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In this appendix, we offer a reasonably self-contained proof that the “generalized quater-
nion group” Q12 of order 12 has the MJD property.

1. Appendix
In this appendix, we consider just one group of order 12, namely
G=(z,y|a®=1,y" =1,y oy =a"").

Our goal is to show that Z[G] satisfies MJD. Note that (z) <G, G = (z) x (y), and

y? is central in G. For convenience, let w denote a primitive complex cube root of

1 and let ¢ = v/—1. Then Q[G] has three homomorphisms of interest.
61: QIG] — QIG/G' = Q[(y)],

921 Q[G] — MQ(Q[W7Z])

given by
G -
0w 1 0
and
03: Q[G] — M2(Q[w])
given by

meO '_>01
ow) Y7 \10)
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Note that 05 and 3 are not epimorphisms as written, but we do have

QIG] = 6,(Q[G]) @ 62(Q[G]) ® 03(Q[G]).

We use this notation in the following two results.
Lemma 1.1. Let G, 01 and 05 be as above, and let o be a unit of Z|G|.

i. 01(a) = £6,(y"), soa = +y' (1+(1—x)B) for some + sign, some 0 < t < 3,
and some [ € Z[G].
ii. 02(Q[G]) is a division algebra.
iii. Oa(ar) = £02(y'zd), so a = +y' (a7 + (1 + y?)y + (1 + x + 2?)8) for some
7,8 € Z|G] and 0 < j < 2. Here +y* is as given in (i).

Proof. (i) The kernel of the homomorphism 6;: Z|G] — Z[|G/G'] is (1 — 2)Z[G],
and Z[G/G'] is naturally isomorphic to Z[{y)]. Since |(y)| = 4, [Hi, Theorem 6]
implies that Z[G/G'] has only trivial units. Thus 6 (a) = 6;(£y") for some ¢, and
hence (+y~*)a € 1+ (1 — 2)Z[G], as required.

(i) Now 63(y?) = —1, 50 1+ 42 € ker 6. Also 1+ + 22 € ker 6. Since the four
elements 05(1), 62(x), 62(y) and O3 (xy) are easily seen to be Q-linearly independent,
it follows that these form a Q-basis for 02(Q[G]) and that

ker 0y = (1+y*)Q[G] + (1 + = + 2*)Q|[G].
Suppose 7 € 03(Q[G]). Then
7 = aba(1) + b2(x) + cha(y) + db2(zy)

[ a+bw i(cH+ dw)
- (e +dw) a+bw

for suitable a, b, c,d € Q. Thus

det7 = (a + bw)(a + b) + (c + dw)(c + dw)
=+ —ab+ P+ d*—cd
=@+ +(a=b’++d*+ (c—d)?)/2

It follows that det 7 > 0 and that det 7 = 0 if and only if 7 = 0. Since 7 satisfies its
characteristic polynomial, 7 # 0 implies that 77! € 65(Q[G]), and hence 62(Q[G])
is a division ring.

(iii) Now suppose again that « is a unit in Z[G] and write 7 = 02(«). Then 7
is a unit in My (Z[w,]), so det 7 is a unit in Z[w,]. Since the preceding paragraph
implies that det 7 is a nonnegative rational number, it follows that detT = 1. In
particular, if 7 is written as above, then

2=2detT = (a®+ 0>+ (a—b)?) + (* + d° + (c — d)?)

with a, b, c,d € Z. Note that, if two of a, b, a — b are 0, then so is the third. Thus
either a = b = 0 or a® + b? + (a — b)? > 2. With this, we see that there are just
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twelve possibilities for 7, namely

c=d=0, a==1,b=0, T = +605(1)
a=0,b=41, T = 16;(x)
a=>b=41, T = 10, (2?)
and similarly
a=b=0, c==%1,d=0, T = 165(y)
c=0,d==1, T = 405 (zy)
c=d=+l1, T = +0(2%y).
Since 02(y?) = —1, we conclude that y(a) = 7 = 6(g) for some g € G.

Furthermore, since the kernel of 0: Z[G] — My(Z[w,1i]) is easily seen to be given
by (14 y*)Z|G) + (1 + z + 2*)Z|G], we have a = g + (1 + y?)y + (1 + = + 2?)§ for
suitable v, § € Z[G].

It remains to relate g to the +y* term given in part (i). To this end, we can
replace o by (+y7 %) and assume that o =1+ (z — 1)8. Then 0;(a) =1, so

1=061(a) =0i(9+ (1 +y*)y+ (1 +z+2%)d)
=y* + (1+y°)o1 + 302
for suitable o1, 09 € Z[{y)] and 0 < k < 3. Since (1 — y?)(1 +y?) = 0, we get
(1= (1—y*) =3(1 - y*)o2 € 3Z[(y)].

Clearly k # 1,2 or 3,80 k = 0 and 0;(g) = 1. Thus ¢ € G’ = (x) and g = 27 for
some j. This completes the proof. O

With this, we can prove

Proposition 1.2. The group G of order 12 given by

1

G=(ry|a®=1y"=1,y lay=a"")

satisfies MJD. Indeed, if o is a nonsemisimple unit of Z|G], then its semisimple
part is given by ag = +y?* for k=0 or 1.

Proof. Assume that « is a unit in Z[G] that is not semisimple. Since the previous
lemma implies that 61 (a) = £60;(y") and f(a) = O2(£y'2’) are both semisimple,
it follows that 63(«) € Ma(Z[w]) is not semisimple. In particular, 65(«) must have
two identical eigenvalues ), so that trf3(a) = 2\ and det f5(a) = A2

Note that 63 is similar to the representation

05: Q[G] — M2(Q)
given by
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so trfs(a) = trés(a) € Z and detf3(a) = det05(cr) € Z. In particular, 2\ € Z
and A2 is a unit in Z. It follows that A> = 1 and A = %1. Replacing a by —a if
necessary, we can assume that A = 1, trf3(a) = 2 and det 3(«) = 1. This clearly
implies that 63(«) is unipotent.

Observe that

o-n=(5%," ) =03 )

so tr5((1 — z)3) is divisible by 1 — w for any 3 € Z[G].
Now a = £y' (14 (1 — 2)8) = +y" + (1 — 2)/, so

2 = trf3(a) = tros(+y") + tros((1 — 2)3)
=tréz(£y") + (1 —w)o

for some o € Z[w]. Since the Galois norm of 1 —w is N(1—w) = (1 —w)(1 —@) = 3,
it follows that tr 63(4y') # 0, —2. Thus ¢ # 1 or 3, and only the plus sign can occur.
In other words, a = y%(l +(1- x)ﬂ) Since y%* is central, it commutes with a,
and we now show that this is the multiplicative Jordan decomposition of «.

Replacing a by y~2*q, if necessary, we can assume that o = 1+ (1 — x)3. Our
goal is to show that « is unipotent. Certainly, 61 («) = 1 is unipotent, and 03(«)
is unipotent, since 63(y%*) = 1 implies that 3(a) has not changed. It remains to
study 63 («).

To this end, note that the previous lemma implies that

a=al + (1 +y)y+ 1+ +2%)8

for some j. Thus f(a) = 02(27) and O5(a) = O3(27) + 265(7). Since trédz(a) = 2
is even, it follows that tré3(x7) is also even. But tré3(x) = trf3(z?) = —1, so we
must have j = 0 and 6;(a) = 02(z") = 1, as required. 0

See [AHP1, Proposition 3.1] for an alternate, but similar, discussion of this
group. Also see [AHP2, Theorem 6.1] for analogous results on “generalized quater-
nion groups” of order 4p, with p an odd prime.
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