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ABSTRACT. Down-up algebras A = A(a, 3,7) were introduced by G. Benkart and
T. Roby to better understand the structure of certain posets. In this paper, we prove
that 8 # 0 is equivalent to A being right (or left) Noetherian, and also to A being
a domain. Furthermore, when this occurs, we show that A is Auslander-regular and
has global dimension 3.

§1. INTRODUCTION

Motivated by the study of posets, G. Benkart and T. Roby introduced certain
down-up algebras in [BR], see also [B]. Specifically, let K be a field, fix parameters
a, 3,7 € K and let A= A(a, 3,7) be the K-algebra with generators d and u, and
relations

d*u = adud + Bud® + vd = (adu + Bud + 7)d (1.1)
du® = audu + pu*d + yu = u(adu + Bud + 7). (1.2)

Note that
(ud)(du) = u(d*u) = u(adu + Bud + v)d = (du®)d = (du)(ud),
by (1.1) and (1.2), and therefore ud and du commute in A. Furthermore, A is

clearly isomorphic to its opposite ring A°P via the map d — u°P and u +— d°P.
Our main result here is
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Theorem. If A= A(w,[3,7), then the following are equivalent.

(1) B#0.

(2) A is right (or left) Noetherian.

(3) A is a domain.

(4) Klud,du] is a polynomial ring in the two generators.

Furthermore, if these conditions hold, then A is Auslander-regular and has global
dimension 3.

In particular, we answer some questions posed in a preliminary version of [B].
Note that condition (4) above is significant because K[ud, du] plays the role of the
enveloping algebra of a Cartan subalgebra in the highest weight theory of [BR].

As is apparent, all our positive results for A occur when the parameter (3 is not
zero. In this situation, we offer two distinct approaches to the study of A, namely
via filtered rings and via generalized Weyl algebras.

§2. THE GENERALIZED WEYL ALGEBRA APPROACH

2.1. Suppose that 3 # 0. We first show that A embeds in a skew group ring.
To this end, let R = KJ[z,y] be a polynomial ring in two variables, and define
o € Autg(R) by o(x) = y and o(y) = ay + Sz + 7. Note that o is indeed an
automorphism since 8 # 0, and we can form S = R[z,271;0], the skew group
ring of the infinite cyclic group (z) over R, with rz = zo(r) for all » € R. Now

consider the elements D = 2z~ ! and U = zz in S. Then UD = zzz~! = z and
DU = z7'22 = o(z) = y. In addition,
D?*U =D-DU =z 'y =0o(y)z* (2.1)
= (ay + pz+7)z"' = (DU + pUD +~)D '
and
DU? = DU-U = yzz = x2
y o(y) (2.2)

=U(ay + fz+ ) =U(aDU + BUD + 7).

Hence, there is an algebra homomorphism 6: A(a, 3,v) — S given by 6(d) = D
and O(u) = U. Since §(ud) = UD = x and 0(du) = DU = y are algebraically
independent, the same is true of the commuting elements ud and du. In particular,
K[ud, du] is isomorphic to a polynomial ring in the two variables and o lifts to an
automorphism of this algebra satisfying o(ud) = du and o(du) = adu + Sud + 7.
It remains to show that 6 is an isomorphism. To this end, note that (1.1) implies

d(ud) = (du)d = o(ud)d

d(du) = (adu + pud + v)d = o(du)d, (2.3)
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and similarly, (1.2) yields

(du)u = u(adu + fud + v) = uo(du) 04
(ud)u = u(du) = uo(ud). (24)
Thus

dc = o(c)d, cu = uo(c) for all ¢ € Klud, dul, (2.5)
and therefore dK [ud, du] = K[ud, du]d and K [ud, du|u = uK[ud, du]. In particular,
if we set
B =Y Klud,duld®+> Kud,duJu*™" C A,

k>0 k>0
then dB C B and uB C B. Hence AB C B and consequently A = B. In other
words, A is spanned by the set B = { (ud)®(du)’d®, (ud)*(du)’u**1 |i, 5k > 0}.
But (B) = {z'y/ 2%, 2'yI(z2)** | 4,5,k > 0}, and these elements are clearly
linearly independent in S. It follows that B is a basis for A and that 6 is indeed a
one-to-one map.

Corollary. If § # 0, then Klud,du] is a polynomial ring in the two generators
and A(a, B,7) is a domain.

2.2. If R is any K-algebra, ¢ any K-automorphism of R and z any central ele-
ment of R, then the generalized Weyl algebra R(o,z) is defined to be the algebra
generated by R and the two variables X and X~ subject to the relations

X Xt =u, XtX™ =o(x)
Xtr=o(r)XT, X o(r)=rX" for all r € R.

Here, we take R = K|[z,y| and we let o be described as in the preceding section.
Then o(x) =y, o(y) = ay + Bz + 7, and it follows from the above that

XT(XTX)=XTy=0y)XT =(ay + Bz +7)XT
=(@XTX +8X Xt +9)XT

(2.6)

and
(XTX)X =yX =X o(y) =X (ay+ Bz +7)
=X (aXTX +8X Xt +7).
Thus there exists an algebra homomorphism ¢: A — R(0, z) given by d — X and
u — X . On the other hand, (2.5) implies that the map ¢’: R(o,z) — A given by

Xt dand X~ ~ wu is also an algebra homomorphism. Therefore ¢’ = ¢! and
© is an isomorphism. In other words, we have shown

Theorem. If 3 # 0, then the algebra A = A(«, 3,7) is isomorphic to a generalized
Weyl algebra R(o,z) with R = K|z, y].

Consequently, [Bvl, Proposition 7] yields
Corollary. If 3 # 0, then A(a, 3,7) is right and left Noetherian.
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§3. THE FILTERED RING APPROACH

3.1. To start with, let «, 3,7 be arbitrary parameters and let A = A(a, [, ¢).
We define a filtration on A for which the associated graded ring is isomorphic to
A(w, 3,0). To this end, let V = K + Ku+ Kd and let V,, = V™. Then Vj = K,
Vi=V,and {V, | n = 0,1,2,...} is obviously a filtration of A. Certainly,
@ =u+ K and d = d+ K generate the associated graded ring Gr A, and it is clear,
from (1.1) and (1.2), that @ and d satisfy the generating relations of A(a,3,0).
Thus, there exists an epimorphism p: A(a, 3,0) — Gr A given by U — @ and
D +— d. Here, of course, we use U and D to denote the obvious generators of
A(a, 3,0). To see that p is an isomorphism, we use the PBW Theorem for down-
up algebras as given in [B, Theorem 4.1]. Specifically, that result asserts that
C = {u'(du)?d"* | i,j,k > 0} is a basis for A and that V;, = V" is spanned by those
monomials with ¢ + 25 + k < n. With this observation, it is clear that V,,/V,,_
has basis C,, = {@'(da)d* | i,j,k >0, i +2j+k =n}, and hence C = .~ Cy
is a basis of Gr A. But {U*(DU)/D* | i,j,k > 0} is a basis of A(«,3,0), by [B,
Theorem 4.1] again, and p maps this basis to C. Consequently, p is one-to-one, and
we have shown

Lemma. A = A(«, ,7) has a filtration whose associated graded ring is isomorphic
to A(a, 3,0).

3.2. We show now that if § # 0 and if K is sufficiently big, then the algebra
A(a, 3,0) is an iterated Ore extension. To start with, fix nonzero elements A, u € K,
and let B be the algebra with generators a and b, and with relation

ba = pab. (3.1)

Then B is clearly an Ore extension of its polynomial subalgebra Kla], and hence
{a't’ | i,j > 0} is a basis of B. Now let 7 be the automorphism of B defined by
7(a) = Aa, 7(b) = ub, and let 6: B — B be the K-linear map determined by

5(a™b™) = pp (X, p)a™ Lo for all m,n >0,

where
m—1

Pm = pm()”/‘) = Z )\i,umilii.
=0

Since pyt = u'pm + ANy, it is easy to see that J is a T-derivation of B, that is
o(rs) =d(r)s + 7(r)d(s) for all r,s € B.

Hence, we can form the Ore extension C' = Blc¢;7,0] = C(\, ). Basic properties
of such extensions can be found in [GW, Chapter 1]. In particular, C' is a free left
and right B-module with basis { ¢* | i > 0}, and with multiplication determined by

er =7(r)c+6(r) for all r € B.
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Indeed, since d(a) = b and §(b) = 0, we have
ca = Aac+ b, cb = pbe. (3.2)

Furthermore, C has a basis over K consisting of all monomials a*b’c* with i, j,k > 0,
and it is clear that C' = C'(\, ) is the K-algebra generated by a,b and ¢ subject to
the relations (3.1) and (3.2).

3.3. If » € K and if r and s are elements of any K-algebra, we introduce the
notation [r,s],, = rs — nsr. Now suppose that 8 # 0. If a® + 403 is a square in
K, we say that A = A(«, 3,7) is split, and we can let A and p be the roots of the
quadratic equation

(?—a¢-pg=0.

Thus A+ p =, Ap = —4, and A, u # 0 since § # 0.
Now it is easily seen that the defining relations (1.1) and (1.2) for A(«, 3,0) can
be expressed in the form

[D,U]x, U], =0 =[D,[D,U]x],.. (3.3)
Indeed,

[D,[D,U\], = [D,DU — \UD),, = D(DU — A\UD) — u(DU — A\UD)D
= D*U — (A + u)DUD + \uUD? = D*U — aDUD — pUD?,

so 0 = [D,[D,U],], is equivalent to (1.1), and similarly, [[D, U], U],, = 0 is equiv-
alent to relation (1.2).
Finally, if we set H = [D, U]y, then (3.3) translates to

HU = wUH,  DH=pHD, DU=AUD + H. (3.4)

In other words, A(a, 3,0) is generated by the elements U, D and H subject to the
relations (3.4) and, in view of the comment at the end of §(3.2), there is an algebra
isomorphism ¢: C' — A(w, 3,0) given by ¥(c) = D, ¢(a) = U and ¢(b) = H. By
combining all of this, we have therefore proved

Theorem. Assume that A = A(w, 3,7) is split and that § # 0. Then A has
a filtration whose associated graded ring Gr A = A(w, 3,0) is isomorphic to an
iterated Ore extension of the form K|a][b;n][c; T, d].

We can also use the above result to prove that A = A(«,3,7) is Noetherian
when 3 # 0. Indeed, for this it suffices to extend the field and assume that A is
split. Then Gr A is an iterated Ore extension, so Gr A is right and left Noetherian,
and hence so is A.
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§4. MAIN RESULTS

4.1. We start by considering the global dimension of A = A(a, 3,7). Since A and
its associated graded ring Gr A = A(a«, 3,0) are both isomorphic to their opposite
rings, left and right global dimensions are equal here. Thus we can use gldim to
denote this common dimension.

Theorem. If # 0, then gldim A(a, 8,7) = 3.

Proof. We first show that gldim A < oo and for this, it suffices to assume that A
is split. Indeed, if F is a field extension of K, then A" = F ® A is a free A-module
and hence gldim A < gldim A¥ by [McR, Theorem 7.2.8]. Now if A is split, then
Theorem 3.2 implies that A has a filtration with Gr A isomorphic to an iterated
Ore extension. Thus gldim Gr A < co by [McR, Theorem 7.5.3], and consequently
gldim A < 0o by [McR, Corollary 7.6.18].

Now, by Theorem 2.2, A is isomorphic to a generalized Weyl algebra R(o,x)
with R = K[z,y]. Here the automorphism o of R is given by o(z) = y and
o(y) = ay + fr + . Thus the maximal ideals Q = (z,y) and P = 07 1(Q) of R
both contain z, and it follows from [Bv2, Theorem 3.7] that gldim A =3. O

4.2. Recall that a Noetherian ring R is said to be Auslander-reqular if R has finite
global dimension and if, for every finitely generated R-module M and positive
integer ¢, we have j(N) > ¢ for every submodule N of Ext%,(M, R). Here j(M) =
min{ j | Ext},(M, R) # 0}. Furthermore, R is said to be Cohen-Macaulay if R has
finite GK-dimension, and if the equality GKdim M + j(M) = GKdim R holds for
every finitely generated R-module M.

Lemma. Let §# 0 and write A = A(a, 3,7).

i. A is Auslander-regular.
ii. If A is split, then it is also Cohen-Macaulay.

Proof. (i) As is shown in [Bv2, pp. 88-89], a generalized Weyl algebra R(o,z) is
always a factor ring of an iterated skew polynomial extension of R. The argument
is as follows. First form the polynomial ring R[z] and consider the generalized Weyl
algebra R[z](o,x + z), where o is extended to R[z] by taking o(z) = z. Thus, since
z is in the center of R[z](o,z + z) and since R[z](o,z + 2)/(z) = R(0, z), it suffices
to show that R[z](o,x + z) is an iterated skew polynomial ring extension of R. For
this, note that R[z](o,z + z) = R[X ;0 !][XT;0,4], where the automorphism o
is extended to R[X ;07! by o(X~) = X, and the o-derivation § is defined by
d(r)=0forallr € Rand §(X~) =0(z) — x.

We now proceed to show that A is Auslander-regular. To start with, Lemma 3.1
and [Bj, Theorem 4.1] allow us to assume that v = 0. Consequently, o is a graded
automorphism of R = K[z,y| and hence the Ore extensions above are all con-
structed via graded automorphisms. In other words, R[z](o,x + z) is an iterated



NOETHERIAN DOWN-UP ALGEBRAS 7

Ore extension of a connected graded K-algebra, with each automorphism graded.
Thus, [GZ, Lemma 3.8(2)] implies that R[z|(o,x + z) is Auslander-regular, (and
also Cohen-Macaulay). But z is a central regular element, so we can conclude from
[L, §3.4 Remark (3)] that the Auslander condition carries over to the factor ring
R[z|(o,2 + 2)/(z) = R(o,z) = A.

(ii) Now suppose that A is split. Then, by Lemma 3.1, A has a filtration with
Ay = k and with Gr A = A(a, 5,0). Hence, by [GZ, Lemma 3.8(1)], it suffices
to show that A(a,[3,0) is Auslander-regular and Cohen-Macaulay. To this end,
observe that A(«, 3,0) = kla][b; n][c; 7, 0], by Theorem 3.3, where n and 7 are graded
algebra automorphisms. Furthermore, in each Ore extension, the set of elements
of total degree 0 is precisely equal to K. Thus, [GZ, Lemma 3.8(2)] implies that
A(a, 3,0) is Auslander-regular and Cohen-Macaulay, as required. [

4.3. Lemma. If =0, then A is not right or left Noetherian.

Proof. For convenience, set # = du so that {ulx/d* | i,5,k > 0} is a K-basis for
A. Since 3 =0, (1.1) yields dz = (azx + 7)d and hence dz? = (az + v)’d for all
j > 0. Furthermore, by (1.2), we have (aud + v — z)u = 0.

For each n > 0, set

I, = Z u'(aud + v — 7)A.
i=0
Then, since (qud + v — z)u = 0, we have

I, = Z Z Ku'(aud + v — x)2z?d*.
i=0 j,k=0

In particular, since udz?d® = u(ax + v)d**!, it follows that no element of I,
can contain the monomial u"*!z in its support. Thus u"*'(aud + v — x) ¢ I,
and hence I, is properly larger than [,. In other words, we have shown that
Iy € I; C I, C -+ is a properly increasing sequence of right ideals of A, and
therefore A is not right Noetherian. Since A = A°P, the result follows. [

4.4. Proof of the Main Theorem.

Suppose first that 5 # 0. Then, by Corollary 2.1, A is a domain and Kud, du]
is a polynomial ring in the two generators. Furthermore, Corollary 2.2 implies that
A is right and left Noetherian, Theorem 4.1 yields the appropriate information on
the global dimension of A, and Lemma 4.2 asserts that A is Auslander-regular.

Conversely, suppose § = 0. Then A is not a domain since, as observed in [B],
d(du — aud — ) = 0. Futhermore, multiplying this relation on the left by u shows
that du and ud are algebraically dependent. Finally, A is not left or right Noetherian
by Lemma 4.3. O

We remark in closing that the recent manuscript [Z] completely determines the
center of A(a, 3,7), while [K] proves the equivalence of (1) and (3) by showing that
A is a hyperbolic ring if 3 # 0.
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