian sulgroup of nite index.

Proof. Since GPis abelian, it has a free abelian subgroup A with G%A periodic.
Furthermore, G° is courntable, so there exists an embedding of A into the mul-
tiplicativ e group of the rationals Q and henceinto the muliplicativ e group of K .
Of course, corresponds to a 1-dimensional irreducible represenation of K [A]
and, by Lemma 4(i), we can extend this to an irreducible represeration of K [GY]
with corresponding module W. Since GC is abelian, the represertation here must
be a homomorphism onto some eld L K and, in particular, extendsto a
homomorphism : G°! L . Of course,if g 2 G° then (g) g annihilates W.
Finally, note that G%A is periodic and ker \ A = 1, soker is periodic and hence
ker = 1.

Next, extend W to an irreducible K [G]-module V, and let D be the division
ring End [¢3(V). SinceGY GandW V, Cliord's theoremimpliesthat Vgo, the
restriction of V to K [GY, is completely reducible with all irreducible submodules
G-conjugateto W. Furthermore, Vgo is the direct sum of the isotypical componerts
corresponding to theseirreducible submaodules. In particular, sinceead isotypical
componert isa D -subspaceof V and sincedimp V < 1 , it followsthat only nitely
many exist. Furthermore, we know that G permutes theseisotypical componernts,
sothere is a subgroupH of nite index in G suc that H stabilizesthe componert
U corresponding to W.

If a2 Aandx 2 H, then (a) a annihilates U and henceso does

x Y (@ ax= (a a

since (@) 2 K. From the nature of the action of K[GY on W, it follows that

(a) = (&) and hencethat a = a*. Thus, H certralizes A. But G°is a torsion
free abelian group and G%A is periodic, sothis implies that H alsocertralizes G°.
In particular, sinceH® G° we seethat H is a class2 group with a torsion free
commutator subgroup. Furthermore, note that any two elemers of H generatea
class2 group with a cyclic commutator subgroup. Thus Lemma 6(i) implies that
this commutator subgroup must be nite and henceequalto 1. In other words,
H is abelian and G is abelian-by- nite. t



Irreducible Modules of Finite Degree 7

Step 3. Completion of the proof.

Proof. Here we assumethe full hypothesis of the lemma, namely that the set
of normal subgroupsof G cortained in G° satis es the maximal condition. Now
suppose, by way of contradiction, that G is not abelian-by- nite. Then G=1 does
not have an abelian subgroupof nite index, sothe maximal condition implies that
there existsM / G, M G®maximal such that G = G=M doesnot have an abelian
subgroup of nite index. Note that G°= G%M 6 1 and that G is metabelian.
Furthermore, if N is any nonidertit y normal subgroup of G cortained in G°, then
G=N is abelian-by- nite.

If G° cortains a nontrivial nite normal subgroup L, then G=L has an abelian
subgroup H=L of nite index. But then H® L is nite, soH has an abelian
subgroup of nite index by Lemma 6(ii), a contradiction. Next, supposethat the
abelian subgroupG®hasa nontrivial torsion subgroupT. Then G=T hasan abelian
subgroup A=T of nite index which we can assumeto be normal. Of course,A is
metabelian with A° T periodic. Furthermore, if U is any nite normal subgroup
of A contained in A° then U® is a nite normal subgroup of G contained in G°,
and henceU® = 1. Thus, since A% is countable, we concludefrom Step 1 that A
is abelian, again a contradiction. In other words, G is torsion free. But then, by
Step 2, G is abelian-by- nite, and this nal cortradiction yields the result. t

We can now quickly prove

Lemma 8. Let G be a nitely geneated solvablegroup with f.r.d. Then G hasan
alkelian sulgroup of nite index.

Proof. We proceedby induction on the derived length of G. Thus supposethat N
is the last nonidertit y term in the derived seriesfor G. Then G = G=N is nitely
generatedwith smaller derived length. By induction, G has an abelian subgroup
H=N of nite index. Note that H is also nitely generatedand that H® N
is abelian and countable. Thus H is metabelian, and if x1;X2;:::;X, are the
generatorsof H, then H%is a module for the integral group ring Z[H=HY, nitely
generatedby the commutators [xi;x;] for i; j = 1;2;:::;n. Furthermore, H=H%is
a nitely generatedabelian group, soZ[H=HY is a commutativ e Noetherian ring.
It follows that H°is a Noetherian Z [H=H 9%-module and sincethe submadules here
are precisely the normal subgroupsof H cortained in H we conclude from the
precedinglemmathat H is abelian-by- nite. Hencesois G. t

As a consequencef the above and a deepresult on linear groups, we obtain

Lemma 9. Let G be a nitely geneamted group with f.r.d. If V is an irr educible
K [G]-module with correspnding representation , then (G) is akelian-by- nite.
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Proof. SincedegV < 1 , we know that (G) is a nitely generatedlinear group.
Henceby the Tit's alternativ e (see[7, Theorem 10.16]), (G) is either solvably-by-
nite or it hasa nonabelian free subgroup. But the latter possibility cannot occur
by Lemma 4(iii), and hence (G) hasa solvable subgroupH of nite index. Since
H is also nitely generated,the previouslemmaimplies that H is abelian-by- nite

and thereforesois (G). t

At this point, it is conveniert to make two simple group theoretic obsenations.

Lemma 10. Let G havean alelian sulgroup of nite index.
(i) G hasa characteristic atelian sulgroup of nite index.

(i) If Gis nitely geneated, then G is polycylic-by- nite and hene its sub-
groups satisfy the maximal condition. Furthermore, every maximal sulgroup
of G has nite index in the group.

Proof. (i). Let A denote the nonempty set of abelian subgroups of G of nite
index and let B be the characteristic subgroup of G generatedby the members of
A. If AL 2 A,thenjB: Ajj< 1, soit is clearthat B is generatedby-[Al along
with nitely many other elemerts of A, say A,; As;:::; Ay, But then, | Ajisa
subgroupof nite index in G which is certral in B. Thus, Z(B) is a characteristic
abelian subgroup of G of nite index.

(ii). Let A beanormal abelian subgroupof G of nite index. SinceG is nitely
generated,the sameis true of A, and it is clearthat G is polycylic-by- nite. Now
let M be a maximal subgroupof G. If M A, then certainly j[G: Mj< 1. On
the other hand, if M 6 A, then AM is a subgroup of G properly larger than M,
SoAM = G. Note that A\ M / M sinceA/ G, andthat A\ M / A sinceA is
abelian. ThusA\ M/ AM = G and, sinceA\ M M, it suces to mod out by
this normal subgroup and assumethat A\ M = 1. In this situation, M is nite,
G = Ao M, and A has no proper M -stable subgroup. In particular, A has no
proper characteristic subgroup and, sinceA is a nitely generatedabelian group,
it followsthat A is nite andthat jG: Mj= jAj < 1 , asrequired. t

We closethis sectionwith Temple's rst main result which is provedin a rather
beautiful manner. Notice the closerelationship betweenthe statemert here and
that of Lemma 10(ii). As usual, K isa xed eld of characteristic 0, and we let
I K[G] denote the augmertation ideal of K [G].

Theorem 1 [6]. If G is a nonidentity nitely geneated group with f.r.d., then
every maximal sutgroup of G has nite indexin the group. In particular, no proper
sulgroup of G can be densein the pro nite topology. This means that if L is a
sulgroup properly smaller than G, then there exists a normal sulgroup N of nite
index in G with LN 6 G.
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Proof. Let H be a maximal subgroup of G and let coreg H denote the largest
normal subgroup of G contained in H. SinceH=cores H is a maximal subgroup
of G=core; H with the sameindex, we can clearly mod out by coreg H and assume
that coreg H = 1. Now G permutesthe set of right cosetsof H in G and we let
V = K be the corresponding permutation module. If 2  correspondsto the
cosetH itself, then certainly V = K[G]and ! K[H]= 0. Next, let W be the
submodule of V given by

W=VIK[G]= KI[G]!K[G]= !KI[G]:

Then certainly G acts trivially on V=W and W 6 0.
Now supposethat x is any elemert of GnH. Then G = HH;xi, sinceH is
maximal, and hence

'K[G]=!'K[H]K[G]+ (1 x)K[G]:
Thus, since ! K[H] = 0, we have
W= IK[G]= !'K[H]IK[G]I+ (1 x)K[G]l= (1 x)KI[G]:

In particular, W 6 0 is a nitely generatedK [G]-module, so it has a maximal
proper submodule U. We claim that G acts faithfully on V=U. Indeed, suppose
rst that y 2 GnH acts trivially on this module. Then (1 y) 2 U and hence
W= (1 y)K[G] U, acontradiction. Thusthe kernelof the action is a normal
subgroup of G contained in H and consequetly it is contained in coreg H = 1.

Let : K[G]! Endk (W=U) denotethe K [G]-represenation corresponding to
the irreducible module W=U. Then Lemma 9 implies that (G) is an abelian-
by- nite group. In particular, G has a subgroup A of nite index suc that A°
acts trivially on W=U. But A°also acts trivially on V=W, soit follows that A% is
trivial on V=U and hencethat A%= 1. In other words, A is a nitely generated
metabelian group with f.r.d., so A has an abelian subgroup of nite index by
Lemma 8. It follows that G also has an abelian subgroup of nite index, and we
concludefrom Lemma 10(ii) that jG: Hj< 1 .

The obsenation concerningthe pro nite topology of G is how immediate. In-
deed, supposethat L is a proper subgroupof G. Then the goalisto nd anormal
subgroup N of nite index in G with LN 6 G. SinceG is nitely generated,L is
cortained in a maximal subgroup and thus we can assumethat L is maximal. By
the above, this impliesthat jG: Lj < 1 and, in particular, if wetakeN = cores L,
then N is a normal subgroup of nite index in G with LN = L 6 G, asrequired.
In other words, L doesnot cover the nite quotient G=N, and therefore L is not
densein the pro nite topology. t

3. Conite Mo dules. As usual, let K denotea xed eld of characteristic 0. If
G is a nitely generatedgroup with f.r.d., then we know from Lemma 5(i) that
G is residually nite. Indeed, G satis es the very much stronger properties given
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below. Note that part (i) usesthe fact that G has no proper densesubgroupin
the pro nite topology.

To avoid unnecessaryrepetition, we introduce some corveniert notation. To
this end, let G be an arbitrary group. Then we use N (G) to denote the set of
all normal subgroupsof G of nite index. Furthermore, if V is an irreducible
K [G]-module, then we write kerg V = fg2 GjV(1 g) = 0g. Thuskerg V isthe
kernel in G of the represertation : K[G]! Endk (V) assaiated with V. Hence
kerg V/ G and V is the lifting to K [G] of an irreducible module of K [G=kerg V].

Lemma 11. SupmwseG is a nitely generated group with f.r.d., let H be a sulgroup
of GandletM 2 N (H).

(i) ThereexistsN 2 N(G) withH\ N M.

(i) If H is nitely genemted and if x 2 G nH, then there existsN 2 N (G)
withH\' N M andx ZHN.

Proof. Let G, H and M be as above. We proceedin a seriesof three steps.
Step 1. Part (i) holdsif G is akelian-by- nite.

Proof. Let A be a normal abelian subgroup of G of nite index and setL = HA so
that jG: Lj< 1 andL is nitely generated.Note that M\ A 2 N (H) sinceboth
M and H\ A arecontained in this set. Furthermore, M\ A/ A sinceA is abelian.
ThusM\ A/HA=L andH=(M \ A) is a nite subgroupof L=(M \ A). But
L=(M\ A) isresidually nite, by Lemma5(i), sothere existsa normal subgroup of
nite index in this group which is disjoint from H=(M \ A). In other words, there
exists N7 2 N (L) with H\ N; M\ A M. Finally, note that jG: Lj< 1

and jL: N3j < 1,s0jG: Njj < 1. HenceN = coreg N; 2 N(G) and, since
HAN H\ N; M, this part is proved. t

Step 2. Part (i) holdsin geneal.

Proof. Since H=M is nite, we can let Wy;W5;:::;W, be the nitely many
irreducible K [H=M ]-modules. By Lemma 4(i), for ead i, there exists an irre-
ducible K [G]-module V; which corntains W; as a K [H]-submodule. Since G is
nitel¥ generated,Lemma 9 implies that G=kerg V; is abelian-by- nite. Henceif
L= 2 kerg Vi, then G=L is also abelian-by- nite. Furthermore, ead elemen of
H\ L actstrivially onthe modulesW;, soH\ L M sinceK [H=M ] is semiprim-
itve. NowG HL ML L andjHL=MLj jH=Mj< 1. Thus, sinceG=L
is abelian-by- nite, Step 1 implies that there exists N 2 N (G) with N L and
HL\ N ML. In particular, H\ N = H\HL\ N H\ML=M(H\L)=M,
asrequired. t

Step 3. Part (ii) holdsin geneal.
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Proof. Here we assumethat H is nitely generatedand that x 2 GnH. Let
L = H;xi sothat L is nitely generatedand H is a proper subgroup of L. By
Step 2, there exist N; 2 N (L) with H\ N; M. Also, by Theorem 1, there
existsN, 2 N (L) with HN, 6 L and hencewith x 2HN,. SetN3 = N1\ N so
that N3 2 N(L). By Step2,usingL G and N3 2 N (L), there existsN 2 N (G)
with L\ N Ngj. In particular, H\ N=H\ L\ N H\ Nz H\N; M.
Furthermore, if x 2 HN, then x 2 HN\ L = H(L\ N) HNj3 HN», a
contradiction. Thusx 2 HN and the lemma s proved. t

The above translates easily to a result on co nite modules. Speci cally, if G
is an arbitrary group, we say that V is a co nite module if V is an irreducible
K [G]-module with kersV 2 N(G). ThusV is conite if and only if it is the
lifting to K [G] of an irreducible K [G=N ]-module for someN 2 N (G).

Now supposethat H is a subgroup of G and that W is an irreducible K [H]-
module. Then we say that the irreducible K [G]-module V extends W if W is a
K [H]-submodule of Vi, the restriction of V to K[H]. Note that if W is given,
then Lemma 4(i) assertsthat there always exists an irreducible V extending W.

Lemma 12. SupmseG is a nitely generted group with f.r.d., let H be a sulgroup
of G and let W be a co nite K[H]-module.

(i) There existsa co nite K [G] module V which extendsW .

@iy If H is nitely geneated aﬁ}d if V denotesthe set of all co nite K[G]-
modules which extendW, then ,,,, kerg V. kery W H.

Proof. Let M = kery W sothat, by assumption,jH : Mj< 1 . By Lemma 11(i),
there existsN 2 N (G) with H\ N M, and note that HN=N is a subgroupof the
nite group G=N. Furthermore, sinceH\ N M = kery W, we seethat W can
be viewed asan irreducible module for the group algebraof HN=N = H=(H\ N).
Thus, by Lemma 4(i), there existsan irreducible K [G=N]-module V which extends
W. In particular, if weview V asan irreducible K [G]-module, then V is a co nite
module which clearly extendsW. This proves(i).

Now suppose,in addition, that H is nitely generated,and let x be any elemen
of GnH. By Lemma 11(ii), there exists Nx 2 N (G) with H \ Ny M and
X 2HNy. Again, Hy = HNy=Nyx = H=(H \ Ny) is a subgroup of the nite group
Gx = G=Ny and, sincex 2 HN,, we seethat x, the image of x in Gy is not
cortained in Hy. As above, W canbe viewed asan irreducible K [Hx]-module and
let ex be the corresponding certral idempotent. Sinceex 2 K[Hx] and x 2 Hy, we
seethat the elemen (1 x) of K [Gx] is not zero. But K [Gy] is semiprimitiv e, so
this algebrahas an irreducible module Vy with Ve (1 x) 6 0. SinceVye, 6 0,
it is clearthat (Vx)y, , the restriction of Vi to K [Hyx] must contain an isomorphic
copy of W. In other words, Vx extendsW . Furthermore, V(1 x) 6 0 meansthat
X Z kerg, Vx. In particular, if we view Vi asa K [G]-module, then Vy is co nite,
Vy extendsW, and x 2 kerg V.
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To nish part (i), obsene that TVZV kerg V kerg Vi and hencex is not
cortajned in the intersection. But x is an arbitrary elemen of GnH, soit follows
that —,, kerc V. H. Finally, if V is any elemert of V, then sinceV extends
W, wehave ,,, kergV H\ kergV  kery W, asrequired. u

With this, we can prove Temple's main result. While the following appears
to apply only to in nitely generatedgroups, it doesin fact yield information on
nitely generatedgroupsbecausesuc groupscould, at leastapriori, havein nitely
generatedsubgroups.

Theorem 2 [6]. LetK bea eld of characteristic 0 and assumethat all irr educible
modules for the group algeba K [G] have nite degree. Then G has a nitely
geneated normal sutgroup N suchthat G=N is akelian-by- nite.

Proof. For corvenience,let M denote the set of all pairs (H; W) whereH is a
nitely generated subgroup of G and W is a co nite K [H]-module. We write
(H;W) < (L; V) if H is a subgroup of L, V extends W, and degW < degV.
Furthermore, we say that (H; W) is degreeextendible if at least one pair (L; V)
existswith (H; W) < (L; V). The proof proceedsin a seriesof three steps.

Step 1. Not every elementof M is degree extendible.

Proof. Suppose, by way of contradiction, that every (H;W) 2 M is degreeex-
tendible. Then we can start with (Lo; Vo), whereLy = 1 and Vy is the unique irre-
ducible K [L o]-module, and inductiv ely construct an increasingsg:{uence(Lo; Vo) <
Vi) < (L2 V) < of elemeris of M. If wesetL = ~,, L; and V =
i1:0 Vi, then it is clear that L is a subgroup of G and that V is an irreducible
K [L[-module. By assumption,degV = n < 1 andthus,if denotesthe represen-
tation K[L]! Endg (V), then (K]L]) satis es a polynomial identit y of degree2n.
Hencethe sameis true of each (K[Li]). In particular, if ;: K[L;]! Endgk (V)
is the represertation assciated to Vi, then ;(K[L;]) also satis es a polynomial
identit y of degree2n, since (K [Li]) isahomomorphicimageof (K][L;]) obtained
via restriction. In other words, degV; n for all i, and this certainly contradicts
the fact that 1= degVp < degVi < degV, < . u

Step 2. If (H;W) 2 M is not dggree extendible,then N = kery W is a nitely
geneated normal sulgroup of G.

Proof. SincejH: Nj < 1, it is clear that N is nitely generated. To showv
that N is normal in G, it suces to show that N / L for all nitely generated
groups L containing H. To this end, let L be given an:fl let V denote the set of
all co nite K [L]-moduleswhich extend W. Then M =, ker_ V is a normal
subgroup of L with M N by Lemma 12(ii). On the other hand, if V 2 V,
then degV = degW by Lemma 3(i), since(H;W) is not degreeextendible. Thus,
by Lemma 3(ii), V = DW where D = Endk j(V), and henceany elemen of
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K [H] which annihilates WTaIso annihilates V. In particular, kery W  ker. V
and henceN = kery W vov KerntV = M. We concludethat N = M / L, as
required. b

Step 3. Completion of the proof.

Proof. By Step 1, we can choosea pair (H; W) 2 M which is not extendible, and
by Step 2, we know that N = kery W is a nitely generated normal subgroup
of G. Our goal hereis to shav that G = G=N is abelian-by- nite. To this end,
note rst that W can be viewed as W, an irreducible K [H]-module, where H is
the nite groupH = H=N. If e 2 K[H] is the certral idempotent corresponding
to W and if the degreeof W is equal to n, then we claim that K [G] satis es the
nontrivial generalizedpolynomial identity e szn( 1;:::; 2n)-

For this, let g;;::: ;g2n beany 2n elemenisof GandletL = hH;gy;::: ;Qni, SO
that L isa nitely generatedsubgroupof G corntaining H. SupposeV is any co nite
K [L]-module, where L = L=N, and let be its corresponding represeration.
If V doesnot extend W, then certainly (e) = 0 and hence ( ) = 0 where

= esyn(01;:::;Gn). On the other hand, if V doesextend W, then we know
that degV  degW = n, since(H ;W) is not degreeextendible, and hence (K|[L])
satis es sn. In this casewehave (San(g1;:::;%n)) = Son( (G1);:::; (n)) =0

and hence,again, ( ) = 0. In other words, is contained in the kernels of all
irreducible represerations of K [L] corresponding to co nite modules. But L is
residually nite, by Lemma 5(i), and each nite homomorphic image of L has
a semiprimitive group algebra. Thus it follows that the intersection of all suc
kernelsis zero. Consequetly, 0 = = esyn(g1;::: ;%n) and K [G] doesindeed
satisfy this generalizedidentity. [3, Theorem 5.3.15] now implies that G has a
nite-b y-abelian subgroupof nite index. In particular, sinceany nite-b y-abelian
group with f.r.d. is abelian-by- nite, by Lemma 6(ii), we concludethat G is also
abelian-by- nite and the theoremis proved. ti

As a consequencewe seethat the general conjecture would follow from an
armativ e solution in the caseof nitely generatedgroups. Speci cally, we have

Corollary 1 [6]. Let G havef.r.d. and suppsethat all nitely genemated sulgroups
of G are atelian-by- nite. Then G is also atelian-by- nite. In particular, a locally
solvablegroup with f.r.d. must have an akelian sutgroup of nite index.

Proof. Let N beasin the previoustheorem. Then N isa nitely generatednormal
subgroupof G and, by hypothesis,N is abelian-by- nite. Hence,by Lemma 10(i),
N hasa characteristic nitely generatedabelian subgroup A of nite index. Now,
by Theorem 2, G=N has an abelian subgroup B=N of nite index. In particular,
B=A is nite-b y-abelian and consequetly, by Lemma 6(ii), it is abelian-by nite.

In other words, G has a subgroup C of nite index with C° A. But then C°
is a nitely generatedabelian group, so this group is countable and satis es the
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maximal condition on all its subgroups. With this obsenation, Lemma 7 implies
that C is abelian-by- nite and hencesois G. The nal remark concerninglocally
solvable groups follows immediately from the above and Lemma 8. t

4. Additional Consequences. We closethis paper with seweral more conse-
guencesof Theorem 2. As usual, we take K to be a xed eld of characteristic 0,
and we freely usethe fact that the f.r.d. condition is inherited by subgroupsand
guotient groups. We rst need

Lemma 13. Let G havef.r.d.

(i) SupmseN/ G with N and G=N both atelian-by- nite. Then G is alelian-
by- nite.

(i) G hasa characteristic sutgroup A of nite index suchthat A%is contained
in a nitely geneated normal sulgroup of G.

Proof. (i). SinceN is abelian-by- nite, Lemma 10(i) implies that N hasa charac-
teristic abelian subgroupA of nite index. Then, sinceG=N is abelian-by- nite, we
seethat G=A hasa nite-b y-abelian subgroupB=A of nite index. By Lemma 6(ii)
and the f.r.d. condition, B=A is abelian-by- nite. In other words, G has a sub-
group C of nite index with C° A. Thus C is a metabelian group with f.r.d.,
and we concludefrom Corollary 1 that C is abelian-by- nite.

(ii). Let A denotethe set of all normal subgroupsA of G of nite index such
that ACis contained in a nitely generatednormal subgroupof G. By Theorem 2,
A is nonempty. Furthermore, since eadh menmber of A has nite index in G, it
is clear that A has a maximal member, say B. We claim that B is the unique
maximal member, sothat B is characteristic in G. To this end, let C 2 A and say
B° N andC® M whereN andM areboth nitely generatednormal subgroups
of G. Then A = BC is a normal subgroup of G of nite index, Q = NM is a
nitely generatednormal subgroupof G, and B%C? Q. Let A = AQ=Q. Then
B = BQ=Q and C = CQ=Q are both normal abelian subgroupsof A = BC of
nite index, soB \ C is a certral subgroup of A of nite index. In other words,
A is certer-by- nite, so[3, Lemma 4.1.4]implies that A®is nite. In particular, if
we let P=Q = AS then P=Qis nite, soP isa nitely generatednormal subgroup
of G containing A°= (BC)% We concludethat BC 2 A, and the maximality of
B impliesthat B C. Thus B is indeed the unique maximal member of A, and
consequetly B is characteristic in G. b

With this, we can prove

Corollary 2 [6]. Let G havef.r.d.

() If Gis nitely geneated, then sois G°.
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(i) In any case,G hasa characteristic sulgroup of nite index with a nitely
generated commutator sukgroup.

Proof. (i). By Lemma 13(ii) applied to G° we know that G° has a characteristic
subgroup A of nite index with A° cortained in a nitely generatednormal sub-
group N of G% Now A°/ G, and G=AC is the extension of the abelian-by- nite
group G%AP° by the abelian group G=G°. It therefore follows from Lemma 13(i)
that G=AC is abelian-by- nite. Thus, since G is nitely generated,Lemma 10(ii)
implies that G=AC is polycyclic-by- nite and henceall its subgroupsare nitely
generated. In particular, G=A%is nitely generatedand hencesois G*N since
G° N A% But N is nitely generatedand G°N is nitely generated,so we
concludethat G®is indeed nitely generated.

(ii). The argumert hereis similar. By Lemma13(ii), G hasa characteristic sub-
group A of nite index with A°contained in a nitely generatednormal subgroup
N of G. Furthermore, by Lemma 13(ii) again, A° has a characteristic subgroup
B of nite index with B contained in a nitely generatednormal subgroup M
of A% Note that B®/ G and that G=B? is the extension of the abelian-by- nite
group A%=BY by the abelian-by- nite group G=A° Thus, by Lemma 13(i), G=B°
is abelian-by- nite, and hencethe sameis true of its subgroup N=B°% But N is
nitely generated,so Lemma 10(ii) implies that N=B° is polycyclic-by- nite and
hencethat all its subgroupsare nitely generated. In particular, A=BYis nitely
generatedand hencesois A=M sinceA° M  BC But M is nitely generated
and A%M is nitely generated,soA°is also nitely generated. t

Finally, we mention seweral obsenations which may be of usein proving that
a nitely generatedgroup with f.r.d. is necessarilyabelian-by- nite.

Corollary 3 [6]. Let G be a nitely generted group with f.r.d. and suppse that
G is not akelian-by- nite. Then G hasa homomorphicimage G suchthat

(i) G is not akelian-by- nite.

(iiy All proper homomorphicimagesof G are akelian-by- nite.
(i) All normal sulgroups of G are nitely geneated.

(iv) No nonidentity normal sulgroup of G is alelian-by- nite.

Proof. Let M denote the set of all normal subgroupsM of G with G=M not
abelian-by- nite. By assumption1 2 M and henceM is nonempty. Suppose
that fM; ji 2 Igisachainin M and setM =, M; sothat M / G. If
G=M is abelian-by- nite, then G hasa subgroup A of nite index with A® M.
Note tgat A is nitely generatedand hencesois A by Corollary 2(i). But then
A0 i1 Mi implies that A®  M; for somei and hence G=M; is abelian-by-
nite, a cortradiction. Thus M 2 M and Zorn's lemma implies that M has a
maximal member, say N. Setting G = G=N, it is now clear that (i) and (ii) are
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satis ed. For (iii), let L = L=N be a nontrivial normal subgroupof G. Then, G=L
is abelian-by- nite, so G has a normal subgroup B of nite index with B® L.
Again, both B and B° are nitely generated,and B® 6 1 by (i). Thus, G=B°
is abelian-by- nite, so it is polycyclic-by- nite and hence all its subgroups are
nitely generated. In particular, L=BCis nitely generatedand, sinceB®is nitely

generated,we concludethat L is also. This proves(iii), and part (iv) isimmediate
from parts (i), (i) and Lemma 13(i). t

It is remarked in [6] that this result is lesspowerful than it rst appearsto
be. Indeed, supposethat G is any in nite, nitely generatedgroup. Then, asis
well known and easily proved by Zorn's lemma, G has a homomorphic image G
which is just in nite. This meansthat G is in nite, but all proper homomorphic
imagesof G are nite. Now suppose,in addition, that G is periodic. Then G is an
in nite, nitely generated,periodic group and henceit cannot be abelian-by- nite.
In other words, every counterexample to the general Burnside problem givesrise
to a group G satisfying conditions (i) through (iv) above.

One such Burnside counterexampleis the p-group G constructed by Gupta and
Sidki [2]. This group is known to be just in nite and henceG= G. But, G does
not have f.r.d. becauseit cortains an in nite direct product of nonabelian groups.
Speci cally, we have

Lemma 14. If G is a group which contains an in nite (weak) direct product of
nonatelian groups, then G does not havef.r.d.

Proof. It is natural to try to prove this result by taking tensor products of ir-
reducible modules. However, this argument can become somewhat unpleasar
becauseK is not assumedto be algebraically closed. Thus we use Theorem 2 or
Corollary 2(ii) instead.

In view of Lemma 4(ii), it suces to assumethat G = G; G is a
countably in nite (weak) direct product of the nonabelian groups G;. Suppose,by
way of cortradiction, that G hasf.r.d. Then, by Corollary 2(ii), G hasa subgroup
A of nite index with A° nitely generated.In particular, A° G; G, Gr 1
for somer and hence,by moding out this direct factor, it follows that the group
H=G G has an abelian subgroup B of nite index. Furthermore,
there existss > r sothat L = G; G4 Gs 1 contains represenativ esof
the nitely many cosetsof B. In particular, this meansthat H = LB, and hence
Gs Gs1 = H=L = B=(B\ L) is abelian, a contradiction. u

Lessinteresting, perhaps, is

Lemma 15. Let G be a groupwith f.r.d. Then G hasan atelian-by- nite sulgroup
H suchthat no properly larger sulgroup of G is akelian-by- nite.
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Proof. Let H denote the set of abelian-by- nite subgroupsof G. '§1en 12 H so
H is nonempty. SupposefL;ji 2 I gisachainin H andsetL = ,, L;. Then
L is a subgroup of G and hence,by Corollaéy 2(ii), L hasa subgroup A of nite

index with A% nitely generated.Now A® ~,, L; impliesthat A L; for some
subscript i, so ACis abelian-by- nite. It therefore follows from Lemma 13(i) that
A is alsoabelian-by- nite, and hencethe sameis true of L. In other words,L 2 H,
and we can now apply Zorn's lemmato concludethat H hasa maximal member,
say H. With this, the lemmais proved. t

Obviously, there is still work to be done on this problem.
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