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1. Let N = Ng(P) and let M = Ng(PK). Since K <G we have N C M, and the Sylow
theorems imply that n,(G) = |G : N|. Let us write :G — G/K. Then P = PK/K is a
Sylow p-subgroup of G with normalizer given by N5(P) = N5(PK/K) = Ng(PK)/K =
M/K = M. Hence n,(G/K) =n,(G) = |G/K : M/K|=|G : M|.

a. Since N C M, we see that n,(G) = |G : N| = |G : M||M : N| =n,(G/K)|M : N|.
In particular, n,(G/K) divides n,(G) with equality if and only if M = N.

b. If P< PK, then Pchar PK since P is clearly a Sylow p-subgroup of PK. Hence

P<M =Ng(PK) and N 2 M. Thus N = M and n,(G) = n,(G). Conversely if we have
ny(G) = np(G), then N = M O PK and, since P <N, we conclude that P < PK.

2. a. Assume that I € P and choose s € I \ P. Now let p be any element of P. Then
ps € PI = IP and IP is a primary ideal, so we have either p € I P or s™ € IP for some
integer n > 1. But if s € IP C P, then s € P since P is prime, and this contradicts the
way s was chosen. Thus we must have p € IP for all p € P and hence I[P O P. Since
P D IP is always true, we conclude that P =IP C [.

b. Note that M is a prime ideal and that, by (a), any prime ideal is comparable to
any proper ideal. There are two possible arguments here. First, if M’ is any maximal
ideal, then M and M’ are comparable, that is M D M’ or M’ O M. In either case, we
conclude that M = M’. Thus M is the unique maximal ideal of R and it is known that in
such a situation, M must be the set of all nonunits of R. Alternately, we can observe that
if r € M, then r is certainly a nonunit. Conversely, suppose that r is a nonunit, so that
I = rR is a proper ideal of R. Then [ is comparable to M, so either I O M or M DO I.
But M is maximal, so I © M implies that I = M, and consequently M DO [ in all cases.
Thus r € M, as required.

c. We show by induction on n > 1 that s™ € J implies s € J. This is trivial for n = 1.
If n > 2, then 2(n — 1) > n so (s"1)? is a multiple of s and hence is contained in J. By
assumption, this implies that s”~! € J and, by induction, s € J. Finally, we show that J
is prime. To this end, let rs € J. Since J is primary, we see that either r € J or s" € J
for some n > 1. But the latter implies that s € J and hence J is indeed prime.

3. a. Since f(x) has n distinct roots, it is a separable polynomial. Thus FE is a normal
separable extension of F' and the primitive element theorem implies that £ = F[{] for
some [ € E. In particular, each «; € E = F[f] can be written as a polynomial expression
o = pi(B) with pi(x) € Fla].

b. Note that degg(x) = (F[f] : F) = (F : F). Since E/F is a normal extension
and since g(z) € Flz| is an irreducible polynomial with one root § € E, it follows that
all roots of g(x) are contained in E. Thus v € E and, by degree considerations, we have
E = F[f] = F[y|. Furthermore, since g(x) is irreducible, there exists an F-isomorphism
o:F[8] — F[y] given by 8 +— ~. Thus ¢ is an F-automorphism of E. In particular,
pi(7) = pi(a(B)) = o(pi(B)) = o(cy;). But o permutes the roots ay, as,...,a, of f(z), so
p1(7),p2(7), - .., pn(7y) are clearly the elements aq, as,. .., a, in some order.

c. As above, F[y] = E = F[y'] and there exists an F-field automorphism 7: £ — FE

with 7(v) = «'. Since 7(p;(7)) = pi(7(y)) = pi(7’) and since, by assumption, p;(v) =

S



pi(7'), we see that 7 fixes all p;(y) and hence all «;. Thus 7 fixes E = Flag, s, ..., ay]
and hence v = 7(y) = 7.

4. a. Since K is algebraically closed, A is similar to a matrix with Jordan blocks
down the diagonal. In other words, there exists a nonsingular matrix P with P~1AP =
diag(J1, Ja, ..., Ji). Here each J; is a k; X k; matrix of the form

A1

Ji = = NI + N;
N1
i

where N; is a nilpotent matrix with Nzk = 0. Consequently, P"*AP = D + E where D =
diag(A111, Aala, ..., Apl)) and E = diag(Ny, Na, ..., Ni). Certainly D and E commute, D
is a diagonal matrix and E is nilpotent with E” = 0. Since A = PDP~! + PEP~!, the
result follows with B = PDP~! and C = PEP!.

b. If char K = p > 0 and if we choose p' to be larger than n, then since B and C
commute and CP" = 0, we have A?' = (B + C)?' = BP' + CP' = BP'. Since B is similar
to a diagonal matrix, so is Bpt, and hence AP is a diagonalizable matrix.

c. There are two possible arguments. First for any n x n matrix X, let || X]|| de-
note the maximum absolute value of its n? entries. Then the definition of multiplication
implies that | XY| < n||X|[|Y]| and this easily yields ||A¥|| < (n|lA]|)¥ for all integers
k > 0. Since Y oo (n||Al)¥/k! = exp(n||A||) exists, it follows that > ;- ||A%|/k! con-
verges and hence Y /7, AF /E! converges at each entry. For a second argument, write
A = B+ C as in part (a). Then there exists a nonsingular matrix P with B = P~1DP
where D = diag(u1, ft2, . - ., fin) is diagonal. Since B¥ = P~1D*P, we see that exp(B) =
P~ldiag(et1,et2, ... etn)P exists. Finally, since BC = CB and C™ = 0, we have A% /k! =
S (MBI RY = S0 BR /(K — i)1-C /il and hence exp(A) = Yopo, AR/k! =
S o S BR (K —4)-C il = exp(B) Y., € /il exists.

5. a. Set Vi = Vi+Vot+---4+V,. Then 0 = VO C VI C ... C V™ = V is a series
for V with V/Vi=! =V irreducible. Thus V has a composition series of length n. It
follows that the submodules of V' satisfy both the maximal and the minimal conditions.
Now assume V O W # 0. Since W # 0, it contains a minimal nonzero submodule X, and
X is clearly a minimal submodule of V. Similarly, W has a maximal proper submodule Y.

b. Since W is properly smaller than V' and since V is generated by V1, Va, ..., V,,, there
exists a subscript £ with W 2 V.. Thus W NV}, is properly smaller than the irreducible
module Vi, so W NV, = 0. Since W+V,, is a submodule of V properly larger than the
maximal proper submodule W, we conclude that V = WV}, and hence V/W = V.

c. Let mx:V — Vi denote the natural projection to the direct summand Vj in V =
Vi+Va+ - +V,. Then ker m, = V/ and clearly (,_, V) = \,_, ker m, = 0. Since W # 0,
there exists a subscript j with W not contained in Vj’ . Thus W N Vj’ is a submodule of W
properly smaller than W and since W is simple, we must have W N Vj’ = 0. Thus W—H/J’
is a submodule of V' properly larger than V. Since V/V] = Vj is simple, we see that V is
maximal in V and hence V = W—H/j’ . In particular, W = V/V/ = V.



