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Abstract. We define a polycyclic restricted Lie algebra to be the
Lie analog of a polycyclic group, and we describe the structure of
poly(cyclic or finite-dimensional) restricted Lie algebras. In partic-
ular, we prove that these are precisely the restricted Lie algebras
whose restricted enveloping algebras have polynomial growth.

1. Polycyclic restricted Lie algebras

Denote the ground field by K and let char K = p > 0. We refer
the reader to [4] for the definition and basic properties of a restricted
Lie algebra. Let L be such an algebra over the field K. If the K-
subspace H ⊆ L is closed under the Lie bracket, then H is said to
be a Lie subalgebra of L. In this case, one defines its p-hull to be
Hp = 〈hpn | h ∈ H, n ≥ 0〉K. Properties of the p-mapping imply
that Hp is the minimal restricted subalgebra containing H, and that
[Hp, Hp] = [H, H].

We say that a restricted Lie algebra L is cyclic if it is generated
by one element e as a p-algebra, that is L = Hp where H = 〈e〉K. It
follows from the above that L is abelian, and there are two possibilities.
First, we say that e is algebraic with respect to the p-mapping if there
exists an integer n such that epn

= αn−1e
pn−1

+ · · · + α1e
p + α0e, with

αi ∈ K. In this case, L is finite dimensional. On the other hand, if all
p-powers of e are linearly independent, then e is transcendental and L
is infinite dimensional.

Let Z = 〈z1, . . . , zs〉p be an abelian p-algebra, and suppose that all

elements {zpn

i | 1 ≤ i ≤ s, n ≥ 0} are linearly independent. Then we
refer to Z as the free abelian restricted Lie algebra of rank s.

The notion of a polycyclic group is well known [7]. By analogy, we
say that a restricted Lie algebra L is polycyclic if there exists a series
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of restricted subalgebras

(1) L = L0 ⊇ L1 ⊇ L2 ⊇ · · · ⊇ Lm = 0

with Li−1.Li and Li−1/Li cyclic for i = 1, . . . , m. The algebra is said to
be almost polycyclic if it has a polycyclic restricted subalgebra of finite
codimension. Finally, L is called poly(cyclic or finite-dimensional) if it
has a series (1) such that all factors Li−1/Li are either cyclic or finite
dimensional. We also refer to these as poly-CF algebras.

Lemma 1. Let L be a poly-CF restricted Lie algebra. Then L = Hp

for some finite-dimensional Lie subalgebra H ⊆ L.

Proof. We prove the statement by induction on the length of the poly-
CF chain (1). We consider the base of induction, namely m = 1. Here,
if L is finite dimensional, then there is nothing to prove. On the other
hand, if L = 〈e〉p, then we take H = 〈e〉K .

Now suppose that L . L1 6= 0. By the inductive assumption, we
have L1 = Qp, where Q is a finite-dimensional Lie subalgebra of L1

with K-basis {z1, . . . , zs}. Assume first that dim L/L1 < ∞, and let
v1, . . . , va ∈ L with L/L1 = 〈v̄1, . . . , v̄a〉K, where ¯ : L → L/L1. Define
the finite-dimensional subspace H of L by

H = 〈vi, [vi, vj], [vi, Q], Q | 1 ≤ i, j ≤ a〉K .

We claim that [L, L] ⊆ H. Indeed, an arbitrary element x ∈ L can be
written as

(2) x =

a∑

i=1

αivi +

s∑

j=1

∞∑

n=0

λj,nz
pn

j , αi, λj,n ∈ K.

and observe that for n > 0 we have

(3) [vi, z
pn

j ] = [. . . [vi, zj], . . . , zj
︸ ︷︷ ︸

pn times

] ∈ [L1, L1] ⊆ Q ⊆ H.

Thus [vi, L] ⊆ H and, since L = L1 + 〈v1, . . . , va〉K and [L1, L1] ⊆ H,
it follows that [L, L] ⊆ H. In particular, H is a Lie subalgebra of L,
and (2) implies that L = Hp.

Finally, suppose L/L1 = 〈v̄, v̄p, . . . , v̄pn

, . . . 〉K is cyclic, with v ∈ L.
Then any arbitrary element x ∈ L can be written as

(4) x =
∞∑

k=0

αkv
pk

+
s∑

j=1

∞∑

n=0

λj,nz
pn

j , αk, λj,n ∈ K,

and here we set H = 〈v, [v, Q], Q〉K. Then using (3) with v = vi,
we see that [v, L] ⊆ Q + [v, Q] ⊆ H. Furthermore, for k ≥ 0, we

have [vpk

, L] ⊆ [v, . . . , [v, L] . . . ] ⊆ [v, L] ⊆ H. In particular, since
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[L1, L1] ⊆ Q ⊆ H, we conclude that [L, L] ⊆ H. Thus H is a Lie
subalgebra of L, and (4) implies that L = Hp. �

2. Growth of p-algebras and enveloping algebras

Let A be an associative (or Lie) algebra generated by a finite set
X. We denote by A(X,n) the subspace of A spanned by all monomials
in X of length not exceeding n (including the identity in the case
of associative algebras). On the other hand, if A is a restricted Lie

algebra, then we define A(X,n) = 〈 [x1, . . . , xs]
pk | xi ∈ X, spk ≤ n〉K. In

either situation, we consider the two growth functions and the Hilbert-
Poincaré series defined by

ΩA(n) = ΩA(X, n) = dimK A(X,n)

λA(n) = ΩA(n) − ΩA(n − 1)

HX(A, t) =

∞∑

n=0

λA(n)tn.

The growth functions and the Hilbert-Poincaré series clearly depend
on the choice of the generating set X. Furthermore, it is easy to see
that exponential growth is the highest possible growth for Lie and
associative algebras. The growth function ΩA(n) is compared with the
polynomial functions nk, k ∈ R

+ by computing the upper and lower
Gelfand-Kirillov dimensions [5], namely

GKdimA = lim sup
n→∞

ln ΩA(n)

lnn

GKdimA = lim inf
n→∞

ln ΩA(n)

ln n
.

Next, we introduce an additional invariant especially appropriate for
the growth of restricted Lie algebras. Observe that the free abelian
p-algebra Z = 〈zps

1 , . . . , zps

k | s ≥ 0〉K is generated by X = {z1, . . . , zk},
and we have Z(X,n) = 〈zps

i | ps ≤ n〉K, so ΩZ(X, n) = k([logp n] + 1).
Thus we define the Lp-dimension of a finitely generated restricted Lie
algebra A to be

Lpdim A = lim
n→∞

ΩA(X, n)

logp n
.

This value does not depend on the choice of the generating set. Indeed,
suppose that X ′ is another generating set for A, with X ′ ⊆ A(X,m).
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Then A(X′,n) ⊆ A(X,nm) for all n ∈ N, and hence

lim
n→∞

ΩA(X ′, n)

logp n
≤ lim

n→∞

ΩA(X, nm)

logp n

= lim
n′→∞

ΩA(X, n′)

logp n′ + C
= lim

n→∞

ΩA(X, n)

logp n
.

The reverse inequality follows by symmetry. Note that in the above
example, we have Lpdim Z = k.

For finitely generated groups, the growth is defined in a similar way,
and one easily observes that the growth of a group G coincides with
the growth of the group ring K[G] (see [5]). On the other hand, the
growth increases when we transfer from a Lie algebra to its universal
enveloping algebra. This situation is precisely described in [8] and [9].

Suppose that an algebra A is generated by a finite set X. Then the
X-length of an element x ∈ A is given by

lA(x) = min{n | x ∈ A(X,n)}.
Now let L be a restricted Lie algebra and construct an ordered basis
compatible with the filtration L(X,1) ⊆ L(X,2) ⊆ · · · . In other words,
{w1, . . . , wΩL(1)} is a basis for L(X,1) and {wΩL(n−1)+1, . . . , wΩL(n)} deter-

mines a basis of L(X,n) modulo L(X,n−1). By the Poincaré-Birkhoff-Witt
theorem, the standard monomials

wα1

i1
wα2

i2
· · ·wαr

ir , i1 < i2 < · · · < ir, 0 ≤ αj < p,

form a basis for the restricted enveloping algebra u(L) (see [4]). Fur-
thermore, by arguments similar to those of [6], one can prove that

lu(L)(w
α1

i1
· · ·wαr

ir
) = α1lL(wi1) + · · · + αrlL(wir),

and that this basis is compatible with the filtration on u(L). It follows
that λu(L)(n) coincides with the number of solutions of the Diophantine
equation

1(x1,1 + · · · + x1,λL(1)) + 2(x2,1 + · · · + x2,λL(2))

+ · · ·+ n(xn,1 + · · ·+ xn,λL(n)) = n, 0 ≤ xi,j < p.

Indeed, if we let bn = λL(n) and an = λu(L)(n), for all n ∈ N, then this
Diophantine equation leads to the formal power series relation [11]

(5) HX(u(L), t) =

∞∑

n=0

antn =

∞∏

n=1

(1 + tn + t2n + · · ·+ t(p−1)n)bn .

Now we apply some ideas from [10] and [2].
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Lemma 2. Let L be a finitely generated restricted Lie algebra and sup-
pose that its restricted enveloping algebra u(L) has polynomial growth.
Then there exists a finite-dimensional Lie subalgebra H with L = Hp.

Proof. Suppose that L is generated by the finite set X, and let H be
the Lie subalgebra generated by X. Denote by H (X,n), n ∈ N the linear
span of Lie monomials in X of length not exceeding n. If H is infinite
dimensional, then all inclusions H (X,n−1) ⊆ H (X,n), n ∈ N must be
strict, and we can choose elements vn ∈ H(X,n) \ H (X,n−1), n ∈ N. Let
us fix n, set m = [

√
n] − 1, and consider all elements of type

(6) v = vβ1

1 · · · vβm

m , βi ∈ {0, 1}.
Since lu(L)(v) =

∑m
s=1 βss ≤ m(m + 1)/2 ≤ n, we see that all elements

given in (6) are linearly independent and belong to u(L)(X,n). Thus
Ωu(L)(n) ≥ 2m ≥ 2

√
n−2, contradicting the fact that u(L) has polynomial

growth. Hence dimK H < ∞, and the result follows from L = Hp. �

This proof also yields the following gap in the growth of restricted
enveloping algebras. We use the notation of [9].

Corollary 1. If L is a finitely generated restricted Lie algebra, then
Dim3 u(L) /∈ (0, 1).

3. The main result

The celebrated theorem of Gromov states that a finitely generated
group has polynomial growth if and only if it is nilpotent-by-finite [3].
Thus the equivalence (4 ⇔ 5) in the theorem below is the Lie analogue
of Gromov’s result.

Theorem. Suppose that L is a restricted Lie algebra over a field of
characteristic p. The following properties are equivalent.

(1) L is almost polycyclic.
(2) L is poly-CF.
(3) L = Hp, where H is a finite-dimensional Lie subalgebra.
(4) L = R⊕Z, where R is a finite-dimensional Lie subalgebra and

Z is a central free abelian p-algebra of finite rank.
(5) L is finitely generated and GKdim u(L) < ∞.
(6) L is finitely generated and Lpdim L < ∞.

Proof. (1 ⇒ 2) follows from the well-known fact that any restricted
subalgebra of L of finite codimension, contains a restricted ideal of L
of finite codimension [1].

(2 ⇒ 3) is the conclusion of Lemma 1.
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(3 ⇒ 4) Suppose that L = Hp, where H = 〈v1, . . . , va〉K is a finite-
dimensional Lie subalgebra. Since H is a finite-dimensional Lie ideal

of L, the operators (ad vi)H , (ad vp
i )H , (ad vp2

i )H , . . . are linearly depen-
dent. Thus there exists an element wi ∈ L with

wi = αi,0vi + αi,1v
p
i + · · · + αi,di

vpdi

i , αi,j ∈ K,

αi,di
6= 0 and (ad wi)H = 0. But L = Hp, so (adwi)L = 0 and hence wi

is central in L. Let V be the finite-dimensional subspace of L spanned

by all vpj

i with i = 1, . . . , a and 0 ≤ j < di. Then V ⊇ H and it is easy
to see that

L = 〈v1, . . . , va〉p = 〈w1, . . . , wa〉p + V.

For each n ∈ N, define

Wn = 〈wpi

1 , . . . , wpi

a | i ≤ n〉K + V

so that W0 ⊆ W1 ⊆ · · · is a filtration of L by finite-dimensional sub-
spaces. Set W n = Wn/Wn−1, let f(n) = dimK W n, and note that
W n+1 = 〈W p

n〉K for n ≥ 1. Thus f(n) ≥ f(n + 1) and this decreasing
sequence of integers eventually stabilizes, say f(n) = k for all n ≥ N .

Without loss of generality, we may suppose that wpN

1 , . . . , wpN

k are lin-

early independent modulo WN−1, and we set zi = wpN

i for i = 1, . . . , k.
It is now easy to verify that Z = 〈z1, . . . , zk〉p is a central free abelian
p-algebra and that L = WN−1 ⊕ Z. Of course, R = WN−1 is a finite-
dimensional subalgebra of L since [L, L] = [H, H] ⊆ H ⊆ R.

(4 ⇒ 1) is clear, and therefore (1), (2), (3) and (4) are equivalent.
(5 ⇒ 3) follows from Lemma 2.
(6 ⇒ 3) Suppose that L is generated by the finite set X, and let

H be the Lie subalgebra of L generated by X. If dimK H = ∞,
then ΩH(X, n + 1) > ΩH(X, n) for all n ∈ N, and hence ΩL(X, n) ≥
ΩH(X, n) ≥ n. By definition, this yields Lpdim L = ∞, a contradic-
tion. Thus dimK H < ∞, and the result follows since L = Hp.

(4 ⇒ 5, 6) are consequences of Lemma 3 below. �

Lemma 3. Let L be a restricted Lie algebra in characteristic p, and
suppose that L = R+Z, where R is a finite-dimensional Lie subalgebra
and Z is a central free abelian p-algebra of finite rank s. Then

(1) u(L) is finitely generated of polynomial growth.
(2) HX(u(L), t) is a rational function for any finite set X that gen-

erates L.
(3) GKdim u(L) = GKdimu(L) = s.
(4) Lpdim L = s.
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Proof. Since L = R+Z, it is clear that L is finitely generated and that
[L, L] = [R, R] ⊆ R. Now let X be an arbitrary finite generating set
for L, and choose an integer N so that R ⊆ L(X,N). Suppose a ∈ L.
Then, by definition of the length function, there exist finitely many
bj ∈ L with lL(X, bj) ≤ lL(X, a)/p and with a ∈ [L, L] + 〈bp

1, . . . , b
p
k〉K.

In particular, if lL(X, a) > N , then since [L, L] ⊆ R ⊆ L(X,N), some
bj must satisfy lL(X, bj) = lL(X, a)/p. Of course, this implies that
lL(X, a) is divisible by p.

Consider the sequence of finite-dimensional vector spaces defined by
Vi = L(X,pi+1N)/L(X,piN) for i ≥ 0, and set f(i) = dimK Vi. Since
L(X,N) ⊇ [L, L], it is clear that the p-power map defines a p-semilinear
transformation θi : Vi → Vi+1 for all i ≥ 0. Furthermore, by the above,
we see that θi is essentially onto, that is Vi+1 = 〈θi(Vi)〉K = 〈V p

i 〉K.
(Of course, the map would necessarily be onto if K were assumed to
be perfect.) Thus f(i + 1) ≤ f(i) and it follows that the sequence
f(0), f(1), . . . must stabilize. Without loss of generality, we may as-
sume that f(i) = f(0) = s′ for all i ≥ 0.

Next, we show that if c ∈ L with lL(X, c) > N , then lL(X, cp) =
lL(X, c)p. Say Npi < lL(X, c) ≤ Npi+1, and for each integer j with 0 ≤
j ≤ Npi+1 − Npi, define Vi,j = L(X,Npi+j)/L(X,Npi) ⊆ Vi and Vi+1,pj =

L(X,Npi+1+pj)/L(X,Npi+1) ⊆ Vi+1. Then, by the observation of the first
paragraph, we see that θi : Vi → Vi+1 maps Vi,j essentially onto Vi+1,pj,
so that Vi+1,pj = 〈θi(Vi,j)〉K = 〈V p

i,j 〉K and dimK Vi,j ≥ dimK Vi+1,pj.
Furthermore, θi induces an essentially onto map Vi/Vi,j → Vi+1/Vi+1,pj,
so dimK Vi/Vi,j≥ dimK Vi+1/Vi+1,pj. Thus since dimK Vi = dimK Vi+1,
we see that dimK Vi,j = dimK Vi+1,pj, and it follows that an element of
Vi,j \Vi,j−1 must map to an element of Vi+1,pj \ Vi+1,pj−p. In particular,
since lL(X, c) = Npi + k for some 1 ≤ k ≤ Npi+1 − Npi, we conclude
that (Npi + k)p ≥ lL(X, cp) > (Npi + k − 1)p ≥ Np. But lL(X, cp)
must be a multiple of p, so lL(X, cp) = (Npi + k)p = lL(X, c)p, as
required. This argument also shows that θi maps a basis of Vi that
is compatible with the X-length filtration of L to a basis of Vi+1 that
is also compatible with the X-length filtration. (It is worth noting
that a one-to-one, essentially onto p-semilinear transformation need
not preserve dimension over nonperfect fields.)

Since R ⊆ L(X,N) and L = R+Z, we can choose {z1, . . . , zs′} ⊆ Z so
that its image in V0 is a basis compatible with the X-length filtration.
By the result of the preceding paragraph, it follows that the image of

{zpk

1 , . . . , zpk

s′ } in Vk is a basis that is also compatible with the X-length
filtration. In particular, Z1 = 〈z1, . . . , zs′〉p is a central free abelian
restricted subalgebra of L and L = L(X,N) ⊕ Z1. Furthermore, Z1 has
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finite codimension in Z, so it is clear that s′ = s. Note also, by the

above, that if di = lL(X, zi), then dip
k = lL(X, zpk

i ).
We now enter this information into equation (5). Since bn, for n > N ,

is clearly equal to the number of ordered pairs (i, k) with dip
k = n, we

see that HX(u(L), t) is equal to

N∏

n=1

(1 + tn + · · ·+ t(p−1)n)bn

s∏

i=1

∞∏

k=0

(1 + tdipk

+ · · ·+ t(p−1)dipk

)

=
N∏

n=1

(1 + tn + · · ·+ t(p−1)n)bn

s∏

i=1

∞∏

k=0

1 − tdip
k+1

1 − tdipk

=

N∏

n=1

(1 + tn + · · ·+ t(p−1)n)bn

s∏

i=1

1

1 − tdi
.

In particular, HX(u(L), t) is rational, and we clearly have

H(u(L), t) ≈ C

(1 − t)s
, t → 1−

where

C =
pb1+···+bN

d1 · · ·ds
=

pdimK L/Z1

d1 · · ·ds
.

Furthermore, well-known facts on the growth of rational functions [11]
now imply that

λu(L)(n) ≈ C1n
s−1, n → ∞

Ωu(L)(n)≈ C2n
s, n → ∞

GKdimu(L) = GKdim u(L) = s.

Finally, by construction, N < di ≤ pN for i = 1, . . . , s, so

ΩL(X, n) = dimK L(X,N) + |{(i, k) | 1 ≤ i ≤ s, dip
k ≤ n}|

when n ≥ N . It follows that

s[logp

n

pN
] ≤ ΩL(X, n) ≤ dimK L(X,N) + s([logp

n

N
] + 1)

and therefore Lpdim L = s. �

These results also yield

Corollary 2. Let L be a finitely generated restricted Lie algebra. Then

GKdimu(L) = Lpdim L = s.

Furthermore, if s < ∞, then s is the rank of a central free abelian
p-algebra of finite codimension in L.
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