INV ARIANT  IDEALS OF ABELIAN GROUP ALGEBRAS
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To my friend Sudarshan Sehgal, on the occasion of his almost retir ement

Abstra ct. Let G be a group that acts on an abelian group V. Then G acts
on the commutativ e group algebra K [V], and we are concerned here with clas-
sifying the G-stable ideals of K [V]. Speci cally , we discussrecent work related
to linear group actions. For example, we consider the casewhere V is a vector
space over a division ring D and where G = D is the multiplicativ e group of
D. However, for the most part, we are concerned with in nite, locally nite,

quasi-simple groups G of Lie type and their nite-dimensional representations.
We rst discuss the known results for rational representations and then we
move on to describe the techniques required to deal with G-modules V that
are not rational.

1. Intr oduction

If H is a nonidertit y group, then the group algebraK [H] always hasat leastthree
distinct ideals, namely 0, the augmentation ideal ! K [H], and K [H] itself. Thus it
is natural to ask if groups exist for which the augmertation ideal is the unique
nontrivial ideal. In such cases,we say that ! K [H] is simple. Certainly H must be
a simple group for this to occur and, sincethe nite situation is easyenoughto
describe, we might aswell assumethat H isin nite simple. The rst such examples,
namely algebraically closed groups and universal groups, were o ered in [BHPS].
From this, it appearedthat suc groupswould be quite rare. But A. E. Zalesski has
shown that, for locally nite groups, this phenomenonis really the norm. Indeed,
for all locally nite in nite simple groups,the characteristic 0 group algebrasK [H]
tend to have very few ideals. See[Z4] for a survey of this material. Additional
papers of interest include [HZ3], [LP], [Z2] and [Z3].

While somework still remainsto be doneon the simple group case,it nevertheless
makes senseto move on to the next stage of this program by considering certain
abelian-by-(quasi-simple) groups. Speci cally, theseare the locally nite groupsH
having a minimal normal abelian subgroupV with H=V in nite simple (or perhaps
just closeto being simple). Note that G = H=V acts as automorphismson V, and
henceon the group algebraK [V]. Furthermore, if | is any nonzeroideal of K [H],
then it is easyto seethat | \ K[V] is a nonzero G-stable ideal of K [V]. Thus, for
the most part, this secondstageis concernedwith classifying the G-stable ideals
of K[V]. Evenin concrete cases,this turns out to be a surprisingly di cult task.
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Fortunately, there has been somerecert progresson this problem, and our goal
here is to survey the results of [BE], [OPZ], [PZ1], [PZ2] and [P]. For the most
part, the methods usedin thesepapersare quite di erent from the usual group ring
techniques.

2. Mul tiplica tive Action of Division Rings

Recall that a eld is said to be locally nite or absoluteif every nite subset
generatesa nite sub eld. In other words, F is locally nite preciselywhenit is a
sub eld of the algebraic closure of a nite eld. Now supposethat W is a nite-
dimensional vector spaceover an in nite locally nite eld andlet G = GL(W) act
naturally onW. Then H= W o Gisaninnite locally nite group and an example
of the type of second-stagegroup described above. In particular, it would be of
interest to determine the GL(W)-stable ideals of the group algebra K [W]. Notice
that in this case,G contains F , the multiplicativ e group of F, and consequetly
every G-stable ideal of K[W] is alsoF -stable. Thusit is reasonableto rst study
the F -stable ideals of K [W], and we proceedto do this in a fairly generalsetting.

To this end, let D be a division ring of any characteristic and let V be a right
D-vector space.Then G = D acts asautomorphismson V by right multiplication
and consequetly G actson any group algebraK [V]. Note that if A isa D-subspace
of V, then A is G-stable and hencethe augmertation ideal ! K[A]K[V] is a G-
stable ideal of K [V]. We start with the following elemerary lemma sinceits proof
givesan indication of both the action of G and the structure of K [V].

Lemma 2.1. Let D be a division ring and let V be a right D-vector space. If
charK 6 charD, then any D -stableideal of K[V] is semiprime.

Proof. If charD = p> 0, then V is an elemenary abelian p-group. In particular, if
charK 6 p, then we know that K [V] is a commutativ e von Neumann regular ring.
Henceevery ideal of K[V] is semiprime.

On the other hand, if charD = 0, then we must have charK = g > 0 for some
prime,g. Let | bea D -stable ideal of K[V] and sproseby way of contradiction
that | > |. Then we can choosean elemert 2 ' | nl of minimal support size,

say n+ 1. Thus = koXp + kyxg + + knXn, With Xg;X1;:::;Xn 2 V and with
ko ki;:::; n_2 K n0. Without loss of generality, we may assumethat ko = 1.
Since 2 ' 1 is nilpotent modulo I, we can supposethat ¢ 2 | for someinteger

s 0.Ofcourse @ = kI x3 + kI'x¥ +  +KkIxS.

Now charD = 0soD Q , whereQ isthe eld of rational numbers, and hence
1=¢f 2 D . Thusd = 1=¢ actsonV by taking the unique g°th root of eacth elemert
in this uniquely divisible group, and d acts trivially on the eld K. Since 9 21

and | is d-stable, we seethat = ( )42 1 and = kI xo+ kI xg+  + kI xq.
Obviously supp = supp , and note that kgs = ko sincekp =,1. Thus has
support size n, and mod | . In particular, 2 " I nl, cortradicting
the minimality of n. We concludethat ~ | = |, asrequired.

If charK = charD, then there are certainly D -stable ideals of K [V] that are
not semiprime. In particular, the semiprime hypothesisin the following key result
applies only to those situations.

Theorem 2.2. LetD beaninnite division ring andlet V be a nite-dimensional
right D-vector space. Furthermore, let G = D act on V, by right multiplication,
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and henc on the group algeba K [V]. Then every G-stableserPiprime ideal of K[V]
can be written uniquely as a nite irr edundant intersection :‘:1 P K[ATK[V] of
augmentation ideals, where each A; is a D-subsmce of V. As a consejuene, the
set of these G-stable semiprime ideals is Noetherian.

The proof of this result is contained in a seriesof papers. To start with, [BE]
handlesD = Q, the eld of rational numbers, with a proof using valuation-theoretic
techniquesreminiscert of the argumerts in [Bg], but somewhatmore subtle. Next,
[PZ1] handlesin nite locally nite elds F, building up the result from the nite
eld caseusing the usual in nite paths in trees and compactnessproperties. Note
that the result in the nite eld casediers from that givenin Theorem 2.2. On
the one hand, we have

Lemma 2.3. Let F be a nite eld and let V be a nite-dimensional F -vector
space, viewed multiplicatively. Assumethat charF 6 charK, andlet G = F act
on V. Then every G-stableideal of K [V] contained in ! K[V]is a nite intersection
of augmentationideals ! K [A] K[V] with A an F-subspce of V.

On the other hand, unlike the in nite case,whenF is nite there are F -stable
idealsof K [V] not contained in ! K [V]. Furthermore, the idealscontained in ! K [V]
are not uniquely writable as nite irredundant intersectionsof augmernation ideals.
Indeed, it is precisely this failure of uniquenessthat causesmuch of the dicult y
in the work of [PZ1]. Finally, [OPZ] handles arbitrary division rings via going-up
and going-down type results. Speci cally, it is shovn that if D has an in nite
certral sub eld satisfying the conclusionof Theorem 2.2, then the sameis true of
D. Furthermore, if D is an in nite subdivision ring of E and if E satis es the
conclusion of Theorem 2.2, then sodoesD. As an immediate consequencef this
key result, we have

Corollary 2.4. Let F be an innite eld and supmseV is a nite-dimensional
F -vector space. If charF 6 charK, then! K[V] is the unique proper GL(V)-stable
ideal of K[V]. In the remaining cases,whencharF = charK, then! K[V] is at
least the unique proper GL(V)-stable semiprime ideal of K [V].

As was mertioned previously, the semiprime hypothesis is de nitely required
in Theorem 2.2. Furthermore, the conclusion that | is a nite intersection of
augmerntation ideals cannot be replacedby | being a nite product of such ideals.
Indeed, we have

Example 2.5. SupmsecharD = charK and let V be any right D-vector space
havinga proper D-subs@e B. Thenl = ! K[B]K[V]+! K[\/]2 isaD -stableideal
of K[V] that is neither a nite intersection nor a nite product of augmentation
ideals ! K [Ai] K[V], with each A; a D-subspmce of V.

This exampleand Lemma 1.1 are both contained in [P]. We closethis sectionby
brie y describingthe relevant structure whenV is anin nite-dimensional D -vector
space. As will be apparent, there is lesspreciseinformation here, and in fact the
best we cando is

Theorem 2.6. Let D be an innite division ring and let V be a right D-vector
space of arbitrary dimension. If G= D actson ¥, then every G-stable semiprime
ideal of K[V] can be written as an intersection ;! K [A;] K[V] of augmentation
ideals, where each A; is a D-subsg@ce of V. In particular, every such proper ideal
is contained in ! K[V].
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Again, the semiprime assumption can be dropped when charD 6 charK.

3. Rational Represent ations of Groups of Lie Type

Corollary 2.40 ers an exampleof agroup GL(V) of Lie type acting rationally and
irreducibly on the vector spaceV. However, our main concernhereis with some-
what smaller groupslike SL(V). Recallthat a group G is said to be quasi-simpleif
G=Z(G) is a nonabelian simple group and if G is equalto its commutator subgroup
[G; G]. For example,if V is a nite-dimensional vector spaceover an in nite eld
F with dimg V 2, then PSL(V) is simple and henceSL(V) is quasi-simple. Such
groups of Lie type do not contain subgroupsthat act like the multiplicativ e group
F onV, but they do contain subgroups,the maximal tori, which act appropriately
at least on certain subspaceof V. Indeed, this is the basicidea for an attack that
was suggestedin the paper [HZ2]. We start with somede nitions and recall some
old results.

Let V be an arbitrary group and let H act as automorphismson V. Then H
is said to act in a unipotent or unitriangular fashion on V if there exists a nite
subnormal chain 1= Vg / Vq/ / V; = V of H -stable subgroupssuc that H acts
trivially on ead quotient Vi.1 =\f. The following two lemmasare slight variants of
results in [RS] and [Z1], respectively.

Lemma 3.1. LetH actin aunitriangular manneronV, andletJ | beH -stable
ideals of the group ring K[V]. If | 6 J, then there existsan element 2 | nJ such
that H centralizes modulo J.

Proof. Let 1= Vy/ Vi / / Vy = V describe the unitriangular action of H on V.
We proceedby induction on t, the result being clear for t = 0 sinceK[1] = K.
Assume the result holds for t 1, and choose 2 | nJ sothat supp meets
the minimal number, say n + 1, of cosetsof \; ;. By replacing by y ! for
somey 2 supp if necessarywe can assumethat 12 supp . Thus we can write

= o+ 1X1+ + nXnp with 06 | 2 K[V, 1] and with 1;xq;:::;X, in distinct
cosetsof V; 1. Now de ne
1°=f o = o+ 1x1+ + oxp2!1 with ;2 K[V 1]g; and
%=1 o] = o+ X1+ + oxpn2Jwith {2 K[W 4]g

Then 1% and J° are ideals of K [V; 1], sinceV; 1/ V, and 1° JO% Furthermore,
since H acts trivially on V=V, 1, we seethat 1% and J° are H -stable. Note also
that in the above notation, if o = o, then is an elemen of | whose
support meetsat most n cosetsof V; ;. Thusthe minimality of n + 1 implies that

2 J and hencethat 2 J. In particular, it now followsthat o 2 1°nJC
By induction, there existsan elemert o 2 1°nJ°certralized modulo J°by H, and

let = o+ x4+ + .X, beits corresponding element in |. Then o 2 J°
implies that 2 J. Furthermore, if g2 H, then 9 hasits 0-term in J° Thus,
by the above remarks, 9 2 J, and henceH certralizes modulo J.

Again, let V is an arbitrary group and | is an ideal of the group algebraK [V].
If U is a normal subgroup of V, then (I \ K[U]) K[V]is anideal of K[V], and we
say that U controls | whenewer | = (I \ K[U]) K[V]. In other words, this occurs
preciselywhen | \ K[U] contains generatorsfor |. As is well-known, there exists
a unique normal subgroup (1), called the controller of I, with the property that
U/ V cortrols | if andonly if U  C(I). In particular, if U; and U, cortrol |, then
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so doestheir intersection U; \ U,. Furthermore, if H acts on V and stabilizes |,
then H stabilizes C(1).

Lemma 3.2. Let H actin a unitriangular manner on the arbitrary group V with
Z=Cy(H)/V,andlet| bean H -stableideal of K[V]. If | is not controlled by Z,
then there existsan element 2 K[Z]n(I\ K[Z]) and an elementv 2 V nZ having
only nitely many H-conjugatesmodulo Z, suchthat ! K[T] |\ KJ[Z], where
T=1fv" 1jx2 Ny(vZ)gis asulgroupof Z. Furthermore, for any x;y 2 Ny (vZ),
we havevy 1= yx 1y 1

As an immediate consequenceof Lemma 3.1 and the work of the preceding
section, we have

Prop osition 3.3. LetD beaninnite division ring and suppsethat V is a nite-
dimensional D -vector space. If charD 6 charK, then! K[V] is the unique proper
GL(V)-stableideal of K [V]. If, in addition, D = F isa eld anddimg V 2, then
I K[V] is the unique proper SL(V)-stableideal of K [V].

Proof. Write G = GL(V) or SL(V) asagroup of matricesand let P bethe subgroup
of G consisting of all upper triangular matrices with diagonal entries equal to 1.
Then P acts in a unitriangular manner on V with Cy(P) = Z = D*. Suppose
| 6 0is a G-stable ideal of K[V]. Then, by Lemma 3.1with J = 0OandH = P,
there existsa nonzeroelement 2 | that is certralized by P. SinceD is in nite, it
is easyto seethat 2 K[Z]andhencel \ K [Z]is anonzeroideal of K [Z]. Next, let
T be the subgroup of G consisting of diagonal matrices. Then T normalizesZ and
henceit stabilizes| \ K[Z]. Furthermore, sincedimg V.~ 2when G = SL(V), we
seethat T actson Z asD actson D*. We therefore conclude from Theorem 2.2
that 1\ K[Z]= ! K[Z] and, sinceG is transitiv e on the nonidertit y elemeris of V,
the result follows.

To proceedfurther, we restrict our attention to locally nite groups. In other
words, we let G be a quasi-simplegroup of Lie type de ned over an in nite locally
nite eld F of characteristic p > 0. If F is algebraically closed, then G is an
algebraic group and the structure of G and its rational irreducible represenations
is given, for example, in [St]. On the other hand, if F is just an arbitrary locally
nite eld, then G is the direct limit of groups of the samelLie type de ned over
nite sub elds of F. Thuswe canagainobtain information about G and its rational
represenations by lifting the known results on nite groups cortained in [St]. In
particular, G has a Sylow p-subgroup P, playing the role of the group of upper
triangular matricesin the precedingargumen, and Ng(P) = P o T whereT is the
analog of a maximal torus. Furthermore, if V is a nite-dimensional irreducible
G-module, then Cy (P) = Vp is a one-dimensionalsubspaceof V on which T acts
via the homomorphism : T! GL(Vp).

Supposethat V is a vector spaceoverthe eld E of characteristic p > 0. Sincewe
want VV to contain no proper G-stable subgroup, it follows that the represeration

: G! GL(V) cannot be realizable over a smaller eld. In particular, sinceG is
a locally nite group and charE > 0, we know that E must be the eld generated
by (G), the character values of G. Furthermore, as was shown in [PZ2], E is
also generatedby (T), when we identify GL(Vp) with E , and henceE F. In
addition, when is a rational represenation of G, then the latter paper oers a
rough description of (T), su cien t to handle the problem at hand. For the most
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represenation. Of course, in some of the twisted cases, (T) also involves the
known eld automorphisms which de ne G. Thus, for the most part, E = F and
jF : (T)j< 1. With this, and someadditional work to handle the specic eld
automorphisms, the argumerts of Proposition 3.3 canbe extendedto yield the main
result of [PZ2], namely

Theorem 3.4. Let G be a quasi-simplegroup of Lie type de ned over an in nite

locally nite eld F of characteristic p> 0 and let V be a nite-dimensional vector
space overa eld E of the samecharacteristic with dimg V. 2. Let : G! GL(V)
be a rational irr educible representation, and assumethat E is geneated by (G),
the character valuesof G assa@iated with . If K is a eld of characteristic di er ent
from p, then! K [V] is the unique proper G-stableideal of the group algeba K [V].

4. Pol ynomial Forms

The remainder of this survey is concernedwith the contribution of paper [P] to
this problem. As we will seelater on, the nonrational irreducible represenations of
groupsof Lie type involve arbitrary eld automorphisms. For example,if G is asin
the precedingdiscussion,then (T) = fx;'X,%  X," j X1;X2;::1;Xn 2 F g where
eadh ; is asum of eld automorphisms. Thus, it is necessaryto study functions
of the form :x 7! x tx 2 x x andwe rst work in the more generalcontext of
division rings D of nite characteristic p > 0. In particular, isa map from D to

generalresult.

Prop osition 4.1. LetV be a right D-vector space and let G be a sulgroup of the
multiplicative group D . Then G acts as automorphismson V, by right multiplica-
tion, and henc on the group algeba K [V] with charK & charD.

i. If G\ X 6 ; for everysulgroup X of nite indexin the additive groupD™*,
then every nontrivial G-stableideal of K [V] is contained in ! K [V].

ii. SuppseG\ (X + a) 6 ; for every sulgroup X of nite indexin D* and
for everyelementa2 D. If V = D is one-dimensional,then ! K [V] is the
unigque proper G-stableideal of K [V].

Proof of the rst part. By extendingthe eld, if necessarywe canassumethat K is
algebraically closed. Suppose, by way of contradiction, that | is a proper G-stable
ideal of K[V] not contained in ! K[V]. SinceV is an elemenary abelian p-group,
there existsa nite subgroup A of V with 1 \ K[A] 6 ! K[A], and hencethe ideal
structure of K [A] implies that e 2 |, where e is the principal idempotent of
K [A]. Furthermore, sincel is G-stable, we have (ex)? 2 | for all g2 G.

Recall that K [V] is a commutativ e von Neumann regular ring, and henceso is
K[V]=l. In particular, K[V]=I is semiprimitive and consequetly there exists an
irreducible represenation of K[V]with ( 1) = 0. SinceK is algebraically closed,
it is easyto seethat : K[V]! K andthat is determinedby a linear character

:V I K . Furthermore, if L = ker , then jV : Lj p < I. Now de ne
the residual L o DbylLr=fd2DjAd Lg sothat Lo = _,,La Where
La=fd2 D jad2 Lg. Sincel, isthe kernel of the additive group homomorphism
D! V=L givenby d7! ad+ L, weseethat L, is a subgroupof D* of nite index.
SincejAj < 1 , it followsthat jD* :Laj< 1.
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Finally, let g 2 G and note that (ea)? = eas = eaq is the principal idempotent
of the subgroup A% = Ag of V. Furthermore, we know that eng 2 1  ker and
therefore the restriction of :V ! K to Ag cannot be the principal character.
In other words, Ag 6 ker = L and, by de nition, this saysthat g 2 Lp. We
have therefore shown that G\ L, = ; and this contradicts the assumption that
G\ X 6 ; for all subgroupsX of D* of nite index.

The proof of part (i) is similar, but more subtle, since we have to deal with
nonprincipal idempotents. Speci cally, we show that if | is a nonzeroG-stable ideal
of K[V] properly smallerthan ! K [V], then there exist two distinct nite subgroups
A B of V and a nonprincipal linear character :V ! K with ker = L suc
that G is disjoint from Ly nLg. But why must L, be properly larger than Lg?
The answer is that theseresidualscan in fact be equal if dimp V. 2. However,
when dimp V = 1, then we know from Theorem 2.2 that no sud ideal | can exist
for G= D . Thus, sincethe above condition can be shown to be equivalent to the
existenceof |, we seethat D cannot be disjoint from La nLg, and therefore L o
must be properly larger than L, asrequired. At preser, part (ii) doesnot seem
to have applications to the problem at hand. But part (i) can be usede ectiv ely.
We rst needsomede nitions.

Let Z be aring, let A be aninnite left Z-module and let S be a nite abelian
group. For convenience,let | (A) denote the set of all in nite Z-submodules of A.
We say that a (not necessarilylinear) function f : A! S is eventualy null if every
in nite submodule B of A contains an in nite  submodule C with f (C) = 0. Obvi-
ously the zero function is evertually null and so alsois any group homomorphism
whosekernel is a Z-submaodule. Indeed, in the latter situation, the niteness of S
implies that f 1(0) is a submadule of nite index in A. It is, of course,easyto see
that a nite sum of eventually null functions is evertually null.

We are concernedwith functions which are called polynomial forms on A. By
de nition, a polynomial form of degree0 is the zerofunction, andforn 1, we say
that f : A! Sisa polynomial form of degree n if and only if:

i. f(a) = 0impliesthat f (Za) = 0.
ii. Foreahh a2 A, the function go(x) = f(a+ x) f(a) f(x)isa nite sum
of polynomial forms of degree n 1.
It is clearfrom (ii) abovethat the polynomial forms of degree 1 are preciselythe
group homomorphismsfrom A to S whosekernels are Z-submodules of A. Now

endomorphismsof R. Furthermore, let Z be a certral subring of R stable under
ead i, andlet A = R* denote the additive subgroup of R sothat A is naturally
aZ-module. If : A! Sisagroup homomorphismwhosekernelis a Z-submodule
of A, thenthemapf:A! Sgivenby f(X) = (rox rix 2rp rp 1X "rp)is
certainly a polynomial form on A of degree n. The key result hereis

Theorem 4.2. Let A be aninnite Z-module, let S be a nite akelian group, and
letf: A! S bea nite sum of polynomial forms. Then f is eventualy null.

It is easyto seeby examplethat f (A) neednot be a subgroupof S. Furthermore,
A neednot have a submodule B of nite index with f(B) = 0. Again, let Z be
an arbitrary ring and let f : A'! S be a polynomial form. Choosef (B) to have
minimum sizeover all submodulesB of nite index in A. Then for any submaodule
C of nite indexin A, wehavef (C) f(C\ B) = f(B) sinceC\ B isasubmodule
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of B having nite index in A. In other words, f (B) is the unique minimum value
over all such C, and we call f (B) the nal value of f. In view of the preceding
commerts, it would be interesting to know whether the nal value of a polynomial
form f is necessarilya subgroup of S.

We can now apply the precedingresults to someparticular groups G of interest.
Speci cally, let D beanin nite characteristic p division ring, andlet 1; 2;:::; n
ben 1 endomorphismsof D. Furthermore, x a nonzeroelemern d 2 D and
considerthe map

x7tdx tx 2 xn
from D to D. Note that there no gain in consideringmore general product expres-
sionsfor likedpx tdix 2d, dy 1x "d, with 06 di 2 D. Indeed,if 06 d2 D
and if is an endomorphismof D, then x d= dd 'x d= dx 9. Thus ead of the
d; factors above could be moved to the left at the expenseof multiplying ead
by a suitable inner automorphism.

Let usreturn to the givenmap andobsenethat (D ) D . If Alisanyin nite
subgroupof D*, welet G = G(A) = h (A )i be the subgroupof D generatedby

(A ). Of course,G acts asautomorphismson any right D -vector spaceV by right
multiplication, and hence G acts as automorphisms on any group algebra K [V].
The following result is provedin [P].

Theorem 4.3. LetD, V, G = G(A), andK beasatovewith A anin nite sulgroup
of D* andwith charD = p> 0. If charK 6 p, then all proper G-stableideals of the
group algeba K [V] are contained in the augmentationideal ! K [V]. Furthermore,
(A ) and G(A) are in nite.

Proof. By Proposition 4.1(i), it suces to showv that G\ X 6 ; for all additive
subgroupsX of D* of nite index. To this end, let X be given and considerthe
function f : Al D*=X givenby f = where :D* ! D*=X is the natural
epimorphism. Then f is a polynomial form with A viewed asa module over GF(p).
Therefore, Theorem 4.2 implies that f is evertually null and consequetly there
exists an in nite subgroup B of A with f (B) = 0. By de nition of f, this implies
that (B ) X andhencethat G\ X 6 ;.

5. Represent ations and Field Automorphisms

It remainsto discussthe nonrational nite-dimensional represertations of locally
nite groups of Lie type. For corvenience,we list the properties of the represen-
tation :G ! GL(V) that are neededfor the proof. As is to be expected, two
possibly dierent elds comeinto play here. Indeed, F is the eld of de nition of
the group G, while E is the eld of character values.

Hyp othesis 5.1. LetF E beinnite locally nite elds of characteristic p> 0,
let V be a nite-dimensional E-vector space with dimg V' 2, and let G be a group
that acts on V by way of the homomorphism : G! GL(V). Assumethat
i. P is a p-sulgroup of G with Cy (P) = Evp, andEvy, (G) = V.
ii. T is asulgroup of G that stabilizesthe line Evg, and the action of T on this
line factors throughits homomorphicimageT = (F )'=F F F .
Indeed, for eachi = 1;2;:::;t, there existsa function j: F! E F given

by i(xi)=x""%x;"* %™ with

Vo (X13X2;115Xe) = 1(X1) 2(X2) t(Xt)vo
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for all (x1;%2;:::;%¢) 2 T. Here denotesthe induced action of T on vo,
eachn; 1, and each j; is a eld automorphismof F. In addition, E is
the linear span of the product 1(F ) 2(F ) t(F ).

ii. P is geneated by one-parameter sutgroups P4 = fgx j X 2 Fg such that
the matrix entries of (gx) are all F-linear sumsof expressionsof the form
x tx 2 x m wherthe ; areautomorphismsof F andm 0. Of course,
theseentries are contained in E, and gx gy = gx+y for all x;y 2 F.

Note that P plays the role of a Sylow p-subgroup of G and, becauseit is a
p-group, it necessarilyacts in a unitriangular manner on V. Thus P must have
nonzero xed points in V, but the fact that these xed points consist of just one
line Evp is an additional necessaryassumption. Next, we seethat T is the analog
of a maximal torus, presumably in the normalizer of P. In any case,we know that
it acts on the line Evy via homomorphismsfrom F to E given by products of
eld automorphisms. Of course, we expect P to be generatedby one-parameter
subgroups,but here the action of these subgroupsis no longer rational, but rather
involvessumsand products of eld automorphisms. One technique for dealing with
such expressionss to view products of eld automorphisms as linear characters.

To this end, let F be a nite subeld of F andlet 1; »;:::; m bem 0 eld
automorphismsof F. If :F! Fisgivenby (x)=x *x 2 x ™, then certainly
(F) Fand :F ! F isamultiplicativ e homomorphismfrom F to a eld. In
other words, is a linear character of the group. g-or convenience,if and are
such linear charactersof F , then we use[; ]= y2F (y) (y 1) to denotethe
unnormalized character inner product. Certainly, character orthogonality implies
that [; 1=0if 6 ,while[; ]=jFj=jF 1 1 mod p. Of course,the
inner product [ ; ] extends by linearity to a function on sums of characters. Here
is a sampleargumert.

Lemma 5.2. Let F be an innite locally nite eld andlet ( X): F! F bea
map that can be written as a nite F-linear combination of functions of the form
(X)=xx2 x m, whereeach ;isa eld automorphismandm 0. Assume,
in addition, that (0) = 0.

i. If ( F)is nite, then ( F)=0.

i. If ( x)is an additive map with ( F) 6 0, then F is aPmte sum of F-
translates of its additive sutgroup ( F), thatis F = k=1 b ( F) for
suitable eld elementsb;;bp;:::;b,.

Proof. Say ( x) = P it:l a; i(x) with a 2 F. By combining terms if necessarywe
can clearly assumethat, asfunctions, the ;(x) are all distinct. In particular, there
is at most one (x) given by the empty product, and then, since (0) = 0, this
term cannot appearin ( x). In other words, {(0) = O for all i and hence, since
these functions are distinct, then dier on nonzeroelemers. It follows that there
existsa nite subeld F F sudc that the various ;(x) give rise to distinct linear
characters i: F ! F.
Foreahy2 F ,dene y(x)= (y x)forallx2F. Then

Xt Xt
y) = aily = &y i)

i=1 i=1
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Thus, for any xed subscript j, we have

Xt X L Xt
i) y(x)= iy iy Daix)= [ ila i)
y2F i=1 y2F i=1
where [ j; i] denotesthe unnormalized character inner product. In particular,
character orthogona)a(lity yields

() i) yX)= & ;(x) for all x 2 F:
y2F

@) If ( F)is nite, theneah (F) is nite and hence,by the above, a; ;(F)
is nite. But ;(F) isinnite, by Theorem 4.3, and hencewe must have a; = 0 for
all j. In other words, ( F) = 0.

(i) Now supposethat ( x) is additivewith ( F) 6 0, and let the subscriptj be
chosenwith a; & 0. Sinceead (x) is clearly also an additiv e function, it follows
from () that a ;(x) is additive and hencesois j(x). But j(x) is givento be a
multiplicativ e function, soit is an endomorphism of the locally nite eld F, and
hencean autom)czrphism. In partic;lar, i(F)=F,so() yields

i) (F)= i(y) y(F) g j(F)=F;

y2F y2F
asrequired.

The following is, in somesensethe main result of paper [P]. The argument here
is quite di erent from that of Theorem 3.4.

Theorem 5.3. LetF E; V and G satisfy Hypothesis5.1, and let K bea eld of
characteristic di er ent from p. Then the augmentation ideal ! K [V] is the unique
proper G-stableideal of the group algebea K [V].

Outline of the proof. Usethe notation of Hypothesis5.1,setZ = Evy = E*, and
let | be a proper G-stable ideal of K[V]. We rst note that | is not controlled by
Z. Indeed, it follows from parts (i) and (i) of the hypothesisthat Z corntains no
nonidertit y G-stable subgroup (see, for example, the last paragraph of the proof
of Lemma 6.1). In particular, if Z (1) then C(l), being G-stable, must be the
identit y subgroup and consequetly | = 0 or K[V], a contradiction.

Next, sinceP is a p-group, it actsin a unitriangular manneronV and hence,by
Lemma 3.2, there existsan element 2 K[Z]n(l\ K[Z]) andanelemeriv 2 V nZ
having only nitely many P -conjugatesmodulo Z, such that ! K[T] |\ KJ[Z].
Here T = fv* 1jx 2 Np(vZ)gis a subgroupof Z and, for all x;y 2 Np (vZ), we
havevy 1= v* 1w 1 We study the conguration ! KI[T] 1\ K[Z].

The goal now is to show that T is actually a large subgroupof Z = E*. To
this end, choose a one-parameter subgroup Py of P that does not certralize v.
Sincev hasjust nitely many P g-conjugatesmodulo Z, part (jiii) of the hypothesis
and Lemma 5.2(i) easily imply that P4 certralizes v modulo Z and hence P 4
normalizesthe cosetvZ. Furthermore, the various linearity conditions along with
Lemma5.2(ji) show that T %+ T%,+ +T% = F*,whereT%= fvX 1jx2 Pyg

and where aj;ay;:::;a aresuitable elemers of F. But T° T E F, sowe
concludethat Thy + Thy + + The = E* for suitable elemenrts by;bp;:::;b¢ 2 E.
Indeed, since E is the linear span of the product 1(F ) 2(F ) t(F ), we can

assumethat ead b is the vp-eigervalue of an element y; 2 T.
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At this point, the action of T comesinto play in a completely di erent manner.
Unfortunately, this argumert is really quite technical, so we cannot discussit here
in full detail. Roughly, we assumethat K is algebraically closedand we consider
thoseirreducible represenations : K[Z]! K with ( I\ K[Z])=0and ( )6 O.
There must, of course, be represertations of this sort, and we show, with a good
deal of work, that any such is necessarilythe principal represenation of K [Z].
In particular, since () 6 0, we now know that 2! K [Z].

Finally, let = 1) (2) ) and note that 2 ! K [Z] since the aug-
mentation ideal is a prime ideal of K [Z]. Furthermore,, i) K g o] 1V K([Z]
and hence !K[Z] I\ K[Z], sincez = E* =, Th = T &), Now if
J=f 2KJ[zZ]j !'KJ[Z] I\ KJ[Z]g, then J is certainly a T-stable ideal of

K[Z],and J 6 ! K[Z] since 2 J. Thus, Theorem 4.3 implies that J = K|[Z]
and, in particular, that 12 J. Consequetly ! K[Z] 1\ K[Z] | and,sincel is
G-stableand Z (G) = V, we concludethat ! K[V] |, asrequired.

6. Nonra tional Represent ations of Gr oups of Lie Type

At this point, it is necessaryto apply a number of known results on the repre-
sentation theory of groups of Lie type.

Lemma 6.1. Let G be a quasi-simple group of Lie type de ned over an in nite
locally nite eld F of characteristic p > 0, and let W be a nite-dimensional
F -vector space on which G acts both nontrivial ly and absolutelyirr educibly. Then
there exists a sub eld E of F of nite index and a G-stable E-subspace V of W
suchthat

i. V hasno proper G-stable sulgroup.
i. W=F gV.
iii. F E,V and G satisfy Hypothesis5.1.

Proof. By results of [BT] and [HZ1], we have W = W;' ¢ W,? ¢ F W,
where eadh Wi is a rationally irreducible F[G]-module and whereead ; isa eld
automorphism. Now let P be a Sylow p-subgroup of G and let T be a maximal
torus of G contained in Ng(P). As we have already mentioned, P certralizes a
unique line Fwg in W, and thereforewp = w;*  w,? w, ", where eath w;
with i 1 is a highest weight vector in W;. Thus, by the description of the action
of T on each W, givenin [PZ2], we seethat T actson Fwg by way of the functions
1; 2;::1; to F ! F of Hypothesis 5.1(ii). Furthermore, if E is the sub eld of F
spannedby the product 1(F ) 2(F ) t(F ), then it follows fairly easily that
(F :E) < 1 andthat E is the linear span of the product 1(E ) 2(E ) t(E ).
Next, results of [PZ2] imply that E is equalto the eld GF(p)[ ] generatedby
all values (G) of the group character : G! F correspondingto . Thus, since
G is locally nite and charF = p > 0, the represeration assaiated with W is
actually realizeable over E. In other words, there exists a G-stable E-subspace
V W with W=F g V. This proves(ii), and of courseG must act nontrivially
and irreducibly on gV sinceit acts nontrivially and irreducibly on ¢ W.
SinceP is a p-group, it actsin a unitriangular manneronV and henceCy (P) 6
0. Indeed, sinceF ¢ Cy(P) Cw (P), it followsthat Cy(P) isaline Evg in V
and, without loss of generality, we can assumethat wy = vp 2 V. With this, we
now understand the action of T on Evy. Furthermore, as can be seenfor example
in [St], P is generatedby one-parametersubgroupsP 4 determined by root vectors,
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and ead sud subgroup acts on each W; via polynomial maps. Of course,in the
twisted cases,the de ning eld automorphisms also comeinto play. Thus, since
F eV=W=W;' W,2 ¢ F W, ¥, we can now concludethat F  E,
V and G satisfy Hypothesis5.1.

Finally, supposeU is a nonzero G-stable subgroup of V. Then 06 Cy(P)
Cv (P) = Evp. Furthermore, T actson Cy (P) and, sinceE is the linear spanof the
product 1(E ) 2(E ) +(E ), it followsthat Cy(P) = Evp. As a consequence,
we haveU Evy (G) =V, and the proof is complete.

It is now a simple matter to bring all theseingredients together. Indeed, with just
a bit more work on the represenations of G, the precedinglemmaand Theorem 5.3
combine to yield

Theorem 6.2. Let G be a quasi-simplegroup of Lie type de ned over an in nite
locally nite eld F of characteristic p> 0, andlet V be a nite-dimensional vector
space over a characteristic p eld E. Assumethat G acts nontrivial ly on V by
way of the representation : G! GL(V), and that V contains no proper G-stable
sulgroup. If K is a eld of characteristic di er ent from p, then! K [V] is the unique
proper G-stableideal of the group algeba K [V].

It follows easily from the celebrated result of [Be], [Bo], [HS] and [T] that any
quasi-simple,in nite, locally nite linear group is a group of Lie type de ned over
an in nite locally nite eld F of the samecharacteristic p. Thus, the preceding
theorem yields

Corollary 6.3. Let V be a nite-dimensional vector space over a eld E of char-
acteristic p> 0 and let G be an in nite locally nite sulgroup of GL(V). Assume
that G is quasi-simpleand that it stabilizesno proper sulgroup of V. If K is a eld
of characteristic di er ent from p, then the augmentationideal ! K [V] is the unique
proper G-stableideal of the group algeba K [V].

Finally, we return to the original problem of studying ideals in group algebras
of locally nite abelian-by-simple groups. Recall that if V is a normal abelian
subgroup of H, then H=V acts on V by conjugation.

Corollary 6.4. LetV bea nite-dimensional vector space overa eld E of charac-
teristic p> 0, and let V be a minimal normal akelian sulgroup of the locally nite

group H. Assumethat H=V is an in nite quasi-simplegroup that acts faithfully as
an E-linear groupon V. If K is a eld of characteristic di er ent from p andif | is
a nonzer ideal of K [H], then| ! K[V]K[H] and hene | is the completeinverse
imagein K [H] of an ideal of K [H=V].

Proof. Let 06 | / K[H] and suppose,by way of contradiction, that 1 \ K[V]= 0.
Note that V acts in a unitriangular manner on H sinceit certralizes both V and
H=V. Thus sinceCy(V) = V / H and sinceV doesnot cortrol 1, it follows from
Lemma 3.2 that theseexists06 2 K[V]andh2 HnV with 'K[T]= 0and
with T = [h; V], the commutator group determined by the action of h on V. But
T is a nonzero E-subspaceof V, soT is innite, and hence ! K[T]= 0 implies
that = 0, a contradiction.

We now know that |\ K[V]isanonzeroH=V-stableideal of K [V]. Furthermore,
sinceV is a minimal normal subgroup of H, it is clearthat G = H=V stabilizes no
proper subgroupof V. Consequetly, Corollary 6.3impliesthat I\ K[V] ! K[V],
sol ! K[V]K|[H] and the result follows.



INV ARIANT IDEALS OF ABELIAN GROUP ALGEBRAS 13

In particular, any information on the lattice of ideals of K [H=V] carries over
immediately to information on the lattice of ideals of K [H].

We remark, in closing, that there is still much to be done on variants of this
particular question. Two problemswhich immediately spring to mind are: (1) Can
the results on generalpolynomial forms or even on the special polynomial forms we
considerbe improved sothat Proposition 4.1(ii) becomesapplicable? It might help
if one can prove that the nal value of a polynomial form f : A! S is necessarily
a subgroup of S. Of course, a positive solution here would lead to a more direct
proof of Theorem 5.3. (2) Can Theorem 6.2 be extendedto handle modulesV that
are completely reducible rather than just simple? In this case,one would hope for
an answer analogousto that givenin Theorem 2.2. At rst glance, both of these
problems appear to be quite di cult, but onenever knows.
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